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THE ENDPOINT FEFFERMAN-STEIN INEQUALITY FOR THE STRONG
MAXIMAL FUNCTION

TERESA LUQUE AND IOANNIS PARISSIS

ABSTRACT. Let M, f denote the strong maximal function of f on R™, that is the maximal
average of f with respect to n-dimensional rectangles with sides parallel to the coordinate axes.
For any dimension . > 2 we prove the natural endpoint Fefferman-Stein inequality for M, and
any strong Muckenhoupt weight w:

w({x € R™: M, f(x) > A} Swn J ‘f(;” (1 + (log™ &;)')nﬂ)l\/{nw(x)dx.

n

This extends the corresponding two-dimensional result of T. Mitsis.

1. INTRODUCTION

The strong maximal function. Let R, denote the family of all rectangles in R™ with sides
parallel to the coordinate axes. For a locally integrable function f on R™ we will denote by M, f
the strong maximal function:

1
M, f(x) == sup —J If(y)ldy, x€R™.
REM, Rl Jr
5%

Here |S| denotes the n-dimensional Lebesgue measure of a set S € R™. We will sometimes use
the same notation for the (n — 1)-dimensional Lebesgue measure, but this will be clear from the
context.

The endpoint behavior of M,, close to L! is given by the classical theorem of Marcinkiewicz,
Jessen and Zygmund, [8]:

f f n—
(1.1) X € R™ : M f(x) > Al < J | (A")' (1+ (10g" @) Hax,
RTL
where log™ t := max(0, logt). Inequality (1.1) implies the strong differentiation of the integral of
all functions f € L(1 + (log" L)™1)(R™), that is, all functions f on R™ such that:

JRn #(x)1(1+ (log” [f(x))™ ") dx < +oo,

The strong maximal theorem cannot be improved, that is, the function t(1 + (log” t)™ 1) on
the right hand side of (1.1) cannot be replaced by any slower increasing function. Remember
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that the usual Hardy-Littlewood maximal function is the maximal average of f with respect to
all n-dimensional Euclidean cubes, or balls and it maps L}(R™) to LY*(R™). The important
difference to be noted here is that the strong maximal function is an n-parameter maximal
average, in contrast to the the usual one-parameter Hardy-Littlewood maximal function, and this
difference is reflected in the strong maximal theorem (1.1) which requires extra logarithmic scales
of integrability. The original proof from [8] relies on the observation that M, can be viewed as
a composition of n one-dimensional Hardy-Littlewood maximal operators. One then appeals to
the one-dimensional theory to get (1.1) together with its strong LP(R™) counterparts. A more
geometric point of view was introduced by the work of Cérdoba and R. Fefferman, [3], who gave
a proof of (1.1) by means of a geometric covering argument. This is in a sense a dual point of
view where the n-parameter composition of operators is replaced by induction on the dimension.
The importance of the Cérdoba-Fefferman geometric proof of the strong maximal theorem is
highlighted by the fact that the usual Besicovitch covering argument fails when applied to families
of rectangles having arbitrary eccentricities.

Strong weights. A weight w will be a locally integrable, non-negative function on R™. We will
say that w belongs to the class A, 1 < p < oo, whenever

p—1
w] L J w2 J A
« .= SU e e Q.
A o AR R

In this case we will say that w is a strong A,,-weight. For p = 1 the class A7 is defined by the
condition

1
— | w< Cessinfw(x), for almost every x € R, R € R,
|R| R xXER

which is equivalent to saying that M,,w < Cw almost everywhere in R™. The smallest constant
C > 0 in the previous inequality is the Aj-constant of the weight, denoted by [W]A{.

It follows by Holder’s inequality that the A7 classes are increasing, thatis, for 1 < p < g < oo
we have A C A7. We define the class A%, by means of

AL = A
p>1

It is equivalent to define the class A’ by the following property: there exist constants d,c¢ > 0
such that, given any rectangle R € R,, and a measurable subset S C R, then

w(S) IS\ °

An important feature of strong A -weights is that if we fix any t € R then the weight
Wt(X,) — W(X,, t), X, c Rnfly
is an A’ -weight on R"!, uniformly in t € R. In practice, uniformly means that all the constants

connected with the properties of the A -weight W' can be taken to be independent of t. For
these and other properties of strong Muckenhoupt weights see for example [2] or [6, Chapter IV].
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Remark 1.3. Let w € A% . By the previous discussion we see that there exists some € = ¢(w) > 0
such that, for every rectangle R € R,, and all measurable sets F C R™, we have
1 1

IRNF < elRl=wRNF) L EW(R) = w(R\F) > EW(R).
In fact, it suffices to choose € > 0 so that ce® < % where ¢, d are the constants associated to
w € A% from (1.2). Since for any t € R the weight w' := w(-, t) is an AZ -weight on R™ 1,
uniformly in t, the € > 0 can be chosen sufficiently small so that we have the previous property
also for wt, rectangles R’ € R,,_; and sets F/ C R™ !, uniformly in t. We will use this remark
several times in what follows.

It is known that M,, is bounded on LP(w), 1 < p < oo if and only if w € A5, This result
follows again by an appeal to the one dimensional theory. For the necessity of the A, condition,
one argues as in the case of the usual A, weights. The corresponding endpoint bound is also
true: the operator M,, satisfies the distributional estimate

[T(x)]
no A

w({x € R™ : M f(x) > A}) Swn J (1 + (log™ |1:(7\—)(”)n_1>w(x)dx

whenever w € Aj. For these results see [2, Theorems 2.1 and 2.3].

Weighted strong maximal function. For w € A% we will also consider the weighted strong
maximal function MY, defined with respect to w:

Welx) = sup L
MYf(x) = b ) L f(y)w(y)dy.
R>x

For the weighted strong maximal function MY, R. Fefferman showed in [5] that it maps LP(w)
to LP(w) whenever w € A’ :

(1.4) IMITlIr ) Swn Cpnllfllrw), 1 <p < oo
Furthermore we have the asymptotic estimate
(1.5) Cpm=0n((p—1)"") a p—17.

The behavior of the constants is not explicitly studied in [5] but follows by a close examination of
the proof and the standard norm bounds from Marcinkiewicz interpolation. See also [10, Lemma
4]. The endpoint bound for M is also true, namely M) satisfies

(1.6) w({x € R" : M¥f(x) > A}) Swn J |f(;)’ (1 + (log™ @)n_vw(x)dx

whenever w € A* . This was proved by Jawerth and Torchinsky, [7], and independently by Long
and Shen [10].
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Fefferman-Stein inequality. By this we mean in general an inequality of the form

J (MF)PW Syon J [f[PMwdx, 1<p< oo,
RM RN
where M denotes some maximal operator. Inequalities of this type are important since, among
other things, they can be used to derive the boundedness of vector-valued maximal operators. In
fact this inequality was first proved for the Hardy-Littlewood maximal function by C. Fefferman
and Stein, [4], for every non-negative, locally integrable weight w. The main application in [4]
was exactly the vector-valued extension of the classical Hardy-Littlewood maximal theorem. For
the strong maximal function the same inequality is true provided that w € A’_; see [9] for a direct
proof of this result and also [12], where the Fefferman-Stein inequality is obtained as a corollary of
a more general two weight-norm inequality. Observe that, as in the case of (1.4), we need some
extra assumption on the weight in order to prove the Fefferman-Stein inequality for the strong
maximal function. This should be contrasted to the corresponding result for the Hardy-Littlewood
weighted maximal function, as well as to the Fefferman-Stein inequality for the Hardy-Littlewood
maximal function, where no assumption on the weight is needed.

The form of the endpoint Fefferman-Stein inequality depends on the corresponding unweighted
endpoint properties of the maximal operator under study. For the usual Hardy-Littlewood maximal
function Mg the right statement is

w({x € R" : Mqf(x) > A}) <n %J If(x)[Mqw(x)dx.

The natural endpoint Fefferman-Stein inequality for the strong maximal function was proved by
Mitsis, [11], in dimension 1. = 2. In particular Mitsis showed that

[T(x)] 4 [T
A

w({x € R? : M, f(x) > A}) < J

R2

<1 + log )an(x)dx.

The main result of the current paper is the extension of the endpoint Fefferman-Stein inequality
for the strong maximal function to all dimensions:

Theorem. Let w € A%, . For all dimensions . > 1 we have

[F(x)]
n A

(1 + (log™ !f(X)I)n1> M, w(x)dx.

w({x € R™ : Mpf(x) > A}) Snw J )\

By interpolation, the Fefferman-Stein inequality of our main theorem above implies the strong
LP-version of the Fefferman-Stein inequality from [9], [12]. Furthermore, since every Af-weight
is an A* -weight, we recover the endpoint inequality (1.6) for Aj-weights.

It should be noted that the proof of Mitsis in [11] uses the combinatorics of two-dimensional
rectangles, which allow one to get favorable estimates for the measures

N
x € Rie: ) T, (x) = 0};

k=1
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here {Ri}1<k<n is a sequence of rectangles which satisfy a certain sparseness property and { is
any integer in {1,2,...,N}. These combinatorics do not seem to be readily available in higher
dimensions and so we adopt a different approach, which relies on the boundedness of the weighted
strong maximal function M}’ and the precise estimate for its norm, (1.5). In particular, our
approach is inspired by the arguments in [10], a paper which seems to have been overlooked by
most of the works on the weighted inequalities for the strong maximal function.

Acknowledgments. This work was done while T.L was visiting T.Hytonen at University of
Helsinki. The authors would like to thank him for his generosity and hospitality. We also want to
thank C. Pérez and T. Mitsis for some valuable discussions on the subject of this paper.

2. NOTATION

We write A < B if A < CB for some numerical constant C > 0. In order to indicate the
dependence of the constant on some parameter n (say), we write A <,, B. Similarly, A ~ B
means that A < B and B < A.

3. SOME GEOMETRY OF M-DIMENSIONAL RECTANGLES

In this section we recall some sparseness properties of n-dimensional rectangles, introduced in
[3]. Here we adopt the slightly different approach from [10]. In fact, both Lemmas in this section
are mentioned in [10]. However, we present the proofs for the sake of completeness.

For t € R and E C R™ we introduce the slice operator

Pi(E) = {x" € R*1: (x/,t) € E}.

Thus Py is the ‘slice’ of E by a hyperplane perpendicular to the n-th coordinate axis at level
t € R. The (n — 1)-dimensional projection is

Pi(E) ={x"eR"':(x',t) €E forsome teR}.
We will also use the one-dimensional projection P+ defined for E C R™ as
PLE)={teR:(x/,t) € E forsome x'e&R"™1}
If R € R,, observe that we have
R =P(R) x PX(R) = P¢(R) x P*(R), forall teP*(R).

For any interval I C R, let I* be the interval with the same center and three times the length of
I, |T*| = 3|I]. For R € R,, we then use the notation

R* = P|(R) x (PH(R))*.

Thus R* is the rectangle with the same center as R and whose sides parallel to the first n — 1
coordinate axes have the same lengths as the corresponding sides of R; the side of R which is
parallel to the n-th coordinate axis has length equal to three times the length of the corresponding
side of R.



6 T. LUQUE AND I. PARISSIS

Let R = {Rx}i<k<n be a finite sequence of rectangles from R,,. We will say that R satisfies
the sparseness property (P,) if

(P ) PJ_(Rl) >PL(R2) >>PJ_(RN)1
2
IRkﬂUKkR;I <e€Ryl, k=1,2,..., N.
Here 0 < € < 1 will be assumed sufficiently small in various parts of the arguments below.
For t € R we now consider the collection T(t) = T = {P¢(Ry)h<k<n C Rn_1 which is
produced by slicing all the n-dimensional rectangles of R by a hyperplane perpendicular to the
n-th coordinate axis, at the level t. The collection T depends on t but we will many times

suppress this fact in what follows. The main point about the collections R and T is contained in
the following standard fact.

Lemma 3.1. Suppose that the sequence R = {Ry}1<k<n has the sparseness property (P»). Then,
for all t € R, the (n — 1)-dimensional collection of rectangles T(t) = {P¢(Rx)}h<k<n has the
sparseness property (Py1), uniformly in t:

(P1) PR N J PRI < ePe(Ri)l, k=1,2,...,N.
j<k

Proof. We fix some 1 < k < N and t € P-(Ry). Denoting J :={j < k: P¢(R) NP:(R;) # 0} we
have by the second condition in (P,) that

(3:2) eR| = Rin R I =R R = [ JRe N R}
j<k j<k j€]
Observe that for j € ] we have that 0 # P-(Ry) N PH(R;) > t and by the first condition in

(P2) we have [P~(R;)| = [P(Rx)|. A moment’s reflection shows that if I;, I, are intervals in
R, || > [I;] and I; N1y # () then I; C I5. We conclude that P+(Ry) C PL(R]*). Thus the

n-dimensional rectangle Ry N R} is of the form P+ (Ry) x Pj(Re N R}). However, j € ] implies
that P¢(Rx NR;j) = P¢(Ry) N P(R;) # 0, so we conclude that P}|(Ry N Ry) = P¢(Rx N Ry) and
thus
(3.3) Ri MRS = P(Ry) x Pe(R NRy).
Now estimate (3.2) and identity (3.3) give
elP (Rl x Pe(Ri)| = elRie| > |[JPH(Rie) x Pe(R MRy
j€]
= P (R x || Pe(Re NRy)|
j€]
=[P (Rl x [Pe(Rie) N Pe(Ry)]
j€]

=[P (Rl x [Pe(Rie) N [ Pe(R)1.

j<k
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This proves the lemma for t € P (Ry) while for t ¢ P-(Ry) the conclusion follows trivially. O

The next lemma gives a precise quantitative bound on the overlap of the rectangles in R under
the sparseness property (P»).

Lemma 3.4. Let w € A and suppose that the finite sequence R = {Ry}i<k<n C Ry, satisfies
property (P2) with € sufficiently small, depending on the weight w. We set Q = U} Ry. For
1 <p < oo we have

N 1
(J 1> le}pW(X)dX>p S CpaW(Q)7
Qo

with ¢pn = On(p™ 1) asp — +oo.

Proof. For a sequence {Ry}1<k<n as before, consider the sequence T(t) of (n — 1)-dimensional
rectangles, by slicing the collection R with a hyperplane perpendicular to the n—th coordinate
axis, at level t € R. Let Q; = P¢(Q) denote the corresponding slice of QO at level t and set
Ty == P¢(Ry) in order to simplify the notation. By Lemma 3.1 the collection T(t) = {Ti 1 <r<n
has the property (P1). We set Ey = T \ Uj—Tj. For fixed t € R, the function w'(x’) =
w(x’, t), x’ € R" ! is an A% -weight in R" %, uniformly in t € R; see [5]. By the property (P;)
and the fact that w' € A% uniformly in t, we will have that w'(Ty) > w'(Ey) > sw'(Ty) if
€ > 0 was selected sufficiently small in property (P»), and thus also in (P;), according to Remark
1.3.
Define the linear operator
N

Lyif(x') = kZ_l ﬁ(JR f(y’)wt(y’)dy’) 1g, (x), x' eR™L

For any locally integrable function f on R™ ! we have that L,,«f(x’) < M,,«f(x/), x’ € R 1.
Also observe that for f, g locally integrable we have
N

1
L Ly f(x)g(x )Wt (x)dx’ = JQ > Wi (Lk g(y’)wt(y’)dy/) g, (x)f(x" )Wt (x")dx’

tk=1

::J L og(x ) f(x )wt(x)dx’.
-O-t

Furthermore L} . (10,) = S, wt Ir, > 5 Ly ™ 11 For any locally integrable function g
on R ! we thus have

J Zln ax! <jQ g(x" Lo (Lo, ) (X W' (x') dx’

T =

:J Lyig(xw' (x")dx" < Hth9||LP’(wt,R“*1)Wt(Qt)
Oy

":H»—A

gw,n (P/ - 1)7(n71)||9HLP'(Wt,R“ 1) (Qt)
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by (1.5). Taking the supremum over g € LP'(R™!) with 1915 (wtgn-1) < 1 gives the estimate

N
J > 1, ()Pt (x)dx Sn pTIPWHQY),
Q

t k=1
as p — 00. It is essential to note here that this estimate is uniform in t € R. Thus integrating
over t € PH(Q), gives the claim. O

4. PROOF OF THE ENDPOINT FEFFERMAN-STEIN INEQUALITY
We begin with a simple lemma.

Lemma 4.1. Let € > 0,  be a locally integrable function and set F := {x € R™ : M, f(x) > 1}.
There exists a finite collection of rectangles R = {R} }1<k<n such that:

(i) The collection R has the property (P») with parameter €.
(ii) For each 1 < k < N we have

Rel< | Irtlay
R
(iii) We have the estimate
W(F) Se,w,n W(UkRi)

Proof. For every x € F let Ry € R, be a rectangle such that

1

R ), trwlay >

Without loss of generality we may assume that {Ry}xcF is a finite sequence {Rj}i<j<m, so that
(i) is satisfied and such that W(F) < w(Ui<j<mRj). From the collection {Rj}i<j<m we will now
choose a subcollection {R}}1<x<n so that (i) and (iii) are also satisfied. First we reorder the
rectangles R;j so that P=(Ry) > PH(Ry) = -+ = PH(Rm). We choose R§ := R; and assume that
the rectangles Rf, R3, ..., RS, have been selected. Also let 1 < j, < M so that R} = R; . We then
choose RS | ; to be the rectangle with the smallest index among the rectangles S € {Rj .1, ..., Rpm}
that satisfy

S0 JR) < elsl.
i<t

Since the collection {Rj}i<j<m is finite, the selection process will end after a finite number of N
steps, and the collection {R}}1<k<n will automatically satisfy (i). Of course this subcollection
still satisfies (ii). Now assume that some S € {Ry, ..., Ry} was not selected. We can then find
some positive integer K € {1,2,..., N} such that

SRS > els|.

j<K
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Thus we get for all x € S
MTL(:[UjgN(RJ-S)*)(X) = M (]'U)<K ) )(X) > €,
which means that

U RSl Mallyre))x) > el
1SN
Rj not selected
However, since w € A% we know that M,, : LP°(w) — LPo*°(w) for some p, > 1. We conclude
that

wl U R) Sewn WU (R))) £ w(UjenRS).
1N
Rj not selected

Thus w(F) < w(Ui<j<mRj) Sewn W(UickgnRY) as we wanted. O
We are now ready to give the proof of our main result.

Proof of the Main Theorem. We assume that n > 2 since in one dimension M; is the usual
Hardy-Littlewood maximal function and there is nothing (new) to prove. We henceforth write
M for M,, since the dimension n is fixed throughout the proof. Furthermore, it suffices to
prove the theorem for A = 1. Let F := {x € R™ : M(f)(x) > 1} and consider the collection
R = {R¢PL, C R, given by Lemma 4.1. By (i) of that Lemma the collection R has the
sparseness property (P»). We assume that € > 0 was chosen small enough in Lemma 4.1, and
thus in (P2), so that Lemma 3.4 is valid. Observe that (P,) also implies that

Ri N [ Rs| < elRgl.
j<k

By choosing € > 0 small enough we can also assume that w RiﬂUKk ) < ; (R}), according

to Remark 1.3. Setting Ex = Ry \ U;_y R we will thus have

wRS), k=12 ... N,

(42) W(RS) 2 w(Ey) > %

and the choice of € > 0 depends only on the weight w € A% . Denoting () := U}:‘Zl R}, we use
(i) and (iii) of Lemma 4.1 to estimate

N N W(RS)
S k
WP S wiQ) < 3 wiR <3 | itulay
N S
:J f( ) w Rk)lRS(X)dX
o) LS4
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Define the linear operators
N

N
T = |ng | rwayte 0. 00 =3 JEk fly)dyle; (x), x € R™

k=1

For locally integrable f, g we have

J Tf(x)g(x)dx :J T g(x)f(x)dx, Tf(x) < Mf(x), xe€R™
Q Q
By (4.2) we have

) N

Loyl = 3 WG

RS
RE[F

k=1 k=1
thus we can estimate for any & > 0

w(Q) sJ

Q

T*
fT"w < J f(x)T*w(x)dx + J f(x) w(x) Mw(x)dx
(Q:T*w<sMw} (Q:T*w>5Mw)} Mw(x)

<5 J IF(x) Mw(x)dx + LQ:T*W»MW} f(x) wv"gg Mw(x)dx.

We will use the following elementary estimate: For each © > 0 there exists a constant cg > 0
such that for all s,t > 0 we have

st < cos[l + (log™ s)™ 1] + exp(etﬁ) -1, n>2.

The interested reader can find a detailed proof of this classical inequality in [1]. Applying this
pointwise estimate we get for every 6 > 0:

W(Q) 5 8-+ co) | 1061 (1+ (log" 1)) Mw(x)dx

Rﬁ.

1

Twx)\ ]
! LQ: T w>5Mw} (exp {9<MW(X)) } 1) Mw(x)dx.

We now estimate the last term,

_ AR
Q= J{Q: T*w>5Mw} (e P [9<MW(X)) } 1) Mwlx)ax

T w(x)
B kZ—l HJ{Q: T*w>5sMw} (szv(z)) Mw(x)dx < Z + Z = 1+ 1L
<

1<k<n—1  k>n-—1
For I we just observe that since k/(n — 1)

1 and T*w/(6Mw) > 1 we have the elementary
estimate

(T*Ww/Mw) ™7 = (T*w/(5Mw)) T 157
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1w
S SM
(T (sMw) T Y
<5%1*1T*_W
Mw

So we have

k ——1 1
<y J T*w(x)dx<9eéﬁj T1x)W(x) S5 OW(Q).
Q Q

1<k<n—1

11

Here we abuse notation by denoting T1, T*1(x) the action of T,T", respectively, on the constant
function 1. For II we use the fact that T*w ~ 5 N | |R5 le < MwY N 1gs ~ MwT*L.

We have

ok /[ T*w(x) %ﬂT*w(x)
II < k§1JQ o (Mw(x)) Mow(x) Mw(x)dx

r

< Y i—T (T*1(x)) ™7 ' T*w(x)dx

k>n—1 YO
oc [ . ko, .
< Z — | (T"1(x))1T*w(x)dx | because T*1 > 1 on Q
k>n—1 k! JQ

A i ox
$ 2 ), Tr@Wmeawidx= ) 35 Qu

JQ k>n—1

Since w € A} for some 1 < p, < oo and Tf < Mf we have [|T(f)[|tro(w) Sw,n [[f]lLre

~

This together with Lemma 3.4 yields

1

(J |T*1(x)y%%w(x)dx) " Swn [kpo/(n — 1)*w(Q).
Q

0\|"‘

Qk Sw n W(Q)
Overall we get

ek (kpo)k W(Q)S Z (eepo/(n_l))kw(ﬂ)

IT <wn = k! (n—1)k k>n—1 vk
. (Gepo/f;%— 1))nw(Q),

(w)-

if 0 is small enough. Thus Q <,n OW(Q). We have proved that for 6 > 0 small and fixing

d =1 (say) in the previous estimates we have

W(Q) Swom BW(Q) + (1 + co) J |f(x)|(1 + (log* |f(x)|)“‘1)zvlw(x)dx.

n
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Choosing 0 > 0 sufficiently small we thus have
w(F) sw(Q) Swn J !f(x)|<1 + (|0g+ |f(x)’)n_1)Mw(x)dx,
Rl’l

which is the desired estimate. m|

We have actually proved the following weighted analogue of the Cérdoba-Fefferman covering
lemma from [3].

Lemma 4.3. Let w € A . Suppose that {R;}jcy is a finite sequence of rectangles from R.,.
Then there exists a subcollection {R} i<k<n C UjejR; such that

(i) W(UjerRy) Swm WIURLIRY).

(ii) For every & > 0 there exists 0, = 0,(5,w,n) > 0 such that, for every 6 < 0, we

have
1
T*w(x) ) ﬁ} ) N
exp 6(7 — 1 )Mw(x)dx Swn.e.s W(U_RY).
J{Q: T*w(x)>6Mw(x)}( |: MW(X) k=1
Here T*w = ZEZl W“(Q—];‘JlRi and M denotes the strong maximal function.
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