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Capitulo 1
Diseno 6ptimo dinamico

1.1 Motivacion y planteamiento del problema

A lo largo del tiempo la humanidad se ha planteado muchos problemas de
optimizacién de diferente forma y naturaleza. Desde encontrar la distancia
mas corta entro dos puntos hasta encontrar el mejor diseno aerodinamico de
una nave aeroespacial. Los problemas de disefio 6ptimo estén dirigidos a en-
contrar minimizadores de ciertas propiedades sujetas a algunas restricciones
o caracteristicas que tienen que verificar los minimizadores. Estas carac-
teristicas pueden ser de diferente naturaleza y son las que hacen interesante
a los problemas de diseno 6ptimo. Algunas de estas propiedades estan rela-
cionadas con la rigidez, grosor, forma, tamafio, y por ultimo pero no menos,
el aspecto estético. En este sentido, dependiendo de la propiedad que te-
nemos que minimizar podemos clasificar los problemas de diseno 6ptimo, de
forma amplia, como:

1. Problemas de optimizacion de forma, que consisten en encontrar la
forma 6ptima de una region la cual, por ejemplo, maximiza la conduc-
tividad o rigidez del cuerpo. Estos problemas pueden ser “interpreta-
dos” como problemas de optimizacién de dos fases, en el sentido que
los hoyos en el dominio pueden ser rellenados por un material muy
débil, que tiene propiedad nula o casi nula.

2. Problemas de optimizacion estructural, que consisten en disenar los
mejores materiales o estructuras de todos los posibles disenios verifi-
cando ciertas propiedades. En este tipo de problemas de diseno éptimo
son usuales los materiales compuestos con microestructuras.

Atendiendo a la clasificacién anterior, podemos distinguir dos grandes
campos de trabajo de los problemas de disenio épitmo, de forma que el primer
campo es a nivel macroscépico, considerando propiedades macroscépicas del
cuerpo como el peso o la geometria de la frontera; y desde el otro punto
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de vista los problemas son analizados desde un nivel microscopico, pues el
objetivo es deducir propiedades macroscopicas o efectivas de los materiales
compuestos relacionados con la microestructura.

En la literatura las restricciones que tienen que verificar los minimizado-
res suelen ser independientes de la variable temporal. En este sentido, una
novedad en este trabajo es que nosotros analizamos problemas que dependen
del tiempo, en el cual las propiedades a minimizar y las restricciones depen-
den del tiempo ademads de la posicién, y por lo tanto buscamos soluciones no
estacionarias, soluciones que dependen explicitamente de la variable tempo-
ral.

En este trabajo analizamos problemas de disefio 6ptimo de dos fases, los
cuales de forma general consisten en, dado la cantidad de dos materiales,
encontrar la mejor distribucién (en espacio y tiempo) de estos materiales
que tienen diferentes propiedades, de manera que minimice (0 maximice) un
objetivo propuesto. En ausencia de regularidad o hipdtesis topoldgicas es
usual la falta de soluciones clésicas (soluciones donde los dos materiales son
distribuidos de forma separada) en problemas de optimizacién estructural,
pues la distribucién 6ptima de los materiales tiene lugar con finas inclusiones
de un material en otro, de manera que en el proceso de optimizacién estas
inclusiones son cada vez mas finas, hasta el punto que se pierde la presen-
cia de los dos materiales por separado. Por tanto, es natural la presencia
de materiales compuestos en este tipo de problemas. Entendemos por un
material compuesto, como un material estructural formado por dos o mas
constituyentes combinados a nivel macroscépico y que no son solubles el uno
en el otro.

El material compuesto més 1til que utilizaremos son los materiales la-
minados. Formalmente, un laminado es un material formado por un grupo
de capas unas junta a otras, el cual estd determinado por la direccién de
laminacién y la fracciéon de volumen de cada material. En este sentido,
cuando no existen soluciones cléasicas, el siguiente paso consiste en intro-
ducir disefios generalizados, i.e., agrandamos apropiadamente el conjunto
de disenos admisibles para probar la existencia de soluciéon éptima en el
nuevo conjunto. Este proceso es conocido como relajacion. Durante las ulti-
mas décadas, una herramienta importante en relajaciéon ha sido el método de
Homogeneizacion, donde se han introducido nuevos materiales compuestos
gracias a los conceptos de H—convergencia y G—convergencia. Este método
es especialmente 1til cuando el coste a minimizar no depende de gradi-
entes o cuando esta presencia es asociada al concepto de G—convergencia.
Otro importante método, el cual serd la principal herramienta en esta tesis
estd basado en el uso de las medidas de Young como disenos generalizados.
Esta herramienta nos permitird analizar problemas de disefio 6ptimo mas
generales.

Una gran clase de problemas de optimizacién se puede encajar bajo la
formulacion estandar del Calculo de Variaciones. El problema consiste en
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minimizar un funcional integral del tipo

/ f(x,u(x), Vu(x))dx
Q

sujeto a algunas condiciones frontera (o iniciales) junto a otras restricciones
sobre u(x) o Vu(x). Algunas de estas restricciones estan escritas en forma
integral, de forma que tenemos que asegurar que cierta integral es igual o
es acotada por un valor conocido (restriccién de volumen). Otras restric-
ciones usuales que aparecen in estos problemas estan relacionadas con leyes
descritas por ecuaciones diferenciales ordinarias o ecuaciones en derivadas
parciales, las cuales introducen un caracter no local al problema. En partic-
ular, estamos interesados en minimizar funcionales sujetos a una ecuacion
de estado de la forma

—div(AVu(z)) =g

donde A es un operador lineal. En este marco de trabajo, podemos hablar
de problemas de control éptimo gobernados por ecuaciones diferenciales. En
estos problemas, la ecuacién de estado es la ley que gobierna el sistema, y
el control es el mecanismo que cambia el comportamiento natural del mis-
mo. Todas las posibilidades que podemos usar para actuar sobre el sistema,
forman el conjunto de controles admisibles. Otra clase més general de prob-
lemas de disefio es la clase de problemas en la que la funcién coste depende
del control y de los estado(s) asociado(s) al control también.

En este trabajo, estamos interesados en problemas donde el control actia
en el termino principal de la ecuacién en derivadas parciales, i.e., en los
coeficientes del término de mayor orden. Este tipo de problemas de control
son conocidos como problemas de disefio 6ptimo. El objetivo de esta tesis
es analizar el siguiente problema de disenio éptimo:
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Figura 1.1: Aplicaciones.

Consideramos Q CIR2, T >0y 0 < a < 8, V,, € (0,1) el problema
consiste en minimizar

T
(P): I(x) :/0 /Q[uf(t,m) +a(t,x,x)|vzu(t,m)|2] dx dt (1.1)
donde u es la tnica solucion de
uy — divg([ax + (1 — x)]Vzu) =0 en (0,7) x Q,
u(0,2) = uo(z), ue(0,2) =ui(z) en €, (1.2)
u(t,0) = f(t), u(t,1) =g(t) en [0,T], (1.3)
/ x(t,x)dx < Vo |Q|, Vtel0,T].
Q

y las funciones a,ug,u1,f y ¢ son conocidas. La funcién y €
L*>([0,T] x ©;{0,1}) es la variable de diseno.

Nos gustaria enfatizar el caracter hiperbdlico de la ecuacion de estado. En
la literatura, los problemas de diseno éptimo en conductividad son bastante
conocidos en el caso eliptico. Sin embargo son mucho menos conocidos en
el caso dindmico o hiperbdlico. En la forma mas general, los problemas
elipticos consisten en determinar para cada punto del espacio, qué material
debe ser puesto en ese lugar. En el caso hiperbdlico esta decisiéon debe ser
tomada tanto en la variable espacial como temporal, por lo que hablamos
de compuestos dependientes del tiempo, los cuales son llamados también,
materiales dindmicos.

Son muchas las posibles aplicaciones de este problema. Nos gustaria re-
saltar unas pocas.
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0

Figura 1.2: Puente de Tacoma.

1. En ingenieria eléctrica, es usual el uso de sistemas distributivos, que
generan y trasportan ondas a traves de una excitacién paramétrica.
Estos mecanismos son construidos usando materiales ferromagnéticos
que permiten una activaciéon externa de su inductancia y capacitancia
(ver Figura 1.1).

2. En acustica, se construyen mecanismos en propagaciéon de ondas a
través de conductos con seccién transversal variable. Estos conductos
son rellenados con vapor de agua y, usando la concentracién se cambia
la velocidad de la onda (ver Figura 1.1).

3. En dindmica estructural, donde son bien conocidos los fenémenos de
resonancia. Una adecuada distribucién espacio-temporal de los ma-
teriales podria ser un buen mecanismo para evitar estos fenémenos
catastréficos. Un famoso desastre debido a este fenémeno tuvo lugar
en el puente de Tacoma (EE.UU.) en 1940 donde el soplo transversal
del viento hizo vibrar el puente hasta destruirlo(Figure 1.2).

4. En materiales no isétropos, si consideramos la variable temporal ¢ co-
mo otra variable espacial, la ecuacién de estado puede ser interpretada
como una ley para materiales no isétropos

—div(xAq + (1= X)45) = 0

donde las matrices no isétropas A, son de la forma

1 0 0
A’y: 0 - 0 77:a7ﬂ'
0 0 —v

1.2 Dificultades y enfoque variacional

Los problemas de diseno éptimo han sido estudiados de diferente forma a
lo largo del tiempo. La teoria clasica de problemas variacionales sujetos a
restricciones diferenciales ha analizado este tipo de problemas usando méto-
dos de compacidad-compensada, ([16], [45], [46], [60], [61]). Esta teoria trata
de encontrar condiciones necesarias y suficientes de semicontinuidad inferior
de funcionales sin ningin tipo de restricciéon de convexidad. Un resultado
tipico de esta teoria es el conocido Div-Curl Lemma, el cual basicamente dice
que dadas dos sucesiones débilmente convergentes tal que los operadores div
y curl son compactos respectivamente, entonces el producto de ambas suce-
siones es débilmente convergente.
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Durante las dos o tres tultimas décadas, otra teoria para estudiar proble-
mas de diseno éptimo es introducida por la homogeneizacion a través de los
conceptos de H—convergencia y G—convergencia ([1],[47],[48],[49]). Més re-
cientemente se introdujo el concepto de I'—convergencia ([18], [11]). Gracias
a la teoria de la homogeneizacién se han obtenido resultados importantes,
especialmente cuando el funcional coste no depende de las derivadas del
estado. Es importante resaltar la dependencia explicita de gradientes del
estado en nuestra funcion coste. Este motivo es la razén principal por la
que usamos otra via alternativa, estudiando a una formulacién variacional
y usando medidas parametrizadas (o de Young) como disefios generalizados
(152], [3)).

Nos gustaria hacer hincapié en las dificultades mas importantes que en-
contramos en este tipo de problemas de disefio éptimo.

e Los problemas de disefio 6ptimo bajo leyes elipticas son bastante cono-
cidos, sin embargo lo son mucho menos en el caso hiperbdlico. Con este
trabajo nos gustaria entender el comportamiento de este tipo de prob-
lemas y las diferencias eventuales con respecto al caso eliptico.

e Este tipo de problemas tienen caracter no local, en el sentido que las
variables de la funcién coste, el par (u,x), estdn conectadas por una
restricciéon no local como es la ecuacién de estado (un ecuacién en
derivadas parciales). Esto significa que para todo punto = € Q el valor
de la funcién estado u(x) depende de todos los valores de y(z’) con
' e Q.

e Por otra parte, cuando aplicamos el Método Directo del Calculo de
Variaciones para resolver estos problemas de disefio éptimo, se obser-
va que las sucesiones minimizantes son altamente oscilantes entre las
dos fases. Este fenémeno es debido a la falta de convexidad del prob-
lema, y estd asociado con la falta de solucion clésica y la presencia de
microestructuras.

e Otros aspecto importante es la presencia explicita de gradientes del
estado en la funcién coste. Este hecho es la razén principal por la
que, salvo casos particulares, el método de la homogeneizacién no es
valido para resolver estos problemas, pues la convergencia débil no se
transmite por derivadas (ver [25],[12]).

1.2.1 Formulacién variacional

Como comentamos anteriormente, la falta de solucién clédsica de estos prob-
lemas es bien conocida ([44]). En los parrafos anteriores hablamos de un
camino para buscar soluciones generalizadas: la teoria de la homogeneizacion
y los H—limites como disenos generalizados. La presencia de gradientes del
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estado en la funcién coste sugiere utilizar otra herramienta para analizar
nuestro problema de disenio éptimo. La otra dificultad principal asociada
con nuestro problema, la cual tenemos que superar, es el caracter no local
de la ley de estado. La estrategia general para superar estas dificultades es
introducir “potenciales” de manera que podamos evitar el cardcter no local
de la ecuacién de estado, y transformar el problema de disefio 6ptimo den-
tro del formato del Célculo de Variaciones. Con esta reformulacién, evitamos
el cardcter no local, pero en cambio el nuevo problema reformulado es un
problema variacional vectorial, el cual debe ser tratado apropiadamente.

Mostraremos esta reformulacién con algin detalle. La idea basica recae
sobre una identificacién adecuada de los campos con divergencia nula. Esta
identificacién tiene una naturaleza diferente dependiendo de la dimensién.
Este hecho hace que el problema tenga que ser tratado de diferente forma
dependiendo de la dimension. Basicamente usamos el hecho que, bajo alguna
hipétesis de regularidad sobre @ ¢ R™! con n = 1,2, todos los campos
F:Q — R en L2(Q) tal que

div(F) =0en Q,
entonces existen vy, v, : @ — R en H'(Q), tal que
F(2) = En(v1(2), vn(2))
donde la funcién E,, estd definida como

[ RVu(2), sin=1
E,(v1(2),vn(2)) = { Vvl(lz) x Vug(z), sin=2.

y R es la rotacién en el plano de éngulo 7/2 con el sentido contrario de las
agujas del reloj, x representa el producto vectorial de dos vectores, y las
funciones vy, vy son conocidas como potenciales de Clebsh ([31], [51], [65]).

Tenemos un problema de minimizacion donde la ecuacién de estado
estd escrita en forma de divergencia

(ODP) min I(x) = /Qg(x(:z:),Vu(a:))dac

sujeto a,
—div (A(x)Vu) =0 en €,

y algunas condiciones de frontera e iniciales adicionales, bajo una restriccién
de volumen del tipo

/ (2)dz < ValQ)
Q

donde A(-) es una funcién lineal en .
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De esta forma, utilizando la identificacién anterior, la ecuacién de estado
es equivalente a
A(x)Vu = E,(v1,v,) ect. z € Q. (1.4)

Por lo tanto el problema reformulado consiste en remplazar la ecuacién de
estado no local introduciendo los nuevos potenciales y forzando la restriccion
puntual 1.4.

Ponemos U = (u,v1,v,) € R"™, con VU = (Vu, Vi, Vo) €
R D>+ - Consideramos A el conjunto de matrices donde se “verifica”
la ecuacion de estado

A= {VU e MHXHD) - A3 )Vu = En(vl,vn)}

Como x es una variable binaria que toma los valores {0,1}, podemos
descomponer A como

A=A UAg

donde A, son las matrices que pertenecen a A con x =1, y Ag el comple-
mentario (cuando y = 0).

No es dificil comprobar que podemos identificar los pares (u, x) con las
ternas (u,v1,v9), y viceversa. Por lo tanto consideraremos U = (u,v1,v3)
como nuestra nueva variable de diseno.

Por tanto de todo esto deducimos que el problema de diseno 6ptimo
(ODP) puede ser escrito dentro del marco clasico del Calculo de Variaciones.
El problema reformulado consiste en minimizar

(VP) min f(U):/CQW(VU(Z))dZ
sujeto a
U= UM, U, u®) e m(Q),
/Q V(VU(2))dz < ValQl,

donde U™ satisface las condiciones iniciales y/o de frontera como en (ODP).
Los dos integrandos involucrados son

g(l,A(l)), siAel,,
W(A) =1 g(0,AN)), si A€ Ag\ Ay,

+00, e.c.c.,
1, si AeA,,
V(A)={ 0, sideAg\A,,
+o00, e.c.c.

Tenemos una reformulacién equivalente del problema de disefio 6ptimo
original como un problema variacional vectorial con una restriccién integral.
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Al ser equivalente al problema de disefio 6ptimo original, también carece de
solucion 6ptima. Si analizamos la reformulacion variacional, aunque hemos
evitado el cardcter no local, hemos introducido dos nuevas dificultades. La
primera, es que tenemos un problema variacional vectorial; y la segunda,
que las funciones W y V no son funciones de Carathéodory (pues toman el
valor 4+00 en gran parte del dominio).

La reformulacién variacional no esta por lo tanto dentro del marco clasico
del Célculo de Variaciones pues la funcion W no es de Carathéodory al tomar
el valor 400 abruptamente. Gracias al uso de las medidas de Young , se
pueden obtener resultados similares como para integrandos de Carathéodory
([52]). El caracter vectorial da una naturaleza diferente al problema re-
formulado. Bésicamente son dos los caminos para tratar tales problemas
variacionales, analizando los condiciones de optimalidad (método indirecto)
y caracterizando los minimizadores; o abordando directamente el proble-
ma, examinando directamente el comportamiento de las sucesiones mini-
mizantes, el Método Directo. Descartamos el método indirecto debido al
caracter vectorial de nuestro problema, pues las condiciones de optimalidad
de primer orden, la ecuaciéon Euler-Lagrange, son en general un sistema de
ecuaciones en derivadas parciales, que resulta dificil de resolver. Es claro por
que el Método Directo ha sido el camino usual para abordar este tipo de
problemas y analizar la existencia de minimizadores. Nosotros proponemos
usar el Método Directo para analizar el problema reformulado. Estudiare-
mos condiciones necesarias para tener la existencia de soluciones. En este
camino, tenemos un resultado general y muy conocido, el teorema de Weier-
strass (ver Apéndice).

Cuando analizamos las hipdtesis del teorema de Weierstrass, compro-
bamos que el estamento mas dificil de verificar es el concerniente a la semi-
continuidad inferior. Esta es una propiedad dificil de verificar y es la principal
causa de la no existencia de soluciones. Cuando analizamos con profundidad
esta condicién, y buscamos propiedades necesarias y suficientes que nos di-
gan cuando un funcional I es semicontinuo inferior débil, en el caso escalar
esta propiedad es la convexidad de la densidad coste, sin embargo para el
caso vectorial, por fortuna, necesitamos una nocién de convexidad mas gen-
eral: esta es la cuasiconvexidad (para més detalles sobre cuasiconvexidad,
ver Apéndice).

La cuasiconvexidad de la densidad en el coste en la variable gradiente
juega un papel importante en la existencia de minimizadores para el proble-
ma variacional reformulado. Ante la falta de (cuasi)convexidad tenemos que
proceder via relajacién. Un resultado importante en este camino fue estable-
cido por B. Dacorogna, el cual probé que si remplazamos la densidad en el
coste otra funcién cuasiconvexa determinada, el infimo de ambos problemas
coincide, y mds aun, si asumimos ciertas condiciones de coercividad el infimo
del problema relajado es realmente un minimo. La envoltura cuasiconvexa
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de una funcién g se define (cldsicamente) como
Qg = sup{h < g : h quasiconvex}

Cuando aparecen en el problema otras restricciones de tipo integral,
necesitamos introducir una nueva nocién de convexidad, la cual es llamada
cuasiconvexidad restringida ([53]).

Con la ayuda del método variacional, no sélo calculamos el valor 6ptimo
de la funcién coste, sino que podemos encontrar la microestructura éptima
asociada con este valor 6ptimo. Nuevamente, hacemos uso de las medidas de
Young como disenios generalizados ([52]). Es més, incluso podemos escribir
la envoltura anterior en término de las medidas de Young. Por lo tanto
esta herramienta juega un papel importante y bésico en nuestro analisis.
Particularmente, estamos especialmente interesados en las medidas de Young
gradientes, pues el problema variacional reformulado esta escrito en términos
de gradientes.

De igual manera que en la teoria de la homogeneizacion, donde los lam-
inados juegan un papel importante en la identificacién de la G-clausura,
serd también una herramienta fundamental en este método o enfoque varia-
cional. Las medidas de Young gradientes pueden ser examinadas por un pro-
ceso de “dualidad” con la desigualdad de Jensen (este es un interesante tra-
bajo llevado a cabo por D. Kinderleher y P. Pedregal [28], [29]). La propiedad
principal que caracteriza a las medidas de Young gradientes es que, deben
verificar la desigualdad de Jensen para toda funcién cuasiconvexa. Los lam-
inados son una subclase de medidas de Young gradientes muy til. Como en
el método de homogeneizacién, las microestructuras laminadas pueden ser
interpretadas en nuestro caso como medidas de Young, las cuales introducen
un nuevo concepto de convexidad, convexidad de rango uno. Esta es una no-
cién de convexidad a lo largo de direcciones de rango uno. Estas medidas
estdn caracterizadas porque verifican la desigualdad de Jensen para todas
las funciones convexas de rango uno (para mas detalles sobre medidas de
Young y convexidad ver Apéndice).

Con el método variacional calculamos la relajacién en forma de “cuasi-
convexidad restringida” usando las medidas de Young, y luego comproban-
do que la medida de Young éptima es en realidad un microestructura, i.e.,
que la medida éptima es un laminado. Una de las ventajas de este méto-
do variacional es que no necesitamos calcular previamente la G—clausura
del problema (lo cual es generalmente un problema dificil), pues nosotros
obtenemos directamente la microestructura optima.

Finalmente, nos gustaria decir algo sobre la relacién entre estos dos dis-
tintos métodos, homogeneizacién y formulacién variacional. Esta conexién
fue estudiada por J.C. Bellido y P. Pedregal ([6], [5], [54]). Los autores
mostraron algunas equivalencias entre ambos métodos en el sentido que
G—convergencia de sucesiones de matrices en homogeneizacion puede ser
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interpretada como convergencia débil de la variable VU(z) en el problema
reformulado. Ver también [12],[25].

1.3 Resultados obtenidos en esta tesis doctoral

En esta seccién describimos y establecemos las contribuciones originales que
hemos obtenido en el estudio del problema de diseno éptimo hiperbdlico
(P) dado en el principio. Se puede comprobar la falta de soluciones clésicas
de este tipo de problemas. Ver algunos ejemplos en [44]. En este sentido,
nuestra estrategia consiste en estudiar una relajaciéon de estos problemas.
Analizaremos la reformulacién variacional del problema de diseno 6ptimo
dada en la seccién previa. Como la dimensién juega un papel importante
en la caracterizacion de los campos de divergencia nula, es por tanto que
nuestro andlisis esta dividido en tres secciones correspondientes a n=1,2,3.

1.3.1 El caso dindmico/hiperbélico unidimensional

En este caso, Q C R es un intervalo Q = (0,1) y T > 0 fijo. El problema de
diseno 6ptimo consiste en minimizar

T
() :/0 /Q[u?(t,x)+ (aalt, 2)x + (1 - V)ag(t,2))i2(t,2)] dedt
donde u es la tinica solucién de

u — ([ax + B(1 = x)luz)e =0 en (0,7) x (0,1),

u(0,z) = up(z), ur(0,2) =ui(z) en €,
’LL(t,O) = f(t)v u(ta 1) = g(t) en [07T}7
/ x(t,x)dx < V,|Q|, Vte|[0,T].
Q

y las funciones a, ug, u1, f y g son conocidas y la funcién a satisface
ciertas cotas.

En este problema usaremos la caracterizaciéon de campos bidimensionales
(para (x,t)) con divergencia nula. El problema variacional equivalente es

T
min f(U):/O /QW(VU(t,;c))dxdt

sujeto a
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U= UM U®?)e Hl([ ,T] x Q)2
UM(0,2) = u(z), UV (0,2) = ui(x) en
UW(t,0) = f(t), UVt 1) = g(t) en [0,T],
/ V(VU(t,x))dz < V,|Q| Vt e [0,T].
Q
donde las funciones W y V estan definidas en la seccién previa.
El resultado principal en esta seccién es calcular explicitamente

el problema cuasiconvexificado (Capitulo 2). Consideremos el siguien-
te problema variacional

mm/ / (VU(t,x),s(t,x))dzdt

sujeto a
0<s(t,x) < 1,/ s(t,x)dx < V,|Q] Vt e [0,T],
Q

UeHY(0,T] x Q)? tr(VU(t,z)) =0,
UD(0, z) = ug(x), Ut(l)((),x) =ui(xz) en K,
UW(t1) = (1), UV(t.0) = g(t) en [0,7],
donde notamos por tr la traza de una matriz, and ¢(F, s) es dada explicita-
mente por
h
s8(6 — a)?

—h
(1= s)a(f — a)?

a
(32| Fra|* + |Fo1|* + 26F12Fo) + |F1u|? — §F12F21

si h(z,t) > 0,9(F,s) <0,
a
(| Fio|* + | Fo1|? + 2aF 9 Fp) + | Fi)? — EaFuFm,

si h(z,t) <0,9(F,s) <0,
1—5)8%(a+ aq) + sa®(6 + aﬁ)) | F1o|?

1
—detF + A= —a) (((

+((1 = s)(a+ aa) + s(B+ag)) [Fa > + 2((@ + aa)B — sh)F12F21>
si (F, ) > 0.

y

g
(1-5)(8—a)?

Y(F,s) = FigFo + (BF12+ Fy1)* + (aFyo + Fop)?.

>
(B — a)?
con Fj; las componentes de la matriz F', y

h(t,z) = Ban(t,x) — cag(t, ).

Los siguientes teoremas nos proporciona el resultado principal de esta seccién
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Teorema 1 FEl problema variacional precedente es una relajacion del prob-
lema de optimizacion inicial en el sentido que

a) el infimo de ambos problemas coincide;

b) existen soluciones dptimas para el problema relajado;

¢) estas soluciones codifican (en el sentido de las medidas de Young) las
microestructuras optimas del problema de diseno original.

En adicién, podemos proporcionar de forma explicita las microestruc-
turas éptimas.

Teorema 2 Las medidas de Young dptimas asociadas al problema relajado
son siempre laminados, los cuales podemos concer de forma explicita (ver
Capitulo 2)

Una vez que tenemos una relajacién completa del problema de diseno
original, nos gustaria realizar algunas simulaciones numéricas. El hecho que
en el problema relajado la densidad cuasiconvexificada depende de gradi-
entes, verifica ciertas restricciones puntuales, y toma el valor 400 en ciertos
dominios; todo ello hace dificil el analisis numérico del problema relajado.

Una posibilidad para hacer simulaciones numéricas con el problema rela-
jado, es calcular las condiciones de optimalidad de primer orden, la ecuacién
de Euler-Lagrange. Esta condicién es un sistema de ecuaciones en derivadas
parciales ademas de las otras muchas restricciones propias del problema. De
esta forma, proponemos un método alternativo para evitar esta complejidad.
Si examinamos el problema relajado con cierto detalle, se puede comprobar
facilmente la conexién entre el problema de disefio 6ptimo original, el prob-
lema cuasiconvexificado y el problema establecido abajo en la Conjetura
1.

Conjeturamos que en algunos casos el problema relajado admite una
formulacién alternativa y mas facil ([37]).

Conjetura 1 Supongamos los coeficientes a, = 1, ag = 1. Entonces, el
problema de optimizacion (RP)

T
min I(s) = / / ul(t, ) +ul(t,z) dx dt
$ 0 JQ
donde u es la Uunica solucion de

U — div([as +6(1— s)]uw) =0 en (0,7)x(0,1), (1.5)
u(0,2) = up(z), uw(0,z) =ui(z) en €,
u(t,0) = f(t), u(t,1) = g(t) en [0,T],
/Qs(t,:n)dfv < V49|, vVt € [0,T7,

0<s(t,x) <1.
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es equivalente al problema de diserio optimo original (P), en el sentido que

a) el infimo de ambos problemas coincide, i.e., inf(RP)=inf(P);

b) el problema de diserio dptimo anterior (]f%\]g) admite soluciones Jpti-
mas;

c) estas soluciones (en el sentido de las medidas de Young) muestran
que las microestructuras optimas son siempre laminados de primer orden
con direccion normal n = (0,1) y fraccion de volumen s.

Este resultado estd en concordancia con un trabajo previo [63], donde
el autor caracteriza las sucesiones minimizantes para problemas de diseno
optimo elipticos y asegura que este tipo de relajacion es una relajacién buena
cuando el campo eléctrico deseado pertenece a un conjunto G5 denso, pero
desconocido. Con nuestra conjetura y en vista con los experimentos numéri-
cos obtenidos, deducimos que el campo cero pertenece a este conjunto G.

Ahora brevemente describiremos el algoritmo numérico empleado para
resoler (RP) (ver el Capitulo 2 para mas detalles). Usamos un método de
descenso tipo gradiente. Dado un diseno admisible s, calculamos una per-
turbacién s = s 4 vs; tal que I(s") < I(s), con n € RT suficientemente
pequeno.

Tenemos el siguiente resultado.

Teorema 3 i (ug,u1) € (H*(Q) N HE(Q)) x HY(Q), entonces la derivada
de I respecto a s en cualquier direccion sy existe y es de la forma

= T
8228) sy = /0 /Qsl <(aa —ag)u + (a — ﬂ)uxpx> dzdt

donde u es la solucion de (1.5) y p es la solucién en C1([0,T]; H(Q)) N
CH([0,T); L?(2)) del problema adjunto

div(pe, —[sa+ (1 — s5)B]pe) = div(ug, alt, z, s)uy) en
p=20 en
p(T,x) =0, p(T,2)=u(T,x) en .

Por otro lado, para tener en cuenta la restriccién de volumen introduci-

mos el tipico multiplicador de Lagrange v € L°°((0,7);R), que es dado
por

(Jo s(t,x)dz — VulQ)) — [on(t, x) ((aa —ag)uj + (o — ﬁ)%m) du
fQ n(t, x)dz '

Finalmente elegimos 1 de manera que el nuevo disefio (control) s” =
s+ vs1 pertenezca a [0, 1] para todo z € Qy t € (0,7).

v(t) =
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Es importante enfatizar algunos aspectos de este algoritmo. El primer
punto interesante es que tenemos que resolver dos ecuaciones de ondas con
coeficientes dependiendo de la variable espacial y temporal, lo cual es bas-
tante desconocido desde un punto de vista numérico. Otro aspecto impor-
tante en nuestro algoritmo es la presencia de derivadas de la funcién u y
p en la direccion de descenso, lo cual introduce algunos irregularidades al
esquema. En este sentido anadimos un término dispersivo y de viscosidad
nula del tipo €2div([sa + (1 — 8)B]uzy) con € del orden de h (el parametro
de discretizacién en espacio) y el cual introduce un efecto regulador de la
direccién de descenso. De esta forma conseguimos un algoritmo convergente.

Mostraremos muchos e interesantes ejemplos dentro del contexto de ma-
teriales dieléctricos. Para todas nuestras simulaciones, el dominio de diseno
es e intervalo Q = (0, 1), el tiempo positivo T'= 2, y la funcién «a es tal que
(aq,ag) = (1,1), i.e., el caso cuadratico. Por simplicidad consideraremos las
condicién de frontera f = 0y g = 0, y analizaremos los resultados en fun-
cién de los valores de «, 3, V,, y las condiciones iniciales. Usamos una aprox-
imacién con elementos finitos C° respecto a la variable espacial y diferencias
finitas centradas con respecto a la variable temporal.

En el primer ejemplo, usamos la condicién inicial ug(x) = sin(nz),
ui(x) = 0, y tenemos la restriccién sobre la cantidad de material 3 que
podemos usar (buen dieléctrico) del 70 % del dominio de disefio para todo
tiempo t, lo que significa V,, = 0,3. En este ejemplo fijamos el valor de «
igual a 1, y usamos dos posibilidades para §: = 1,1 and § = 6 (bajo y alto
contraste).

En los dibujos, representamos los iso-valores de la densidad limite s(¢, x).
Usamos una escala graduada donde las zonas azules corresponden al mate-
rial « y las rojas al material 8. Los colores intermedios representan las mi-
croestructuras optimas en cada punto. Estas microestructuras son siempre
laminados de primer orden con direccién normal constante n(t,z) = (0,1)
(i.e., los laminados son siempre ortogonales al eje del espacio). Como se
puede observar de la Figura 1.3, la figura de arriba es “casi” una funcién
caracteristica mientras en la de abajo aparecen muchos microestructuras.
Pensamos que cuando la diferencia entre o y § es suficientemente pequena,
el problema original estd bien puesto, pero cuando la diferencia es suficien-
temente grande, el problema original esta realmente mal puesto, y por tanto
es necesaria una relajacién.

Finalmente, en los casos donde no existe una solucién éptima razonable,
proponemos un método de penalizacién para encontrar una funcién carac-
teristica para el problema original. Con este fin, descomponemos el dominio
de disenio completo (en espacio y tiempo, @ = 2 x (0,7))), en subdominios
mas pequenos y aproximamos la densidad 6ptima por su media en cada
intervalo. De esta forma, si notamos por N, el tamafio de la descomposi-
cién, esperamos que la densidad aproximada converja a la densidad 6ptima,
cuando N tiende a infinito.
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Figura 1.4: Ejemplo 2: T =1, (o, 8) = (1,2) - Vo, = 0,5 s5'5 - I(sh™) ~ 4,7584-
I(s"™) ~ 5,62, N=30.

En la Figura 1.4 mostramos, en la izquierda, los iso-valores de la densidad
6ptima para (o, 3) = (1,2) - Vo, = 0,5, T =1, y, como condicién inicial la
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misma que en el Ejemplo 1. En este caso el dominio de diseno completo es
Q = (0,1) x (0,1), el cual es dividido en 900 subdominios, i.e., N = 30, y
en el lado derecho del dibujo, mostramos la funcién caracteristica asociada
con la densidad penalizada.

El andlisis de este problema estd hecho con detalles en el Capitulo 2 de
esta tesis, donde calcula explicitamente la “cuasiconvexificacion restringida”,
los laminados que la recuperan, y se muestra el esquema numérico. Este
capitulo corresponde con el trabajo [37].

1.3.2 El caso estacionario/eliptico tridimensional

Previo al estudio del problema de diseno éptimo hiperbdlico bidimensional,
analizaremos el problema eliptico tridimensional. Este problema ha sido es-
tudiado con profundidad en el caso bidimensional desde el punto de vista
de la homogeneizacién ([1]) y también usando la reformulacién variacional
([56]), pero este problema ha sido mucho menos estudiado en el caso tridi-
mensional ([7]). Es precisamente la situacién espacial la dificultad principal
en este caso. En [7], el autor realiza un interesante trabajo para el problema
eliptico 3d desde una perspectiva variacional, introduciendo una nueva no-
ciéon de convexidad apropiada, asociada con pares de gradientes y campos
tridimensionales con divergencia nula ([6]), y entonces es capaz de calcu-
lar el problema relajado. Nosotros proponemos otra alternativa, usando la
caracterizacion de los campos tridimensionales con divergencia nula por los
potenciales de Clebsh. Con nuestra estrategia intentaremos seguir los pasos
usados para el caso bidimensional ([56],[2]), pero es claro que el uso de los
potenciales de Clebsh introduce una cierta no linealidad al problema lo cual
debe ser tenido en cuenta.

Consideramos © C R? el dominio de disefio acotado y simplemente
conexo. El problema consiste en minimizar

10 = [ ale.x(@)Vala) - Flo)do
donde u es la unica solucién de

—div ((ax +B(1 = x))Vu) =g en Q,

u=ug en OS2, (1.4)

/xwwwémﬂ
[9]

con ty € (0,1) fijo y las funciones a, F', g y ug son conocidas.
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Nuevamente procedemos a analizar la versién variacional del problema,
que en este caso se escribe como

mUin I(U):/QW(VU(:C))dx

sujeto a
UeH'(Q)?, UL =y en 90
Jo V(VU(2))dz < t0|Q],
donde los funcionales W y V estdan definidos en la seccién previa.

La ecuacién de estado 1.4 puede ser simplificada al caso homogéneo,
introduciendo una adecuada funcién G, tal que

div(G) = g.

La principal dificultad inducida por el caricter espacial del problema, la
no linealidad de las variedades A, se puede resolver usando apropiadamente
la continuidad débil de los menores,

Ayr={Ae MP3 7AW — AD » A®) 1 G(z) = 0}

Superar esta no linealidad y las dificultades asociadas es el prin-
cipal punto de nuestro analisis. Y de este forma calcular una relajacion
completa del problema. Ponemos

U(t, F) = aB(ta+ (1 —1)8)|[FD 2+
[((1 — t)a + tB)(|F® x FOP 4 |G — 2(F® x FO). G)] +
208 +t(1 —t)(B — a)?(FWV - G — det F),

Wz) = faa(r) — aag(z),

h(z) 21 (1))2 2) (3))2 2
55— app PP+ 1F® x FOP 4GP — 25 det F+
2(FD — FO « FO) . ) 4 “ﬁé@ (et F— G - FO)

si h(z) > 0,9(t, F) <0,

_h(x) (a2|F(1)|2 + |F(2) ~ F(3)|2 + |G|2

(1—t)a(s —a)?
—2adet F' + 2(0&F(1) — F(z) X F(g)) . G)_|_

aq ()

o(t, F)

(det F — G - FW),

«
si h(z) <0,9(t, F) <0,
+00 c.c.
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Probaremos que el problema variacional

min t(x), VU (x))dx
min [ (). VU@))
sujeto a

Ue HYQ)?, U =ug en 89,

Y(t(x), VU (z)) <0,

0<t(zx) <1,

/t(x)d:c < 4],
Q

es una relajaciéon del problema de diseno original, en el sentido explicado en
el siguiente teorema

Teorema 4 Este ultimo problema variacional es equivalente al (una rela-
jacion del) problema de disenio optimo tridimensional en el sentido que

a) el infimo de ambos problemas coincide,

b) existen soluciones optimas del problema relajado,

¢) estas soluciones codifican (en el sentido de las medidas de Young) la
microestructura optima del problema de diseno dptimo original.

El andlisis de este problema esta hecho con detalles en el Capitulo 3 de
este tesis, y es el asunto principal en el articulo [36].

Siguiendo la idea en la subseccion previa, de explorar la problema relaja-
do, podemos rehacer un anélisis similar del problema relajado para intentar
simplificarlo. Este trabajo fue llevado a cabo por A. Donoso ([22]) siguiendo
el resultado andlogo de relajacién para el problema tridimensional dado por
J.C. Bellido en [7]. The Figure 1.5 es una simulacién numérica presentada
en este trabajo con los siguientes datos: g = exp —100|x — %\2, (Ba = 2,
ug =0y t9g=0,6

1.3.3 El caso dindmico/hiperbdlico bidimensional

Usando los resultados obtenidos en las secciones anteriores, aqui analiza-
remos un problema mas interesante y realista: el diseno dindmico de un
placa (o ldmina). Entenderemos este problema como una mezcla entre los
dos previos in el sentido que, tenemos un problema hiperbdlico como en el
primer problema, but este es un problema tridimensional, pues tenemos una
variable temporal y dos espaciales, con todas las dificultades que introduce
el caracter espacial del problema.

Consideramos € C IR? un abierto, acotado y simplemente conexo, y sea
T > 0 fijo, el problema de diseno 6ptimo consiste en minimizar
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volume fraction of phase

(a) Seccién

(c) nivel-1 (d) nivel-12 (d) nivel-25

Figura 1.5: simulacién del problema de disefio dptimo tridimensional [22] (cortesia
de A. Donoso.)

T
I(x) =/ /ug(t,w) + (aalt, 2)x + (1 = X)ag(t, 2)) |Vug(t, )| *dadt
o Jo
donde u es la Unica solucién de
uy — divy ([ax + (1 —x)]Vzu) =0 in (0,7) x €,

uw(0,2) = up(x), ue(0,2) =ui(x) in €,
u(t,z) = f(t), in [0,T] x 0L,

/X(t,x)d:c <V, Ve [0,T).
Q

y las funciones a, ug, u; y f son conocidas y la funcién a satisface
ciertas cotas.
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De nuevo usamos la reformulacién variacional previa. Entonces este pro-
blema es equivalente al problema variacional vectorial no convexo:

T
min 1 (U) = / / W(t, 2, VUL, 2))dwdt
U 0o Jao

sujeto a

U=UWu® udye ' ((0,T) x Q)3
UM(0,2) = up(z), t(l)(O,m) =wui(x) en
UD @, z) = f(t,z) en [0,T] x 09

/V(t,m,VU(t,:n))dm < V.| Vi€ 0,7,
Q

donde las funciones W y V estan definidas de forma andloga como hemos

descito anteriormente.
Ponemos
010
L= <0 0 1)’
1

2 = ———L(BFY + F) 5 pG)),
IEETR )

-1

zg=— " L(aFY 4 FO x FO)),
=A@ )

y la funcién
Y(F,s) = det F — F{ + salza|* + (1 — 5)8|25]%

Consideramos el problema variacional

T
mzn/ / o(t,z, VU(t,x), s(t, z))dzdt
U,S 0 [9)

sujeto a

0<s(t,x) < 1,/ s(t,x)dx < V,|Q Vt e [0,T],
Q

U e Hl([O,T] X Q)3, (vU(l))1 _ (VU(2) % VU(?’))I,
U(l) (0, :E) — uo(x)’ Ut(l) (0,1’) — ul(l’) en Q’
UM (t,z) = f(t,x) en [0,T] x 89,

donde ¢(t,x, F, s) es dada por
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((B+ ag)|F1i1|*> — agdet F 4 sh|zo|?)

|

if h(t,z) > 0,9(F,s) <0,
1
o(t,z, F,s) = E((a + aa)‘F11’2 —det F' — (1 — S)h"zﬁ’2)

if h(t,z) <0,9(F,s) <0,
det F + s(a + aq)|2a)® + (1 — 5) (5 + 5)\25]2
\ lf ’l/}(Fv S) Z 07

para toda F' tal que verifica Fi; = (F(Q) X F(3))1.

Teorema 5 El problema variacional descrito anteriormente es una rela-
jacion del problema de optimizacion original en el sentido que

a) el infimo de ambos problemas coincide;

b) existen soluciones dptimas del problema relajado;

¢) estas soluciones codifican (en el sentido de las medidas de Young) la
microestructura optima del problema de diseno dptimo original.

Maés aun, podemos proporcionar explicitamente las microestructuras ép-
timas.

Teorema 6 Las medidas de Young optimas asociadas al problema relajado
son siempre laminados que podemos dar de forma completamente explicita

Todos estos calculos estan hechos con detalles en el Capitulo 4, donde
calculamos explicitamente la “cuasiconvexificacién restringida” del anterior
problema variacional vectorial, y la férmula explicita de los laminados 6pti-
mos. El material de este capitulo corresponde con el trabajo [38].

1.4 Conclusiones y futuros trabajos

El objetivo de esta tesis ha sido el andlisis de algunos tipos de problemas
de diseno éptimo tanto elipticos como hiperbdlicos. En estos problemas de
optimizacién estructural o problemas de control 6ptimo en los coeficientes,
es usual la falta de soluciones clasicas. La teoria de la Homogeneizacién ha
sido una herramienta muy importante en los procesos de relajacién, cuyas
relajaciones han sido hechas con una ampliacién suficiente del conjunto de
disenos admisibles a través del concepto de G-clausura. Nosotros utilizamos
una estrategia alternativa, donde los problemas de diseno 6ptimo son trans-
formados mediante una formulacién equivalente, y donde el andlisis ha sido
hecho en un marco de trabajo variacional a través de técnicas variacionales.
En este marco variacional, este proceso de relajacion es llevado a cabo en
términos de convexidad, cuasicnvexidad para problemas vectoriales, y las
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medidas de Young gradientes, que son una herramienta fundamental para
calcular la envoltura cuasiconvexa, y las microestructuras 6ptimas asociadas
a ésta. Una de las mas importantes ventajas de este método es que evita-
mos el cdlculo de la G-clausura, que puede resultar un problema dificil o
imposible. Con este método variacional, conseguimos una relajaciéon com-
pleta del problema original y las medidas de Young 6ptimas, las cuales son
laminados que codifican la microestructura éptima. Con esto mostramos un
poco de las grandes posibilidades que ofrece esta perspectiva variacional, y
establecemos importantes resultados de relajacion, incluso para problemas
hiperbdlicos, los cuales son bastante desconocidos en la teoria de problemas
de diseno éptimo.

Por otra parte, también estamos interesados en el andlisis numérico de
este tipo de problemas de disefio 6ptimo hiperbdlico. El problema relajado
resulta un problema bastante complicado de tratar numéricamente debido
a la presencia de gradientes, restricciones puntuales y porque toma el valor
400 en gran parte del dominio, entre otras mas. Después de un profundo
analisis del problema relajado, podemos conjeturar otra reformulacién mas
sencilla, en la cual las microestructuras 6ptimas son siempre laminados de
primer orden. Probamos analiticamente que el infimo de este tltimo proble-
ma relajado coincide con el infimo del problema original, y més tarde, com-
probamos la evidencia numérica que este infimo es realmente un minimo. Si
el andlisis de problemas de diseno éptimo hiperbdlicos es poco conocido, los
aspectos numéricos mucho méas. Analizamos problemas de control 6ptimo en
los coeficientes, los cuales dependen del espacio y del tiempo. Precisamente
esta propiedad de dependencia del tiempo del control (diseno), introduce
ciertas inestabilidades en el esquema numeérico, las cuales hemos solventado
anadiendo un término dispersivo y de viscosidad nula.

Finalmente, nos gustaria dirigir en el futuro otros situaciones diferentes
y mas complejas. En este sentido algunos posibles trabajos futuros pueden
estar dirigidos hacia:

e Analizar el problema de diseno 6ptimo hiperbdlico tridimensional. En
este caso podriamos usar potenciales de Clebsh como en el caso bidi-
mensional, o bien, usar los recientes resultados obtenidos en el trabajo
[57], donde se propone una perspectiva variacional del problema in-
dependiente de la dimensién, usando medidas de Young asociadas a
pares de sucesiones de gradientes y campos con divergencia nula.

e Analizar problemas de disefio 6ptimo en conductividad gobernados por
leyes de diferente naturaleza, desde leyes parabdlicas hasta no lineales,
como por ejemplo, en problemas estacionarios donde la ecuacién de
estado podria ser un p-laplaciano. Analizar sistemas mas complejos,
en el contexto de elasticidad (lineal) es también muy interesante.

e Probar la Conjetura 1, acorde con el resultado probado por Tartar y
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la evidencia numérica, que nos dice que esta conjetura seria realmente
un teorema.

Andlisis de casos degenerados, i.e. cuando algunas de las constantes
isétropas « o (§ tienden a 0 6 400, respectivamente. En esta direccién,
un trabajo pionero ([9]) muestra algin comportamiento degenerado
del sistema en el caso que « tiende a 0.

Analizar problemas de disefio éptimo con conjuntos de disenos admi-
sibles regulares, por ejemplo, disenios admisibles funciones continuas
Hoélder con gradiente acotado, y analizar el comportamiento asintotico
cuando esta cota tiende a 4o00.



Capitulo 2

Optimal design under the
one-dimensional wave
equation

2.1 Introduction

Optimal design problems in conductivity and elasticity have been extensively
studied from various perspectives. For the homogenization viewpoint, see
[1]. For more simulation-oriented approaches, see [10, 21]. For treatments
based on variational reformulations, see [56]. In many of these examples, the
state equation is assumed to be isotropic. There has also been attempts to
understand non-isotropic situations ([40] and references therein).

Suppose we choose two diagonal, non-isotropic, 2 x 2 matrices of the

10 10
te=oa) =0 )

and consider the state equation

form

div ([x(z)Aq + (1 — x(2))A]Vu) =0 in Q

where Q C R? is a bounded, regular, simply-connected domain. It is easy
to see that we can also write

. 1 0 _ i
aw ((o x(@)ar+ (1 - x<x>>ﬁ> V“) =0 e
and even more So
div (ug,, [x(z)a + (1 = x(2))Bluz,) = 0.

In the case where Q = (0,7) x (0,1), and we take both o and  nega-
tive, we see that we have a 1-d wave equation as state equation, and 2-d

31
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optimal designs can be interpreted as 1-d time-dependent optimal designs
as in [33, 34]. For this reason, we change the notation and write z(= x2)
for the spatial variable, t(= 1) for the time variable, and replace «, 3 by
—a, — (3, respectively, so that we focus on such a wave equation. We also
change accordingly the domain, and consider initial and boundary condi-
tion as is usual in hyperbolic problems. Yet notice that the non-isotropic
elliptic example is contained in our analysis too.

Optimal control problems in the coefficients are known in the elliptic
case, however they are much less known under hyperbolic laws. A pioneer
work in this direction is [34], where the author analyzes the hyperbolic G-
closure of this sort of optimal control problem, a general report on dynamic
materials is given in [33]. On the other hand, an interesting analysis for
optimal control problems under the wave equation in greater dimensions is
shown in [13], where the control is a time dependent coefficient, and under
other constraints on modes where there is vibration. In this sense another
work in which the authors examine time-harmonic solutions of the wave
equation is [8], where they prove a relaxation result for this problem and
very interesting results of existence of classical solutions for some particular
cases. In this paper, we would like to generalize the 1-d hyperbolic optimal
control design problem with designs (coefficients) depending both on x and
t. In the wave equation literature, we can find a huge family of optimal
control problems where the design variable is not in the highest derivative
term. When the control term acts on the first order derivative in time, the
term is known as a ”damping” term. These problems are of a different nature
physically as well as mathematically. Some relevant references in this topic
are [14, 24, 27].

2.1.1 Problem Statement

We will thus study the following optimal design problem. We consider a
design domain 2 = (0,1) C R, a positive time 7" > 0, and a maximum of
one material at our disposal V,, € (0, 1). The optimal design problem consists
in deciding, for each time 0 < ¢t < T', the best distribution in € of the two
materials in order to minimize the time-dependent cost functional depending
on the square of the gradient (with respect to both variables (¢,x)) of the
underlying state. More precisely, let us denote by (P) the problem consists
in minimizing

T
I(x) :/0 /Q [uf (t,z) + a(t,z, x)u(t,z)] dadt (2.1)
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where u is the unique solution of

uy — div([ax + (1 — x)]uz) =0 in (0,7) x (0,1),
uw(0,2) = up(x), ue(0,2) =ui(x) in €Q, (2.2)
u(t,0) = f(t), u(t,1) =g(t) in [0,7], (2.3)

and the functions a, ug, u1, f and g are known. The function xy € L*([0,T] x
2;{0,1}) is the design variable, and it indicates where we place the a-
material for each time t. Since x is a binary variable a(t, z, x) € {a(t,x,0),
a(t,z,1)} and we can write

a(t,z,x) = x(t,x)aa(t,x) + (1 = x(t, z))as(t, z).
In addition, we make the assumption 0 < o < 3, and
ao(t,z) + >0, ag(t,z)+5>0.

The amount of the a-material is given, and therefore we have to enforce the
volume constraint

/X(t,m)dgia|Q|, vt € [0,T7.
Q

The lack of classical solutions for this sort of problems is well understood
(see. Theorem 11, [44]). In this sense we propose and analyze a relaxation
of the problem.

Our approach is based on an equivalent variational reformulation of the
original optimal design problem as a non-convex vector variational problem:
as in other situations examined under this perspective [2, 56], we change
a scalar problem with differential constraints by a vector variational prob-
lem with integral constraints (where the state equation is implicit in the new
cost function). It is well-known that the non-existence of optimal solution for
vector variational problem is nearly associated to the lack of quasiconvexity
of the cost functional, in this sense we propose to analyze the “constrained
quasiconvexification”, for this last problem by using gradient Young mea-
sures as generalized solutions of variational problems, and to compute an
explicit relaxation of the original optimal design problem in the form of a
relaxed (quasiconvexificated) variational problem.

It is elementary to check (this is done with some detail in Section 2.2),
the equivalence of our dynamic optimal design problem with the following
non-convex, vector variational problem which we note by (V P)

T
min f(U):/ /W(t,x,VU(t,x))dmdt
U 0 Jo

subject to
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U=UWMU?)eHY(0,T] x Q)?,

UM(0,2) = up(z), Ut(l)((),x) =wui(x) in Q,

U (,0) = f(t), UD(t,1) = g(t) i [0,7],

/QV(t,m,VU(t,:n))dm <V,Q| Vte[0,T].
The two integrands involved are

a2 + an(t,z)ad,, if AeA,,
W(t,x, A) =< a2, + ag(t,z)al,, if AeAg\A,,
400, else,

V(t,z,A)={ 0, if A€ A\ Aq,

400, else.

{ 1, ifAcA,,

Here
Ay ={AecM>?: M _,AYD - RA® =0}, ~=q,p,

where A® is the i-th row of the matrix
s <a11 a12> '
a1 G2

1 0 0 -1
o (10) (2

2.1.2 Results Statement

Finally

To write down an explicit relaxation, put

h(t,z) = Bas(t,x) — cag(t,x)

and for
Fii Fio
F= , e R,
<F21 F22> °
set
Y(F,s) = F12F21+L2(ﬁF12+F21)2+ b 2(04F12+F21)2.
s(8—a) (1-35)(B—a)

Consider the variational problem, which we note (RP)

T
min/ /cp(t,:z:,VU(t,a:),s(t,x))da:dt
Us Jo Ja
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subject to
Ue HY0,T] x Q)?%, tr(VU(t,z)) =0,
UM (0,2) = uo(z), UM (0,2) =ui(z) in €
UWD(t,1) = f(t), UD(t,0)=g(t) in [0,T],

0<s(t,x) < 1,/ s(t,x)de < V,|Q Vt e [0,T],
Q

where (t,z, F, s) is given by

m(ﬂaﬂzlz + [Fon? + 26F 19 Fo) + |[Fu | — %ﬁFmFm

if h(z,t) > 0,9(F,s) <0,
i S);(hﬂ — oy (0| Fia? + [Far|* + 2aF1a For) + [Fu|? — %F12F21,
if h(z,t) <0,9(F,s) <0,

1

—detF + S0 —3)(B—a) (((1 — 5)52(04 +aq) + s(ﬂ(ﬁ + ag)) |F12|2
+((1 = s)(a+aa) +s(B+ag)) | For|* + 2((a + aa) 8 — Sh)F12F21>
if Y(F,s) > 0.

tr stands above for the trace of a matrix.

Theorem 1 The last variational problem (RP) is a relazation of the initial
optimization problem (P) in the sense that

a) the infima of both problems coincide;

b) there are optimal solutions for the relazed problem;

c) these solutions codify (in the sense of the Young measures) the optimal
microstructures of the original optimal design problem.

In addition, we can provide explicitly optimal microstructures.

Theorem 2 Optimal Young measures leading to the relaxed formulation
are always laminates which can be given in a completely explicit form.

The formulae for all of these laminates are given later at the end of
Section 2.4.

The main new contribution here is therefore to understand the character
of the hyperbolic state law, and the differences it introduces with respect
to the better known elliptic case. Some of these differences are related to
the fact that the manifolds A, are two 2-dimensional subspaces whose in-
tersection is another 1-dimensional manifold. Moreover there are rank-one
connections within those manifolds. An interesting consequence is that the
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relaxed integrand is finite everywhere (except for the condition involving the
trace) in contrast with the elliptic case where the relaxed integrand is finite
only in a certain (quasi)convex subset. An important issue is that optimal
Young measures gives us the necessary information about the behavior of
minimizing sequences of the original optimal design problem.

A subsequent important step, which we hope to address in the near
future, is to explore the relaxed problem in some particular cases, like the
ones described in Section 2.5, with the objective of producing numerical sim-
ulations of the optimal time-dependent structures [39]. For some particular
cases in the (static) elliptic case, it has been shown that a simple relaxation
consists in replacing the original discrete design variable y € L*>(,{0,1})
by its convex envelop s € L*°(€, [0, 1]). For the (dynamic) hyperbolic case
with aq =1, ag = 1 (corresponding to the full quadratic case), some numer-
ical experiments (see Section 2.7) suggest that the above assertion is true.
In this regard, we establish the following conjecture (discussed in Section
2.6).

Conjecture 1 Suppose the coefficients a, = 1, ag = 1. The optimization
problem (RP)

T
ml’n/ /uf(t,m)+ui(t,x) dx dt
5 Jo Ja

where u is the unique solution of

uy — div(jas + B(1 — s)Jug) =0 in (0,7) x (0,1),
u(0,z) = up(x), w(0,z) =ui(z) in £,
u(tv O) = f(t)v u(t7 1) = g(t) in [OvTL

is equivalent to the original optimal design problem (P) in the sense that

a) the infima of both problems coincide, i.e., inf(R\ﬁ) = inf(P);

b) the above optimal design problem (]f%\]g) admits optimal solutions ;

c) these solutions (in the sense of Young measures) show that the optimal
microstructures are first order laminates with normal n = (0,1) and volume
fraction s.

The paper is organized as follows. In Section 2.2, we describe in more
detail the equivalent variational reformulation as well as a general relaxation
result when integrands are not continuous and may take on infinite values
abruptly. As there is nothing new here compared to other previous works
in the elliptic case, our description is rather a remainder included here for
the sake of completeness. Sections 2.3 and 2.4 are technical in nature but
interesting, as we first compute a lower bound of the constrained quasicon-
vexification (Section 2.3), by using in a fundamental way the weak continuity
of the determinant. Section 2.4 is concerned with the search for laminates
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furnishing the precise value of the lower bound in an attempt to show equal-
ity of the three convex hulls (poly-, quasi- and rank-one convex hulls), as it
is standard in this kind of calculation. In Section 2.5, we show some partic-
ular examples of this relaxation for different and interesting choices of the
coefficients an,ag. Finally, in Section 2.6 we analyze the relaxed problem
and propose a simpler relaxation, numerically solved in Section 2.7 by using
a gradient descent method.

2.2 Reformulation and relaxation

The lack of classical solution of the original optimal design problem is well-
established. We propose to reformulate the problem as a vector variational
problem to which we apply suitable tools to study its relaxation. We follow
a similar approach to the one in [2, 56].

Under the hypothesis of simple-connectedness of Q (an interval), there
exists a potential v € H'((0,T) x Q) such that the state equation

—div(u(t,x), —[ax(t,z) + B(1 — x(t,x))]ug(t,x)) =0 in [0,T] x

where the div operator is consider now with respect to the variables ¢ and
x, then the above formula is equivalent to the pointwise constraint

e(f, 7) = v(x a.e x
< —lox(t, z) + B(1 — x(t, 2))]ua(t, 7) ) = RVu(z,t) ae. (t2) € [O,Tg;i

where R is the counterclockwise 7/2-rotation in the space-time plane.

It is clear that we can identify the design variable y with the vector field
U = (u,v), and conversely, a pair U = (u, v) which verifies (2.4) determines
a characteristic function y, so that we can consider the new design variable
U= (UM U?) = (u,v), where U : R? — R? and VU(t,z) € R?>*2.

Therefore, by using the above statement and the notation in Section 2.1
(Introduction), it is easy to check that the original optimal design problem
(P) is equivalent to the variational problem (V P).

We have recast our optimal design problem as a typical variational prob-
lem. We see that it is a non-convex vector problem that we are going to
analyze by seeking its relaxation. We use Young measures as a main tool
in the computation of the suitable density for the relaxed problem. In this
sense, we can rely on the following result of relaxation [2] whose main idea
is a useful tool in other different places [2, 56, 55].

We note the initial condition (2.2) by I.C., the boundary condition (2.3)
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by B.C. and put

T
m = inf { / / W(t, z, VU(t, z))dtdz -
QJO
Uec HY(0,T) x Q)?,UY satisfies the B.C. and the L. C.,
/ V(t,z, VU(t,z))dz < Va|Q|,Vt € [o,T]}.
Q

We know [2] that

T
m > m = inf { / / CQW (t,x,VU(t,x),s(t,x))dtdx :
QJo
U e HY[0,T] x Q)?, U satisfies the B.C. and the L. C.,

0 < s(t,z) < 1,/ s(t.x)de < V[ 9 € [0.7]),
Q
where CQW (t,z, F, s) is defined by,

COW (t,2,F, s) = inf{ W (t, 2, A)dv(A) : v € A(F, s)}

M2%X2

with

A(F,s) = {1/ : v is a homogeneous H'-Young measure,
F= / Ad,y(A),/ V(t, 2, A)dv(A) = s}. (2.5)
M2x2 M2x2

Notice that the previous inequality will be an equality when W is a
Carathéodory function with appropriate growth constrains. However, in our
situation it is still possible to prove this equality despite the fact that W
is not a Carathéodory function. Let us consider the following minimization
problem

T
i = fnf { / / W(t,, A)dvyp(A)dtdz : v € ’B(B.C.,I.C.,to)}
QJo M2><2
where
B(B.C.,I1.C.,V,) = {1/ : H'-Young meas., supp(Vee) C Ao U Ag,
U € H'(j0,T] x )2, U™ satisfies the I.C. and B.C.,

VU(t,x) = / Advy 5(A),
M2><2

// V(1.2 Ay (A)de < Vol0 Ve € 0,71}
Q JM2x2

We have the following result.
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Teorema 7 ([2]) The equalities

m=m=m
hold. Moreover, for each measure v € B(B.C.,1.C.,V,) such that supp(vy.)
CAyUAg a.e. (t,x) € [0,T] x Q, there exists a sequence {VUy} such that,

i) U, e (HY0,T] x Q))2, UD satisfies the I.C. and B.C.,
{|VUL|?} is equi-integrable,

it)  VU(t,z) € Ay UAg, a.e. (t,x) € [0,T] x Q VE,
Jo V(t, 2, VUL, 2))dz < ValQ, ¥t € [0, TV

Gii)  limp— o foT Jo W (t,x, VU(t,x))dzdt =
T foy Juger Wt @, A)dv o (A)ddt

2.3 The lower bound: polyconvexification.

We would like to compute explicitly the constrained quasiconvezification
defined as

CQW (t,, F,s) = inf{ W (t, 2z, A)dv(A) : v € A(F, s)}

M2%X2
where A(F, s) is given in (2.5). Since the variable (¢,z) € [0,7] x Q can be
consider as a parameter, we drop this dependence to simplify the notation.
In this form, the constrained quasiconvexification can be expressed as

fnf{ [ WA () s F = /M2X2Adu(A),

/ V(A)d(A) = 5, ¥t € [0.7]} (2.6)
M2><2

with v a homogeneous H!-Young measure with supp(v) C Ay U Ag.

For (F,s) (and (¢, x)) fixed, we are going to compute the value of (2.6), i.e.
CQW (t,z, F,s). The main difficulty here is that we do not know explicitly
the set of the admissible measures, which we note as A. We propose the
following strategy. Consider two classes of family of probability measures
Ay, A* such that

A, CACA"

We first calculate the minimum over the greater class of probability measures
A*, and then we check that the optimal value is attained by at least one
measure over the narrower class A,. This fact tells us that the optimal value
so achieved is the same in A, and hence we will have in fact computed the
exact value CQW (t,z, F, s).
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Following [56], we choose A* as the set of polyconvex measures, which
are not necessarily gradient Young measures, and therefore obtain a lower
bound ( the (constrained) polyconvexification). The main property of these
measures is that they commute with the determinant. This constraint can
be imposed in a more-or-less manageable way. We also choose A, as the
class of laminates which is a subclass of the gradient Young measures. By
working with this class, we would get an upper bound (the (constrained)
rank-one convexification).

The polyconvexification CPW (F,s) can be computed through the fol-
lowing optimization problem

min W(A)dv(A)

v M2X2

where,
veA(F,s) = {1/ : v is a homogeneous Young measure,

which commutes with det, F' = / Adv(A), (2.7)
M?2X%2

/ V(A)dv(A) = s}. (2.8)
M2x2
From (2.8) we have the following decomposition

v=svq+ (1 —=s)vg, supp(vy) CAy, v=0a,p,

and therefore, from (2.7)
F = s/ Adva(A) + (1 —5) Advg(A). (2.9)
o Ag

If we put
E :/ Advy(A), v=a,p,
Ay

we have F, € A, for v = a, 3, so from this property and (2.9), we have a
non-compatible system on F, unless

Fi1 + Fy =0, i.e. tT’(F) = 0.

Let us suppose henceforth that this compatibility condition holds. This con-
dition lets us simplify the problem from 2 x 2 matrices to 3-d vectors, using

the identification
_ (T Y
F= <Z _m> <—>($,y,2).

Therefore the manifolds A, can be rewritten as

Ay ={(z,y,z) e R®: z + vy = 0}.



2.3. The lower bound: polyconvexification. 41

In this way, the above system does not uniquely determined its solution.
Indeed

— s\
Fa = (Avyou _aya)7 Fﬁ - (:1:1 _SS 7yﬁ7_/3y,3)
where
—#(ﬂ + 2) —_—1(a +z)
R R (P Rt g

and A € R. We can check that if A = (a1, a2,a3) € Ay with v = «a, 3, then
det A = —a? + a3,

and by using the important constraint about the commutativity with det,
we know that

det F' = det Adv(A)
R3

=s det Advy(A) + (1 —s) det Advg(A)
R3 R3

=— / a?dvW(A) + sa/ a3dvP(A) + (1 — s)ﬂ/ a%dyg)(A)
R R R

where I/,Z‘Y designates the projection of v, onto the i-th component.
On the other hand, we can write the cost functional in the form

W(A)dv(A) = / aldv(A) + saq /

R3 R
+(1— s)ag/ a3dvs(A)
R3

» , a%dua (A)

so if we put

Si :/ a?dv(A), S :/ a3dv,(A), with v = a, 3,
R3 A
and use Jensen’s inequality, we have the constraints

S1>a% S, >y2  y=a,p.

By using the notation just introduced, the above inequalities and the con-
straint on the determinant, the constrained polyconvexification is given by
the following linear programming problem

minimize Si + saqSq + (1 — 5)agSs
(Slvs’yvx’Y)

subject to,

—det FF = 51 — saSq — (1 — 5)35,
S1 > :1:2,57 > y,2y, with v = «, 3,
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We can eliminate S7, by replacing its value from the equality constraint
in the cost functional. By so doing, only the variables (S, Sg) occur, with
inequality constraints (see Figure 2.1 for a geometrical interpretation of the
progamming problem). It is easy to solve this problem. Under the conditions

Sp

Figura 2.1: New mathematical programming problem.

ao > —a and ag > —(, the optimal value depends on the relative position
of the oblique line and the P point. Namely, the optimal solution can be
attained on P, P; or Ps.

We put the function

(ay + 2)?,

g
¢(F,S)=yz+s 2<6y+z)2+(1—5)(ﬁ—0¢)2

(6 —a)

the optimal value is

__h
s0(8 — a)?

—h
(1=s)a(B—a)?

a
(B*y* + 2% + 2Byz) + x° — gﬁyz

if h(z,t) > 0,9(F,s) <0,
(y? + 2% + 2ayz) + x* — a—ayz,
a

if h(z,t) < 0,9(F,s) <0,
1

—detF + A= 57— a) (((1 — 8)B* (e + aa) + sa®(B + ag))y?

+((1 = s)(a+aa) + s(8+ag))2” +2((a +an)B — sﬁ)yz)
if Y(F,s) > 0.
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In addition, the optimal value is attained on

Py:So=y2and S; =22 if h(z,t) > 0,9(F,s) <0, (2.10)
Py:Sg=yjand Sy =a® if h(z,t) <0,9(F,s) <0, (2.11)

P:Sy=vys and Sp=y3 if ¥(F,5) > 0. (2.12)

Therefore we have an explicit computation of the constrained polyconvexi-
fication given by
h 2,2, .2 2 9
W(ﬁ v 4 22+ 20yz) +x? — FY=

if h(z,t) > 0,9(s, F) <0,tr(F) =0,
2

(1= s)a(B —a)?

(y? + 2% + 2ayz) + x% — a—ayz,
a

if h(z,t) <0,9(s,F) <0,tr(F) =0,

CPW(F,s) = 1
s(1—5)(8— a)? (((1 = 5)8%(a + aa) + s0*(8 + ap))y*
+((1 = 8)(a + aa) + s(B+ ap)) 2*
+2((a + aq)B — sﬁ)yz) —det F
if ¢(s, F) > 0,tr(F) = 0,
+00 if tr(F) #0

We claim that in fact this is an exact value. This amounts to finding
laminates which yield this same optimal value.

2.4 Optimal microstructures: laminates

We have the lower bound given by the polyconvexification, and we will
show that this bound is in fact attained. To this end, we seek an optimal
microstructure (a laminate) whose second moments recover the value of the
bound.

We try to find v = sv, + (1 — s)vg, a laminate with supp(vy) C A, v =
a, B3, s € (0,1), and first moment F. We have different optimal conditions
depending of the sign of ¥ and h, and we analyze different cases accordingly.

2.4.1 Casey >0

We start with the case when 1 (F,s) > 0 holds. In this case the optimal
conditions (2.12) tell us that

Sa,2 = yiy 56,2 = y%
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Aa

Fa Ap

m

Fp

Figura 2.2: Infinite decompositions of F'.

and therefore, by the strict convexity of the square function, we can deduce
that

V»(YQ) =0y,,7 =0, [.

Hence
T — S\

1—s’

Fa = ()‘7y0l7 _aya)7 F,B = < yﬁ7 _ﬂy,@>7 (213)

with A € R arbitrary. This means that for every A € IR we can decom-
pose F' as a convex combination of two matrices in A,, Ag respectively, and
satisfying the volume constraint, see Figure 2.2.

The next step is to check that there exist some A € R such that
rank(F, — Fg) = 1. After some algebra, we can write

rank(Fo, — Fg) =16 Cps(A) =0

where

Fll — S\

Crs(\) = —detF — s(\* — ay?) — (1 — s)( =

)2 — By3)

is a second degree polynomial on . It is easy to check that the discriminant
of Cr s is ¥(F, s), and so that their roots are

i :x+(—1)ﬂ/1;5¢(F,s) i=1,2.

Therefore for all pair (F) s) such that ¢(F,s) > 0, there exist two first order
laminate

v=50p,, +(1—-5)p,, i=12
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Aa

Ap

Figura 2.3: Two first order laminates

where

FM:<)\¢ Fa,12>7 FM:(:B%:SAZ Fﬁ,l_z/\. )
’ —aFy12 —N ’ —BFg12 —25t
and they provide the optimal value of the polyconvexification.

Thanks to the spatial identification F' = (x,y, z), we can observe the
above computations from a geometric point of view (see Figure 2.3). For
any matrix F = (x,y,2) the determinant is det F = —(z? + yz), this
means that for any matrix F there exist a cone {2 + yz = 0} of rank
one directions through this matrix. From optimality conditions we obtain
an explicit identification of F, v = «, 3, up to the first component (2.13),
which let us a degree of freedom in the search of the optimal decomposition.
Geometrically, we can observe that the intersection between the manifolds
A, and the rank one cone are ellipses, whose intersection with the admissible
FE, are two points F, ;, v =, and i = 1,2.

2.4.2 Case ¢ <0

We study now the other case, ¥(F,s) < 0. In this situation, we have two
different optimal conditions depending of the sign of h. We treat the case
h > 0. The other case is similar.

From the optimal condition for this case (2.10), we have

2 2
Sa2=Y S1==x

and by using similar arguments as above, we can deduce

v =4

a Yo

v =5,
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where

1. vy = dp, with
Fa = (mayav —Oéya), (214)

2. by using that F' is the first moment of v, there exists a unique decom-
position
F =sFy+(1—s)F3

with F, € A, v = a,3 where Fj, is of the form just indicated, and

Fg = (x,y3,—Byp). (2.15)

Consider a pair (F,s) such that ¢)(F,s) < 0. After an elementary ma-
nipulation, we get
Y(F,s) <0 <=
~(8— a)?yzs? + (ala - By? + (8 — )22 + (8 - a)’yz)s
+ (aﬁ2y2 +az? + 2aﬁyz) <0.
Let Pp(s) be this second degree polynomial in s for fixed F'. The set where
Y(F,s) < 0 is the set where Pr has solutions in [0,1], and s lies between
those two solutions. There exist real solutions if the discriminant is non-
negative, and, in addition, it is easy to check that Pr(0), Pr(1) are positive!
if ' ¢ Ao U Ag. Therefore there are positive solutions if Pr is decreasing at
0.
After some algebra the discriminant is
g(F) = ?3y* + 2 + (@® + 4B8a + *)y=z
+2apy3z + 2(a + )23y > 0,

and the decreasing condition
hF) = (a+ B)yz + afy” + 2% <0.
Therefore the set of pairs (F, s) where 1(F,s) < 0 can be described as
{(F,s) e M2 xR : g(F) >0, h(F)<0, s € (ry,r)}

where

ri:%—W(@ﬂy2—z2+(—l)i Q(F)> =12

'Pr(0) = o|By + 2|, Pr(1) = Blay + z|°
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Aa
Fa,2
Mo

e r

ApT—

s g\
Fpr

—

Eﬁl

Figura 2.4: Second order laminates.

We thus have a characterization of the set 1(F,s) < 0. We now look for
rank-one connections between both manifolds.
We would like to write

F=rBy,+(1-r)Bg

with r € (0, 1), B’Y S A-y, (B'y)l =X, v = a7ﬂ7 and rank(Ba - Bﬁ) =1
On the one hand,

B,eA
(1;7)1:7::: }:>B'y:(w7y'ya_'7y'y) v =o,p

The constraint on the vanishing determinant can be rewritten, after some
manipulation, as

PF(T) = 0,

whose roots are r;. We can therefore guarantee that there exist two rank-one
directions between A, and Ag with barycenter F'.

We are now in a position to find an optimal second order laminate which
recovers the lower bound given by the polyconvexification. We take v, = dpq
and vg as a convex combination of two Dirac masses supported in the 3
manifold (see Figure 2.4).

Put

F,B,i - (m7 yﬁ,h _ﬂy,@,z)
with

Yg,i = m(&?j—i-Z), 1=1,2.
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Since 1 < s < 719, it is clear that yz is a convex combination O{F57i,i =1,2.
If we consider Fg; = Fi, +1;(Fp,; — Fo ;) with [; such that Fg; € Ag, and
take
Ti (L —=7rj)(rs —s) (rj —s)(ri — 1)

li:;’ plu]: Y

P — ,
ri—Tj (L) + s(1—1ry)

we can define the second-order laminate with support on A,UAg, barycenter
F, and mass in A, equal to s, by putting

Vij = Tij0r,, + (1 = 7i3)(0i 05,  + (1 = pij)or,)
with 7,7 € {1,2}, i # j where,
det(FﬁJ — Fa) =0

and )
det(Fp; — (pijFpj+ (1= pij)Fa)) =0.

Again, using the spatial identification we can interpret geometrically the
above analytical computations. We lost the degree of freedom of the first
component of the matrices Fi, and Fj, since these matrices are explicitly
determined by (2.14) and (2.15), and their first component is « in both cas-
es. This fact lets us simplify the spatial situation to a 2-d case in the plane
determined by the first component equal to @. The intersection between
the manifolds A, - the cone of rank one directions - and that reduces to
two matrices in each manifold, which we noted by F,, ;. From these matrices
connected by rank one directions we can obtain a second order laminate
with volume fraction s on A, and (1 —s) on Ag. This construction is shown
in the Figure 2.4, where the spatial situation is reduced to the plane of the
first component equal to x. A similar result holds for the other point where
the optimal value is attained (h(z,s) <0).

We summarize all of these computations of optimal laminates leading to
the relaxed integrand ¢.

When ¢(F,s) > 0 there exist two optimal first-order laminates leading
to the value of the relaxed integrand ¢

v=50p,, +(1—5)p,, i=12
where,
oo (N Fo 12 [ Buzshi Py
ot —OéFa,12 -\ ’ Bi —ﬁF@lg —7F1i:§)‘i

with
1—s

S

A = Fip + (-1) Y(F,s) i=1,2,
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-1
Foi2 = (BF12 + Fy1), Fpgi2= ( (aF12 + Fp).

1
s(B— ) 1-s5)(B—a)
When ¢(F,s) < 0 and h(x,t) > 0, there exist two optimal second-order
laminates
Vij = Tij0ry, + (1 = 7i;)(pij0p, , + (1= pi;)or,)
with 4, j € {1,2}, i # j where the scalars are

_ (1=rj)(ri—s) __ (rj=8)(ri—1)
Pij = im0 Tid = mrts(ory)

and the matrices are

Fq Foq2 ) < Fq Fg12, >
F = ’ s F P — yLe
¢ < —aly 12 —Fu P —BFg12; —In

with
F, S (aFyy + Fyy), i=1,2
i — «a , =1
671272 (1 _ 7,,7/)(ﬂ _ O[) 12 21
rig ~ g (A81Fl — Fal? + (1) Vo(F)) i=1,2
2 Q(ﬂ — Oé)FlgFgl
_ T
Fg’i :Fa—i-li(Fg’i—FaJ), l; = EZ

Similarly, when ¥ (F,s) < 0 and h(x,t) < 0, the optimal microstructure is
another second-order laminate given by

Vij = Tij0r,, + (1 = 7i;)(pij0F, , + (1 = pi;j)or,)
with 4,7 € {1,2}, i # j where the scalars are

o rj(ri=s) P (s=rj)rs
pzv] - ;T ? ] T’i(Tj—l)-‘rTj(l—S)’

and the matrices involved are

Fiq Fg19 > ( Fq Foq2i >
F = ) , F P s L4y
A ( —BFg12 —F11 o —BFa12: —Fnn
with

1

Foi2i = m(ﬁFlz + Fy), i=1,2

— 1—mr
Foji=Fp—li(Fpi = Fai)s li=3—




50 Capitulo 2. 1-d dynamical optimal design

2.5 Some particular examples

In this section we would like to emphasize some particular examples where,
by using Theorem 1, we can compute explicitly the relaxed cost functional.

Example 1 - An interesting and academic example case is the compliance
(which means the the work done by the loads), for which we take a,(t,z) =
a, ag(t,z) = [ so that h = 0, the cost functional can be written as

T
[ )+ (o 0 = 0 e,)] dact,
0
and the constrained quasiconvexification is

F3 — FioFy if (s, F) <0,

1
—det F + 208(sa + (1 — 5)B) ) | Fra|?
o(F, ) s(1 - SW_Q)Q( )

+2((1 = s)a+ sB3) [Fo |* + 4aﬂF12F21)
if (s, F) > 0.

Example 2 - Another interesting case result when we take a(t, z, x) = 1, the
most simple quadratic cost function. In this case the relaxed cost functional
is

[ b0+ 2.0 d,

and therefore aq(t,z) = ag(t,z) = 1. Hence

h(t,z) = — «,
and the constrained quasiconvexification simplifies to
1
m(sﬁ(ﬁ — a)|Ful* + 82| Fi2f” + [P [
+(sa+ B(2 - s))FiaFn), if ¢(s, F) <0,
o(F,s) = 1 (2.16)

8(1 _ S)(ﬁ _ a)Q ((1 — 5)62((1 + 1) + 80&2(ﬁ + 1)) |F12|2

+((1 - S)Oz + 88+ 1) ’F21’2 + 2(6(1 — 8) + Oé(S + 6))F12F21)
—det F, if (s, F) > 0.

Example 3 - The last case lies in the border line for our computations to
be valid. We take aq(t,z) = —a and ag(t,z) = —f3 so that h identically
vanishes. The cost functional is

T
/ / [uf (t, @) — (ax + B(1 — x))ui(t, z)] dadt,
0 Jo
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and for this case the relaxed integrand surprisingly is -det (recall the restric-
tion on the trace)

O(F,s) = F3 4 FioFy = —det F.

2.6 Analysis of (RP) in the quadratic case

In this section we would like to analyze for the quadratic case, the relaxed
problem obtained in the last sections. We will analyze the problem (RP)
where the cost density is given in the previous section by (2.16).

From the previous sections we know that this problem admits optimal
solutions, and moreover we know that such optimal solutions are first or
second-order laminates depending on the sign of the function . An impor-
tant fact which we can observe is that all functions involved are quadratic in
the vector gradient variable and therefore regular, but the presence of gra-
dients and the pointwise constraint make the problem difficult to analyze.

One common way is look at optimality conditions introducing several
multipliers to keep track of restrictions, but this makes the problem more
difficult in the sense that we have to solve a system of partial differential
equations. In this sense we follow a similar strategy as in [21]. The pointwise
constraint given by ¢ depends only on the variables Fio, Fo , therefore the
way is to find some relationship between these two variables, it is elementary
to check the following result :

Lema 1 For fized s, the optimal solution of the quadratic, mathematical
programming problem

Minimize in Fiayy @ p(F), s)

occurs when
(as+ (1 —s))F12 + Foy = 0.

In addition, the associated optimal microstructures are first-order laminates
with volume fraction s for the a-material and orientation of layers always
vertical (along the time azis). Having in mind the trace condition F11+ Fhy =
0 the optimal value is

F2 + F%. (2.17)

The idea is then to replace the complicated cost function ¢ by the ex-
pression (2.17) and then to minimize under the constraints

(as + (1 — 8))Fia(t,z) + Far (t,z) =0, Fii(t,z) + Fao(t,z) =0
ie.

Fll(t, 1‘)

= @ x a.e.(t,T
< —[as(t,z) + B(1 — s(t,x))|Fia(t, z) > =TFY (z,t),a.e.(t,z) € [0,T] xQ
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which is equivalent to

i Fll(t7x) =
0 (_fat 24 80 <t Fite ) ) =0

Therefore we can write the minimization problem in terms of the original
variable U") = 4 leading to the new relaxed problem (stated in Conjecture

1): (RP)
T
ml’n/ /uf(t,m)+ui(t,x)dxdt
5 Jo Ja

where u is the unique solution of

ug — div([as + B(1 — s)|uz) =0 in (0,7) x (0,1),
w(0,2) = ug(z), ue(0,2) =uy(z) in £,
u(t70) = f(t)v u(t7 1) = g(t) in [OvTL

This new problem may be seen as the continuous version of the original
design problem in which the function x(z,t) is replaced by the continuous
function s(x,t). We cannot prove directly that the above problem admits
optimal solutions, tough we claim, by our conjecture that it indeed does
because of the particular form of the problem and not as a consequence of
general results. We support numerically our conclusion in the next section.
Analytically, we can assert the following result.

Lema 2 The equalities
nf(P) = inf(RP) = min(RP)
hold.
Proof. It is easy to see that
nf(P) > inf(RP)

and
inf(RP) > min(RP)

and using the relaxation Theorem 7
inf(P) = min(RP)

holds, therefore we have all equalities. |
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2.7 Numerical simulations

We address the numerical resolution of the problem stated in Conjecture 1
for aq(t,z) =1 and ag(t,z) = 1:

(I/%\F/’) 1nf[s—//ut—|—atms 2) ddt,

SESVa

with a(t, z, s) = saq(t,z) + (1 — s)ag(t, z) and

Sy = {s € I®((0,T) x [0, 1]),/93@,:5)@ < V|00 ¥ € [0, 7]},

and u = u(s) is the unique solution of
—div(ug, —[sa + (1 — s)Blug) =0 in (0,7) x Q,

u(t,0) = f(t), u(t,1) = g(t) in (0,7), (2.18)
uw(0,2) = up(x), w(0,2) =ui(x) inf.

We first describe the algorithm of minimization and then present some
numerical experiments.

2.7.1 Algorithm of minimization

We briefly present the resolution of the relaxed problem (I/%\F/’) using a gra-
dient descent method. In this respect, we compute the first variation of the
cost function. In order to simplify the expression, we take f =0 and g = 0.

For any n € RT, n << 1, and any s; € L*®((0,T) x ), we associate
with the perturbation s7 = s + ns; of s the derivative of I with respect to
s in the direction s; as follows :

oI(s) o lfm I(s +mns1) — I(s).
88 n—0 n

We obtain the following result.

Teorema 8 If (ug,u1) € (H?(Q) N H(Q)) x HL(Q), then the derivative of
I with respect to s in any direction sy exists and takes the form

51 = / / 81< —ag)ul + (a — B)umpm> dxdt (2.19)

where u is the solution of (2.18) and p is the solution in C*([0,T]; HE(Q))N
CH([0,T); L*(2)) of the adjoint problem
div(pe, —[sa + (1 — 8)B]pe) = div(ug, a(t, z, s)ug)  in (0,7) x Q,
p=0 on (0,T) x 09,
p(T,z) =0, p(T,z)=u(T,x) in Q.

(2.20)
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Sketch of the proof. Let us explain briefly how we obtain the expression
(2.19). We introduce the lagrangian

(s,0,7) Z/OT/Q@? + a(t,z,s)¢2) ddt
i /OT/Q [% — div(las + B(L — 9)|éx) | ¢ dadt

for any s € L>((0,T)xQ), ¢ € C([0,T]; HX(Q)NHZ(Q))NCL([0,T); HE (2))

and v € C([0,T); HE(Q)) N CL([0,T]; L?(Q)) and then write formally that
dl 0 0 a¢
B LT gt st < 5oL(s,600), Fo s>
P o
<@L( ¢7¢)a$'51>'

The first term is

—L LD, ) - 81 = //31< o — ag) qbz + (« ﬁ)gbxwm) dxdt  (2.21)
for any s, ¢, whereas the third term is equal to zero if ¢ = u solution of
(2.18). We then determine the solution p so that, for all ¢ € C([0, T]; H%(Q)N
H(Q)) N CL([0,T); H (£2)), we have

<gﬁ;( (25, ), qb - 81 >= 0

¢
which leads to the formulation of the adjoint problem (2.20). Next, writing
that I(s) = L(s,u,p), we obtain (2.19) from (2.21). [ |

In order to take into account the volume constraint on s, we introduce
the Lagrange multiplier function v € L*((0,T); R) and the functional

T
T(s) = T(s) + / ~(#) / s(t, z)dadt.
0 Q
Using Theorem 8, we obtain that the derivative of J, is

8[ T
8 81 = //81 ag)u2 + (o — B)ugpy) do t+/ 7(75)/931 xdt

which permits to define the following descent direction :

s1(z,t) = —((ag —ag)u+(a—B)ugps +7(t), Yz € Q,Vte (0,T). (2.22)

Consequently, for any function n € L>(Q x (0,7), R*) with |[n]] Lo (ax(0,1))
small enough, we have T,Y(s + ns1) < fI:,(s). The multiplier function ~ is
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then determined in order that, for any function n € L*(Q x (0,7),R™),
|Is +ns1llL1 ) = ValQ| leading to, for all t € (0,T'),

(o s(t.2)dz — Val9) — Joyn(t,2) (<aa ~ag)u + (o muxpx) da
Jon(t, z)dx '

(t) =
(2.23)
At last, the function 7 is chosen so that s+ns; € [0,1], for allz € Q and t €
(0,T). A simple and efficient choice consists in taking 7(t,x) = es(t, z)(1 —
s(t,x)) for all x € Q and ¢t € (0,T) with € small real positive. Consequently,
the descent algorithm to solve numerically the relaxed problem (ﬁﬁ) may
be structured as follows :
Let Q@ € RY, (ug,u1) € (H?(Q) N H(Q)) x H}(Q), L € (0,1), T > 0,
and € < 1, &1 << 1 be given.

e Initialization of the density function s® € L>°(£2;]0,1]);

e For k > 0, iteration until convergence (i.e.|I(s*1)—I(s%)| < e1]I(s°)))
as follows :

— Computation of the solution ug of (2.18) and then the solution

pgi of (2.20), both corresponding to s = s*.

— Computation of the descent direction s} defined by (2.22) where
the multiplier 7% is defined by (2.23).

— Update the density function in €Q:
sPT = g% 4 esh(1 — s)sh

with e € RT small enough in order to ensure the decrease of the
cost function and s**1 € L>(Q x (0,7), [0, 1]).

2.7.2 Numerical experiments in the quadratic case

In this section, we present some numerical simulations for {2 = (0,1) in the
quadratic case, i.e, (aq,a3) = (1,1). On a numerical viewpoint, we highlight
that the numerical resolution of the descent algorithm is a priori difficult
because the descent direction (2.22) depends on the derivative of u and p,
both solution of a wave equation with space and time coefficients only in
L>((0,T) x Q;R%). To the knowledge of the authors, there does not exist
any numerical analysis for this kind of equation. We use a C%-finite element
approximation for v and p with respect to x and a finite difference centered
approximation with respect to t. Moreover, we add a vanishing viscosity and
dispersive term of the type e?div([sa + (1 — s)B]ugs) with € of order of h
- the space discretization parameter. This term has the effect to regularize
the descent term (2.22) and to lead to a convergent algorithm. At last,
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this provides an implicit and unconditionally stable scheme, consistent with
(2.18) and (2.20), and of order two in time and space.

In the sequel, we treat the following two simple and smooth initial con-
ditions on © = (0, 1):

e Case 1: up(x) =sin(wz), wui(z)=0 ;
e Case 2 : up(z) = exp 80@=05" 4 (2) =0,

and we discuss the results with respect to the value of «, § and V,. Results
are obtained with h = dt = 1072, e; = 107°, s%(¢,z) = V,, on [0, T] x Q and
e = 1072 (see the algorithm).

Case 1

We first consider the case 1, with 7' = 2 and (o, 3) = (1,1,1). Figure 2.5
depicts the iso-values of the optimal limit density s!™ (obtained at the
convergence of the descent algorithm) for V,, = 0,3 (top the figure) and
Vo = 0,5 (bottom of the figure) respectively. For these values of a and 3, we
observe that the limit densities are “almost” characteristics functions taking
either the value 0 or the value 1. As a consequence the relaxed problem
(RP) coincides with the original one (P) which is well-posed in the class of
characteristics function. This suggests that Conjecture 1 is true in this case.
Moreover, we observe that the limit densities are independent of the choice
of the initialization s°. This suggests that I admits a unique minimum.

Figure 2.6 represent the corresponding evolution of the energy E(t) =
1/2 [ (y#+y?2)dz with respect to t. The fact that, the coefficients of the state
equation depend on the time variable (furthermore on space) is the main
reason because the corresponding system is not conservative nor strictly
dissipative in general. However, for a long time period, the optimization
procedure with respect to s leads to a damping mechanism (proportional to
the gap 6 — a).

Results are qualitatively different if we now consider a larger gap [ —
a. Figures 2.7 and 2.8 represent the result obtained with («,3) = (1,6).
We observe that the limit densities are no more characteristic functions
and take value in (0,1). This clearly indicates that the original problem
may be no well-posed and justify the search of a relaxed formulation. We
also observe that this property depends also on the value of V,: for V,
or 1 — V, arbitrarily small, numerical simulation leads to bi-valued limit
densities. Furthermore, in the case (a,3) = (1,6), we observe Figure 2.15
the strong damping mechanism of the optimal distribution and explain why,
for ¢ sufficiently large, the value of the cost function is less sensitive to the
density s (i.e. for ¢ large, the variations of s with respect to x and t are low).

We have also observed that as soon as the gap is large enough, the limit
of the density depends on the initialization s° highlighting the existence of
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il

Figura 2.5: Case 1 - T = 2, (o, 3) = (1,1,1) - Iso-values of the limit density - Top
1 Vo =0,3 - I(s""™) ~ 9,7451 - Bottom: V,, = 0,5 - I(s""™) ~ 9,5613.

5.3 T T T T T T T T T 5.

52| 1 54l

51

a6t

Figura 2.6: Case 1 - T = 2, (o,8) = (1,1,1) - E(t) vs. t - Left : V, = 0,3 -
I(s'"™) ~ 9,7451 - Right : V,, = 0,5 - I(s""™) ~ 9,5613.
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A

TN

Figura 2.7: Case 1 - T' = 2, (o, 8) = (1,6) - Iso-values of the limit density - Top :
Vo = 0,3 - I(s"™) =~ 7,9567 - Bottom: V,, = 0,5 - I(s""™) ~ 6,1439.

several infima for I. We found that the choice s° constant on (0,7) x Q -
which have the advantage to not favor any distribution between « and ( -
leads to the lowest value of I (s!"™). Moreover, for this choice, the algorithm
appears robust, stable and convergent with respect to the discretization pa-
rameters h and At. Under theses circumstances, we suspect that the infimum
of (RP) (see Lemma 2) is in fact a minimum.

Remark that the relaxation analysis and the results presented in the

previous sections are unchanged if we consider the weaker volume constraint:

T
/ / s(t, )dadt < Va|Q|T. (2.24)
0 JQ

Figure 2.9 depict the limit densities for V,, = 0,5 for («, 3) = (1,1,1) (Top)
and («, 3) = (1,6) (Bottom) respectively. Once again, in the first case, the
density is a characteristic function whereas in the second case, the density
takes values in (0,1). Furthermore, as expected, these densities leads to a
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Figura 2.8: Case 1 - T = 2, (a,3) = (1,2) - E(t) vs. t - Left : Vo = 0,3 -
I(s""™) = 7,9567 - Right : V, = 0,5 - I(s""™) ~ 6,1439.

better distribution of materials: we obtain z (s ~ 9,2147 and Z (sh'm)
4,3109 respectively (to be compared with I(s'™) ~ 9,5613 and I(s"™)
6,1439 for the initial volume constraint [, s(¢, z)dz < V4[], for all t).

Q

Case 2

Similarly, we present some results for the case 2. Similarly to the first case,
the optimal density takes value in (0,1) if and only if the gap § — « is large
enough. The pictures also clearly highlight that the optimal distribution is
related to the propagation of the components of the solution on the cylinder
(0,T) x (0,1). For this case, we observe that the two volume constraint give
similar results on the density and the optimal cost (see Figures 2.10 and
2.14 and 2.16 ).

Construction of a characteristic density associated to s'™

In the case where the optimal density s“™ is not in L>((0, 7)) x€; {0,1}), one
may associate to s!"™ a characteristic function sP* € L>((0,T) x Q; {0,1})
whose cost I(sP") is arbitrarily near from I(s'™). Following [43], one may
proceed as follows: we first decompose the cylinder (0,7") x  into M x N
cells such that (0,7) x Q = Uj=1 m[ti, tiy1] X Uj=1 N[z}, Tj41]. Then, we
associate to each cell the mean value m; ; € [0, 1] defined by

i+1 -Tj+1
/ / ghim (t,z)dx dt
(tip1 —t3) (w41 —

At last, we define the function sﬁf[TLN in L*>([0,T] x Q) by

Mij =

pen

M N
sprn (b ) :ZZ X[ti, (1= 57 i+ g 1] Xy, (1 7y 4y ] (E ).



60 Capitulo 2. 1-d dynamical optimal design

t

Figura 2.9: Case 1 with the volume constraint (2.24) - T = 2,V,, = 0,5 - Iso-value of

the limit density - Top : (o, ) = (1,1,1) I(s'"™) = 9,2147 - Bottom : (o, ) = (1, 6)

- I(s"™) ~ 4,3109.

We easily check that HS%[\)ZTLNHLI((O,T)XQ) = ||s“m||L1((07T)XQ), for all M, N >
0. Thus, the bi-valued function SIAJZLN takes advantage of the information
codified in the density s"™.

In order to illustrate this, we consider the case 1 with 7' =1, (o, 8) =
(1,2) and V,, = 0,5. Figure 2.17 depicts the corresponding optimal density
s!™ and the associated function s‘?\fﬁN for M = N = 30. We obtain I(s""™) =

4,7584 and I(s4g'3) = 5,62 respectively. By letting M and N go to infinity,
we expect to converge to the value I (s") and then construct a minimizing
sequence of domains wyy y such that x.., . be the infimum for I (see Table
2.1). We refer to [39] for more example.
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Figura 2.10: Case 2 - T =2, (o, 8) = (1,1,1) - Iso-value of the limit density - Top

Vo = 0,3 - I(s'™) ~ 15,8839 - Bottom : V,, = 0,5 - I(s""™) ~ 15 48.

Figura 2.11: Case 2 - T = 2, (o, 3) = (1,1,1) - E(t) vs. t - Left : Vo, = 0,3 -
I(s""™) ~ 15,8839 - Right : V,, = 0,5 - I(s"™) ~ 1548.
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s e

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
t

Figura 2.12: Case 2 - T = 2, («, 8) = (1,2) - Iso-value of the limit density -Top :
Vo = 0,3 - I(s""™) = 6,0610 Bottom: V,, = 0,5 - I(s'"™) ~ 5,5857.

Figura 2.13: Case 2 - T = 2, (a,8) = (1,2) - E(t) vs. t - Left : V,, = 0,3 -

I(s'"™) ~ 6,0610 - Right : Vi, = 0,5 - I(s"™) ~ 5,5857.
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Figura 2.14: Case 2 - T = 2, (o, 8) = (1,6) - Iso-value of the limit density - Top:

Vo = 0,3 - I(s"™) a2 4,7856 Bottom : V,, = 0,5 - I(s""™) ~ 4,5414.

1 12 14 16 18 2 0 02 0.4 06 08 1
t t

Figura 2.15: Case 2- T = 2, (o,8) = (1,6) - E(t) vs. t - Left : V, = 0,3 -
I(s""™) ~ 4,7856 - Right : V,, = 0,5 - I(s""™) ~ 4,5414.
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Figura 2.16: Case 2 with the volume constraint (2.24) - T = 2,V, = 0,5 - Iso-
value of the limit density - Top : (a,3) = (1,1,1) I(s!"™) ~ 7,8740 - Bottom :
(o, B) = (1,10) - I(s"™) ~ 4,8414.

- -
0 01 02 03 04 05 06 07 08 09 1 01 02 03 04 05 06 07 08 09
t

Figura 2.17: Example 2: T =1, (a, f) = (1,2) - Vo = 0,5 8503 - I(shm) ~ 4,7584-
I(shm) ~ 5,62, N=30.
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M=N]| 10 20 30 40 50
I(s5") | 745 621 562 509 4.93

Cuadro 2.1: Case 1 -T =1 - (o, 8) = (1,3) - Vo, = 0,5 - Values of the cost function
1(shrn)
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Chapter 3

Quasiconvexification in 3-d
for a variational
reformulation of an optimal
design problem in
conductivity

3.1 Introduction

In this paper, we will study a typical optimal design problem in conductiv-
ity, which consists in looking for the optimal distribution of two different
conducting materials with isotropic constants o and f (0 < a < ) on a
domain ©Q C IR?, such that it minimizes a certain functional cost which
depends on the underlying electric field of the state equation in the form

I(X)Z/Qa(w,x(if))WU(fv)—F(fv)\zdﬂc (3.1)

where u is the unique solution of

—div ((ax + (1 —=x))Vu) =g in Q,

u=1wug on OJf, (3.2)

and the functions a, F', g and ug are known. The function xy € L>(,{0,1})
is the design variable and it indicates where we place the a-material. The

amount of a-material is given, and therefore we have to enforce the volume
constraint

/ x(@)dz < 1ol (3.3)
Q

67
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with tp € (0,1) fixed.
In short form, the optimal design problem is to

min I(x)
X

under
—div ((ax +B(L = x))Vu) =g in €,
u=1wug on O0f,

where the admissible set of x’s is the set of the characteristic functions over
Q under the volume constraint

1
@/Qx(x)d:c < tp.

This problem has been extensively studied in the two-dimensional case
([1],12], [56], [55]), and it has also been examined in the three-dimensional
case ([7]). In this paper, we would like to pursue a more direct analysis of
the three-dimensional situation in order to deal with a more natural gen-
eralization, as compared to the treatment in ([7]), of the two-dimensional
case. In doing so, we will have to overcome a certain non-linear structure
which does not have a parallelism in the 2-D case ([15]). This is the result
of using Clebsch potentials, a suitable characterization of three-dimensional
divergence-free vector fields.

It is well understood the lack of classical solutions for this type of prob-
lems. This is the reason why we reformulate the problem through relaxation
techniques([52],[17],[23]). The theory of homogenization is an important tool
which introduces new types of composites as structural elements through the
concepts of H-convergence or G-convergence ([1],[63],[64],[32]). The theory
of homogenization is especially useful when we work with non-explicit de-
pendence on the flux Vu(x).

Our strategy is directed towards the understanding and computation of
the constrained quasiconvexification of a certain integrand which is obtained
as a result of a suitable variational reformulation of the problem ([56], [54],
[55], [52])-

Notice, to begin with, that

a|Vu — F|? = a|Vul* = 2aVu - F + a|F|?,

and that the second part —2aVu - F + a|F|? is linear in Vu, therefore it

suffices to study the case F' = 0. The optimal design problem we will treat
will be

min I(x) = [ a(z,x(2)|Vu(z)]*dz
min 100 = [ alex(@)|Vu(a)



3.1. Introduction 69

subject to,
—div ((ax+ (1 —x))Vu) =g in Q
u=1uyg on 0N
Jox(@)dz < 10|Q].

We want to reformulate this problem in a different form. We take G € H*(Q)
such that
div (G) = ¢ in Q,

so that the state equation can be rewritten as
— div ((ax + B(1 — x))Vu + G(2)) =0 in @ C R3. (3.4)

The treatment of this equation is the main novelty with respect to the
two-dimensional case in which the divergence-free fields are characterized as
the counterclockwise 7 /2-rotation of the gradients of scalar functions, while
in the three-dimensional case the situation is more complex, we will use a
characterization by ” Clebsch potentials”. There are different results in which
n-dimensional divergence-free vector fields can been represented in terms of
(n-1) arbitrary functions. For the three dimensional case, if F' € R3 with
div(F') = 0, then there exist Clebsch potentials v, w such that F' = Vv x Vw.
The proof of this result is beyond the scope of the present paper and we refer
[31], [51]. [65], [58]. In fact, looking at the specialized literature, is seems
that this representation en terms of the Clebsch potentials is not always
valid ([26]). But this is a fine point for experts which we have avoided. We
simply use this representation in the sequel.

Therefore using the Clebsch potentials, we have that (3.4) can be re-
placed by,

(ax(z) + B(1 — x(2)))Vu(x) — Vo(z) x Vw(z) + G(zr) = 0 in Q.

We can therefore use (u,v,w) as new design variables provided they
satisfy the following pointwise constraint,

aVu(zr) — Vu(z) x Vw(z) + G(z) =0
6 a.e. €. (3.5)
BVu(zr) — Vu(z) x Vw(z) + G(z) =0

It is clear that we can identify the design variable x with the vector (u, v, w),
and conversely a vector (u,v,w) which verify (3.5) with a design variable .
We consider then the new design variable U = (U(l), U®, U(3)) = (u,v,w),
where U : R? — R? and VU (z) € R3*3.

Let Ay, be the (non-linear) manifold,

Ao ={Ae M3 yAM — AP x A®) 4 G(x) = 0}
where A is the i-th row of the matrix A.
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Put aq(x) = a(z,1), ag(z) = a(x,0) and

h(z) = Baq(z) — aa’ﬁ(x)v
and set
aa(x)| AW, if A€ Ay,

W(z,A) =< ag(x)|AD]2 if Ac Mg, \ Ao,
400, else,

1, if AeAuyz,
V(z,A) =< 0, if AeAgy\ Ao
400, else.

It is clear that the original optimal design problem is equivalent to the non-
convex vector variational problem

mln I /WmVU

subject to
Uec Hl(Q) UM =g on 09
Jo V(z, VU (z))dz < t|Q|.

Y(t,F) = af(ta+ (1-1)p)F¢ !2
(1=t +tB)([FO x FOR +|G]2 —2(F® x F®) . G)|+
208 +t(1 —t)(B — a)2](F<1> -G —det F)

h(z
ﬁ(ﬁzwm‘z FIF@ 5 FOP2 G2 — 28 det Ft

2(BFD _ FO » FO). @)+ aﬁTéx)(detF e )

if h(z) > 0,9%(t, F) <0,
—h(x
Pt 1) = (1— t)oz((ﬁ)— )? (HFDP +|FE x FOP +]GP

—2adet F + 2(aF(1) _ @ 5 F(3)) L G)+
1) (4ot — G- FO),

a
if h(z) <0,v(t, F) <0,

else.

+oo

We will show that the variational problem

min/ o(t(z), VU (x))dx

&) Jo
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subject to
Ue H'(Q)3, UD =g on 09Q, ¢(t(z), VU (z)) <0,
0<t(x) <1, [,t(x)de<to|Q,

is a relaxation of the original optimal design problem, in the sense explained
in the next theorem. This result is the main objective of this work.

Theorem 4 This final variational problem is equivalent to ( a relaxation
for ) the original optimal design problem ( determined by (3.1), (3.2), (3.3)
) in the sense that

a) the infima of both problems coincide,

b) there are optimal solutions for the relazed problem,

c) these solutions codify (in the sense of the Young measure) the optimal
microstructures of the original optimal design problem.

For the particular case in which we take ao(z) = ag(x) =1 and G =0,
the above formulae simplify to

U(t, F) = aB(ta+ (1= )B)FYP + (1= t)a+18)|[F? x FO?
—(2aB+t(1 —t)(8 — a)?) det F

=y IO+ P < PO —23det F) + 5 det F
o(t, F) = i
if w(t, F) S 07
too else.

The main new contribution here is to understand how the non-linear
character of the manifolds A, ; above does not in fact interfere with the
analogous computations for the 2-D situation. This is so because this non-
linearity is intimately connected to the weak continuity of minors.

The work is organized as follows. We begin by studying a relaxation of
the original problem which is given by the constrained quasionvexification.
Next, we compute explicitly this relaxation by firstly computing a lower
bound (polyconvezification), and then seeking a laminate that recovers this
polyconvexification thus showing that the bound is optimal.
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3.2 Relaxation

We have recast our optimal design problem as a typical variational problem.

We see that it is a non-convex vector problem that we are going to analyze

by seeking its relaxation. We use Young measures as a main tool in the

computation of the suitable density for the relaxed problem. We are going

to follow the same plan that in the two-dimensional case ([2],[56], [55]).
Put

m = inf {/ W (x, VU(z))dz : U € HY(Q)3, UM —ugy € HL (),
Q

/V(x,VU(at))da: :tomy}.
Q
We know ([2]) that
m > m = inf { / CQW (2, VU (x),t(x))dx : U € H'(Q)3,
Q
U0 —uy € HAQ),0 < t(z) < 1,/ Ha)dz = 1|0}
Q

where CQW (z, F,t) is defined by,

CQW (z, F,t) = mf{ Wz, A)dv(A) : v € A(F, t)}

M3><3

with

A(F,t) = {1/ : v is a homogeneous H'-Young measure,

P /Msstdy(A), /MSXSV(x,A)dy(A) ~1}. (3.6)

Notice that the previous inequality will be an equality when W is a
Carathéodory function with appropriate growth constrains ([52]). However,
in our situtation it is still possible to prove this equality despite the fact
that W is not a Carathéodory function. Let us consider the following mini-
mization problem

m = inf { / W(x,A)dv,(A)dx : v € B(uo,to)}
QJM3x3
where

B(ug, to) = {1/ : H'-Young meas., supp(v;) C Ay UAg, U € HL(Q)3,
UMW — g € HY(Q), [o [igsxs VX, A)dvg(A)dx = 1|0,
VU (z) = fM3X3Adux(A)}.

We have the following result.
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Teorema 9 The equalities

m=m=m
hold. Moreover, for each measure v € B(u, to) such that supp(vy) C AgUAg
a.e. x €S}, there exists a sequence {VUy} such that,

i) Uy € (HY(Q))3, U,gl) —ug € H}(Q), {|VU|?} is equi-integrable,
i) VUg(z) € AgUAg, ae. € QVEk, [V (x, VUi(z))dz = to, Vk

i) limp_oo [o W(x, VUR(2))dx = [ [15x3 W(x, A)dv,(A)dz

Proof. It is enough to generalize to the three-dimensional case the
proof used in ([2]) for the two-dimensional case. This is a straightforward
generalization.

3.3 Constrained quasiconvexification

We would like to compute explicitly the constrained quasionvezification de-
fined as

CQW (z, F,t) = mf{ Wz, A)dv(A) : v e A(F, t)}

M3X%3
where A(F,t) is given in (3.6). This constrained quasiconvexification can be

expressed as

mf{ W A () :F:/MSXSAdu(A),/

v M3x%3

V(x, A)dv(A) = t}

(3.7)
with v a homogeneous H'-Young measure with supp(v) C Ay U Ag.

For (F,t) (and x) fixed, we are going to calculate the value in (3.7), i.e.
CQW (z, F,t). The main difficulty here is that we don’t know explicitly the
set of the admissible measures, which we note as A. The plan to follow will
be similar to the two-dimensional case. The first step is to calculate the
minimum over a greater class of probability measures A* D A where A* is
the set of all polyconvex measures. In this way we obtain a lower bound
( the (constrained) polyconvexification). Once this bound is computed, we
search a measure over a narrower class of measures ( the laminates) which
will tell us that the bound is attained, so that we will have in fact computed
the exact value CQW (x, F,t).

The polyconvezification CPW (z, F,t) can be computed through the fol-
lowing optimization problem

min Wz, A)dv(A)

v M3x%3
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subject to
v =tvs + (1 —t)vg, commutes with all (some) minors
Supp(y’y) C A’Y7 7 = a?ﬂa
F= t/ Adva(A)+ (1 —1t) | Advg(A).
a Ap
It is clear that the integral constraints have been incorporated in the

decomposition of the measure v. Let us first examine the constraints. We
introduce the following variables

S, = / ARAAD (N, with y = a, 6, (3.8)
R3

(1)

where vy is the probability measure resulting from the projection of v,
onto the first row. On the other hand, we put

F. :/ Adv,(A) for v = o, .

~

From the fact that the measure v = tv, + (1 — t)vg commutes with the
determinant, it is clear that

FAD — AP x AB) L G =0

AGAV;‘{ det A = AW . (A® x AG))

} = det A=AV + PO . G,

(3.9)
thanks to the commutations with the minors. In particular, applied to the
determinant, it leads to

det F =1t | det Adv,(A)+ (1 —1t) det Advg(A).
A As

Keeping in mind (3.8) and (3.9), we have that
det F = taS, + (1 —1)3S5 + FY . G.

The components of F® x F®) are the second order minors which have
been computed using the second and third row of the matrix F', and again
the commutation with v yields

FOx p® = [ A « 4B gu(a) =

R3%3
ta / AWdy, + (1~ 1)p / AWdvs + G = taF) + (1 - 1)BFS) + G.
Moreover

F=tF+(1-t)Fs=FO =tFV 4+ (1-t)F".
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Using the last equalities, we can deduce

FV=_1 _(3r® _ @ x FG) 1 q)

t(B—a)
(3.10)
(1 _ -

On the other hand, by the Jensen’s inequality
2
S, 2 | [ Aald[ = IR, with 3 = a0
RS
and bearing in mind (3.10), we can write

£2(8 — )28 > FHFV + [FO x FOR + |62~
20 det F' + Q(ﬁF(l) _ F(2) % F(3)) el

(1=1*(B—)’Ss > ?[FVP +|F? x FOP 4 |G* -
2avdet F + 2(aFM) — FO) x FO)). @G,

The cost functional can be rewriten in terms of the S, variables as follows
taaSa + (1 — t)aﬁSg.

Hence, we can rewrite the original optimization problem as a mathemat-
ical programming problem

minimize ta,Sqo + (1 —t)agS
(SosS) aPo ( ) B3

subject to
det F = taS, + (1 — t)8Ss

BIFOP2 4 |F® x FOP 4+ |G)? — 28 det F+
2(BFM — F@ x FO)Y .G —2(8 — a)?S, <0,

[ FV 12+ |F@ x FO)2 4 |GJ% - 2a det F+
2aFM — F® x FOY .G — (1 -3 - a)?S5 <0,

where the parameters o, 3,aq,ag are part of the data set of the original
problem, and the variables ¢, F' (and z) are fixed.

The first issue about this mathematical programming problem is to com-
pute the admissible set for the variables (S, Sg). This is determined by the
intersection of two semi-planes and one line; therefore the admissible set will
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Sp

Minimo

Po

Sa

Figure 3.1: Mathematical programming problem

be the segment of the line within the two semi-planes. This is easy to see
geometrically in Figure 3.1.

The admissible set will be non-empty when the point of intersection
where the two inequality constraints become equalities (Pp in Figure 3.1) is
under the line represented by the equality constraint. This amounts to

af(ta+ (1 —t)8)|FV|? +
(1=t +tB)(|FP x FOP2 4GP —2(F® x F®).q)
+2af +t1—t)(B—a)))(FD .G —det F) < 0. (3.11)

The second issue is to decide the point(s) where the minimum value
is attained. It is clear that the optimal point depends of the coefficients
aq,a3. We have previously determined that the admissible set (when it
is non-empty) is a segment, and the functional cost is a linear functional.
Therefore the minimum value will be attained at one of the extreme points
of the segment, or become constant over all of the segment, depending on
the particular values of the parameters a,,ag. Let

h(x) = Baa(z) — aag(x)

It is easy to compute that the minimum value, which depends on the sign
of the function h(x), therefore assuming that (3.11) holds,
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h( ) 2 1)|2 2) )2 2

CPW (z,t, F FORL|F® x FO?2 4@

( )tﬁ(ﬁ )(6\ *+ | P +16]
—268det F +2(BF1V) — F@?) x FO). @) + “ﬁgc) (det F — G - F<1>)

if h(z) >
CPW (o, F) = ———EL__ (o2 pp 4 |p@  pO)2 +|G|2
(1-t)a(f - a)?

—2adet F + 2(aFV — p? xF<3>)-G)+a°‘( )(d tF— G- FW),

a

if h(z) <0

This lower bound will become an exact value for CQW (x,t, F') if these
extreme points can be attained as the second moments of some measures
Va, Vg (according to (3.8)) and that the convex combination tv, + (1 —t)vg
is a laminate.

We explicitly find such measures in the case h(z) > 0, where the extreme
point is attained when

FIFVP +|F@ x FOP 4 |G
—28det F + 2(BFY — F@ x FO®)) .G —t?(3 — a)?S, = 0.

In this case we have
Sa = / AD dvg (4) = [FOP,
R3

and bearing in mind that the functional [ AL |AM 2du (A) is strictly convex,

we can deduce that v, = d¢g, for G, € A, and GS) = F(gl).
Let the functions g, h : R**® — R be defined as

g(F) = a262\F(1 P+ F® x FOP 4 (a? 4+ 608 + ) (det F — G - F1))?

—2aB|FOPRIF® x FO) — G . FO12 — 2a8(a + B)|[FV2(det F — G - FV)
—2(a+ B)|F? x F® — G- FOP(det F — G- FW),

WF) = (a+ B)(det F — G- FD) —af|FV)2 — |F? x FO) — g2,

Lema 3 Let F ¢ Ay U Ag and such that g(F) > 0 and h(F) > 0. Then,
there exist a € R3, (r,s) € R? and A € RY such that,

a a
F4+ | ra | €Ay, F=X| ra | €Ag. (3.12)
sa sa
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Proof. Conditions (3.12) can be written as

aa —sF? xa—rax FO = —(aFM — FO) x FO) + @), (3.13)
Ba—sFP xa—rax FG = %(ﬂF(l) —F@ x FO) 1 q), )
where we have
a= L[(aﬂ” —FO x F® 4+ @)+ l(ﬂF(l) — F@ x FO 4+ @)].
(6 —a) A
Thus the above system has solutions if and only if
a-(aFM —F® x FO®) £ G+ aa) =0. (3.14)

The necessity is elementary while for the sufficiency simply notice that any
vector (aF(M) — F@) x FG) 4+ G 4 aa) orthogonal to a, can be decomposed
as a linear combination of the basis {F® x a,a x FO®}.

It is elementary to check that (3.14) is equivalent to Sp(1/\) = 0 with

Sp(z) = 22B8laFM — FO x FO) 4 G?
+z(a+ B)(aFYD — FO x FO 4 @) . (BFY — FO x FO) 4 q)
+a|FM — FO x FO) 4 G2,

S is a second degree polynomial that will have real roots if its discriminant
is non negative, i.e., g(F) > 0. On the other hand, it is easy to check
that Sp(0) > 0 and therefore there will exist positive solutions if Sp is
decreasing in 0, i.e., h(F) > 0. It is easy to check that these conditions are
the hypotheses of the lemma.

There exist then two solutions, namely

1 1
X 2(B2|[FD]2 + BIF@) x FG) — G2 — a(det F — G - FD))

((6 +a)((a+B)(det F — G- FWY)) —af|FM 124 |FO x FO) — q)?)
+H(=1)(8 — a)V/g(F))

and the corresponding (r;, s;) and a; with ¢ = 1, 2.

Let us put Pg(t) to designate
(B —a)*(det F — G- FO)2 4 <ﬁ|aF(1) _F® % O 4 G2

—a|pFW — F® x FO £ G? — (B —a)?(det F — G - F<1>)))t
+a|BFN) — FO) x FO) L G2,
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Ga

M

Figure 3.2: Spatial situation

After some additional algebraic manipulations, one can show that condition
(3.11) is equivalent to Pr(t) < 0. Moreover, it is elementary to check that
Pp(t) = Sr(1%), and therefore the conditions which guarantee that ¢ €
(0,1) are g(F) > 0 and h(F) > 0. Let us put ¢;, i = 1,2 the two roots of
Pr,

1 1
t, ==+

2 _ (2) (3) _ 9
2 2(8—a)(detF)—G - F1) af|FYP? — |F® x FO) — q|

+(—1)i\/§(F)]z‘ —1,2.

It is clear that these remarks imply that the set where CPW is finite
can be described as the pairs (¢, F') such that

g(F) >0, h(F) >0, t € [ty,ts]. (3.15)

To summarize, we have that for a pair (¢, F') verifying (3.15), by Lemma 3,
we can guarantee that there exist exactly two first-order laminates supported
in A, UAg and barycenter F'; from here we can obtain a second-order lam-
inate which attains the optimal value of C PW. We can see the geometrical
situation in Figure 3.2.

We are now going to work in the plane determined by F and the two
rank-ones directions. We seek a matrix M, such that,

M, € A,

1
M(gl) - -
t(B — a)
A matrix M belongs to that plane if

(BFY) — F?) x pB)), (3.16)

M:F—FaAl—l—,uAg (317)
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where
a;
Ai = T;a; 1= 1, 2,
Sy

are the rank-one directions determined in Lemma 3 and (o,u) € R? are
arbitrary.

When we impose to a matrix in the plane (3.17) that its first row be
given by (3.16), we find a unique pair (o, u*) given by

. A+ Aot — A9)
o = ,
t(A1 — A2)

o A2t + At — A1)
t(A1 — A2)
Note that u* = 1—c*. Then the issue is to check if M, = F+0*A14+u*As
belongs to A,.
We take a matrix M in the plane (3.17) and force that M to belong to
A,. Having in mind (3.13),

siF(Q) X a; + ria; x FG) = o) — p?) XF(?’)—I-G—I—Ozai with 7 =1, 2,

M =F +0A; + pAs -
M e A,

oz(F(l) +oay + pag) + G =
(F® 4 oria; + praaz) x (FO) + osia1 + psgas) = F& x FO)
+ O'(SlF(Z) X a1 +ryay; X F(g)) + ,LL(SQF(2) X ag + roag X F(g)) =
{using (3.13)}
FO % FO) 4 (o 4+ 1)(@F® — FO x FO 4 G) 4 aoay + jaz)
(1—0—p)(aFY —F® x FO® L G) =0.
Then a matrix M = F 4+ 0A; + Ao belongs to A, if and only if p =
1 — 0. From this we can deduce that the intersection between A, and the
plane determined by the rank-one directions is a linear manifold, and most
important, M, = F 4+ 0*A; + p*As belongs to A,, since p* = 1 — o*.
Therefore, the characterization of this intersection can be written in the
form

M=F+0cA + (1 — O')AQ = O'Fa’l + (1 — O')Fa,g,

where F,; = F 4+ A;, i@ = 1,2, are the intersection between the rank-one
directions and the A, manifold (the black points in Figure 4.1).
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Figure 3.3: Plane of rank-one directions

In a similar way, we can show that the intersection between the rank-one
directions and the Ag manifold is again another linear manifold determined

by

M = F+UA1 + (1 — U)Ag = UFBJ + (1 — U)F@g

where Fg,; = F 4+ \;A;, © = 1,2, are the intersection between the rank-one

directions and the Ag manifold (the green points in Figure 3.2).

Then we have v, = dpr, such that supp(v,) C Aq. If we seek vg as a
convex combination of two Dirac masses with support in the A 3 manifold, we
may produce a second-order laminate supported in A, U Ag. The situation
in the plane can be drawn as in Figure 3.3 where laminates are shown with

green and yellow colors.

Let Fﬁ,i = My + 1i(Fg; — Fo ;). It is easy to check that

Fgi=1iFg1+(1—17)Fp

with
= >\z — t()\g + 1)
t t(A — X))

To sum up, if we consider the matrices,

a;
Fa,i =F + Ai, Fﬁ,i =F— )\ZAZ with Az = r;a;
S;Q;

My = 0" Foy + (1= 0%)Foy  with o = 2retcae)

Fpg=1UFg1+ (1 —1f)Fs2 with [} = %
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and the scalars
=01 S t—X\;(1—t)
pl,] - >\j_>\i TZJ - t()\i-‘rl)—)\j’

we can define the second-order laminate with support on A,UAg, barycenter
F, and mass in A, equal to t, by putting

Vij = Ti,j0Fs, + (1 = 7i)(pij0p, , + (1= pij)onm.)
with 4,7 € {1,2}, i # j where,
det(FgJ' — Ma) =0

and B
det(Fp; — (pijFp;+ (1 — pij)Ma)) = 0.

A similar result holds for the other point where the optimal value is attained.
This finishes the computation of CQW (z,t, F) and the proof of Theo-
rem 4.

We would like to thank C.Barbarosie for bringing to our attention the
references related to Clebsch potentials.



Chapter 4

Dynamic materials for an
optimal design problem
under the two-dimensional
wave equation

4.1 Introduction

In this paper, we will study the following optimal design problem. We
consider a design domain  C IR?, a positive time 0 < T, and the amount
of one material at our disposal V,, € (0,1). The optimal design problem
consists in deciding, for each time 0 < ¢t < T, the best distribution in 2 of
the two materials in order to minimize the time-dependent cost functional
depending on the square of the gradient (with respect to all variables (¢, z))
of the underlying state. In precise terms, the problem consists in minimizing

T
100= [ [ [dt0) + att.. 0Vt 0)] do de
0 Q
where u is the unique solution of
uy — divg([ax + (1 — x)]Vzu) =0 in (0,T) x £,
uw(0,2) = up(x), ur(0,2) =ui(x) in €Q, (4.1)
u(t,z) = f(t,x), in [0,T]x 09, (4.2)
and the functions ¢ wug, w; and f are known and satisfying the typical
compatibility condition for the hyperbolic equations we are considering. The
function x € L*°([0,T] x ©;{0,1}) is the design variable, and it indicates

where we place the a-material for each time t. Since x is a binary variable,
a(t,z,x) € {a(t,z,1),a(t,xz,0)} and we can write

a(t,z,x) = x(t, x)aa(t,x) + (1 — x(t,x))ag(t, x).

83
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In addition, we make the assumption
an(t,z) +a >0, ag(t,z)+5>0.

The amount of the a-material is given, and therefore we have to enforce the
volume constraint

/X(t,m)da: <V, VEe[0,T).
Q

The lack of classical solutions for this sort of problems is well under-
stood ([44]). In general, this is also the situation for our problem governed
by a wave equation. The theory of homogenization is an important tool
which introduces new types of composites as structural elements through
the concepts of H-convergence or G-convergence ([1]). The theory of homog-
enization is especially useful when we work with non-explicit dependence on
the flux Vu(x). There exist some works where the hyperbolic problem is
treated. The characterization of a “hyperbolic G — clousure” is apparently
still unknown ([34], [33]). In [33] the author proves that in the one spatial
dimension the G — clousure has the special property on the det, which we
assert is true for the two spatial time. In greater dimensions the hyperbolic
case has been studied for more simple models in which the design variable
depend on the time variable only ([13]). In this work we study a more
general case within time-space designs.

Our approach is based on an equivalent variational reformulation of the
original optimal design problem as a non-convex vector variational situation
([17]). This is indeed a clear indication that there might not be optimal
designs. As in other situations examined under this perspective ([2], [56]),
we propose to analyze the “constrained quasiconvezification” for this last
problem by using gradient Young measures as generalized solutions of varia-
tional principles, and compute an explicit relaxation of the original optimal
design problem in the form of a relaxation.

It is elementary to check (see details in Section 4.2), the equivalence of
our dynamic optimal design problem with the following non-convex, vector
variational problem

T
min 1 (U) = / / Wt 2, VU(t, 2))dudt
U 0o Ja

subject to
U=wUWu? u®)ed (0,T] x Q>

UD(0,2) = ug(x), UM (0,2) = wi(z) in Q
UVt z) = f(t,z) in [0,T] x 09,

/ Vb2, VUt 2))de < ValQ| ¥t € [0,T),
Q
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where the two integrands involved are

a?) +aq(t,z)ady +ady), if A€ Ay UAg,

W(t,x, A) =< a¥ +ag(t,z)aly +a25], if A€ Ag\ Ag,
400, else,
1, if AeA,,
Vt,z,A) =< 0, if Ae Ag\ Aq,
400, else.

Here
Ay ={Ae M¥3 . M_AD — A®) x A®) =0}, ~=aq,p,
where A® is the i-th row of the matrix

a1 a2 a3
A= |axn ax ax]|,
az;r as2 ass

and
1 0 0
M_,=10 —y 0
0 0 —v

The aim of this paper is to find an explicit relaxation of this variational
problem which may eventually be used to perform numerical simulations of
the optimal dynamical profiles of the original optimal design problem. To
this end, put

@ o Fis Fi3 010
F=|F® | =(Fy Fpn Fs|,andL= <0 0 1>’
F®) F31 F3p Fs3
and 1
2a = ———L(BFW + F?) x pG)),
5(8—a) v )
1
2g=—————L(aFY + F® x pG)
s (1-=s5)(B—a) ( )
Set

Y(F,s) =det F — Ff + salza|* + (1 — 5)B|z5/7, (4.3)
h(t,z) = Bas(t,z) — aag(t, z).

Consider the variational problem

T
mm/ / o(t,x, VU(t,x),s(t,x))dzdt
U,S 0 (9]
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subject to

0 <s(t,x) < 1,/ s(t,z)dx < Vo|Q| vVt e [0,T],
Q

Ue HY([0,T] x Q)3 (VUW), = (VU? x vUO),,
UM(0,2) = ug(x), Ut(l)(O,x) =wui(x) in Q,
UW(t,2) = f(t,x) in [0,T] x 99,

where (t,z, F, s) is given by

((6+ ag)|F11|2 —agdet F' + sh\za|2)
if At z) > 0,(F, ) <0,
1
o(t,x, F,s) = E((a + aa)|F11|2 —det ' — (1 — 8)h|Z5|2) (4.4)
if At 2) < 0,0(F,5) <0,
det F + s(a + aa)|2al* + (1 = 8)(5 + 8)|25/°
if Y(F,s) >0,

|

for every F' such that verifies Fi; = (F(Q) X F(3))1.

Theorem 5 The above variational problem is a relaxation of the initial
optimization problem in the sense that

a) the infima of both problems coincide;

b) there are optimal solutions for the relaxed problem;

c) these solutions codify ( in the sense of Young measures) the optimal
microstructures of the original optimal design problem.

In addition, we can provide explicitly optimal microstructures.

Theorem 6 Optimal Young measures leading to the relaxed formulation
are always laminates which can be given in a completely explicit form.

The formulae for all of these laminates are given later at the end of
Section 4.5.

The main new contribution here is therefore to understand the char-
acter of the hyperbolic state law, and the differences it introduces with
respect to the better known elliptic case. On the other hand, the most
important difference with the one-dimensional case (treated in [37]) is the
non-linear character introduced by the characterization of the divergence-
free vector fields in terms of Clebsch potentials: the manifolds A, are
two non-linear six-dimensional manifold whose intersection is another non-
linear four-dimensional manifold. Moreover, there are rank-one connections
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within those manifolds. An interesting consequence of this is that the re-
laxed integrand is finite everywhere (except for the compatibility condition
(VUMW) = (VU x VU®)),) in contrast with the elliptic case where the
relaxed integrand is finite only in a certain (quasi)convex subset.

A subsequent important step, which we hope to address in the near
future, is to explore the relaxed problem in some particular cases, like the
ones described in the last section, with the objective of producing numerical
simulations of the optimal time-dependent structures.

The paper is organized as follows. In Section 4.2, we describe in more
detail the equivalent variational reformulation as well as a general relax-
ation result when integrands are not continuous and take on infinite values
abruptly. As there is nothing new here compared to other previous works in
the elliptic case and the hyperbolic one-dimensional case, our description is
rather a remainder included here for the sake of completeness. Sections 4.3
and 4.4 are technical in nature but interesting. We study the original opti-
mal design problem when the function a is identically to 1. We first compute
a lower bound for the constrained quasiconvexification (Section 4.3), by us-
ing in a fundamental way not only the weak continuity of the determinant
but also of some 2x2 minors. Section 4.4 is concerned with the search for
laminates furnishing the precise value of the lower bound in an attempt to
show equality of the three convex hulls (poly-, quasi- and rank-one convex
hulls), as it is standard in this kind of calculation. In Section 4.5 we gener-
alize the results in Sections 4.3 and 4.4 to a general function a. Finally, in
Section 4.6 we show some particular examples of this relaxation for different
and interesting choices of the coefficient a.

4.2 Variational reformulation and relaxation

We know the lack of classical solution of the original optimal design problem.
In this sense we propose to reformulate the problem as a vector variational
problem to which we can apply suitable tools to study its relaxation. We
follow the technique as in [36].

The treatment of this state equation is more delicate than the two-
dimensional case, in which the divergence-free fields are characterized as
the counterclockwise 7 /2-rotation of the gradients of scalar functions, while
in the three-dimensional case the situation is more complex. We will use
a characterization by “Clebsch potentials”. There are different results in
which n-dimensional divergence-free vector fields can be represented in terms
of (n-1) arbitrary functions. For the three dimensional case, if F' € R3 with
div(F) = 0, then there typically exist Clebsch potentials v,w such that
F = Vv x Vw. The proof of this result is beyond the scope of the present
paper and we refer to [31], [51], [65], [58]. In fact, looking at the specialized
literature, it seems that this representation in terms of the Clebsch poten-



88 Chapter 4. 2-d dynamical optimal design

tials is not always valid ([26]). But this is a fine point for experts which we
have avoided. We simply use this representation in the sequel.
There exists two potentials v,w € H'((0,T) x ) such that,

—div <ut(t,a:), —lax(t,z) + B(1 — X(t,x))]Vmu(t,m)> =0 in [0,7] x

is equivalent to the pointwise constraint

< ug(t, )
_(O‘X@vr) + B(l - X(tvm)))vxu(t7x)

ae. (t,z) €[0,T] x Q, and v,w € H'([0,T] x Q). Set

) = Vou(t,z) x Vw(t,z) (4.5)

Ay ={AeM>3: M_AD - A® x AB) =0}, y=q,p,

where A® is the i-th row of the matrix A, and the matrices M _~ are defined
as in the Introduction.

It is clear that we can identify the design variable y with the vector
field U = (u,v,w) and conversely a triplet U = (u,v,w) which verifies
(4.5), with a characteristic function y, so that, we can consider the new
design variable U = (U(l),U(z),U(?’)) = (u,v,w), where U : R® — R? and
VU (t,x) € R3*3.

Therefore by using the above statement and the notation in the Intro-
duction. It is easy to check that the original optimal design problem is
equivalent to the variational problem

T
min f(U):/O /QW(t,x,VU(t,x))da:dt

subject to

U=UWMUu? Uu®)e ' ((0,T) x 0>,
UM(0,2) = up(z), UN(0,2) = ui(z) in Q
U (t,2) = f(t,z) in [0,T] x OQ

/V(t,m,VU(t,:p))dm < V.0 Ve [0,T].
Q

We have recast our optimal design problem as a typical variational prob-
lem. We see that it is a non-convex vector problem that we are going to
analyze by seeking its relaxation. We use Young measures as a main tool
in the computation of the suitable density for the relaxed problem. In this
sense, we have the following relaxation result ([37],[36]) whose main idea is
a useful tool in other different situations ([2],[56]). The full relaxation for
the above reformulation can be expressed as follows
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T
Minimize in v / / W (t,z, A)dv 5 (A)dtdx
QJo M3%3
subject to

visa HY((0,T) x Q)-gradient Young measure, supported in A, U Ag,
UW satisfies the I.C. and B.C.,

VU(t,z) = / Advy 5 (A)
M3%3

// V(t, 2, A)dv o (A)da = Vil Q¢ € [0,T).
Q JM3x3

Here I.C. and B.C. stand for initial condition (4.1), and boundary condition
(4.2), respectively.

We would like to analyze the above generalized variational problem. We
note that

s(t,x) = /M3X3 V(t,z, A)dv . (A),

is the volume fraction associated with the a-material. Relaxation can be
established in terms of (s, U)

T
Mizzig]”l}ize // CQW (t,z,VU(t,x), s(t,x))dtdz
S QJo

subject to,
UW satisfies the I.C. and B.C.,

/ s(t, 2)dz = Va|Q), ¥t € [0,T].
Q

where CQW is called constrained quasiconvexification of the functional W
and it is defined as

CQW (1,7, A,s) = inf | [ Wt Aana) P = /MSXSAdy(A),

v

/ V(t,z, A)dv(A) = s, Vit € [o,T]}
M3%3

with v is a H'-gradient Young measure with supp(v) C Ay U Ag.
In the following sections, we compute this relaxed integrand.

4.3 Polyconvexification.

We would like to start by computing a lower bound of the “constrained
quasiconvexification” when the function a is identically equal to 1. In the
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above context, and dropping the time-space dependence (it can be consider
as a parameter) this density is defined as

inf { [ W) F = /nggAdu(A),
/ V(A)dv(A) = s Vt € [O,T}}
MB3x3

with v, the class of H!-Young measures with supp(v) C A, U Ag.

The main difficulty here is that we do not know the gradient Young
measure set over which we have to minimize, as in other similar situations
([71, [37], [36], [56], [54]). First, we will study a minimum problem over a
broader class of probability measures. We take the polyconvex measures
whose main property is the commutativity of the minors. Once this min-
imum (lower bound) is computed, we will check that optimal measures in
the polyconvexification are indeed laminates, and therefore gradient Young
measure which give us the “quasiconvezification”.

We compute the “constrained polyconvezification” which is given by the
following minimization problem

CPW (F,s) = min W(A)dv(A)

v M3x3

where,

veA(F,s)= {1/ : v is a homogeneous Young measure,

which commutes with the minors, F' = / Adv(A), (4.6)
M3%3

s = / V(A)dz/(A)}. (4.7)
M3X%3
From the volume constraint (4.7), we can deduce
v =svq+ (1 —s)vg,supp(vy) C Ay, v =, f,

and using the first moment (4.6) and the above decomposition for v,

F = s/ Adva(A) + (1 —s) Advg(A). (4.8)
Aa Ag

We note by F, the first moment of v,

FV:/ Advy(A), ~v=o,p.

~
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An important difference with respect to the one-dimensional case is found
here. Because of the non-linear character of the manifold A.,. One can check
that F, ¢ A, in general.

Thus, we cannot follow the same path as in the one-dimensional case,
in which we know explicitly the matrices F,. In this situation, we use
the polyconvex character of v, which implies that ¥ commutes with all the
minors, not just the determinat. The components of F?) x F®) are the
second order minors which have been computed by using the second and
third rows of the matrix F'. The commutation with v leads to

ﬂmxﬂwz/’ AD 5 A®) g (4)

R3X%X3
= s/M_aA(l)dya +(1- s)/M_ﬁAU)dyﬁ (4.9)
1
= sM_o F{V + (1 - s)M_gF}".
and from the first moment decomposition (4.8)
F=sFy+(1—5)F; = FU =sFW 4 (1-s)F".

From (4.9) and the above formula, we have in general an incompatible system
on Fw(l). The compatibility condition on the matrix F is

Fy1 = FooF33 — F3oFo3.

For the rest of the paper we suppose that this compatibility condition is
true. In this, case the system is a non-uniquely-determined system whose

solutions are
Fi1—s)\
(2 ) wa o ().
Za Zﬁ

with A € R, and where z, are the vectors

_ WL p@ p®y - 1
—L(BFY + F® x FO), P

and
B -1
T A= —a)
One checks that if

L@ﬂ”+F®xF@%:af—%%—j%.
— S —

AcA,=detA=ADM_ AW,

and, by using the commutativity property of the determinant (minors) of
the polyconvex measure v, we have that
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det F' = / det Adv(A)
M2%X2

=s det Adv,(A) + (1 —s) det Advg(A)
Aa As

= /Ra%ldy(A) — sa/Ra%z + a2dv(1? + (1 — s)ﬂ/Ra%Z + afgduém) (4.10)

where 1/%" denotes the projection of v, onto the 1li-th component.
We introduce the new variables

1= /MSXS a2,dvY, Sy = / aiy + aiydv,, with v = a, 8.

o~

Then (4.10) can be rewritten as
det FF = 51 — saSy — (1 — 5)BSp.
On the other hand, by Jensen’s inequality

S1>(Fu)% S, > (%) v=a,8

The cost functional can be rewritten in terms of the S, variables
S1+ 588, + (1 —5)S53.

Altogether, by using the notation and formulae so far introduced, we
transform the calculation of the polyconvexification into the following linear
mathematical programming problem

minimize S + $Sq + (1 —5)53
(Sl,swyF'y,ll)

subject to

det FF = 51 — saSy — (1 — 5)5S3,
S1 > (Fll)zas'y > (27)27 with v = a, 3,
Fi = SFa711 + (1 — S)Fg,n.

The first important thing to realize is that there exit always optimal
solutions (the admissible set is always non-empty). The second issue about
this problem is to determine the point(s) where the optimal value is attained.
To this end, we consider the function 1 defined in (4.3).

There exist two different minimum points, depending on the sign of the
function . The minima are
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%((g +1)|Fi 2 = det F + 5(8 — )|z ]?)
if Y(F,s) <0,

and

det F + s(a + 1)[za|> + (1 — 8)(8 + 1)|2z5]°
if ¥(F,s) > 0.

From the optimality condition, we can deduce that the minimum is attained
on

Su2 = |2a|* and Sy = |F11|? if ¢(F,s) <0, (4.11)

Se = |2a|? and Sg = |25|% if (F, s) > 0. (4.12)

Therefore the constrained polyconvexification is

%((5 +DIFul? - det F + s(8 — a)|za|?)
CPW(F,s) = if p(F,s) <0,
det F + s(a + 1)[za | + (1 — 8)(8 + 1)|2z5]°

if (F,s) > 0.

4.4 Upper bound: laminates

We alredy have a lower bound given by the polyconvexification. The next
step is to check that this bound is recovered by at least one laminate. This
tells us that the lower bound is optimal, and so ¢ given in (4.4) is the
constrained quasiconvezification sought.

We search for a laminate v = sy, + (1 — s)vg with supp(v,) C A,
s € (0,1) and first moment F. We have different optimality conditions
depending on the sign of ¢). We study the different cases, successively.

If )(F,s) > 0, the optimality condition (4.12) tells us

Se = |24|* and Sp = |25/

We can deduce by using the strict convexity of the function |- |? that

1) — §

gl Zy(i-1)?

withy=a,8 i=2,3.
therefore, we only know that
1
FM = (X, zy)

with arbitrary A € R.
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We try to find two matrices F, € A, such that
rk(Fo — Fg) =1,
F =sF,+ (1—s)Fg with s € (0,1).
In others words, we seek a matrix A € M3*3 with rk(A) = 1,

a
A= la ,
ma

with @ € R? and (I,m) € R?, such that

F+ A€ A, (4.13)
The above condition (4.13) can be rewritten as
M_qa—mF® xa—lax FO® = —(M_,F1 — x FO)), (4.14)
M_ga—mF® xa—lax F® =1=(M_gr® — F(2> x P,

From (4.14), we can deduce

(M= M_o)a = (M_oFD — ) x p&) 1 L2584y p) _ pe)  p3)y,
Hence
1
a=(\——L((sa+ (1 —3)08 FO _ p@ « pG)Y),
(= Lt (1= 9)9) )
On the other hand,
F+AcA, :>F(1)+a_F(1) N
F-Aehs=FD - 2q=FY

a= (A (1—5)(2a — 23))-

Moreover, the system (4.14) has solutions if and only if
a(M_oFD) — F@) % FO) 4 M_a) =0,
and this equation is equivalent to
N = (1= ) (alzal? + |26 = (@ + B)za2) = 0.
After some tedious computations, one can check that

a|za|2 + |Z5|2 - (Oé + B)Zazﬁ = @b(F» S),
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and therefore, there exist two solutions

A= (1)1~ s)VY(F,s),

and two rank-one directions associated with them. If we put
a; = (Ai, (1 = 8)(za — 23),

its associated pair (I;,m;), the matrices

a;
Ai = liai

m;a;

Foi=F+A; € A,,
Fpi=F — 1554i € Ag,

are such that
F=sF,;+(1—s)Fg; and rk(Fo,;— Fs;) =1,

and the optimal laminates are

v=250p,, +(1—-5)0p,, i=12.

The next step consists in analyzing the case when ¢(F,s) < 0. In this
case the optimal condition (4.11) tells us

Sa,z = ’Zoe‘2 and Sl = ‘Flllz,

and again by using the strict convexity of | - |2, we conclude that

v = 65, and v = 0Fy 1 ©=2,3,

ie.
v =6, with F{V = (Fi1, 24).

Therefore we seek a laminate v = sdyz, + (1 — s)vg, where
M, € Ay,

MY = F) = (Fi1, 2a). (4.15)

We follow a similar argument as in [36].
Firstly, we analyze the set ¢(F,s) < 0. We can check

Y(Fs) <0<
—(8 = a)*(det F — Ffy)s* + (8|25 + (8 — @)*(det F — F{}) — alzal*)s
+a|z.|* < 0.
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Let Pr(s) stand for the above second-degree polynomial. It is easy to check
that for fixed F, the set where ¥(F,s) < 0 is the set where Pp(s) has
a solution in the interval (0,1). Therefore we study this polynomial and
consider the functions g, h : R**® — R defined as

g(F) = (B|za° + (B — a)*(det F — F;) — o] Za[*)?
+4(8 — a)2(detF — F121)oz|2a|2,

hW(F) = Blzs” + (6 — @)’ (det F — Ffy) — ofza?,

and the scalars

1 1
2 2(3—a)(F2 —detF)

L(FO) % PO _ (PO « pO)2 4 (_1)i g(F)} i=1,2.

S; =

|aB(|Fiaf? + | )

The set where ¢(F,s) < 0 can be represented by
{(F,s) e M3 xR :g(F) >0, h(F) <0, s € (s1,52)}. (4.16)

The next step is to examine the rank-one connection between the two
manifolds.
We seek two matrices B, € A, with v = «a, 3 such that

F=rBy,+(1-r)Bg

with 7 € (0,1) and rk(B, — Bg) = 1.
The above statement is again equivalent to finding a rank one matrix A

a
A= la
ma
with @ € R? and (I,m) € R?, such that
F+Ach,, F—pAcls (4.17)

Having in mind the necessary condition (4.15), we can deduce that the first
component of the vector a has to vanish

a = (0,a9,a3).

We can establish the following result.
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Ga

M

Figure 4.1: Spatial situation

Lema 4 ([36]) Let F ¢ Ay U Ag and such that g(F) > 0 and h(F) < 0.
Then, there exist two vectors a; € R, (I;,m;) € R? and p; € RT i=1,2
such that,

a; Qa;
F+ l;a; € Aa, F—p lia; S Ag (418)
m;a; miag

To summarize, keeping in mind Lemma 4 and the description (4.16)
of the set (F,s) < 0, we can assert that for every pair (F,s) such that
P(F,s) < 0, there exist two first-order laminates with barycenter F' and
supported in A, U Ag. Hence, we propose to seek a second order laminate
v = sdnm, + (1 —s)vg, where v is a convex combination of two Dirac masses
with support in Ag, and such that it verifies (see Figure 4.1)

M, € A,

MY = FWY = (Fi1, 2a).

The two rank-one directions which we have found from Lemma 4 are very
singular directions. The most important fact is that the intersection between
the plane determined by the two rank-one connections, and F' (which we note
by II,11), and the manifolds A, are linear manifolds (see details in [36]), i.e.

1L, NAL = O'F%l + (1 - O')FOC’Z, o€,

HrklﬂAQZUF@l—I—(l—O‘)F@Q, o€,

where we consider the matrices

Foi=F+A; Fg;=F— A
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Ao
Fa,2

N

® I

AB\

PR

—

Eﬁl

Figure 4.2: Second order laminates

for
a;
Ai: liai ,i:1,2.
m;a;
By using in a fundamental way the linearity of the above intersection,

we can assure that there exists a matrix M, € A, with Mél) = Fo(él),

Ma = U*Fa,l + (1 — O'*)Fmg
with
(= (1)
s(p1 — p2)

In this situation, we can find two optimal second-order laminates (see
Figure 4.2). Consider the matrices

Fgi=1;Fg1+ (1—17)Fp2

with
¥ = Ai —tre+1)
N
If we take the matrices
a;
FOé,i — F + Ai7 Fﬁ,z = F - ,LLZAZ Wlth AZ = liai ,
m;a;
My =0"Fy1+(1—0")F2 with o= %7

Fpi=1Fsn+(1—1})Fpo with If =22ty
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and the scalars

o smplzs) o s—p(1os)
Pij R A (RS Ve

the optimal second-order laminates are
Vij = Tij0r;, + (1 = 703)(pi 05, , + (1 — pij)on,)
with 4, j € {1,2}, i # j where,
rk(Fgj; — M) =1
and
rk(Fg; — (pijFa;+ (1 — pij)My)) = 1.
4.5 A more general case

In this section we extend the previous results to a more general case. We
consider a functional cost which can depend on the design. The optimal
design problem consists in minimizing

T
100 = [ [ adt.o) +alt.o 0|Vt deds
0 Ja
where u is the unique solution of

—div(ug, —(ax + (1 —x))Vgu) =0 in [0,7] x Q
u(x,0) = up(z), ur(z,0) =ui(z) in Q
u(t,x) = f(t,x), in [0,T] x O

where the functions a, wug, w1, and f are known. In particular, a is a
bounded function which verifies the following lower bound

ao(t,z) + >0, ag(t,z)+5>0,
where we denote
ao(t,xz) = a(t,z,0) and ag(t,z) = a(t,z,1),

and respect the volume constraint

/X(l’,t)d$§Va|Q|, vt € [0,T7.
Q

A analogous strategy to the previous sections (variational reformula-
tion, polyconvexification, and search for laminates) again provides the “con-
strained quasiconvexification”. It is given by the formula.
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(8 + ag)|Fus|” — agdet F + sh|za|?)
if h(t,x) > 0,9(F,s) <0,
1
E((a + aa)|F11|2 —det F — (1 — S)h|25|2)

if h(t,z) < 0,9 (F,s) <0,
det F + s(a + ao)|2a)® + (1 — 5)(B + ag)|z5/*
if (F, s) > 0.

IS e

o(t,z, F,s) =

where
h(t,z) = Ban(t,x) — aag(t, ),

The optimal condition for the generalized problem are

So = |2a|? and Sy = |Fy1|? if h(z,t) > 0,9(F,s) <0,
Sg = |25]* and Sy = |F11|? if h(z,t) < 0,(F,s) <0,

Se = |2a|* and Sg = |25|* if ¥(F, s) > 0.

Hence, the optimal laminates are as follows.

It ¥(F,s) > 0,
v=50p,, +(1—5)p,, i=12
with
Faﬂ' =F+ A, €A, Fg’i =F - 1—fSAZ S Ag,
Qaj
Ai= 1| lLa; |,
m;a;

a; = (A, (1 = 8)(za — 23),
Ai = (1) (1= s)VY(E, s).
If ¢(F,s) <0 and h(t,x) >0,
Vij = Tij0rs, + (1 — 7i3)(pi 07, , + (1 — pij)on,)
with 4, j € {1,2}, i # j where the matrices are
a;
Fa,i =F + Ai, Fﬁ,i =F - ,Uszz with Az = liai N
m;a;

My =0"Fo1+ (1 —0*)F,p with o*= %

Fpi=1Fsn+(1—1})Fpo with If =22ty
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and the scalars

o smpiles) o sopy(ms)
Pi.j pi—pi 7 BT T s(uitl)—py

If ¢(F,s) <0 and h(t,z) <0,
Vij = Tij0F,, + (1 = 7i;)(pior, , + (1= pij)omy)
with 7,7 € {1,2}, i # j where,

* * 1 * s—pa{l=s)
Mﬁ =0 Fﬁvl + (]_ — 0 )Fﬁ’Q with o = SS(ZT(_u2§)7

Foi=UFay+ (1 —1)F,, with [f=tsletliu

i sprj(p1—p2)
and the scalars
o sui(s—pios)) 0 spi(ay)
Pij = “sprA-—sm 763 T S(ua(st D) g

4.6 Some examples

We would like to highlight some particular examples where, by using Theo-
rem 5, we can compute explicitly the relaxed cost density.

Example 1. An interesting and very well-known case is the compliance,
for which we take an(t,z) = o, ag(t,x) = B so that h = 0, and the cost
functional can be written as

T
/ / [uf(t,x) + (ax + B(1 — X))|qu(t,x)]2] dzdt,
0 Q
where the constrained quasiconverification is

([ 2F% —det F if ¢(s, F) <0,
—det F + 2af8(sa+ (1 — s)ﬂ)) | F1o|?

1
Tam—
+2((1 = s)a+ s8) [P |* + 4OéﬁF12F21)
if (s, F) > 0.

o(F,s)

Example 2. The last case lies in the border line for our computations
to be valid. We take an(t,z) = —a and ag(t,x) = —f so that h identically
vanishes. The cost functional is

T
/ / [ (£, %) — (ax + B = x))ui (t,2)] dadt,
0 Q
and for this case the relaxed integrand surprisingly is -det

o(F,s) = —det F.
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Appendix A

General Results

In this appendix we would like to provide in a concise form the basic results
stated in this thesis. We include a brief description of the homogenization
method and the I'—convergence concept. Finally, we recall some classical
results of the Calculus of Variations and Young measures. The proofs of this
last part can be found in [52]

A.1 Homogenization and ['-convergence

From the homogenization theory we obtain the G—convergence notion,
which was introduced by S. Spagnolo ([59]) and generalized by F. Murat
and L. Tartar ([48]) with the H—convergence. This concept can be given
in a very general framework, but it is a very useful tool for applications to
structural optimization, where it lets us take limits in a partial differential
equation in a very small scale, and obtain information in a macroscopic
level from the properties of microscopically heterogeneous media. In this
sense the homogenization theory can be defined as a theory for “averaging
partial differential equations”. The theory of homogenization has been the
main tool to analyze theoretical and numerically existence issues in optimal
design problems. In this context the concept of G — closure is crucial. We
recall the concept of H—convergence,

Definiciéon 1 A sequence of coercive, and with coercive inverse, symmetric
matrices {Ac}e in L®(Q) is said to H— converge to a homogenized matriz
A* € L*™®(Q), if for any g € H™Y(Q) and ug € H*(Q) the sequence u, of
solutions of

— div Ac(z)Vue(z) = g(x) in Q

Ue = UQ on 0f).

verifies

103
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ue — u weakly in H'(Q)

ANVu, — A*Vu weakly in L*(2)

where u is the unique solution of the homogenized equation
— div A*(x)Vu(z) = g(x) in Q
u = U on 0.

We are interested in two-phase composite materials, which are obtained
mixing only two different phases. These materials are characterized by the
properties of its two constituents A' and A2, its volume fraction 6, and
(1 —0) respectively (with 6 € (0,1)) and the geometric arrangement. These
materials are obtained as the limit of a sequence of characteristic function
Xe, which represent one of the two phases (for instance A;), with volume
fraction 6. Then the composite material is identified by the sequence of
matrices

A = x AL 4+ (1 — xo) A% (A1)

Therefore the homogenized matrix of a two-phase composite material ob-
tained from the materials A' and A2, with volume fraction 6 and (1 — ),
respectively, is defined as

A* equal to the H — limit of A,

with
Xe = 0 weakly * in L=(Q;[0,1]).

The natural issue is the determination of what is the possible set of the
homogenized matrices A*, if we know the two phases A; and As, and the
volume fraction 6. This is called G—closure problem. This is a difficult
problem which is solved explicitly in few cases. For instance when mixing
two isotropic conductors under elliptic laws. It was solved by Murat and
Tartar ([49], [62]), but for two isotropic conductors under hyperbolic laws is
still unknown. Some partial results are given by optimal bounds which are
recovered by homogenized tensors.

A microstructure with special relevance in relaxation process are the
laminated composites. In two phase materials we can arrange the materials
in the form of a strip with a specific size and direction. It is made in a
microscale level. This microstructure is called laminated (see Figure A.1).
Moreover we can iterate this process by putting a laminate within a laminate.
It is called a second-order laminate (see Figure A.2), and in this form we can
iterate successively and obtain order-p laminates, with p an integer number.
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E‘i% T 1-T

Figure A.1: First order laminate.

Figure A.2: Microstructure in a Cu-AI-Ni single crystal (courtesy of C. Chu and
R. D. James, Department of Aerospace Engineering and Mechanics, Minneapolis).
The different phases can form striped structures only in definite directions, which
can then be combined to form complex patterns.

In this case, if we have a sequence of two-phase matrices as in Figure
A.1, with volume fraction 8;, ¢ = 1,...,p and n;, i = 1, ..., p the unit vectors
of laminations direction, the homogenized matrix A* is known and given by

n; Qn;

q q Jj—1
— an . nj

I A =B =(A-B)" + > ((1=06;) [1¢)

i=1 j=1 i=1

The relaxation process consist in replacing the original design variable y,
by other generalized design which recover the behaviour of the minimizing
sequences. Through the homogenization method, this set is determined by
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the pair (0, A*), where 6 is the weak limit of the minimizing sequence x,
and A*, the homogenized tensor associated. Therefore the main problem or
difficulty in this precess is that we need to know the G—closure associated
with the problem, which is unknown in many cases. In particular, for the
hyperbolic two-phase problem which we are interested to analyze.

Another important tool in minimization problems is the I'—convergence
concept. It was introduced by De Giorgi in the 1970’s ([19],[20]). It is a con-
cept which lets us know the asymptotic behaviour of families of minimizing
problems. One can regard it as a variational convergence.

Finally, we would like to remark that I'—convergence theory has an im-
portant relevance today in different contexts: homogenization, two phase
transitions, dimension reduction, ... (see [11] for more examples), but specif-
ically speaking the I'—convergence concept is not built to analyze time-
dependent problems. In particular in our case (for hyperbolic equations),
where the functional may not be coercive.

We consider a family of integral functionals F and consider the mini-
mization problem

min {F.(v) : v € X.}. (A.2)

In '—convergence we try to understand the behaviour of the solution of the
minimizers for problem A.2, through the problem

min {F(v) :v € X}.

This new functional F' is the I'—limit of F, (without lost generality we
can assume X, = X, Ve). The definition of I'—convergence is obtained
in a natural way after to input a some requirement which gives a good
compactness properties to this type of functionals.

One of the most important properties of I'—convergence is the conver-
gence of minimizers and minimun values. First of all, we assume that the
family of functional are equi-coercive. We consider ¢ a candidate to mini-
mizer, and U, a minimizing sequence associated within.

We would like to obtain a upper bound of F in the following way

lim sup inf{F;(v) : v € X} < F(?)
J
which can be rephrased as follow: for all v € X there exists a sequence (v;)
converging to v such that

lim sup Fj(v;) < F(v). (A.3)
J
On the other hand, we need a lower bound which recover some lower
semicontinuity
F(v) < lim inf F;(v;)
J
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which can be deduced by this other more general condition: for all (v;)
converging to a v we have

F(v) < limjinf Fj(v)) (A.4)

Then a sequence of functionals {F,.} I'—converges to F if for all v € X,
(A.4) and (A.3) hold.

A.2 The Direct Method in the Calculus of Varia-
tions

The classical approach to variational problems has two different forms: the
indirect method, based in the Euler-Lagrange equation, and the Direct
Method. The first one focuses on solving the first order optimality condition,
(Euler-Lagrange equation), but the problem is that it can be a non-linear
(system) equation, which can be difficult to solve and requires smoothness
of integrands. In this sense the Direct Method of the Calculus of Varia-
tions is as more usual way to deal with variational problems. With the
Direct Method we try to find minimizers directly without using necessary
conditions. In this way the basic tool in this approach is the Weierstrass’
theorem.

Teorema 10 We consider the variational principle
inf{I(u) :u e A}
where:
1. A is a closed, convex in a reflexive Banach space X
2. I:X — R is weak lower semicontinuous (w.l.s.c.)
3. I is coercive on X, i.e.,
I(u) = alful| + 8
for allu € X and some oo >0 and f € R
4. there exists 1 € X with I(u) < +o0.
Then there exists at least one solution u € X, 1i.e.

I(a) = inf{I(u) : u € X}



108 Appendix A. General Results

In this thesis, using the variational reformulation we are interested in
problems of the form:

inf { /Q d(z,y(x), Vy(z))dz : y —yo € Wol’p(Q; IRm)}

If we assume some bound and coercivity properties, we have that all the
hypotheses of Theorem 10 hold, up to 3), which is a difficult property to
verify. Convexity conditions appear when this property is analized, and it
is necessary to introduce some more general convexity notion.

Teorema 11 Letm > 1, n > 1 and ¢ be a Carathéodory function, which is
quasiconvex in the gradient variable and such that

c(|APP = 1) < p(x,u, A) < h(z,u)(1 +]4|"), ¢>0, p>1

with h € LS (2 x R™) continuous on the second variable. Then the above

variational problem admits at least one minimizer.

Definicién 2 Let ¢ : R™™ — R be a function. ¢ is said to be a quasicon-
vex function if

1
H(Y) < —/ &Y + Vu(z))dz
€2 Jo
for every u € Wol’oo(Q; R'™), and every Y € R™ ™ and every domain Q.

This concept was introduced by Morrey at middle of the last century
([41]). In the scalar case this condition simplifies to the classical convexity;
but in the vector case, it is a hard condition to check because of its non-
local character (see [30]). In this sense necessary and sufficient conditions
for quasiconvexity have been sought. These conditions are polyconvexity
and rank one convexity.

Definicién 3 ¢ : R™" — IR is said to be a polyconvex function if

for every matriz A, where g is a convex function and M(A) is the vector of
all minors of A, given in some order.

The polyconvexity is a property stronger than quasiconvexity, it was in-
troduced by Morrey [42], and later used by Ball [4] in non-linear elasticity
problems. The main motivation for this definition is due to the weak conti-
nuity of the minors ([17], [52]). A weaker condition is the rank one convexity.
This definition is motivated after to analyzing the w.l.s.c. condition applied
to laminate sequences ([17], [52]).
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Definicién 4 ¢ : R™™™ — R is said to be rank one convex function if
P(AAL + (1 = N)A2) < Ap(A1) + (1 — N)p(Az)
for every A € (0,1) and Ay, A2 matrices such that rank(A; — Ag) < 1.

The last two definitions will be two important tools in our approach to
analyze the optimal design problem. To sum up, we have following diagram

¢ convex = ¢ polyconvex = ¢ quasiconvex = ¢ rank one convex.

As we told before, the main reason of the lack of solution is the lack
of convexity (or quasiconvexity) of the problem. We propose to study a
relaxation and compute the quasiconvexified problem. We have the following
relaxation theorem established by Dacorogna ([17])

Teorema 12 Let ¢ : R™*"™ — R be a Carathéodory function such that
c(|JAP —=1) < p(A) < C(1+|A]P),1 <p<o0,0<c<C.

Then, for any given ug € WHP(;IR™), the two numbers

mf{/Q d(Vu(z))dr : u—up € Wol’p(Q;]Rm)}

mf{/ Qo(Vu(z))dzr : u—ug € Wol’p(Q;]Rm)}
Q
are equal.

Here Q¢ is the quasiconvexification of ¢ defined as follow.

Definicion 5 For a function ¢, its quasiconvexification or quasiconvexr en-
velope is defined by

Qo(Y) = inf{ﬁ /Q (Y + Vu(e))de : u € WI(Q;R™)}

for all Y € R™*"

A.3 Young Measures

A very important tool in our analysis is the Parametrized or Young Mea-
sures. All the envelopes discussed in previous sections can be written in
terms of Young measures.Moreover we can generalize some of these results
in a more general context. For instance, Theorem 12 can be generalized to
non-Carathéodory and non-bounded functions. Let us introduce this con-
cept.
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Definicién 6 Let v = {v,}zeq be a family of probability measures on a
o—algebra X and f; : Q) C RN — R™ a sequence of functions. v = {vz}rcq
is said to be a parametrized measure associated with the sequence {f;}jen,
if supp(vy) C R™ and they depend measurable on x € Q, in the following
sense, for any continuous ¢ : R™ — R the function

(b(w) = (b()‘)dyx()‘) - <¢7 V:c>
Rm
is measurable.
We say that {v,}zcq is a homogeneous parametrized measure when the
family of probability measures {v,},cq reduces to a unique single measure,
vy =V a.e. x € {).

There are a lot of applications where Young measures play an important
role (see [52]). In particular, in our case the most useful property which we
have used is that the Young measure can identify non-linear weak limits. If
we consider {¢(f;)} (where {f;} is the sequence associated with {v,}) such
that it converges weakly in LP(£2) (or weak* in L>°(2)), the weak limit can
be represented by the function ¢,

lim ¢(fj)g(m)d1::/g(:n)qz_5(:n)d:n,
J—=0 JO Q
with
P(x) = d(N)dvy(N).
R’ITL

Another useful property of the Young measure is that it can capture
the phenomena of hight oscillatory phenomena, which is associated with
minimizing sequences when the integrand is not a (quasi)convex function.

We establish the Fundamental Theorem of Young measure, which lets
us identify weak limits of a weakly convergent sequence composed with ar-
bitrary function.

Teorema 13 (Fundamental Young Measures Theorem) Let Q) C RV
be a measureable set and f; : 8 — R™ be measurable functions such that

sup [ g(1f; )z < o0
J Q
where g : [0,00) — [0,00] is a continuous, nondecreasing function such that
limy_, o g(t) = 0o. Then there exists a subsequence, not relabeled, and a fam-
ily of probability measures v = {v,} (the associated parametrized measure)
such that whenever the sequence {(x, f;)} is weakly convergent in L*(Q)
for any Carathédory function (z,A) : Q@ x R™ — R*, the weak limit is the
Sfunction

P(@) = [ p(Ndve(X) = (¢, va)

Rm™
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When we observe the reformulated variational problem, we realize that
the problem is formulated in terms of gradients (the integrands W and V
and the manifolds A, and Ag are defined in terms of the gradients of the
designs (u,v1,vy,)). Therefore Young measures associated with minimizing
sequences are Gradient Young measure.

Definicién 7 Let v = {v,}.cq be a Young measure, we tell that v is a
Gradient (or WYP-) Young measure, if there exists {uy }x a bounded sequence
in WHP(Q,R™) such that Vuy, generates the Young measure {vy}zeq

For our perspective, Gradient Young measures play a fundamental role,
and therefore a deep knowledge of this tool will be useful to analyze our
problem. A full characterization of the Gradient Young measure was given in
a nice work by Kinderlehrer and Pedregal (see [28], [29]), and later Pedregal
made a full analysis of Young measures and variational principles in [52],
where we can find the proof of all the results of this Appendix connected to
Young measures.

Teorema 14 Let {u;} be a bounded sequence in W'P(Q2), p > 1, and v =
{v2Yeeq be a family of probability measures supported on R™N. v is a
Young measure generated by the gradient sequence {Vu;}, if and only if,

1. Vu(z) = [grem Advg(A)  for some u € WHP(Q);

2. [gnxm @(A)dve(A) > ¢(Vu(x)) for ae. x € Q and for any ¢
quasiconvex and with at most order p polynomial growth.

3. Jo Jgnem [AlPdvy(A)d < oo.

From this important result we can deduce a characterization of the quasi-
convexification or quasiconvex envelope of a function.

Lema 5 For a function @, its quasiconvezification or quasiconvex envelope
in terms of Young measure is,

Qp(Y) = inf{ ©(A)dv(A) : v — WP hom. Young measure,
Rn)(m

/R Adv(4) =Y}

Once we have the quasiconvexification defined in terms of Young mea-
sures, it leads us to introduce the Young measure as generalized solutions.
We know that under the lack of (quasi)convexity of the integrand minimiz-
ing sequences may be highly oscillating. In this sense, it suggest us the use
of Young measures as generalized solutions, since Young measures contain
information about the oscillating behavior of minimizing sequences.
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If we consider the following variational principle
I(w) = / o(z, u(2), Va(@))de, € uo+ WP(QR™)
Q

where ¢ is assumed to verify certain bound, the generalized variational prin-
ciple consists in

min () = /Q/Rnxm d(z,u(z), A)du, (A)dz,
with

Vu() = /R  Adug(4)

and {jz}. € Q a WHP-Young measure. In this way we have the following
existence and relaxation theorem.

Teorema 15 There exists an admissible Young measure v such that

Moreover, under the assumptions of Theorem 12, the equalities
inf I'(u) = min I(p) = min I (u)

hold, where I is the functional whose density is the classical quasiconvexifica-
tion, and the optimal solution to this variational problem isu € W1P(Q; R™)
such that

Vu(z) = /Rnxm Adv,(A)

and,

Qé(x,u(z), Vu(x)) = / d(z,u(z), A)dv, (A) a.ex € Q.

Mnxm
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