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UNIVERSAL FUNCTIONS WITH SMALL DERIVATIVES
AND EXTREMELY FAST GROWTH
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Abstract. We prove that if a € (0, %) and T is an infinite order differential operator there
exists a dense linear manifold M of entire functions such that

lim exp(|2/*)Tf(2) = 0

z€S
for every f € M and any plane strip S. Moreover, every non-null function in M exhibits
some translation-universality property with respect to T" and its growth index with respect

to any prefixed sequence of non-constant entire functions is infinite.
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1 Introduction

Throughout the last decades several authors have given “counterexamples” to the well-
known Liouville’s theorem. For instance, there exists a non-null entire function which tends
to zero on every line (see [11, 15, 16]) or such that it and even all its derivatives have also
vanishing integrals on every line (see [2, 19]). In 1997 Bernal [5] (see also [4]) got many
functions which not only “violated” Liouville’s theorem in both senses but also possessed
an extremely fast growth and “sharp” asymptotic behaviour at infinite. In order to specify
exactly this result, and with it the framework of this paper, let us introduce some notation.

The symbol ¥ will stand for the family consisting of all strips in C (i.e., plane regions

between two parallel straight lines) and all sectors

sgi={2z: 0<argz< B} (B¢€(0,2m))
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58 Calderén

and L will stand for the family of all straight lines. We denote by H(C) the space of all
entire functions endowed with the compact-open topology, so H(C) is a separable Fréchet
space. If r > 0 and f € H(C) we denote My(r) := max{|f(z)| : |z] = r} and for any
non-constant function & € H(C) the relative growth order of f with respect to h (see [3]) is
defined as log MM, ()

pa(f) = limsup —’I‘Ogrf—-
Given any sequence F = {h,,}{° of non-constant entire functions, the growth index of f with
respect to F is ix(f) = min{n € N: p (f) < 00} We set iz(f) = 00 if p,(f) = oo for all
n. Observe that these concepts extend the older one of relative growth order [18].

With this in mind, Bernal’s result [5, Theorem 3] reads as follows:

THEOREM 1.1. (Bernal [5]) Assume that a € (0,1/2) and that ¢ : [0, +00) — (0, +00)
is a continuous function which is integrable on (1,4+00). Assume, in addition, that F =
{ha}$° is a sequence of nonconstant entire functions. Then there is a linear manifold M =

M(a, v, F) C H(C) satisfying the following seven properties:
(a) M is dense in H(C).
(b) lim exp(|2[*%p(2))f(z) = 0 for all S € ¥ and all f € M.
z€S

(c) lim exp(|2]*)f(2) =0 for all S€ %, all f € M and all § > 0.
z€8

(d) f9 is bounded on S for all S€ X, all f € M and all § > 0.

(e) fY) is integrable on S with respect to the plane Lebesque measure for all S € T, all
feMandallj>0.

(f) f9 is integrable on S with respect to the length measure for alll € L, all f € M and
all j > 0.

(g) /fO‘)ds =0forallle L, all fe Mandall j > 1.
!

(h) ix(f) = oo for all f € M\ {0}.

Our aim in this paper is to show that not only the derivative operator of order j, D?f =
f9, can be replaced by infinite order differential operators in the seven above properties,
but also that we can provide an eighth property whose feature is totally different from the

others, namely, a property about wild behaviour near the infinity point.
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Universal functions with fast growth 59

2 Definitions and statement of the main result

An entire function ¢(z) = ¥ pe, ax2® is said to be of exponential type if there are constants
A,B > 0 such that |¢(z)] < AeP¥ for all 2 € C. The function ¢ is of subexponential
type if given £ > 0, then there is a constant A = A(¢) > 0 such that |¢(z)] < Aesll
for all z € C. This happens if and only if limsup,_ . (kjax|)’* = O (see, e.g., [8, 2.2.9-
11]). Each entire function of subexponential type is also of exponential type and every
entire function ¢ of exponential type defines a (linear, continuous) infinite order differential
operator ¢(D) = Y ;2,axD* on H(C), which is onto (see [10, 14]). Here D° = I = the
identity operator.

On the other hand, given a continuous selfmapping T’ on H(C), we say that an entire
function f is T-universal whenever for each g € H(C) there exists a sequence (a,) C C
satisfying

(Tf)(z+an) = g(z) (n—o00) inH(C)

Now, we are able to establish the main result, which will be proved in the next section.

THEOREM 2.1. Let be given an o € (0, 1), a continuous function ¢ : [0, +00) — (0, +00)
which is integrable on (1,4+00) and a sequence F = {h,}$° of non-constant entire functions.
Assume, in addition, that {Y;m(2)}%_o (i = 1,2) are two sequences of entire functions of
subezponential type. Then there is a linear manifold M = M(a, ¢, F, (¥1,m), (¥2m)) of

entire functions satisfying the following properties:
(a) M is dense in. H(C).

(b) }Lrgexp(|z|3/2¢(z))f(z) =0 forall S€ X and all f € M.
z€S

(c) lim exp(]z|*)(¥1,m(D)f)(2) =0 for all S € T, all f € M and all m > 0.
z€8

(d) Y1 m(D)f is bounded on S for all S€ T, all f € M and allm > 0.

(e) V1 m(D)f is integrable on S with respect to the plane Lebesque measure for all S € T,
all f € M and allm > 0.

(f) 1. m(D)f is integrable on S with respect to the length measure for alll € L, all f € M
and allm > 0.

(9) If Y1m(0) =0, then /wl_m(D)fds =0foralleL and all f € M.
!

(h) ix(f) = oo for all f € M\ {0}.
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60 Calderdn

(1) Every non—null function in M is o m(D)-universal for all m > 0.

Observe that any polynomial p(z) is an entire function of subexponential type. In par-
ticular, taking 91m(2z) = 2™ for all m > 0, we obtain the conditions (a)-(h) of Theorem 1.1
together with an additional universal property for a sequence of infinite order differential
operators. It is noteworthy the case in which also 42,,(2) = 2™ for all m > 0. Then Theorem
2.1 provides a linear dense manifold of entire functions such that each of them and all its
derivatives are universal functions in Birkhoff’s sense (7] (see also [6, 12, 13| for the related
concept of holomorphic monster in C) with growth conditions.

Finally, we mention that in 2000 A. Bonilla [9] studied an analogous problem in the space
of harmonic functions in R¥, providing similar conditions (c)—(f) for any derivative operator

D* and the universal condition (i) for the identity operator.

3 An auxiliary result and proof of the main result

We will use the following theorem about tangential approximation due to Arakelian [1,
p. 1189]. From now on C is the extended plane. If F C C is a closed set, then A(F) is the
space of all continuous functions on F' which are holomorphic in the interior of F. A closed
subset F' C C is said to be an Arakelian set [17] whenever Cy, \ ¥ is both connected and

locally connected at infinity.
THEOREM 3.1. (Arakelian [1]) Assume that F C C is an Arakelian set and that ()
is continuous and positive for t > 0. In addition, suppose that

o0
/ t3/2loge(t)dt > —oc. (1)
1

Then for every g € A(K) there ezists an entire function f such that

1f(z) —g(2)l <ellzl) (2 € F).
The statement does not remain valid for every F is (1) is violated.

Proof. (of Theorem 2.1) Suppose that a, ¢, F = {h,}$° and

o0

{im(2) = Z bkl (6=1,2)

k=0
are as in the hypotheses. Thus for each m > 0, ¢ = 1,2, there exists a positive constant A;

such that

k
6" < A 25 (k2 0), @
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Universal functions with fast growth 61
Fix a sequence {p,}2, which is dense in H(C) and a number 3 € (e, 3). For every n € N,
the function

&(t) = en(t) == min {% . ﬁ,exp(—tsﬂcp(t) - tﬂ)}

is positive and continuous for ¢ > 0 and satisfies (1). Let P be the parabolic curve
P={z—iz'?: z>0}.
For each n € N, we define the sets
E,={z€C: |zl >n+1and dist(z, P) > 1+ |z|},

B,={z: |z| <n}.
Consider a sequence of closed balls D; = B(a;, 1 + 27) such that
D; C{z: dist(z, P) <1+ |z|}\ P
and
lajl + 272 <lajua|l (2 1)
In particular the balls D; are pairwise disjoint anl
2| > 27 (z € Dy). (3)

Let H = {2}, be a sequence of pairwise different complex numbers in P with z; — oo

(k — 00). For each n € N we define

F,=B,UE,UHU <U D,-) ,
J>Jjo
where jo = jo(n) is the largest index such that D; N B+1 # 0. Then F, is an Arakelian set.

Divide {a;} into infinitely many disjoint subsequences {@imu } by setting

i(m,1,j) = [(m+D(m+1+1)+ 2j][(rg+ D(m+1+1)+2( +1)] ‘s

forall m > 0, all / > 1 and all j > 1. Define inductively a sequence {f,}32, of entire
functions as follows. Denote ry = |2 for all £ > 1 and for each m > 0 consider a sequence

{gm = }n of entire functions such that

1/)2,m([))qm,ﬂ = Dn (n > 1)
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62 Calderén

Recall that 15 .,(D) is an onto operator on H(C). Let g; : F; — C denote the function

n(z) (z € By)
0 (z € Ey)
g1(z) = ¢ 14 maxjcj<k My, (expry) (2= 2z and |z]>1)
Gm (2 — itm,1,5)) (2 € Digm,1,5))
0 (2 € Digmpyy L#1).

Then g, € A(F)) and by Theorem 3.1 there exists an entire function f; such that

1f1(z) —g1(2)| <exllzl) (2 € F).

Assume that n € {2,3,...} and that we have constructed 2n — 2 functions g1, fi,...,9n—1,
fn—1 in such a way that g; € A(F}), f; € H(C) and

Ifi(2) —g:(2)| <esllzl) (2 € F)

forallz € {1,2,...,n —1}. Now, we define the function g, : F, — C by

pn(2) (z € Bn)
0 (z € En)
gn(2) = { 1+ maxicj<k My, (expri) + kZ;’z_ll My, (re) (2= 2z and |z| > n)
Im.i(Z — @ifmpn,j)) (2 € Ditmpn.p)
0 (2 € Dimpyy L #n).

Trivially g, € A(F;) and by Theorem 3.1 there exists an entire function f, such that

[f2(2) = 9a(2)| <enlel) (2 € Fn).

Thus, for all n € N,

n(a) = <= (z€ B, ()
|fa(2)] < exp(=[212%(z) o)) (2 € ), (5)
a(2) = (1+ gmax M, (expri) + ()| < - S 1 (6)

for all k such that |z| > n, where S(1,k) = 0 and S(n, k) = k3207 My, (ry) if n.> 2,

1 1
|fa(2) = @m,j(2 = Gimn.3)| < n T3] (M
for all 2 € Digmp sy, all j > 1 and all m > 0, and
1 1
Ifn(z)]<; 1+|Z| (8)
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Universal functions with fast growth 63

for all z € Digmy), all j > 1, all m > 0 and all [ > 1 with | # n. Although we do not
mention it explicitly, it is clear that we have (8) whenever Djimy ;) N B, = 0.

By (4), the sequence {fn}32, is dense in H(C). Let us define M as the linear span of
{fa}n. Evidently, M is a linear dense manifold of H(C): this proves (a). In order to verify
that (b), (c) hold for every f € M, it suffices to check that both properties are satisfied for
every function f = f,. From (5),

exp(|2*2p(2))| fa(2)| < exp(=|2l’) (2 — 00,z € Ey).
For any sector or strip S € I, we have that S\ E, is a bounded set, thus
exp(|z*?p(2)) fa(2) = 0 (2 — 00,z € 5).

This proves (b).

Now, we define the set E} as
E;={z€C: |z] >n+2and dist(z,P) > 2+ |z|}.
Then, one uses the Cauchy estimates and (5) to infer that
S < K max{falw)] s Jw—2] =1} <
< ki max{exp(—[wl?) : w| > |2 — 1} < klexp(— (2| — 1))

for all z € E}; and all k > 0 (remember that ¢ is positive). Hence, for each m > 0,

Lexp(|2[*)1m(D) fa(2)] = |exp(|2]*) - > 6™ fP(2)| <
k=0
i k
< exp(lzl“)-Al.mZ%i~k!exp(—(|z|—1>”) <
k=0 ’

< 2A;mexp(|z|* — (J2| - 1)) —= 0 (2 = 00,z € E}).
If S € &, we have again that S\ E} is bounded, so
lim exp(|2*ym(D) fa(2)) = 0,
z€8
which proves (c).
The proofs of (d)—(f) and (h) are analogous to those we may find in [5]. In order to prove
(g), we fix f € M. Suppose that 1.,(0) = 0, then ¢ (D) f = D(X 52, by™ f*~1), and by

the fundamental calculus theorem

1m0 s = (S8 4D @) — fim(S 6 ().
L " k=1 ‘ael k1
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64 Calderon

Now we have only to observe that the same way followed to obtain (c) leads us to “(c)” for
S b DD,

It remains only to get (i). Let be f € M and fix m > 0. Since every non-zerc scalar
multiple of a v m(D)-universal function is again 1, ,(D)-universal, we may suppose that
f =% craifj with o, = 1 and I = {j1,..., -} finite. In order to prove that f is ¢ m(D)-
universal it is enough to check that

Jm (Yo,m(D)f)(z + tigm,sm) = Pn(2)) = 0 (9)
uniformly on compact subsets.

Fix n € N. We have

|(¥2,m(D)f)(z + tigm,js.m) = Pa(2)] =

=) ;- (Wom(D)f;) (2 + tigmjnm) — Y2.m(D)ama(2)| <
el
< Y2m(D)(f (2 + Cigmjum) = Iman (2 + D 1511 f5(2 + Gim, o m)]-
j§;1
Now, for any z € B(0,2") C B(0, 2{™7™)) we have z + ai(m jy ) € Di(m,j1n)» thus by (3) and

(8),

1 1
Wiz + tigm g m)| < = (10)

T < —
J A+]z+agmml) 27
for all j € I with j # 7.
On the other hand, because of Cauchy’s formula for derivatives applied to the curve
v = {|lw| = 2" + 1}, we have by (7) that
1

, k> 0).
e (k20

I(fjx (z + ai(m,jl.n)) - qm‘n(z))(k)l < k!

Therefore, by (2),
[%2,m(D)(£5: (2 + Gim,j1.m) — Gmn(2))] <

kd (1/2)* 1 24m 1
<) Ay R = AT 11
g 2 k' _]12” J1 2n ( )

Joining (10) and (11) we obtain

242m 1

[(Y2,m (D)) (2 + Qigm,jy m)) — Pal2)] < j? + Z |a| o
j€I
J#N

for all z € B(0,2"). It is clear that this implies (9). Consequently, f is 1 (D)-universal
and we have (i). O
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