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1. Introduction
The generalized Hermite polynomials were introduced by Szegé [12] as

Hyy) (2) := (=1)" 22l LY~ (a2),

(1.1)
HY, (2) = (=1)m 220 nl g LYY (22) |
where p > —1/2, LT(IO[) (z) are the Laguerre polynomials,
(a) L (Oé + 1)n —nNn
Ln (Z) = 7,’7/! 1F1 a+1 z

n _ k
_ (a+1), (—n)g z_’ (12)

n! =0 (Oé + 1)k k!

and (a), =I'(a+n)/I'(a), n=0,1,2,..., is the shifted factorial. Observe that
the zero value of the parameter p in (1.1) corresponds to the ordinary Hermite
polynomials H,(z), i.e., JiA (x) = Hyp(x).

The generalized Hermite polynomials (1.1) are orthogonal with respect to
the weight function |x\2“e_’”2, r € R, ie.,

/ HU (@) B (2)]a e da

- ([ e g) i 00

where [z] denotes the greatest integer not exceeding z. They satisfy a three-
term recurrence relation

20HM () = H (x) + 2(n + 2u0,) H, (2),  n >0, (1.4)

and a second-order differential equation

2

d
2 ~1 _
T +2(p—=x )dx +2nx — 2u 0zt HW () =0, n >0, (1.5)

with 6,, := n — 2[n/2] (see Szeg6 [12], Chihara [4]). A detailed discussion of
other properties of 72 () can be found in Markett [9], Rosenblum [11].
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The reason for interest in studying the generalized Hermite polynomials
(1.1) is twofold. Pure mathematically they are of interest as an explicit exam-
ple of the complete orthonormal set in Li(]R), the Hilbert space of Lebesgue
measurable functions f(z), x € R, with

00 1/2
Hfm::(/ |f|2\$|2"d$> < oo. (16)

Hence one can build the Bose-like oscillator calculus in terms of these poly-
nomials, which generalizes the well-known calculus, based on the quantum-
mechanical harmonic oscillator in physics (see, for example, Rosenblum [11]).
So we try to make one step further by considering a generalization of the clas-
sical Hermite polynomials H,,(z) with two additional parameters, p and g.

The aim of this paper is to investigate in detail a g-extension of the gen-
eralized Hermite polynomials (1.1) with the continuous orthogonality property
on R (the case of discrete orthogonality requires a different technique, see, for
example, Berg et al [3]). In Section 2 we introduce this family {HT({‘ ) (x;q)} in
terms of the ¢g-Laguerre polynomials and find a relevant g-difference equation
for it. In Section 3 the continuous orthogonality property for {HS{‘ ) (x;q)} with
respect to the positive weight function on R is explicitly formulated. Section 4
is devoted to the derivation of a three-term recurrence relation for this family
of g-polynomials.

2. Generalized Hermite Polynomials

It is known from Hahn [7], Exton [5], and Moak [10] that the ¢-Laguerre poly-
nomials LT(IO[) (x;q) are explicitly given as

a+1.

o q ﬂq n -n
L) (z;9) := % 101 ( qqurl

1 qinv_x
= @ < 0

q, _qn+a+1 .1‘)

q, q”*““) :

(2.1)
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where (a;q)o = 1 and (a;q), = Hg‘;{}(l —ag’), n = 1,2,..., is the g-shifted
factorial, and
)

( b17b27 ) p

Z klaz; k- (ar; @k 2" [(_1)qu(k—1)/2]p_r+1
bl, bz, i (ps Dk (5 Dk

(2.2)

=0

is the basic hypergeometric polynomial of degree n in the variable z (throughout
this paper, we will employ the standard notations of the ¢-special functions
theory, see Gasper et al [6] or Andrews et al [2]). The g-Laguerre polynomials
(2.1) satisfy two kinds of orthogonality relations, an absolutely continuous one
and a discrete one. The former orthogonality relation, in which we are interested
in the present paper, is given by

LT(fL‘) (z59) L,(f‘) (z;q9)dx = d;l(a) Omn , a>—1, (2.3)

Eq(x)
where E,(x) is the Jackson g-exponential function,

o0 qn(nfl)/Z

By(2) =) S =" = (~Zi), (24)

and the normalization constant d,(«) is equal to

1 " (¢9)n (49
dn(a) = — sinm(a + 1 . 2.5
(o) = et D) e ) a0 (25)
The g-Laguerre polynomials (2.1) are defined in such a way that in the limit as
g — 1 they reduce to the ordinary Laguerre polynomials L$?> (x), i.e.,

lim L (1 = q)z3q) = L (). (2.6)

qg—1

We can now define, in complete analogy with the relationship (1.1), a ¢-
extension of the generalized Hermite polynomials H (x) of the form

HY) (3q) == (=)™ (g:)n LE D (2% ),
(2.7)

HY. (w:q) == (—=1)" (g; Q) 2 LD (221 )
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which are orthogonal on the real line R. Indeed, since

- (@% e
51_{% g (@)n (2.8)

with the aid of (2.6) one readily verifies that

lim (1~ q) " HP (T~ qw:q) = 27" HP(2). (2.9)

q—)

Observe also that the zero value of the parameter p in (2.7) corresponds to
polynomials H,(x;q) = o (x;q). The sequence {H,(x;q)} can be expressed
either in terms of the ¢g-Laguerre polynomials nga) (z;q), « = £1/2 (as it obvi-
ous from definition (2.7) itself), or through the discrete g-Hermite polynomials

hn(x;q) of type 11:
Ha(z;¢%) = "D/ by (2;q) . (2.10)

A detailed discussion of the properties of the polynomials H,(z; ¢) can be found

in our previous paper Alvarez-Nodarse et al [1] on this subject.

A g-difference equation for the introduced polynomials H,(f ) (x;q) is, in fact,

an easy consequence of the known g-difference equation

¢ (1+2) L (qz;q) + L (¢ 23 q)
=1+ ¢+ q" )] L (z;q) (2.11)

for the g-Laguerre polynomials (see, for example, formula (3.21.6) in Koekoek
et al [8]). Indeed, from this g-difference equation and definition (2.7) it follows
immediately that

¢+ ) HP (¢ w5.9) + HY (g P ;)
(2.12)
= g/ 4 gt On=/2 (1 4 g2 2y H W) (4 ) |

where, as before, 0, = n — 2[n/2]. Taking into account that the dilations x —

g™ = are represented by the operators ¢gt* i, that is, qix% f(z) = f(¢t'a),

one now readily verifies that the g-difference equation (2.12) coincides with the
second-order differential equation (1.5) in the limit as ¢ — 1.
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3. Orthogonality Relation

We begin this section with the following theorem:

Theorem 1. The sequence of the g-polynomials {'H,(f) (z;q)}, which are
defined by the relations (2.7), satisfies the orthogonality relation

(3.1)
1 (@M
cosTp  (¢;q)oo

on the whole real line R with respect to the continuous positive weight function
w(z) = 1/E,(2?).

Proof. Since the weight function in (3.1) is an even function of the in-
dependent variable x and Hf{‘)(—x;q) = (=" %“)(x;q) by the definition
(2.7), the q-polynomials of an even degree Hg’frz(m;q) and of an odd degree

Hgﬁ_l(:v q), m,n = 0,1,2,..., are evidently orthogonal to each other. Conse-
quently, it suf‘ﬁces to prove only those cases in (3.1), when degrees of polyno-
mials m and n are either simultaneously even or odd. Let us consider first the
former case. From (2.7) and (2.3) it follows that

|z|?* dx

/HZm €5 Q)Hgn)( €, )Eq(xQ)

2ud

_ m+n (1—1/2) (u—1/2) |z |[* dx

U e [ L6 L )
— o0

9] 2% g

_ m+n (p—1/2) (.2 (n—1/2)(,.2 T ar

2(=1)""" (¢:9) (q,q)n/L (z%q) L (% q) Fo(2?)
0

7 n-1/2 g

— (1) (g ’n/ﬂum) LE=1/2 () )Y y

(=1)"™""(¢;9)m(q; ) J (y;9) (5 9) E(y)
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where the normalization constant d,(«) is defined in (2.5). Thus

(1) () || da
/H ) 1Y () o

T (ql/qu; Q)OO -n ;L+1/2
= y4)n ;4 )n Omn - (3.2
e (4 0)n (g q) (3:2)

Likewise, one finds that in the latter case

W o [ de
/H2m+1 r59q H2n+1(x’q) 7Eq(x2)

0 2(N+1) dx
— 2(— 1)+ (g; : LU (32, q) LpH1/2) T
(-1) m@«m>/ @) L0 g
o] ut+1/2 d
— (1 m+n /L“+1/2 Lgl“—’—l/?) Y4 vy
(1) 0 W9 " Ew)
= ()7 dy (1 + 1/2) O,
Consequently,
x|?* dx
/H2m+1 ziq) H g;z)-l—l(aQ) ‘E| (22)
q (3.3)
1/2—p.
_ T (g 1 @)oo Y2 (4 ) (625 @)t O -

cosmp  (¢;q)o0

Putting (3.2) and (3.3) together results in the orthogonality relation (3.1).
The positivity of Jackson g-exponential function E,(z?) for z € R and
€ (0,1) is obvious from its definition (2.4): for it is represented as an infinite
sum of positive terms (or an infinite product of positive factors). This completes
the proof. O

To conclude this section, we note the obvious fact that in the limit as ¢ — 1
the (3.1) reduces to the orthogonality relation (1.3) for the generalized Hermite
polynomials (1.1). This follows immediately from the limit relations (2.8) and
(2.9), upon using the fact that

lim E,((1 - q)2) = ¢*. (3.4)
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Also, in the event the parameter p is zero, then the (3.1) coincides with the
orthogonality relation for the polynomials (2.10), derived in Alvarez-Nodarse
et al [1].

4. Recurrence Relation

In this section we derive a three-term recurrence relation for the g-extension
of the generalized Hermite polynomials (2.7). Since an arbitrary family of
orthogonal polynomials p,(z) satisfies a recurrence relation of the form (see
Chihara [4, p.19])

(anz + by)pn(z) = ppy1(z) + cnpn-1(), n=0, (4.1)

one needs to find coefficients a,, b,, and ¢,, which correspond to the case under
discussion.

Before starting this derivation we note that in what follows it proves con-
venient to use the following form

(@ N _ (qa+1;Q>n n qk(kJra) n o k
Fatm ) = 2, kzzo(q““;q)k [’f]q( ) 42

of the ¢g-Laguerre polynomials nga) (z;q), which comes from the first line in
definition (2.1), upon using the relation

(¢ ™ @)k _ (_1)qu(k—1)/2—nk [Z] ) (4.3)

(¢ D .

Let us first consider the case when n in (4.1) is even. Then from (2.7) and
(4.2) we find that

Hé’,ﬁl(ﬂﬁ; q) + c2n(q) Hé’,ﬁ)ﬂ (z5q)

n k(k 1/2
g, S O T

4 (—.1‘2)k
< (), k:] (4.4)
n—1 qk(k+u+l/2) [n . 1} (_xQ)k‘

+(=1)" o)z (qu+3/2; Qn—1

The next step is to employ the relation

(1=¢" (@0 =0-¢"") (" Dn (4.5)
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in order to rewrite the quotient (¢**t3/2;¢),/(¢"*t3/?;q); from the first term in
the right side of (4.4) as

(@325q), _ L —gqmtet2 (g2,
(@"F325q) 1 — gFtitl/2 (qrt1/2:q),

(4.6)

In the second term in the right side of (4.4) one can use the evident relation
(*32: @)1 = (¢*Y2:¢), /(1 — ¢#F1/?) and the same formula (4.5) for the
factor (¢“+3/2; ¢);. We recall also the property of the g-binomial coefficient

7 -,

Putting this all together, we obtain

HY (@39) + can(@) HY) (w59) = (=1)" 2 (¢"TV/%5q)

n k(k+p+1/2) —p2)k 1 —gnk
q |:77»] ( ) {1 _ qn+u+1/2 _ an(q) q } '

— (qu+1/2;q)k k ‘ 1 — gktntl/2 1—g¢»
(4.8)
The right-hand side of (4.8) should match with
n k(k+p—1/2)
n q n
Hgﬁ? (z39) = (-1) (unrl/Q; Dn m [k:| (—xZ)k, (4.9)
k=0 ! q

multiplied by as,(q) x + b2, (q). This means that the coefficient ¢a,(q) can be
found from the equation
1/2 1—g"* k ket pt1/2
| etz ()= =@ " (1~ TRy, (4.10)
where d,(q) is some k-independent factor. It is not difficult to verify that the
only solution of the equation (4.10) is c2,(¢) = 1 — ¢" and d,,(¢) = ¢". Thus
M @i0) + (L= g ((@i0) = " a MY (@ig). (41D)

Similarly, in the case of an odd n from (4.8) we have
HY o (:0) + canga (0 (259)

+1 _
_ (_1)n+1 (q“+1/2;q o gklktu—1/2) |:n+1

4 - (_$2)l€

n o k(k+p—1/2)
q n 2\k
= (" 2k LR,

)n+1

+ (=D cant1(q) (@25 q)n
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In this case it is even easier to find the coefficient co,,4+1(q). Indeed, one will
obtain from (4.12) an expression [ag,+1(q) T + bop+1(q)] Hgﬁrl(m; q) only if the
two constant terms in (4.12) with £ = 0 cancel each other. This means that
the co,41(q) should satisfy the equation

pt1/2.

7Q)n+1 - (Q’LH/Z; Q)

n CQn—l—l(Q)
= (qu+1/2; qQ)nll — qn+u+1/2 — cont1(q)] = 0. (4.13)

(¢

Consequently, cani1(q) = 1 — ¢"t#+1/2 and, therefore, by (4.12) one obtains

H. o (25.9) + (1 — ¢ HE (25.9) = (=)™ (¢ T2, q)ia
7o (k1) (k4+p+1/2)
q n+1 n
XZ ut1/2. [k_|_1] _|:/€—|—1] (—xZ)k
k=0 (q 7Q)k+1 q q
= ¢ (g, (419)

upon using the g-Pascal identity

[T:LL—’—I_—llL_ [mil]q:qn—m [TZL (4.15)

for the g-binomial coefficient [Z} . From (4.11) and (4.14) it thus follows that

q
the g-polynomials 'H,(f) (x; q) satisfy a three-term recurrence relation of the form

(0 :=n —2[n/2])
HY) (w:q) + (1= q2H00) 1, (1q) = ™20 a1 (w3q). (4.16)

With the aid of (2.9) one now readily verifies that the (4.16) coincides with the
three-term recurrence relation (1.4) for the generalized Hermite polynomials
aiw (x) in the limit as ¢ — 1.

5. Concluding Remarks

We conclude this exposition with the following remark. It is well-known that
the Hermite functions Hy,(z)e /2 (or the wave functions of the linear har-
monic oscillator in quantum mechanics) are eigenfunctions of the Fourier inte-
gral transform (with respect to the kernel ¢®¥) with eigenvalues i”. One can
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introduce the generalized Fourier transform operator

Fu f(z) = C;l /00 eu(—ixt) f(t) [t|" dt, (5.1)

—0o0
with a kernel

Cu Ju—1/2(55‘) - iJu+1/2(fU)
2 le‘_l/Q !

eu(—ix) := (5.2)
where the constant c,, := 2712 T(u41/2) and J,(z) is the Bessel function. The
generalized Hermite polynomials (1.1) are the eigenfunctions of the generalized
Fourier transform operator (5.1), see Rosenblum [11]. It is of interest to find a
g-extension of (5.1) and (5.2). This study is under way.
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