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The two-scale convergence method has proved to be a very useful tool for dealing
with periodic homogenization problems. In the present paper we develop this theory
to generalized Besicovitch spaces, which include the almost-periodic functions. The
main difficulty comes from the fact that these spaces are not separable. We also show
how to apply these results to the homogenization of partial differential problems in
this framework.
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1. Introduction

It is usual in homogenization theory to deal with composite periodic materials and
structures with very small periods. In order to study their physical behaviour (elec-
trical or thermal conductivity, elastic behaviour, etc.), we need to solve a partial
differential equation that, in a model case, can be written in the form

—divA<§>Vue = f, (1.1)

besides some boundary conditions. Here the matrix A is periodic and ¢ is a small
parameter. From the numerical point of view, it is very difficult to calculate u, from
this problem. We need to use a discretization of size smaller than €, and therefore
solving a very large system of equations, which requires a lot of computer memory,
is time-consuming and involves several stability problems.

Homogenization theory seeks to obtain an approximation of u. through the reso-
lution of simpler partial differential equations. The theory of asymptotic expansions
(see Bensoussan et al. 1978; Séanchez Palencia 1980) provides us with

u.(x) ~ up(x) + cuy <m f) + e2u, <m g) TR (1.2)

where the functions u; are obtained as the solutions of partial differential problems
much easier to solve than (1.1). A rigorous way of obtaining this expansion and
showing its convergence is the two-scale convergence method of Nguetseng and Allaire
(see Allaire 1992; Arbogast et al. 1990; Nguetseng 1990). It has proved to be very
useful in the homogenization of periodic problems.
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We note, however, that although periodic materials are common in engineering
applications, they do not usually occur in nature. However, we can see a recurrence
in the structures which suggests that a better approximation is to consider these
materials as almost-periodic. The aim of the present paper is to extend the two-scale
convergence method to the case of almost-periodic (or more general) coefficients, in
particular, the sum of periodic functions with different periods, in order to be able
to treat more general composite materials than the periodic ones. Similarly to the
periodic case, it is necessary to have a characterization of the limit of the expression

/Q ve () <m g) dz (1.3)

when v, is a bounded sequence in a Lebesgue space LP({2), p > 1, and @ is an
almost-periodic smooth function or, in a wider sense, in a generalized Besicovitch
space (see Casado Diaz & Gayte 2002; Jikov et al. 1994; Zhikov & Krivenko 1983)
in its second variable. To prove the corresponding result, the first step is to show
the existence of a subsequence of v, still denoted by v, such that there exists the
limit of (1.3), for every 1 as above. This is easy, using a diagonal argument, if the
space of functions 1 is separable. However, the generalized Besicovitch spaces are not
separable in general. This is the main difficulty in obtaining our result. To solve this
problem, we propose an abstract theorem generalizing the well-known result about
the weak sequential compactness of the unit ball in a reflexive space. In a simpler
situation this was carried out in Casado Diaz & Gayte (1996). The case where the
almost-periodic functions are in a separable space has been considered by Nguetseng
(2000).

As an example of how our results can be used in the study of the asymptotic
behaviour of composite materials, we study the nonlinear problem

—diva<£,u€,Vu€> =f in (2,
€
us. =0 on 02,

where a is a Carathéodory function which defines a pseudomonotone operator of order
p and belongs to a Besicovitch space in its second variable. In this case we obtain the
limit equation and a corrector result related to (1.2). To complete this introduction,
we mention that an adaptation of the two-scale convergence to stochastic homoge-
nization problems has been given in Bourgeat et al. (1994) (assuming separability).
The notion of a stochastic weak derivative given in this article is strongly related to
the mean derivative we use in the present paper. To the study of homogenization
problems in a stochastic frame, we also refer to Dal Maso & Modica (1986) and
Abddaimi et al. (1997).

2. A compactness theorem

It is well known that, for a bounded sequence {f,,} in the dual space X’ of a reflexive
space X, there exists a subsequence of { f,,} which converges weakly-* to some f € X',
i.e. {fn} pointwise converges to f. The purpose of the present section is to generalize
this result, by showing that it is necessary to assume neither f,, continuous nor X
complete.

Proc. R. Soc. Lond. A (2002)


http://rspa.royalsocietypublishing.org/

Downloaded from http://rspa.royalsocietypublishing.org/ on November 24, 2016
Two-scale method applied to Besicovitch spaces 2927
Theorem 2.1. Let X be a subspace (not necessarily closed) of a reflexive space Y

and let f, : X — R be a sequence of linear functionals (not necessarily continuous).
Assume there exists a constant C' > 0 which satisfies

limsup f,,(z) < C||z||, Vze X. (2.1)

There then exist a subsequence {n,} of {n} and a functional f € Y’ such that

Elliin fu, () =(f,z), VoxelX. (2.2)

Remark 2.2. If X is complete and f,, is continuous, theorem 2.1 easily follows
from the Banach—Steinhauss theorem and the weak-* sequential compactness of the
unit ball in a reflexive space. It is also clear that theorem 2.1 holds if we replace the
hypothesis X included in a reflexive space by X separable. The aim of theorem 2.1
is precisely the application to spaces that are not separable.

Remark 2.3. Theorem 2.1 has been established in Casado Diaz & Gayte (1996)
when Y is a Hilbert space.

In order to prove theorem 2.1, we need to recall some results about smooth norms
(see Cioranescu 1990).

Definition 2.4. Let Y be a Banach space. The norm in Y is called smooth if
for every y € Y with |ly|| = 1 there exists a unique f € Y’ such that ||f|| = 1 and

(fiy) =1

The following theorem is due to Asplund and Lindenstrauss (see Cioranescu 1990;
Lindenstrauss 1966).

Theorem 2.5. Every reflexive Banach space has an equivalent smooth norm.

Proof of theorem 2.1. By theorem 2.5, it is not restrictive to assume that the norm
in Y is smooth.

_ First step. Let us prove that there exist a subsequence {nj} of {n}, a constant
C' > 0 and a sequence {Z]} C X such that

limsup f,,, (z) < C|z|, Vz € X, (2.4)
k
- 1
Ellilgnfnk(zj) >C—--, VjeN. (2.5)
J

To this end, we define
C, = sup{limsupfn(m) rxe X, |z|| = 1}.

This supremum is finite because of (2.1).
By definition of C; there exist z; € X with ||z1]| = 1 and a subsequence {ni(k)}
of {n} such that
Elli};nfnl(k)<zl) >Cp— 1.
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Then we define Cy by
Cy = sup{limsup foim(@) 2z € X, 2| = 1}.
k
Obviously, Cy < C; and there exist z5 € X with ||z3]| = 1 and a subsequence
{na(k)}x of {ni(k)}x such that

Ellill;nfng(k)<22) >Ch— 1.

Repeating this reasoning, we deduce that for every j € N there exist C; € R, z; € X
and {n;(k)}; such that, denoting ng(k) = k for every k € N, we have

25l =1, (2.6)

C; = Sup{limksup Fo, (@) iw € X, ||z] = 1}, 2.7)
{n;(k)}x is a subsequence of {n,_;(k)}, (2.8)
Ellilgn fnj(k)(zj) > C; — %, (2.9)

0< Cjip1 <Gy (2.10)

Taking the diagonal subsequence {ny(k)}, which we denote by {ns}, we have
limsup f,, (z) < Cjllz|, Ve X, VjeN,
k

1

Therefore, for C = lim; C; statements (2.4) and (2.5) hold.

Second step. Let us now prove that there exists f € Y’ such that {n,} and f satisfy
(2.2). Note that we can suppose C > 0 because if not, by (2.4) we immediately get
(2.2) with f = 0. Since Y is reflexive and {z;} is bounded, there exist a subsequence,
still denoted by {z,}, and 2y € Y such that

zj =~ zy inY. (2.11)

By (2.6), 2o satisfies
lzoll < 1. (2.12)

Let © € X be arbitrary. Since {f,, (z)}, is bounded, there exists a subsequence
{nr(j)}; of {ni}r, depending on z, such that

Jlim fp, , (2). (2.13)
J
Denoting S = span({z} {2, : n € N}), statements (2.13), (2.5) and f,,  linear
imply
Jlim fp, ,,(s), Vs €S
J
We define f : S +— R by
f(s) =lim f,, (s), Vse€S.
J
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By (2.4) and because ny;) is a subsequence of ny, for every s € S C X, we have
F(5) =i fo, (5) < limsup £, (5) < Clllx,

and so f belongs to S’ and satisfies ||f||sr < C. On the other hand, by (2.5) and
(2.6), for every j € N we have

= 1 = 1
1)z e-2= (0= Disl (2.14)
J J
Thus ||f|| = C — 1/j for every j € N and so
I flls = C. (2.15)

By the Hahn-Banach theorem, we can extend f to a functional of Y”, still denoted
by f, which satisfies || f||y- = C. By (2.14), (2.15), (2.11) and (2.6), we deduce

C = tim f(2) = (f.20). (2.16)

Using (2.12) and (2.15), we then have
(fr20)=C, llfll=C, llzoll = 1. (2.17)

Since Y is smooth there exists a unique element f € Y’ satisfying (2.17), so in
(2.13) it is not necessary to take a subsequence, and the whole of the sequence {f,, }
pointwise converges to f in X. |

Following the idea of theorem 2.1, we can also prove the following theorem, which
generalizes theorem 2.1 and contains the case where X is separable. The proof can
be found in Gayte Delgado (1998).

Theorem 2.6. Let X be a normed space (not necessarily complete) such that
the unit sphere of X' endowed with the weak-x topology is first countable. Let
fn : X — R be a sequence of linear functionals (not necessarily continuous) satisfying
(2.1). There then exist a subsequence {n;} of {n} and a functional f € X' such that
(2.2) holds.

Remark 2.7. It can be proved that the unit sphere of X’ endowed with the weak-x
topology is first countable if and only if for every f € X', || f| = 1, there exists a
sequence {z,} C X such that if ¢ € X' satisfies ||g|| = 1 and (g, z,,) = (f, z,,), for
every n € N. Then g = f.

3. Preliminaries on generalized Besicovitch spaces

In this section we recall some results on generalized Besicovitch spaces we will need
later. They have been proved in Casado Diaz & Gayte (2002) (see also Gayte Delgado
(1998); Jikov et al. (1994)). We recall the definition of the mean value.

Definition 3.1. We say that a function f : RY — R has a mean value if there
exists a real number M{f} such that for every bounded measurable set K C RV
with |K| > 0 we have

. 1
M{f}y = lim TE] Jox f(y) dy. (3.1)

In this case, we say that M{f} is the mean value of f.
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Following Jikov et al. (1994, 7.5, p. 242), we now give the definition of an algebra
with mean value.

Definition 3.2. A linear space, X, of real-valued functions defined in RY is a
Banach algebra with mean value if the following conditions are satisfied.

(i) The elements of X are bounded, uniformly continuous and possess a mean
value (see (3.1)).

(ii) The constant functions belong to X.

X endowed with the uniform convergence topology is complete.

)
(iii) X is an algebra.
(iv)

)

(v) For every f € X and s € R, the function f(- + s) belongs to X.

Remark 3.3. As examples of X, we have the space of continuous (0, 1)V -periodic
functions and the space of uniformly almost-periodic functions.

The above definition allows us to define the generalized Besicovitch spaces in the
following way.

Definition 3.4. We define the generalized Besicovitch space of order p (relative to
X), with 1 < p < 400, and we denote it by BP, as the closure of X for the seminorm

1y = (mnp 1 If(m)lpdw>1/p, (32)

ie.
BP = {f : RY — R measurable: Ve > 0, Jp € X with [f — ¢], < e}
The generalized Besicovitch space of order oo (relative to X), B>, is defined by
B> = {f € B' such that [f]o = sup[f], < —i—oo}.

p>1

The spaces B? are seminormed spaces. The quotient of BP with the kernel of [-], is
denoted by BP and it is a normed space.

Remark 3.5. When X is the space of continuous (0, 1)V -periodic functions, B is
the space of functions in L (R™) which are (0,1)"-periodic. The space of almost-
periodic functions in the sense of Besicovitch (see, for example, Besicovitch 1954;
Bohr 1951) is obtained by taking X as the space of uniformly almost-periodic func-
tions.

The following theorem shows that the spaces BP are analogous to the spaces LP for
a probability measure (see Casado Diaz & Gayte (2002) and Gayte Delgado (1998)
for the proof).

Theorem 3.6. The spaces BP satisfy the following properties.
(i) For 1 < p < 400, B? and then BP are complete.

(ii) For every f € BP, 1 < p < +oo, there exist M{f} and M{|f|P}. Besides,
[flp = M{|fIP}!/P.
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(iii) For f € B> and a = [f]e, the function T, (f) € L°°(RY) satisfies

1Tallpe mvy = [floos  [Ta(f) = floo =0,
where T, is defined by
e if s > a,
To(s) =14 s if |s| € a,
—a ifs< —a.

(iv) Ifp < q, then BY C BP and [-], < [],. Moreover, if f, g € B? satisfy [f—g], = 0,
then [f — g], = 0, and we can also then see that B? is a subspace of BP.

(v) The dual space of BP, for 1 < p < 400, can be identified with B through the
following isometric isomorphism:
F B — (8P
(F(£).9)=M{fg} VfefeB VjegeB ifl<p< oo,

and
(F(f).g) = M{Ti;)_(f)g} VfefeB> VgegeBlifp=1.

To finish this section, we recall some results related to the derivation theory for
generalized Besicovitch spaces (see Casado Diaz & Gayte 2002).

We start by introducing the space D, which plays in the spaces BP the same role
as the spaces C§°(RY) in the distributional theory.

Definition 3.7. We define D as
D® ={p e C®°RY): D% e B! N L>®R") Va € (NU{0})V}.

Reasoning by convolution (see Casado Diaz & Gayte 2002), we can show the
following proposition.

Proposition 3.8. The space D is dense in BP for 1 < p < +oo.
For every f € B*, there exists a sequence {f,, } in D> which converges to f in
B' and is bounded in B*.

Analogously to distributional theory, we use the spaces D> to give a definition of
the derivative in BP.

Definition 3.9. For f € B!, we define the mean partial 7 derivative of f, 1 <i <
N, and we denote it by 0; ,, f, as the linear application of D> in R given by

Dy
8mi
We also define the mean gradient of f € B, V,,,f, as V., f = (O1,m.f+ .-, On,m [f) and

the mean divergence of F' € (BY)V, div,, F, as div,,, F = Ef\;1 0; mF;. Clearly, these
definitions can also be extended to B!.

Oim f(0) = —M{f }, Vo € D*. (3.3)

The following result, which relates the distributional derivative with the mean
derivative, is shown in Casado Diaz & Gayte (2002).
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Proposition 3.10. If f € B! is such that there exists i € {1,..., N} with
df/0x; € BY, then 9, ,,, f = Of/0z; in the following sense:

0
fgo}, Yo € D™

The following space plays a very important role in applications.

Definition 3.11. For 1 < p < 400 we define

WP ={f e WLIRY): Vf € (BY)N, M{V[} =0}

loc
and
VWP ={Vf:fecWr}

Identifying an element of VWP with its class in (BP)Y, VW? will be considered as
a subspace of (BP)Y. Moreover, we identify w;, wy € WP if [V(w; — ws)], = 0, and
then we can consider WP as a normed space for the norm ||w|| = [Vw],.

The following theorem gives some interesting properties of W? (see Casado Diaz
& Gayte (2002) and Gayte Delgado (1998) for the proof).

Theorem 3.12. The subspace VWP is closed in (BP)N (and then WP is Banach).
If f € BP,1 < p < +o0, is such that V,, f belongs to (BP)N then there exists g € WP
such that V,, f = Vg in (BP)N.

To obtain further properties of WP the algebra must satisfy another property.

Definition 3.13. An algebra X is called ergodic if for every f € B' such that
[f—f(-+8)]1 = 0for every s € RY (equivalently V,, f = 0), we have [f —M{f}]; = 0.

Proposition 3.14. An algebra is ergodic if and only if

1
im {— fle+y)dy— M{f}| =0, VfeBP, 1<p<+o0. (3.4)
R—+o00 |BR| Br »

In the ergodic algebras we have the following density result.

Theorem 3.15. If the algebra is ergodic, then VD> is dense in VWP.

4. The two-scale convergence method

In this section, we present the extension of the two-scale convergence theory (see
Allaire 1992; Nguetseng 1990) to the generalized Besicovitch spaces BP relative to
an algebra with mean value X. We start by giving the definition of two-scale con-
vergence.

Definition 4.1. Let 2 C RY be open. We say that a sequence {u.} C LL (1)

loc

two-scale converges to u € Ll (§2;B') if for every g € B' N L°(RY) and every

loc
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FE CC 2 bounded, measurable, we have

3 lim , ue ()9 <m, g) dz = /Q My{u(z,y)Y(x,y)} dz, (4.1)

e—0

where 1 (z,y) = g(y) Xg(x) for x € 2,y € RNV. We will denote u, 2 .

Remark 4.2. The left-hand side of (4.1) makes no sense if ¢ is only in B! since
two representatives of g may differ in every point of RY. The right-hand side does
not depend on the representative of u chosen.

Remark 4.3. Since B> can be identified with the dual of B!, it is easy to deduce
that the two-scale limit, if that exists, is unique.

Remark 4.4. Our definition of two-scale convergence can seem different to the
usual one for the periodic case, which establishes that (4.1) holds for every 1 periodic
in the second variable and smooth enough (in general, in the space of admissible
functions (see Allaire 1992)). As established in proposition 4.6, this is equivalent to
our definition, because if (4.1) holds for ) as in definition 4.1, then it holds for ¢ in all
of the spaces which appear with the usual definition. We have chosen the definition
given above because it makes it easier to check if a sequence two-scale converges,
and when u, is bounded in LP({2) for some p € (1,400) (usual situation), it does
not depend on p.

Although we have defined the two-scale convergence merely for a sequence {u.} in
L} (92), in the applications we will usually have a bounded sequence in LP({2) for
some p € [1,+0o0]. In this case, we have the following result.

Proposition 4.5. Let {u.} be a bounded sequence in LP({2) for some p €
[1,40c], which two-scale converges to a function u € Ll (£2;B'). Then u belongs

to LP(£2; B?), the sequence {u.} converges weakly in LP((2) (weakly-x if p = 400)
to uy = M,{u(-,y)} and we have

lim inf luellrr2) Z lullLe @80y 2= luollLe(a)- (4.2)

Proof. We denote by St.(£2; Bp/) the set of simple functions which have the sup-
port strictly included in £2. For ¢ € St.(£2; B?), [¢| < [[¥h[| Lo (2;8) a-e. in 2 x RN

if p =1, we have
w<m, _m)
€

/Que(m)w <m g) dz

where passing to the limit when ¢ tends to zero, we deduce

< HUEHLP(Q)

)

L¥'(£2)

‘/Q M, {u(z, y)ip(z,y)} do

< tim it e o e 9] oy VO € Ste(2 B).

(4.3)
From this inequality and theorem 3.6 we easily deduce that u belongs to L?({2; BP)
and that (4.2) holds. |

The following result, which is easy to prove, extends definition 4.1 to a wide class
of admissible function .
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Proposition 4.6. Assuming {u.} bounded in LP(2), p € [1,40c0), the equality
(4.1) is verified when 1) belongs, for example, to the following spaces:

{Z Fi@)gi(y) : I N finite, f, € L7 (2), gi € BY Vi € I},

i€l
{Z filw,)gi(y) : I C N finite, f; € LP' (2, X), g; € B' N L¥(RN) Vi € I},
i€l
{Z fi(z,y)g:(y) : I C N finite, f; € C°(2; BYNL®(2 xRYN), g; € B” Vi e I}.
i€l
Moreover, if i) belongs to some of these spaces, the sequence (-, -/¢) two-scale con-
verges to the class of 1 in BP', and we have

()

The following result shows how, in several cases, the two-scale limit u of a bounded
sequence u, in LP({2) provides a good approach of u, in LP(§2) (i.e. a corrector result).

lim
e—0

= qubHLp/(Q;Bp/)'
L' (£2)

Proposition 4.7. Let {u.} C L?(§2), 1 < p < 400, which two-scale converges to
a function u € LP(§2; BP). If

gii% [welle (@) = [Jull Lo (2.8 (4.4)

and v has a representative in some of the spaces given in proposition 4.6, then,
choosing this representative for u, we have

w)-u(-2)

Proof. We assume that ||u|.»(o,s») is non-zero, and, if not, (4.5) is clearly satis-

lim
e—0

=0. (4.5)
L (2)

fied.
Since
i . _ =1 » = p(():-BP s 4.
t a2 o = i) = [l 0 (4.6
the sequences
. 71 .
ve = el 7t e, B = u<.,_> u<.,_>
: SreTE ) €/ lLr() <
are well defined for € > 0 small enough and satisfy
~ 2e — ~ 2e —
HUEHLP(Q) = HUEHLP(Q) =1, Ve — HUHLI}(_Q;B;D)UH Ve — HUHL;S(_Q;BP)U'

Thus )
~ e —
%(Us + 0e) = HUHL;S(_Q;BP)UH

which by (4.2) implies
3?3% 15 (Ve 4+ 0) || Lo () = 1.
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The uniform convexity of LP(f2) and (4.6) then implies
U5<') - U<-, g)

The most important result about two-scale convergence is the following compact-
ness theorem which generalizes the corresponding one for the periodic case due to
Nguetseng (see Allaire 1992; Nguetseng 1990).

lim
e—0

=——— lim ||v. — 0c||zr(2) = 0.
ooy Tellomimmny o I0e = Pellzrca

Theorem 4.8. Let {u.} be a bounded sequence in LP({2), 1 < p < 4oc. Then
there exist a subsequence, still denoted by {u.}, and a function v € LP({2; BP) such
that {u.} two-scale converges to u.

Let us use the following lemma.

Lemma 4.9. Let V be a vectorial space and M C V a subspace, then there exists
a linear application f :V/M — V such that f(v) € v for every v € V/M.

Proof. By the axiom of choice, there exists a basis B={e; :i € I} C V/M,ie. B
is such that for every v € V/M \ {0} there exist e;,...,e; € B, oy;,...,0, €
R\ {0}, unique, such that

v = Z ozi], eij .
j=1

Choose, then, for every e; € B, é; € V such that é; € e; and define f as the unique
linear application from V/M to V such that f(e;) = €; for every i € I. |

Proof of theorem 4.8. Using the lemma, we can consider f : BP — BP linear such
that f(v) € v for every v € BP. Assume 1 < p < +oo and let F, : LP (2) @ BP C
LV (2;B”") — R be defined by

Fg¢y:/gu4mxfo¢)§a§>dm, Vo € LY (2) @ BY . (4.7)

Using that {u.} is bounded in LP({2), we have

= CqubHLP/(_Q;BP/)'

limsup | F. (¢)] < Clig%H(f o)) <m f)

e—0

LY (£2)

Since B’ is reflexive, we can apply theorems 2.1 and 3.6 to deduce the existence of
a subsequence of {F.}, still denoted by {F.}, and u € LP({2; B?), such that

awﬂwz/mm@wmmmmweMmmmﬂ
e 2

i.e. us two-scale converges to u. When p = 400 the result easily holds from {u.}
bounded in L2 (£2') for every 2’ CC {2 open and proposition 4.5. |

For p =1 we have the following result.
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Theorem 4.10. Let {u.} be a bounded and locally equi-integrable sequence in
LY(£2). Then there exist a subsequence, still denoted by {u.}, and a function u €
LY($2;B') such that {u.} two-scale converges to u.

Proof. Clearly, we can assume {2 bounded and {u.} equi-integrable. For every
k € N, the sequence {T}(u.)}e is bounded in L>(§2). So, by theorem 4.8, there exist
a subsequence ¢y, of € and ay € L*°(§2;B8°°) such that Tj(u.,) two-scale converges
to 4. By a diagonal procedure, we can assume that the subsequence is the same for

every k.
On the other hand, for k', k € N, k¥’ < k, we have

/ ITy(u.) — Ty (u.)] de < / | da,
0

20{|uc >k}

which by proposition 4.5 implies

Hﬂk — ﬂk/HLl(Q;Bl) g hmlnf/ |U€| dz. (48)
2Nn{luc >k}

e—0

Since the integrability of u. implies that the limit in &’ on the right-hand side of
(4.8) tends to zero, we deduce that {u} is a Cauchy sequence in L' (§2; B') and then
there exists u € L1(£2; B!) such that

ap — u in L'(82;B). (4.9)

Let us prove that {u.} two-scale converges to u. For ¢¥(z,y) = Xg(z)g(y), with
E cC 2 bounded, measurable and g € B! N L*(RY), we have

[E u€<m>g<§) do - [E My {u(z, y)g(y)} de

[ ue@o(2) @ - [ nina(2) a

+ /ETk(us(m))g<§> dm—/EMy{ﬂk(mall)g(ll)}dm

<

+ / M, {(ay (2, ) — u(z, y)g(y)} da
E

< il s / | do
En{luc|>k}

+ /ETk(us(m))g<§> dm—/EMy{ﬂk(mall)g(ll)}dm

. (4.10)

+ / M, { (i (2, y) — ulz,9))g(y)} dz
E

Taking the limit in this expression, first in € and then in k, and taking into account
the equi-integrability of {u.}, we deduce the result. |

The following proposition proves that the smoothness of u in theorems 4.8 and
4.10 cannot be improved.
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Proposition 4.11. For every u € LP(§2;BP), 1 < p < 400, there exists a bounded
sequence in LP((2) which two-scale converges to u.

Proof. Let us denote p = p if p < +o00 and p =1 if p = 400.
For uw € LP((2; BP), we consider {u, } C St({2; BP) such that

lim/ M, {|u, —ulP} =0 (4.11)
n 02

and HunHLOO(_QXRN) bounded lfp = +400.

Since
p 1/p
lim </ U, <m, E) — U, <m, E) dm)
e—0 0 g e
. 1/p
= ([ Mllualen) —une )P az) . vmm e,
0

and (4.11), there exists a subsequence of n, still denoted by n, such that
P 1/p 1
dm) < om Vn = m.

T z\|?
lim </ U, <m,—> — U, <m,—>
e—0 o) 3 9

Then, for every n € N, we can choose ¢,,, decreasing in n, such that

P 1/p
</ dm) <—, 1<m<n. (4.12)
Q

< - > < - > |
Up |\ Ty— | —Un| T, —
€n En 2m
By (4.12),
< m)
Uy |, —
En

X X X

Up | Ty — Up Ty — | =W | T, —
En En En

1 T
—_ uy |z, —
En

2
Then {||u,(z, /)| Lr(2)} is bounded if 1 < p < +oc. Clearly, this is also true for
p = +00.
We now consider g € B' N L>®(R"Y) and E CC {2 measurable and bounded. Then
for every j € N we have

<
LP(82)

+
L3 (02)

LP(82)

N

+

LI"’(Q).

lim sup / Up, <m, i>g<£> dx — / My{u(z,y)g(y)} dz
n— oo E En En E
. X X X
n—00 E En €n €n

+ lim sup

n—oo

I <m€£)g<€i)dm— | Mgt} ar

[E My {(u;(z,y) - ulz,y))g(y)} de

+

» |E|L/7
<ol oy g + | [ MG .) = e o) o).

Proc. R. Soc. Lond. A (2002)


http://rspa.royalsocietypublishing.org/

Downloaded from http://rspa.royalsocietypublishing.org/ on November 24, 2016
2938 J. Casado-Diaz and I. Gayte

Passing to the limit in j in this inequality and taking into account the arbitrariness
of g and E, we deduce that {u,(-,-/¢,)} two-scale converges to u. |

It is usual in homogenization to have a bounded sequence in a Sobolev space
and not only in an L? space. Theorem 4.13 characterizes the two-scale limit of the
gradients of such sequence.

Let us use the following lemma.

Lemma 4.12. Let {u.} be a locally equi-integrable sequence in L] (§2) which
two-scale converges to uw € L*(§2;B1). Then

(a) the sequence {u.(- — ez)} two-scale converges to u(-,- — z) for every z € R¥,

(b) for every R > 0, the sequence
1
Bl /s u:(-+ep)dp
d R

two-scale converges to
1

—— [ ul,-+p)dp.
|Br| JB,

Proof. For g € BN L>®(RY) and E CC §2 bounded, measurable we have

/Eus(m - ez)g<§> dz = /Eszue(m)g <§ + z> dz
- /Eus(m)g<§ —|—z> dz — [E\(Esz) u.(z)g <§ + z) dz

—i—/ ue(x)g <E + z) dez, (4.13)
(E—e2)\E €

where the locally equi-integrability of u, and the inequality

T
/ . (@) g(— ; )
(E—e2)AE €

imply that the last two terms of the right-hand side tend to zero. Using then that
{u.} two-scale converges to u and g(- + z) belongs to BN L>(RY), we deduce that

dz < gl =) / e da
(E—ez)AE

£—

iny [ (o-e2io(2) ao = [ty tutegtrbas = [ 04, futey-2)g0)) ds

for every g € BN L>®(RY) and E CC 2 bounded, measurable. This proves (a). Let
us now prove (b). For E CC £ bounded, measurable and g € B! N L>®(RY), the
Fubini’s theorem gives

A(ﬁ BRu€<m+ep)dp>g<§> dm:|B—1R|/BR/Eu€(m+€p)g<§> dz dp.

Statement (a) implies

lim [ we(z+ ep)g<§> dx = / M {u(z,y+p)g(y)}dz, Vp € Bg.
E E

e—0
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Using then that the sequence

{[Eusmgp)g(g)dm}s

is bounded in L*°(Bg), we can apply the Lebesgue-dominated convergence theorem
to deduce

1
lim <— ue(x+ep) dp>g< >dm / / My{u(z,y+p)g(y)} dxdp,
=0/ \|Br| /p, |Brl
which by the arbitrariness of g and E finishes the proof of (b). |

Theorem 4.13. We assume that X is an ergodic algebra. Then, for every bounded
sequence {u,} in WHP(§2) with 1 < p < +oo, there exist a subsequence, still denoted
by {u.}, a function uw € WP((2) and a function uy € LP(£2; WP) such that

ue —u In WHP(§2) (x-weak if p = +00), (4.14)
Vu, 2 Vau+ Vyuy. (4.15)

If p = 1, the corresponding result is also true assuming that {u.} weakly converges

in Wh1(0).

Proof. Assume that {u.} is a bounded sequence in W1P(£2), 1 < p < +oo. It
is well known that there exist a subsequence of {u.}, still denoted by {u.}, and a
function u € WHP(£2) such that

ue —u in WhHP(02) (xweakly if p = +00).
By theorem 4.8, there also exists & € LP(£2; B?)N such that
Vu, 25 €. (4.16)

In order to finish the proof of theorem 4.13, it remains to show that there exists
uy € LP(£2; WP) such that

E(z,y) = Vaou(z) + Vyui(z,y) in LP(02; BP)N, (4.17)
Let » > 0. Since u,. is bounded in WLP( , it is not difficult to show

{2 <“€ 5] / (+e) dp) } (4.18)

is bounded in L} (£2). So, by theorem 4.8, there exists a function v, € L} (2; BP)
such that (for a subsequence), we have

1

- ydp | % v, 4.19

For ¢ € C§°(02 ) and ¢ € D*°, an 1ntegrat10n by parts gives

Ly i
-/ (v%(m) - / Vuco+ o) dp) o 2 )ele)as
SACCE B, et do)u(Z) Ve ()
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By (4.18), we have
Uy — |B | / (-+p)dp—0 in L} (£2) strongly.
ET

So, taking the limit in (4.20), and using (4.19) and lemma 4.12(b), we get

/Q M, for (2, ) Vi () () da

[ { (-7 [ €m0 )i foto)

for every ¢ € C5°(42), v € D*°. This implies that for a.e. x € §2,

- /B £z, + p)dp, (4.21)

and then the right-hand side of (4.21) belongs to VWP for a.e. x € (2. Since it
converges a.e. in {2 to {(z, ) — M, {{(z,-)} and since VWP is closed, we deduce that
there exists uy € LP({2; WP) such that

§ = My{&} = Vyu.

By proposition 4.5, it is also clear that M, {{} = Vu, which together with the above
equality gives (4.17). |

Vymvr(z,-) = &(2,-) =

Analogously to proposition 4.11, we have the following result, which implies that
the regularity of u; in theorem 4.13 is optimal at least for 1 < p < +o0.

Proposition 4.14. Let u € W'P(§2) and u, € LP(£2;WP), with 1 < p < +oc.
Then there exists a bounded sequence {u,_} in W1P({2), such that

—u in WhHP(2)-weak,
Ve, 2 Vu + Vyu;.

Ue

n

(4.22)

Proof. By theorem 3.15 it is easy to check that there exists a sequence {1, } C
C3(£2; CH(RYN)) such that Vi, € CO(82; (BP)N),

Vot — Vyu, in LP(2;(BP)Y) (4.23)

D 1/p
Vytn <m f) — Yyt <m f) dm)
13 13
1

— ([ 9,0~ bt y))]ﬁdm>1/p <l Vazm @2

and

lim </
e—0 0

2m

Thus, for every n € N there exists a decreasing sequence {e,, } C (0,+00) such that
N 6n 6n

Proc. R. Soc. Lond. A (2002)

P 1/p 1
dm) <2—m Ym,n €N, 1< m<n,

(4.25)



http://rspa.royalsocietypublishing.org/

Downloaded from http://rspa.royalsocietypublishing.org/ on November 24, 2016

Two-scale method applied to Besicovitch spaces 2941

D 1/p
enwn<m,i> dm) <2 < / envzwn@,i)
En n 0 En

X
Ug,, (Z‘) =u-+ 6nqzbn <.’L‘, €_>

n

and
P 1/p
1
d < —.
m> .

(4.26)

(

Defining

we deduce (4.14). |

5. Applications of homogenization problems

Similarly to the ‘classical’ two-scale convergence for periodic functions (see Allaire
1992; Nguetseng 1990), the main application of the results obtained in the present
paper is the homogenization of partial differential problems with coefficients in the
spaces BP, generated by an ergodic algebra. As an example, for 1 < p < +00, let us
consider the nonlinear problem

—div(a(r/e, ue, Vue)) = f in WLP/(“Q)’} (5.1)

u. € WyP(92),

where 2 C R is a bounded open set, f belongs to W1 (£2) and a : RN x RxRN —
RY satisfies

(1) For every (s,£) € R x RN, a(-,s,£) belongs to (B )N. For a.e. € RN and
every s € R, a(z,s,-) is continuous.

(2) There exists o > 0 such that

a(z,s,€)-€ > al¢lP, V(s,&) eRxRY, ae zeRV. (5.2)

(3) There exist h € B and 3 > 0 such that

la(z,s,€)| < h(x) + B(s| +|€)P~F V(s,&) eRxRY, ae zecRY. (53)

(4) We have

<a<m587€1) - a<ma87€2)) ’ (gl - €2) = 0 Vse ]Ra V€17€2 € RN: a.e. r ]RN'
(5.4)

(5) There exist v > 0,0 < o < min{p — 1,1} and k € B?" such that
la(z, s1,8) —a(w, 52,6)] < k(x) + (€] +|s1]+[s2])P " min{[s1 —s2[, 1}7, (5.5)
for every si, s, € R, every ¢ € RY and a.e. z € RV.

The existence of a solution u. of (5.1) can be found in Lions (1969). The next
theorem gives the asymptotic behaviour of wu,.
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Theorem 5.1. Assume the above hypothesis and let u. be a solution of (5.1)
for every ¢ > 0. There then exist a subsequence, still denoted by {e}, a function
u € WyP(2) and a function uy € LP(2; WP) such that

u, —u  in W, P(2)-weak,

Vu, 2V + Vyuq,

where (u,up) € W&’p(Q) x LP(§2;WP) is a solution of the two-scale homogenized
system
—divy My{a(y,u, Vu+Vyu )} = f in Wﬁl’p/(Q), (5.6)
—divy, y{a(y,u, Vu+Vyu1)} =0 ae x e (2. '
Remark 5.2. In general, the problem (5.6) does not have a unique solution, so
the convergence of {u.} is only for a subsequence. Assuming a further hypothesis,
for example, that a(z, s, &) does not depend on s and that in (5.4) the inequality
is strict for & # &5, we have the uniqueness of solution of the limit problem which
assures that the whole of the sequence {u.} converges.

Remark 5.3. Defining b: R x RY — R by
b(s,€) = My{a(y,s,& + Vyvs6)} Vs, € €Rx RY,
with v, ¢ the solution of
—div, (a(y, s,§ + Vyvs¢)) =0 in (WP),
Vs,e € Wp,
the function v in the statement of theorem 5.1 satisfies
—divb(u, Vu) = f in WL (1),
u € WyP(12).

Remark 5.4. In the particular case of a linear equation, a(x/e,u.,Vu,) =
A(z/e)Vu, and A, a matrix whose coeflicients are almost-periodic functions, the
problem has been studied in Oleinik & Zhikov (1982).

In the case when the equation is monotone, with a(x/e, Vu,) almost-periodic in
the first variable, the homogenization of (5.1) has been done in Braides et al. (1992),
using approximation results in smoother almost-periodic spaces. Corrector results

for these operators are proved in Braides (1991), exploiting the geometric properties
of a.

Proof. By (5.2) the sequence {u.} is bounded in W&’p(Q), and then by (5.3), the
sequence {g.} defined by
ge = a<£,u€,Vu€>
€

is bounded in L*' (£2)N. Theorems 4.8 and 4.13 then imply that there exists a sub-
sequence, still denoted by {e}, a function u € WyP(£2), a function u, € LP(2; WP)
and a function gg € LP (2; B? ) such that

u. —u in WyP(2), (5.7)
Vu, 2 Vu+ Vu, (5.8)
9: % go. (5.9)
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Let ¢ € C§°(92), ¢ € C5°(2), v € D>, and consider ¢(x) 4+ ep(x)v(x/c) as a test
function in (5.1). This gives

[ 0.0 (Viote) +e0(2)90t) +00)¥,0(2) ) @ = {£oto) +evtone (£,

and then, taking the limit when ¢ tends to zero, we deduce

/Q M, g0, 9) (Vo () + (@)Y, 0(y))} dz = (o),

for every ¢, 1, v as above. Reasoning by linearity and density, gy satisfies

/Q M, {go(x,y) (Vo(z) + Vyor(a,9)} d = (£,0),

(5.10)
Vo € WP (82), Vo, € LP(2; W),
ie.
—div, My{go(w,9)} =  in W7 (0), (5.11)
_dlvm’y{g()(m’y)} =0 a.e. x € §2.

Let us use the Minty rule to characterize go. For ¥, & € St.(£2; (BP)Y), such that
U(z,-), D(x,-) belong to D= for a.e. x € £2, and t € (0,1), we define

e = Vu(z) + W(m, E) +td <m, E),
€ €
which two-scale converges to ug defined by

to(z,y) = Vu(z) + ¥(z,y) + tP(z,y). (5.12)

/Q<gs - a<§,us,ns>> (Vue — p2) da > 0. (5.13)

Let us pass to the limit in the different terms of this inequality. Taking u. as a test
function in (5.1) and u as a test function in the first equation of (5.11), we get

By (5.4) we have

lim [ g.Vuc.de = lina(f, ue) = (f,u) = / M, {goVu}dx. (5.14)
[0 e [0

e—0
By (5.9), we have

lim gs,usdm:/ M, {gopo} dz. (5.15)
Q Q

e—0

The hypothesis (5.5) of a implies

T xr x — . o
o Zoneome ) o Eomn )| < k() el + el + )~ mingl — ul 1}
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Taking the power p’ and integrating in {2, we deduce

T T
al —,Ugy fbe | — Q| —, U, Ue
ol \e €

p/
<20 [ k(2] 4 @l + ful? + ) minf, =] 1)
2
(5.16)

Since the power p’ of k and the power p of |u.| and |u.| have a mean value,
the sequence {k(x/e)?" + 47 3P~ 1(|u.|P + |u.|P + |u|P)} converges weakly in L(£2).
Moreover, the sequence {min{|u. — u|,1}°?'} is bounded in L (£2) and converges
a.e. in {2 to zero. Thus (use Egorov’s theorem), we conclude that the right-hand side
of (5.16) converges to zero, and then

a<§,u€,,u€> —a<§,u,,u€> — 0 in Lp/(Q). (5.17)
So, by (5.8) we deduce

lim a<£,u€,,u€> (Vue — pe) dz = lim a<£,u,,u€> (Vue — pe) dz
o \¢& =0 /o \e

e—0

’
p
dx

= /Q My {a(y,u, po)((Vu + Vyuy) — po) } de.
(5.18)

Thus, passing to the limit when ¢ tends to zero in (5.13) we conclude
| M} Vuda— [ Mt} dr— | 2 fo(y. ) (Fu+V ) o)} o > 0
Replacing po by (5.12) and using the second equation of (5.11) we have

/Q M {[g0 — a(y, u, pio)][¥ + 1@ — Vyuq]} da < 0. (5.19)

Choosing ¥ converging to V,u; in LP({2; BP)N and @ converging to a function W €
LP(£2;(BP)N), we deduce

t/ M,{[go — a(y,u, Vu+ Vyu; +tW)W]}de <0 VW € LP(2;(B?)™).
0
Dividing by ¢ and then taking the limit when ¢ tends to zero, we get
/ M, {(a(y,u, Vu+ V,uy) — go)W}hdz >0 VW € LP(£2;(BP)V),
0

ie. go = a(y,u, Vu+ Vyuy), which by (5.11) finishes the proof of theorem 5.1. W

In order to obtain a corrector result, let us now assume that a is uniformly mono-
tone, i.e. there exists § > 0 such that for every s € R, £;,& € RY and a.e. x € 2 we
have

861 — &P ifp > 2,
<a<m587€1) - a<ma87€2)) ’ (gl - €2) 2 |€1 - €2|2 . (520)
TalTehr 1P
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Theorem 5.5. Under the hypothesis of theorem 5.1 and (5.20), if w, is
smooth enough (for example, u, € C1(2 x RN) with V,u; € L®(2 x RN), Vyur €
C(2;BY)NL>(2 x RN), then

us () — u(-) — euy < g) — 0 in WhP(R). (5.21)

Proof. Let Z. = Vu(z)+V,u; (2, z/c). Reasoning similarly to the proof of (5.17),

we can prove
a<£,u€,Z€> — a<£,u, Z€> — 0 in Lp/(Q).
€ €

So,

lim <a<£,u€,Vu€> —a<£,u€,Z€>> - (Vue — Z.)dz
e—0/Jn 3 9

= lim <a<£,u€, Vu€> —a <£, u, Z€>> - (Vu, — Z.)dz. (5.22)
e—=0 /)0 3 3

In order to pass to the limit on the right-hand side of this equality, it is enough to use

the fact that a(x/e, u, Vu.) two-scale converges to a(y,u, Vu+ V,u;) (see the proof

of theorem 5.1), the fact that Vu, two-scale converges to Vu + V,u; and (5.14),

which imply

lim <a<£,u€,Vu€> — a<£,u, Z€>> - (Vue — Z.) =0. (5.23)
e—0 /0 3 9

From (5.22), (5.23) and (5.20) we conclude that Vu, — Z. converges strongly to zero
in LP(2) and then (5.21) holds. |

This work has been partly supported by Project PB98-1162 of the DGESIC of Spain.
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