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1 Introduction and statements of the results

1.1 The commutator of Coifman, Rochberg and Weiss

Let b be a locally integrable function on R™ and let T" be a Calderén—Zygmund
singular integral operator. Consider the commutator operator [b,T] defined for
smooth functions f by

b, T1f =bT(f) = T(bf).

A by now classical result of R. Coifman, R. Rochberg and G. Weiss [1] states
that [b, T] is a bounded operator on LP(R"), 1 < p < oo, when b is a BM O function.
Unlike the classical theory of singular integral operators, the proof of this theorem
does not rely on a weak type (1, 1) inequality for [b, T]. In fact, simple examples show
(cf. section 5) that these operators fail to be of weak type (1,1) when b € BMO.
The purpose of this paper is to provide an endpoint theory for these operators. Our
first theorem is the following:

THEOREM 1.1 Let T be a Calderén—Zygmund singular integral operator and let
b be a function in BMO. Then, there exists a positive constant C' such that for each
smooth function with compact support f and for all A > 0

!f( )l

22 (1 + logt(

IOy )

{y € R T @)] > M < Cllblpugo [

By imposing a condition on b stronger than BM O we can sharpen this estimate
getting as close as we want to the L! norm. Indeed, we may replace LlogL by the
smaller function L(logL)¢, ¢ > 0. To be precise we shall say that a function b belongs
to the space 0sc(ezpryr, 1 <7 < 00, if there is a positive constant ¢ = ¢, such that

bQ
sup / exp(| | ) dy < oo,
Q|

where the supremum is taken over all the cubes () in R™. The infimum of all these
¢ is denoted by ||b||osc(esz)r. The case r = 1 corresponds to the BMO space by the
John—Nirenberg estimate (cf. section 3). Other interesting examples are provided
by Trudinger’s inequality for Riesz potentials (cf. [11] or [4]). For 0 < a < n let
I, f be the Riesz potential or fractional integral of order a.. Let f be an arbitary
function on L™*(R™). Trudinger’s estimate says that I,f belongs to OSC(eupL)(n/a) -
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Other examples are given by the following fact [6]: let 0 < ¢ < 1 and suppose that
F'is a Holder continuous function of order €, then if b € BMO F(b) € 05¢(cypr1/e-
The same method of proof of Theorem 1.1 gives the following.

THEOREM 1.2 Let T be a Calderon—Zygmund singular integral operator. For
0 <e<1weletb bea function in 0sc(eypryi/c. Then, there exists a positive constant
C such that for each smooth function with compact support f and for all A > 0

e R .71 > A < Ol [ D a1y
(eapp)t/¢ JRn A A
Also, we are going to consider endpoint estimates related to Hardy type spaces.
It is well known that any singular integral operator maps H'(R") into L'(R™").
However, it was observed in [8] that the corresponding result for [b, H] is false when
b is a BMO function. Here, we introduce a subspace of H'(R") from which [b, H|
is a bounded operator.

DEFINITION 1.3 A function a is a b—atom if there is a cube Q) for which

(i)  supp(a) C Q

(i) lall g~ < 1/|Q
(i) Joaly)dy =0

(iv)  Joaly)b(y)dy = 0.

The space H}(R™) consists of the subspace of L'(R™) of functions f which can
be written as [ = 3; A\ja; where a; are b-atoms, and X\; are complex numbers with

Zj ‘)\j| < Q.

THEOREM 1.4 Let T be a Calderon—Zygmund singular integral operator and a
let b be a function in BMO. Then,

[b,T] : H} (R") — L'(R")

Let us give an outline of the proof of Theorem 1.1. Our approach exhibits
the close connection existing between commutators and iterations of the Hardy—
Littlewood maximal operator. The proof is based on two lemmas, and the first one
makes explicit this relationship.



LEMMA 1.5 Let ®(t) = t(1 + log™t). Then, there exists a positive constant C
such that for any smooth function with compact support f

sup H{y € R™: M?f(y) >t}

0 q’(%)

where M? = M o M

1
{y € R BT (0] > 1} < C lpyrosup =
b 3(1)

The size of M? is given by the following.

LEMMA 1.6 There exists a positive constant C' such that for any function f and
for all A\ >0

+ W)l

{y € R : M2f(y) > A} <0/ L1+ og*( L) dy. (2)

The proof of Lemma 1.5 is based on a good—\ type argument as follows. For
0 > 0 we denote by Ls the functional

Ls(f) = sup

@(%)'{y eR™: My(Ib.T)1)(y) > ).

Then the operator [b, T| satisfies the following inequality for 0 < 6 < 1 and € > 0:

1
Ls(f) < eC Ls(f) + Ce) [[bll rro Stgg@

By choosing € small enough we get Lemma 1.5 easily.

{y e R": M?f(y) > t}].

1.2 Higher order commutators

In section 7 we shall extend all these results to higher order commutators 7;", m,
m =0,1,2,--- as consider for instance in [10] and [3]. These operators are defined
by

Ty f(x) = [ (b() = b)) K (& = 1) f () dy.

Observe that TP =T, T;* = [b, ;" '], m = 1,2, ---. We shall show the following.



THEOREM 1.7 Letm =0,1,2,---, and let b be a function in BMO. Then, there

exists a positive constant C' such that for each A > 0

0 m m /()] S W)\ \m
{y € R [T (4)] > A < C bl o | P2 (1 +log™ (2™ dy.
The proof of this theorem uses an induction argument from the case m = 1.
It would be interesting to give a direct proof of this result which would avoid the
induction argument.
The analog of H}(R™) space that we need is the following.

DEFINITION 1.8 A function a is a b—atom of order m if there is a cube QQ for
which

(i) supp(a) C Q
(i) lall~ < 1/]Q|

The space H,im(R”) consists of the subspace of L*(R™) of functions f which can
be written as f = 32; Aja; where a; are b-atoms of order m, and \; are complex
numbers with 3= |\;| < oo.

THEOREM 1.9 Let T be a Calderon—Zygmund singular integral operator and a
let b be a function in BMO. Then,

T": Hy,,(R") — L'(R")

with constant less or equal than a multiple of ||b||’51r0-

2  Some preliminaries and notation

In this section we shall collect some known results or variants of them and set some
notation. The basic tool we are going to use is a modification of the sharp maximal
operator M# of C. Fefferman and E. Stein: for § > 0 we define the J-sharp maximal
operator Mf as

ME(f) = M*(|f°)"/°.



Recall that M# is defined by
M* f(x) = sup 1nf / fly) —c|dy = Sup / fy) — foldy
=Ll Jo W)~ A =R g Jo M

The idea of relating commutators with the sharp maximal operator is due to J. O.
Stromberg (cf. [5]). The basic estimate is contained in the following lemma of C.
Fefferman and E. Stein. Recall that Msf = M (f°)'/?

LEMMA 2.1 Let M = M¢? be the dyadic Hardy-Littlewood mazimal operator.
Then, there exists a positive dimensional constant C' for which the following good—\
inequality holds

{y e R": Mf(y) >\ M#f(y) < Ae}| < Cel{y e R": Mf(y) > 3} (3)
for all A\, e > 0.

As a consequence we have the following estimate:
Let ¢ : (0,00) — (0,00) be a doubling function. Then, there exists a positive
constant C' such that

supp(V{y € R™ = Myf(y) > M} < C sup (V)| {y € R" - M f(y) > M}
>

for all functions f such that the left side is finite. Then, there exists a positive
constant C' such that

supp(V{y € R" = Myf(y) > M} < C sup (V)| {y € R" - M f(y) > M}
>

for all functions f such that the left side is finite.

A simple proof of (3) can be found in [7] p. 42.
Throughout the paper we will assume that the singular integral operators we are
working with

) = v.p. /R K(z—y)f(y)dy
are regular (following [2] p. 204), which means that the kernel satisfies

() |K@|<c/lel" 240
() |K(z—y) - K@)] <lgl/lal"" || > 2ly| > 0.



All the results still hold for the more general class of Calderén—Zygmund operators
[7].

Most the notation we use is standard. ) will always denote a cube with sides
parallel to the axes. AQ, A > 0 denotes the cube @) dilated by A. For a locally
integrable function f, fo denotes the average fo = @ Jo f(y)dy. Also B = B(x,r)

will denote a ball centered at x with radius r and corresponding notation stands for
AB and fg.

As usual, a function A : [0, 00) — [0, 00) is a Young function if it is continuous,
convex and increasing satisfying A(0) = 0 and A(t) — oo as t — oco. We define
the A—average of a function f over a cube ) by means of the following Luxemburg
norm

I£1l,, = inf{A>0: @/QA (W) dy <11, (4)

The following generalized Holder’s inequality holds:

g L gl s < 111, ol . (5)

where A is the complementary Young function associated to A.
The main example that we are going to be using is A(t) = t(1 + log™ t)™, m =
1,2,3,- -, with maximal function denoted by M, o9z)». The complementary Young

tl/m

fuction is given by A(t) ~ e with corresponding maximal function denoted by

M(empL)l/m .
3 Pointwise estimates

In this section we shall prove the following pointwise inequality for commutators
which is the key estimate for the proof of Lemma 1.5.

LEMMA 3.1 Let b € BMO and let 0 < § < e < 1. Then, there exists a positive
constant C = Cs such that,

MF ([, T1f)(@) < Clll paro(Mc(Tf)(x) + M f(2))

for all smooth functions f.



Proof Let B = B(z,r) be an arbitrary ball. Since 0 < § < 1 implies
e = 18]°] < o= B|° for o, 5 € R it is enough to show for some complex con-

stant ¢ = cg that there exists C' = Cs > 0 such that,

1 S 1/8
(51,0710~ as) < C150) ©)
Let f = fi + fo, where f; = f xop. For arbitrary constant a we can write
b, T1f=0—-a)Tf=T((b—a)fi) —T((b—a)fa).

If we pick ¢ = (T'((b—a) f2))B , a = byp we can estimate the left hand side of (6)
by a multiple of

(51100 bt an) "+ (g [ - bansoorar)

1/6
<|B|/ T((b = bap) f2) = (T ((b_b2B)f2>>B|6dy> — [+ 11 +1II.

To estimate I we use Hélder’s inequality with exponents 7 and 7’ where 1 < r < §:

1/6r" 1 1/6r
P (g o —ven™ ) (g [ ims ) <

< C bl a0 Mo (T) (@) < C bl a0 M(T ) ().

Since T': L'(R™) — L"*°(R™) and 0 < § < 1, Kolmogorov’s inequality (cf. [2]
p. 485 for instance) yields

1< [ 100) = )y = [ 100) — bos) )] dy <

< C|b—byp

expL,2B ||f||LlogL,QB7

by the generalized Holder’s inequality (5). We claim the following: there is a positive
constant C' such that for all ball B

16— ball < Cbll saso- (7)

expL,B



Indeed, this is equivalent to

— by
——)dy < Cy,
[B]| / c HbHBMo ’

which is the fundamental estimate of F. John and L. Nirenberg (see [2] p. 166).
Then,
1T < C|bll gpsro Mriogr f ().

To take care of III we observe that Jensen’s inequality together with Fubini’s
theorem yield,

m<|§| 1T = bep) £2)(9) = (T((b = ba) f2))s| dy <

= |Bl|2 /B /B /Rn—QB k(y —w) — k(z — w)|[(b(w) — bap) f(w)|dw dz dy <

y — 7|
o |B| // /23r<|w_x’<2j+1r |I’ |n+1|b< ) b23||f(w)|dwdzdy§

< C;W/Mw( ) — b f(w)] dw <
¢ iw/ [b(w) = bs1 || f (w)] dw+
T o @) Junp yriB
+C ];12 |bgj+1p — b2B|(2j+17‘)"/2j+18 |f(w)|dw <
J _ . J
< Cjzlz 1o —=boivinll i WAL i, T C a0 ; 5 M () <

< Cbll gproMriogr f(x) + C bl gaso M f(2) <
<C HbHBMOMLlogLf(x)v

where we have used that |byj+15 — bap| < 27 (/0] 5550, inequality (7) and M f(x) <
Mg f(2) by the generalized Jensen’s inequality. Finally, since M2 f &~ M1 (cf.
(21) below) we are done. O



4  Proof of the basic Lemmata

In this section we give the proofs of both lemmata 1.5 and 1.6.
Proof of Lemma 1.5
Let f be smooth with compact support. We have to prove that

1 1
sup - |{y € R 1 [0, T ()] > £} < C 6]l aso sup =1 |y € R™ : M2f(y) > 1},
t>0 (I)(;) t>0 CI)(Z)
(8)
with a constant C' independent of f. Instead of working with the functional
1
sup —<|{y € R" - |[b, T f(y)| > t}],
>0 (1)

we shall consider the following larger functional by the Lebesgue differentiation
theorem: for § > 0, Lo s(f) = Ls(f) is defined by

Li(f) = sup s o € R My 71 ) > 1)

We claim that the operator [b, T] satisfies the following inequality for arbitrary
0<d<1l,e>0:

b
()
To prove this estimate we use Lemma 2.1: for ¢ > 0 and § > 0

{y € R": Ms([b, T1f)(y) > t}] = (10)

= {y e R M(Ip, 7)) () > £} <

Ls(f) < e CLs(f) + C() 1Bl paso sup {y e R": M2f(y) >t} (9)

<cnel{y € R M(I[B, TIf) () > S+
+{y € R MH#((b, T11)°)(y) > et} = T +11.
To estimate II we apply Lemma 3.1 with e = rd, 1 <7 < 1/6:

I1=|{y e R": MF([b, T))(y) > ¢/t}| <

<

< [ty € R s My, (T) () + M1 () > =)

BMO

10



<y € R": M5 (Tf)(y) > —mt—

+’{y€R’“‘:M2f(y)>51/57S .

20[[6ll par0 206l pavo
Let a = W Then, dividing (10) by ®(1) and using that ® is doubling
we have e
1
= H{y € R My([b, T]f)(y) > t}| <
o(3)
Ce n t 1 n
< ol e R M(B.TIN) > |+ 5o 1 € R Mo (D)) >
(t) <t)
1
t—H{y e R": M?f(y) > at| <
o(3)
<O yeR: MyB.TING) > e b+ ElBr0 1) € R gy () () > atf
= (I)(ﬂ) Y . o\ (Y Y o178 (I)(it) Yy . or Y
t a
C||b
+7H HlBMOHy eR": M*f(y) > at| <
o(57)
1
< CeLs(f) + Clbllpuo igg@!{y € R": Ms.(Tf)(y) > t}|+
¢

1
+C[[bll pyro sup =5 {y € R" : M2 f(y) > t}].
t>0 cb(g)

Now, since 0 < rd < 1, we can use the estimate
MF(Tf)(y) <CMf(y), (11)

which holds for all 0 < o < 1, together with part a) of Lemma 2.1 to obtain

Ls(f) <

< CeLs(f)+Cbllparo ig%)q)(i)’{y €R": Ma#r(Tf)ﬂy) > t}“f'

1
+C bl garo sup 5 {y € R" : M2 f(y) > t}] <
t>0 (I)(;)

1
< CeLs(f)+ C bl pao sup == {y € R - Mf(y) > )]+
t>0 cD(;)

11



+C Wlnso sup grrs Hy € R M2£(y) > ] <

1
>0 ()
1
< CeLs(f) + Clbllpao sup s
t>0 (I)(?)
To finish the proof of the lemma we need to show that Ls(f) is finite so that we
can choose € < % to conclude that

{y e R": M?f(y) > t}].

Ls(f) < C bl paro sup {y e R": M?f(y) > t}]. (12)

1
Sy
It is clear that this implies (8).

For each m = 1,2,3,--- we let b,, = inf{b,m}. Since ||bw| z10 < clbllz10
with ¢ independent of m we shall prove that Lg 5, is finite with b replaced by b,,.
Therefore, (12) will hold with constant C' independent of m. Since b,, — b as
m — oo, we shall let m — oo to conclude the proof of inequality (12).

Now, since f is bounded and has compact support, assume that suppf C B(0, R)
for some R > 0. Recalling that b = b, and that ||b,,|| ;. < m, we have for |z| > 2R

prisai<c [ PO ) <

2C'm
= z" JBoc|x))

Using this and that 0 < § < 1, we have for t > 0

|f(y)|dy < Cm M f(z).

q;(%)r{x e R™: My([b. T1f) () > 1}] <

; {z € R™: M(xpo2r) b, T)f) (@) > t/2}+

(; {z € R": M(xmm\pw2m b, T)f) (@) > t/2}| <

- .71 ()] d + —r

< _
- @(%)t B(02R) @(t)

{z € R*: M2f(2) > et} <

/an)(kmf(y)I)dy <

t

1 ) 1/2
BT Joaan T dy) 50

< C|B(0,2R)] (

12



< C1B(0,2R) bl ar0 (‘BOR‘/OR i dy) *C fuor P

using that M is of weak type (1, 1) and the analog for M? given in Lemma 1.6. Since
f is smooth with compact support last expression is finite, and we are done. O

Proof of Lemma 1.6
The proof of the estimate is standard once we observe that

M? f(z) < C Mpiogrf(x) (13)

for each z € R” (in fact they are equivalent). Assuming this for the moment we see
that it is enough to prove

fy)
)

Now, let K be an arbitrary compact set contained in {y € R"™ : M0 f(y) > A}. By
an standard covering lemma, it is possible to choose cubes @1, - - - , Q),,, with pairwise
disjoint interiors such that K C U™ ,3@Q);, and with || f|| >Ni=1--m

LlogL,Q;
@< [ M ai0g)a,

which clearly gives the estimate.
To prove (13) let x € R™ and fix a cube x € Q. Let f = fi+ fa, where fi = f x30-
Then

{y € R™: Mupyrf(y) > A} < C/Rn f&y)u +log* (120)) ay.

This implies

|Q|/ dy—|Q|/Mf1 dy+|Q|/Mf2 y)dy=1+1I1I.

Now, II is comparable to inf,cq M f(z) (see [2] p. 160 for instance) and hence
I < CMf(z). To estimate I we claim that

1
al L MF@) dy < Clfll0 (14)

for all f such that suppf C Q. By homogeneity we can take f with ||f||LlogL o =1
which implies 7

@ [ 7)1+ log () dy < 1.

13



Hence, it is enough to prove

il
o f sy <0 [ ) To" () dy)
Ql Ja Q|
for all f with suppf C @. But this is a well known local estimate (see [2] p. 147 for
instance).
Finally, using (14) with @ replaced by 3Q) we have

I+1I< BQ‘/QMfl(y)derOMf(x) <

SO, 000 T € Muogrf(x) < C Mpiggrf ().
This completes the proof of the lemma. O

5 The LlogL estimate and a counterexample

In this section we shall give the proof of Theorem 1.1, namely

e R BT W) > M < Clbllguo [ 220 108" X0 4

when 7T is a Calderén-Zygmund singular integral operator and b is a BM O function.
We first show, however, that [b, T fails to be of weak type (1, 1). Consider the Hilbert
transform
Hf(x) =pv /) dy,
RT—Y
and consider the BMO function b(x) = log |1 4+ z|. Choose f = §, the point mass
at the origin such that [g |f(y)|dy < .
Now, for A > 0

Mz e R: b T)f(@)] > A = Az e R ezl o )

Mz > e 82 > 2 = A (') —e),

where ¢ is the decreasing function ¢ : (e,00) — (0,e7'), given by ¢(z) = logx To
conclude observe that the right hand side of the estimate is unbounded as — O

. 1 T o
lim Ap™(A) = lim (M)A = oco.

14



Proof of Theorem 1.1
To prove that for some positive constant C' the inequality

/()]

A

@+ togr (YWl gy 15)

{y € R B, T)£ )| > M < Clbllpo [ \

holds for each f and for all A > 0, it is sufficient to consider by homogeneity the
case A = 1, namely

{y € R : 1,707 )| > B < Clolpaso [, 1@ +log* [F))dy.  (16)

Also, by a density argument we may also assume that f is smooth with compact
support.
By Lemma 1.5 we have

b

1
sup —~ 1
o(3)

>0 O(3)

Also, by Lemma 1.6 we have for all ¢ > 0

wer ey >l <o [ oWy <o [ agrmne)

{y € R [ TIF W) > 4] < C Wlguio sup s o € R < M2 (y) > 1))

since ® is submultiplicative. Hence,

1
(%)

{y e R": {6, T]f(y)] > 1} < sup {y e R":|[b,T]f(y)| > t}] <

1
< C bl gaso sup —H{y € R™ : M*f(y) > t}| <
t>0 q)(;)

< Cl¥llanso [, 1SN dy = Clbllaaso [ 1F@I(1+log" |£(y)) dy,

which yields the desired estimate. O

15



6 The H/ estimate

Proof of Theorem 1.4
Let b be a function in BMO. We need to prove that there exists a constant C'
such that for each function f in H}(R")

[TV @)l dy < C bl asol g ey (17)

By an standard argument, it is enough to show that there is a constant C' such
that

[ 1. Tla()ldy < Cllblpago

for each b—atom a. To prove this, suppose that supp(a) C B for some ball B. Then

S o Tlawldy = [ \Ib Tlawldy+ [ b Tlaty)ldy = 1+ 1T

The estimate for I follows from the boundedness of [b, T] on L*(R") ([1])
1 1/2 1 1/2
I <C|B —/ T 2 < B —/ 2 <
< €11 (o L 10Tl ) < CWlano 181 (35 [ latPas) <
< ClPligaol Bl lall gy < C bl paro

by the definition of b—atom.
Now, to majorize II we split [b, T in the following way [b, T]a = (b — bg)Ta —
T((b—bg)a), then

I1 < S |(b(x) — bp)Ta(x)| dx + S |T((b—bg)a)(z)|de =111+ 1V.

To estimate III we only use the cancellation of a [5a(y)dy = 0, so that if zp
denotes the center of B and r the radius of B

11 < | Ja(y)| k(z — y) — k(z — 2p)||b(x) — bplda dy =

R"—-2B

ly — x|
= b —bpldx dy <
/ la(y |Z/2]r<|$—x3‘<23+17" |z — |7th1| (z) = bpldr dy <

16



</ |CL |dy2|2]+1B‘ /JJFlB )_bB|dx§

S C 2_312 J |“2j+ﬂ /2j+1B ’b(ﬂf) - b2j+1B‘ dl' + ’b2j+lB — bB’]

[e.e]

Z bl garo + G+ D6l a0l = C 10l grro

since |byj+1p — bp| < 2(] + 1) [16]] g pr0-
Now, by the definition of a

JL0) = bm)alw)dy = [ aly)b(w)ay by [ alw)dy =0,

and hence we estimate IV using Lemma 3.3 from [2] p. 413:
vV<cC / () = bolla(@)] dr < € 5 / b(z) — bs| dz < C bl gao.

This concludes the proof. O

7 Commutator of order m

In this section we extend the results of the previous sections to higher order com-
mutators.
Recall that for m = 0,1,2, - - - the commutator of order m is defined by

Ty f(x) = [ (b(a) = b)) K (@ = y) f () dy.
Observe that TP =T, T} = [b,T] and that T}™ = [b, 7" ).

Proof of Theorem 1.7
As in the proof of Theorem 1.1, it is sufficient to consider the case A = 1

H{y e R" [T f(y)] > 1}] < C/Rn [F)I(L +log™ [ f(y))™ dy, (18)

for each f smooth with compact support.
We need the following version of Lemma 3.1:

17



LEMMA 7.1 For each b € BMO, 0 < < € < 1, there exists C' = Cs. > 0 such
that,

m—1

MF(T f)(@) < Cllbll garo D MU(TY) (@) + bl a0 M™ ' £ () (19)
=0
for all smooth functions f, and where M.(f) = M(|f|)V. Let ®,,(t) = t(1 +
log* t)™. Then it follows from (19) that there exists a constant C such that for each
smooth function f

1
{y € R [T ()] > 1} < C bl o sup s Hy € R M1 £(y) > 1)

t>0 qu(%) qu(%)
(20)

Let us postpone the proof of the lemma for the moment and continue with the
proof of (18). We need the following analog of Lemma 1.6:

twere: amis) > ] <0 [ O o (700,

for all t > 0. The proof is the same as for the case m = 1 using that

Mm“f(x) ~ ML(zogL)mf(I) (21)

for each x € R" and m =0, 1,2, ---. We shall omit it. Therefore, using the notation
®,,(t) = t(1 +log* t)™ we have

werr gy i < [, IPhay <o [ augrehen

since ®,,, is submultiplicative. Hence,

1
sup o= l{y € R s M™1f(y) > 1 < C [ @(|(y)) dy.
>0 q’m(;) Rn
This together with (20) yields the desired estimate since

1
P ()

{y e R": (17 ()] > 1] < swp ooy € RY: [ f(0)] > 1},
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O

Proof of Lemma 7.1 Following [3], we expand b(x) — b(y) = (b(z) — \) —
(b(y) — A), where A is an arbitrary constant as follows:

Ty f(x) = [ (b() = b(y))" K (2 = y) fy) dy =
=3 i 00) =AY [00) = V"R e~ ) )y =
= 3 G (bla) = N [0ly) = NI K (x — )£ () dy + T((5~ A" F)le) =
= 32 G () =AY [ (b)) ()N K (2 —9) F(0) dy+ T((b=X)" ) () =
Gl (b(2) =0 [ (bla) =b(y))" =" K (x=y) f () dy+ T ((b=N)"f) () =
= 52 o (00) =T 10) 4 T = X)),

For arbitrary ball B centered at x and with radius r, we split f in the usual way:
[ = fi+ fa where f; = f x2p. Then, with A = byp and ¢ = (T((b - bQB>mf2>)B we

have
1/6
(I;I /B 77 f(y) — dy) =
1 5 1/6
(’B‘ /B | Z;n 01 Cam b( ) — )\)m—aTaf(y) + T((b _ A)mf(y) . C| dy) <
1/6
(i35 00 === an) -+ (g [ 170 = o) )

1/6
+( /\T (b= bog)™ fo) — (T ((b—bgg)me))B|5dy> — [+ II+III.

m—1
<C )

a=

19
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To estimate I we use Holder’s inequality with exponents g and ¢’ where 1 < ¢ < §:

m— 5o/ 1/5‘11 1 5 1/6q
1<% (|B|/ ) = b " ) (o [T a) <
m— m—1
Z |bHBMoM5q T*f)(x) <C Z HbHBMoMe(Taf)(iﬁ)'
a=0 a=0

Again, since T : L'(R") — L»°(R"™) and 0 < ¢ < 1, Kolmogorov’s inequality
yields

n<|B|/| — bag)™ fu(y)| dy = |2B|/ — bag|"|f ()| dy <

< (b= b2)"l

(expL)t/™ 2B

171l = Cllb=bopl, , ,, I/l

L(logL)™ 2B L(logL)™ 2B’

Then,
IT < Cbll 0 Miogry (@) & [l ga0 M™ f ().

The last term III is estimated as follows

”KE 1T (b= baz)™ £2)(y) = (T(((6 = bas)" fo)sl dy <

= |Bl|2 /B /B /Rn—zB k(y — w) — k(2 — w)||b(w) — byp|™ | f(w)|dw dz dy <

ly — 2| .
- |B| // /ZJT<\w_x|<WTWIb( w) — bap|™|f(w)|dw dz dy <

o) 27‘7 -
<O S iy fyo 100) = banl"| ) o <
j=1
<Oy 2 ) = byl dut
S O L Gty fyp M0) ~ bl ()
-7 - _ m
+C ;2 |boi+1p — bap| @ /2.7+1B |f(w)| dw <
<O 2o byenl” L C bl M (@) Y27 <
J=1 ' j=1

20



< CHb”gMOM L(logL) mf 22 ]+C”bHBMO f( )S

7=1
< Clbllparo Miogry= () = bl g0 M™ f(2).

The proof of (20) can be given by iterating the pointwise estimate (19) m times
starting from the basic estimate of Fefferman-Stein Lemma 2.1 (notice that each
time @, is doubling); when the case m = 1 is reached we use Theorem 1.1. Since we
iterate m times we obtain [|b||’5;,o as a constant. 0

Proof of Theorem 1.9
Let b be a function in BMO. We need to prove that there exists a constant C'
such that for each function f in H]*(R™)

LT @) de < C bl ol fllag, oy (22)

By an standard argument, it is enough to show that there is a costant C' such
that

TP a@)] de < bl

for each b—atom a of order m. To prove this, suppose that supp(a) C B for some

ball B. Then
/ |Tg“a(:)3)|d:)3:/ IT"a |d93+/ Trma(e)| de = T+ I1.
R” 2B

The estimate for I follows from the boundedness of T} on L*(R™)

1/2

1 ooz ) . 1 )
1<CIB| (g |, Tre@Pde) < ClblGyo Bl [l dr) <

< bl B0l Bl ||a||L°°(R”) < ClblBmo

by the definition of b—atom of order m.
Now, to majorize II we can write using that [a(y)b(y)"dy = 0, for each m =
0,1,2,---

Tia(z) = [ (b(x) = b(y))"K (@ — y)aly) dy =

21



— /(b(x) —b()"[K(z —y) — K(x — zp)la(y) dy,

where xp denotes the center of B. Then, if » denotes the radius of B we have

[ mra@lde < [ Ja)l [ () = )"k = 9) k(e - op)ldedy <

<> [l [, I ) — b e dy <

2ir<|m — xB|<2J+1r |r — xp|

m <
€3 [ ot dy TG fyny ) — )" ddy <
<OZ2J/|a DI 755 0y () = bl + by = b)) ey <

c 2—j.i/ b(z) — bg|™d 2-3’/ by — b(y)|™ dy <
< C 52 gy [0, )~ bl a4 3227 [ et b "y <

=1

< C ZQ Y lm |b(l’) — b2j+lB|mde + |b2j+1B — bB|m‘| +

2i+1B

+0 32 [y = W) dy < C b0

7j=1

8 Remarks on weighted inequalities

In this section we sketch how to extend the main result of the paper to the weighted
case. We recall some definitions. A weight w is in the class A; if there is a positve
constant C' such that Mw(z) < Cw(z), a.e. x € R". We denote by [w]4, the
infimum of all these C’s. A weight w is in the class A if there are positve constants
C, € such that

w(E) B\
w(@) =gl

for all cubes () and all measurable sets £ C (). We denote by [w]4,, the infimum of
all these C’s. Recall that it is well known that A; C AL.

),

22



THEOREM 8.1 Let m = 0,1,2,---, and let b be a function in BMO. Suppose
that w is an Ay weight. Then, there exists a positive constant C' such that for each
smooth function with compact support f and for all A > 0

w(fy € R 17 1) > M) < Ol lula, [ P (pnogt (T

A
(23)
The proof of this result goes along the same line as that of the unweighted case

once we give the weighted version of the basic lemmata 1.5 and 1.6.
Recall that we use the notation ®,,(t) = t(1 + log™ #)™. Then, we have

LEMMA 8.2 Let w be an A, weight. Then, there exists a positive constant C
such that for each smooth function f

%w({y eER": T/ f(y)| > t}) <

C bl Baro (W] ax sup w({y e R": M™ ' f(y) > t})

1
The proof of this is based on the pointwise estimate (19) and the weighted version

of the basic estimate of the Fefferman— Stein Lemma 2.1: Let w be an A, weight,
then

w(fy € R* - M(y) > A, M*f(y) < Ae}) < eafula ew({y € R" : MF(5) > 5)),
(24)
for all A\,e > 0. As a consequence we have the following estimates for 0 < ¢ and
¢ :(0,00) — (0,00) doubling. Then, there exists a positive constant C' such that

sup eMNw{y € R": M5 f(y) > A}) < Clwla, sup p(Mw({y € R™: M¥ f(y) > A})

LEMMA 8.3 There exists a positive constant C' such that for any weight w and
all A\ >0

wify e B a1 5) > 2y <0 [ POl o (Tl p

for every locally integrable function f

The proof of this result is standard and we shall omit it.
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