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On sufficient conditions for the boundedness of the
Hardy-Littlewood maximal operator between weighted
LP—spaces with different weights

Carlos Pérez

1 Introduction and main results

Let M be the Hardy—Littlewood maximal operator defined for locally integrable
functions f by

1
= _— d
M f(x) sup |Q|/Q!f(y)| Y,

where the supremum is taken over all the cubes containg z, and let 1 < p < .
B. Muckenhoupt [10] characterized the weights w satisfying the weighted norm in-
equality

n

| wontswyds<e [ worwyrd (1)

for all nonnegative functions f, as those weights satisfying the A, condition

(ﬁ /Q w(y)” dy) " (ﬁ /Q w(y) ™" dy) "< (2)

for all cubes ). It is natural to consider a similar problem for a couple of weights
(w,v). However, simple examples show (cf. [6] p. 395) that the analogous necessary
condition for (w,v)

(|712| /Q w(y)” dy) " (IT;I /Q o(y) ™ dy) " <c, (3)

for all cubes @ is not sufficient for the boundedness of M from LP(vP) to LP(w?).
E. Sawyer has shown in [13], that the correct necessary and sufficient condition is
given by



[ wwre @y <e [ vy ()
Q Q

for all cubes ). E. Sawyer’s condition involves the operator M itself, and it is
interesting to obtain sufficient conditions close in form to the necessary and simpler
one (3). The first result in that direction was obtained by C. Neugebauer in [11].
He noticed that if (w,v) is a couple of weights such that for some r > 1

(rclm /Q w(y)” dy) " <ﬁ /Q v(y) ™" dy)l/plr <c (5)

for all cubes @), then

| wopirwra<e [ wwswra (©

n

for all nonnegative functions f.

In this paper we take up this problem and show with a different approach that
(6) holds assuming very weak conditions on the weights. We shall see that it is
enough to replace the average norm associated to the weight v=! in (3) by a stronger
norm defined in terms of any Banach function space whose associated space satisfies
certain mapping property.

To be precise we let X be a Banach function space over R” with respect to the
Lebesgue measure dx (cf. next section). Given a measurable function f and any
cube () we define the X—average of f over () by

1, = , (7)

where 75, 6 > 0, is the dilation operator 75f(x) = f(dx), x, is the characteristic
function of E and ¢(Q) is the sidelength of the cube Q.
We define a natural maximal operator associated to the space X.

‘ X

T[(Q) (f XQ)

Definition 1.1 For each locally integrable function f the mazimal operator M, is
defined by

M, f(x) = sup 11l o0

where the supremum is taken over all the cubes containing x.



Let X = L? be the Orlicz space defined by the Young function B (cf. section 2
or [7] [8]). Then the maximal operator M, = M, is defined in terms of the average

1
I = 161, = int{3 >0 5 [ 5 (52 ay <

(cf. [1]). If X is the Lorentz space X = L*? then the maximal operator is

M, f(z) = M, f(z) = sup —

xlelgwﬂfxczﬂs,q

(cf. [12], [14] and [3]).
Given a Banach function space X, X’ will denote its associate space, which is
another Banach function space (cf. next section).

Theorem 1.2 Let 1 < p < oo, and let X be a Banach function space such that
M., : L(R") — LP(R"). Suppose that (w,v) is a couple of weights such that there
s a positive constant K for which

(g7 [ wor ) P <k 5

for all cubes (). Then

| womswy s <e [ oy i )

n

for all nonnegative functions f.

A particular example is when X = LP7, with » > 1. In this case the associate
space is X’ = L?¥'"" whose corresponding maximal operator is given by

N L ) | oy )1
o f(2) = (p/r)'f(iﬂ)—igg(@ /Q )l y) |

which is bounded on LP(R™). On the other hand, observe that when r =1 X’ = P,
whose corresponding maximal function M, is not bounded on LP(R") since M itself
fails to be bounded on L*(R™).



Corollary 1.3 Let 1 < p < o0, and suppose that (w,v) is a couple of weights such
that for some r > 1, there is a positive constant K for which

1 1/p 1 , 1/p'r
(W—l/Qw(y)pdy) (@/Qv(y)"”"dy> <K, (10)
for all cubes Q. Then

[ wonswra<e [ o)y dy (1)

n

for all nonnegative functions f.

We can deduce a better result using the scale of Lorentz spaces: if X = LP'™>,
then X’ = L1 and My, is bounded on LP(R™) (cf. section 6). Hence

Corollary 1.4 Let 1 < p < oo, and 1 < r < oo. Suppose that (w,v) is a couple of
weights such that there is a positive constant K for which

1 Y
— P -

for all cubes Q. Then

XoU Y| Lo <K (12)

| wontrwyras<e [ wswyd (13)

n

for all nonnegative functions f.
More interesting examples are provided by the theory of Orlicz spaces.

Theorem 1.5 Let 1 < p < oo, and let B be a doubling Young function such that

’ -1
e NPT at
— < 14
[ (w) <> -
for some positive constant c.

i)Let (w,v) be a couple of weights such that there is a positive constant K for which

1/p
(& / wdy) o, < K (15)
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for all cubes Q). Then

[ wonswra<e [ ooy

n

for all nonnegative functions f.

(16)

ii) Condition (14) is also a necessary condition. That is, suppose that B has the

property that

| wontrwyray<e [ wswyd

n

for all nonnegative functions f, whenever the couple of weights (w,v) satisfies

1 1/19 .
L w(y)f’dy) b <K,
(1), .

for all cubes Q. Then B satisfies (14).
Particular examples are given by
B(t) ~ t*" log? (1 + 1),
or the weaker one
B(t) ~ t* log” ~}(1 + t)[log log(1 + )]P'1+°,

with 6 > 0.

The key fact is the boundedness of Mz on LP(R™), and the relevant class of

Young functions is the following.

Definition 1.6 Let 1 < p < oco. We say that a doubling Young function B satisfies

the B,, condition if there is a positive constant ¢ such that

/°° B(t) dt /OO # N\ dt
_— = = — < 0oQ.
.ot ). \B@ t

Then we have the following characterization.

Theorem 1.7 Let 1 < p < oo. Suppose that B is a Young function.

following are equivalent.

i)
B e B,;

5

Then the

(17)



ii) there is a constant ¢ such that

M, f(y)Pdy < ¢ / f()P dy (18)

n

R
for all nonnegative functions f;
ii1) there is a constant ¢ such that

. My f(y)’ w(y)dy < c . f(y)P Mw(y)dy (19)

for all nonnegative functions f and w;
iv) there is a constant ¢ such that

[ sy it <e [ ey Sy (20

for all nonnegative functions f, w and u.

A consequence is the following inequality:

Corollary 1.8 Let 1 < p < co. Suppose that w is a weight. Then

M f(y)P MY w(y) Pdy < e [ f(y)Pw(y)' Pdy (21)
R™ Rn
for all nonnegative functions f.

As usual [r] denotes the integer part of r.
Acnowledgement. We wish to thank the referee for the careful reading of this

paper.

2 Preliminaries

In this section we provide the necessary background from the theory of function
spaces that will be used later. We begin by recalling some basic facts about the
theory of Banach function spaces introduced by W.A.J. Luxemburg in [9], and we
shall refer the reader to [2] for a complete account. Let (R, ) be a measure space,
and let M (R) be the cone of p—measurable functions on R whose values lie in
[0, 00]. A mapping p : MT(R) — [0, 00] is called a Banach function norm if, for all
fr9, fn,(n=1,2,3,...) in MT(R), for all constants a > 0, and for all y—measurable
subsets E of R, the following properties hold:



i) p(f) =0iff f =0 pae; plaf) = ap(f);
p(f +g) < p(f) + plg)

ii) 0 <g < f p-ae. implies p(g) < p(f)
iii) 0< fu T f pae. implies p(fo) T p(f)
iv) u(E) < oo implies p(x,) < 0o

v) f(E) < oo implies [ fdu < Cpp(f),

for some constant C'g, 0 < Cg < 00, depending on E and p but independent of f.
Let M(R) denote the collection of all y—measurable functions on R. The collection
X = X(p) of all functions f € M(R) for which p(|f[) = |[f]|, < oo is called
a Banach function space. The most important property of the Banach function
spaces is the generalized Holder inequality

(22)

x’’

/R F@)aw)] du) < 11 lgl

where X’ is the associate space to X.

A Banach function space X is said to be rearrangement—invariant if whenever
frg € X are equimeasurable, then ||f|| . = [[g] . Recall that two functions are
equimeasurable if p¢(t) = py(t), t > 0, where ps(t) = u{x € R: |f(x)| > t}, is the
distribution of f. Most of the properties of the rearrangement—invariant spaces can
be formulated in terms of the fundamental function of X, ¢, given by

Px () = lIxell

where p(FE) = t. Observe that the particular choice of the set F with u(E) =
t is immaterial by the rearrangement-invariance of X. ¢,  is quasiconcave and
continuous, except perhaps at the origin. Furthermore, if X’ is the associated space
of X the following identity holds

px(e(t) =t, t>0. (23)

Examples of rearrangement—invariant spaces include the Lebesgue LP spaces,
the minimal and maximal Lorentz spaces A, M, (cf. [2]). Also, the Orlicz and L9
spaces that we are going to describe briefly next.

A function B : [0,00) — [0,00) is a Young function if it is continuous, convex
and increasing satisfying B(0) = 0 and B(t) — oo as t — oo. We shall assume
that B is normalized so that B(1) = 1. Also, we shall require that B satisfies the
doubling condition



B(2t) < C B(t), t>k (24)

for some constants C' > 0, & > 0. We shall make use of the following property

B(t) ~ t B'(1), t>0, (25)

and that t — @ is increasing.

Each Young function B has associated a complementary Young function B that
satisfies B
t< B '(t)B7'(t) < 2t, t > 0. (26)

Let (X, p) be a measure space and let B be a Young function. The Orlicz space
LB(u) consists of all y—measurable functions f such that

/XB <@) du(y) < oo,

for some A > 0. L (1) can be normed by the Luxemburg norm defined by

B (@) du(y) < 1}

LB(u) is a rearrangement—invariant space with fundamental function given by

Hﬂgu:mHA>0i/

X

1

In particular if F is a measurable subset of X, then
I, | ! (28)

Xellpp = i1y

"B Gm)

Finally, the associated space to LZ(u) is LB ().
A function f belongs to the Lorentz space L*?, 0 < s,q < oo, if

. dt1e

1, = [q /0 (tp{z e R : |f(2)] > t}'7%)

whenever ¢ < oo, and

< 00,

sup tp{z € R™:|f(x)] > t}* < oo,

0<t<oo



if g =00. For each 1 < s,q < oo L% is a rearrangement—invariant Banach function
space with fundamental function

gp(t) = tl/s>

. v
and associated space L°7.

3 The general case

Let X be a Banach function space over R™ with respect to the Lebesgue measure.
Recall that for any measurable function f and arbitrary cube ) we defined the
X-—average of f over () by

17150 = e (T x0)]| (29)

where 75, 6 > 0, is the dilation operator 75f(z) = f(dx), X, is characteristic function
of E and ¢(Q) is the sidelength of the cube Q.

Note that Holder’s inequality for Banach function spaces (22) yields after the
change of variable y = £(Q)z

1
o /Q Fwaw) dy < If1, gl (30)

We also introduce the following maximal operator associated to the space X.
For each locally integrable function f we have also defined M, by

M, f(x) = sup 110

where the supremum is taken over all the cubes containing x.
Proof of Theorem 1.2: Since the set of bounded functions with compact
support is dense in LP(vP) it is enough to show that there is a constant ¢ such that

| wosyra<e [ wwswya, 1)

n

for each nonnegative bounded function with compact support f.
For each integer k, and for any constant a > 2" we let €2, and Dy, be the sets

Qe ={z eR": a* < M f(z)},



ak
Dy ={z e R": Mf(z) > 47}-

Here M9 denotes the dyadic Hardy-Littlewood maximal operator. By Lemma 4.1
below with ¢t = a* (note that the lemma also holds for the degenerate Young func-
tion B(t) = t, the classical Calder6n-Zygmund decomposition) there is a family of
maximal nonoverlapping dyadic cubes {Qy;} for which Q C U;3Q%;, D = U,;Qr ;.

and
k 1 k

fy)dy < 5. (32)

a
Qrjl Jo,,
We can now estimate the left side of (31) as follows

M wldy =3 / g wiy)rdy < (33)

R™ Qk Qk+1

<af Z akpwP(Qk) <C Z akpwp(3Qk,j) <
k k.j

Cz<|Qk3’ Qk,j (>dy> wp(ng’j):

<%

k

fyv(y)oly)™! dy) wP(3Q,;) <

|Qk]| ij

’3Qk,j’ 3Qk,;

For each integer k,j we let we let Ey; = Qrj — Qrj N Diy1. Then {Ej,;} is a
disjoint family of sets, and by Lemma 4.2 (as above the lemma is also valid for the
degenerate Young function B(t) = t) there is a positive constant [ such that for
each k,j |Qk;| < B|Ek,;|. This together with (30), and (8) allows to dominate last
sum by

< CZ( : f(y)v(y)v(y)ldy) wP(3Qh,;)-

(JZHf 0, o 1071, wP(3Qus) =

wP(3Qk,;)
S 7 P, “ge 108 S

<CK?Y | fol”
X

/3Q |Ek]|<

10



<CY [ M (fo)y)dy<C | M,(fv)(y)dy <

kg Bk R

<c [ Gwrwray,

since the sets {E};} are pairwise disjoint, and because we are assuming that M, :
LP(R™) — LP(R™). This concludes the proof of the theorem.
(I

It is a simple consequence of this Theorem that condition (8) is stronger than
A, since the later is necessary for the boundedness of M from LP(vP) to LP(wP).
However, there is a direct argument that we shall outline. It is enough to show that
there is a positive constant ¢ such that

1 p’ 1/17/
(o [ ) el (34)

for all cubes, and for all nonnegative functions f. Let us assume that f > 0, and @)
is fixed. By assumption on M _,, there is a constant c such that

Mgy dy<c [ gty dy (3)

Rn

for all nonnegative functions g. Consider g = fp/_IXQ. Then

(P

Ll [ ooy <e | s ay

This together with (30) gives

<
X'.Q

1 , 1 /
T~ P d = — pfld -1
o /Q o iy = o /Q P FP "y < 7117

écl!fo,Q(ﬁ /Q ) )P,

which readily gives (34).
We conclude this section by proving a weighted inequality “dual” to the classical
Fefferman—Stein inequality

Mfy)Pw(y)dy <c [ fly) Mw(y)dy.

RTL R?’L
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The main interest follows from the fact that its “dual” inequality, namely

| MP@Y Mu@) Py <c | S o) dy

is false in general (consider f = w positive and integrable).

Theorem 3.1 Let 1 < p < oo, and let X be a Banach function space such that
M., : LP(R") — LP(R").
i) There is a constant ¢ such that

» 1
e MY G e

for all nonnegative functions f and wu.
it) If furthermore X is rearrangement—invariant with fundamental function ¢, then
there is a positive constant ¢ such that

/ el (37)

e [ Jwp (30)

t t

We do not know whether condition (37) it is also sufficient for the boundedness of
M., on LP(R") as in the Orlicz or Lorentz cases (see Theorems 1.7 6.1 respectively).
Proof: We notice first that (36) is equivalent to

» 1
MDY Gr P

for all nonnegative functions f and g. Now, it follows from the generalized Holder’s
inequality (30) that

dy <c f(y)P dy,
R” R™

L MUDW G ® < L M DMWY meos

<C [ fly)Pdy,
]Rn

since M, : LP(R") — LP(R™). This gives i).
As for ii) we denote by Q(z,r) the cube centered at x € R™ and with sidelength
equal to r. Taking f =u = x,,,, in (36) we have,

Mf(y) —————dy < C. (33)

R (M (f) ()]

12



On the other hand the rearrangement—invariance of X yields

M, (f)(y) = sup Tz(@)(XQmQ(o,l))H = sup HXE(Q)”(QHQ(OJ)) H
yeQ X yeQ

=supp, (|(Q)"H(QNQ0,1))]) =supyp,
yeQ yeQ

(o)

Now, since ¢, is increasing it is easy to see that there exist positive constants a, b
such that whenever |y| > a

MO0 = () (39)

Hence, by using polar coordinates and (23) we get
1 1 b \?
Mf(y)? —d?JEC/ T P (_n) dy =
Rr (M, (f)(y)]P I N
<1 b\ " dr > 1 1\ 7 dr
:O/a %SOX(T—,J T7:C/al T_p%‘<;> r-=

c p 1 c /tp
:C/ t _@:C/sox()@
owx(t)”tt 0 13 13

This estimate together with (38) concludes the proof of the Theorem.
O

We shall conclude this section showing that if X is rearrangement—invariant,

condition P
c , t
/@A)_<w7
o t

in Theorem 3.1 is also necessary for the statement in Theorem 1.2.

Proposition 3.2 Let 1 < p < oo, and let X be a rearrangement—invariant Banach
function space with the property that

| woniswra<e [ @wswr

n

for all nonnegative functions f, whenever the couple of weights (w,v) satisfies

13



1/p
(& [ wr i) o, < K (40)

for all cubes Q. Then
c t)P
/ SOX/( ) ﬁ < 00
o t t

Proof: For the proof take any nonnegative locally integrable function ¢, and con-
sider the couple of weights (w,v) = (M, (g"/?)~, /7). Since

1/p
(& / M) o, <
< (g [l an) " ool =1

(w,v) satisfies condition (40). Hence, by hypothesis on X there is a constant ¢ such
that

» 1 . 1
e O G g™ = L T gy

for all nonnegative functions f. Finally, by Theorem 3.1 X must satisfy

/SOX/() dt<oo
o bt

(41)

4 The B, condition

Recall that a doubling Young function B satisfies the B, condition if there is a

positive constant ¢ for which
/ < B(t) dt
— <0
Lt

Since sometimes is more convenient to deal with the complementary function B
of B, it can be checked using (26) and (25) that the Young function B satisfies the

14



B, condition if there is a positive constant ¢ for which

/COO <%)p_l % < 00. (42)

We now give the proof of Theorem 1.5 which relates the B, condition, the bound-
edness of M, on LP and with dual weighted estimates for M.

4.1 Proof of Theorem 1.7

For the proof that i) implies ii) we need the following lemma.

Lemma 4.1 Suppose that B is a Young function, and that f is a nonnegative
bounded function with compact support. For each t > 0, let Q, = {y € R" :
M, f(y) > t}. Then, if Q: is not empty, we have

Qt C Uj?)Qj, (43)
where Q); is the family of nonoverlapping maximal dyadic cubes satisfying
t t
<Ml =52 (44)
for each integer j.
Furthermore it follows that
ol <c 5 (1) ay (45)
{yeRrn:f(y)>t/2} t
and
{yGR”'Md()>—} U;Q;- (46)

We defer the proof of the lemma for the moment, and assume i). To prove ii) we
shall use the classical approach (cf. for instance [6] Ch. 2.) Hence, (45) and the

change of variable t = ( yleld

M S () dy = p/ tp!{yeR”:MBf(y)w}\%g

<o [ / () wite [ en (R) S

15



f(y) dy / BOdt_ o [ yiypay.
Rn 1/2 Rn

ot

since B € B,. This proves that i) implies ii).
For the proof that ii) implies iii) we discretize as in Theorem 1.2. We fix a
constant a > 2", and for each integer k we let (i, and D, be the sets

Qe ={x € R": M, f(x) > d"},

k
Dk:{xeR”:Mgf(:c)>Z—n .

Here M? denotes the dyadic version of M. Hence, by Lemma 4.1 with ¢ = a* there

is a family of maximal nonoverlapping dyadic cubes {Qy;} for which Q; C U;3Qy;,

D, = Uijjj, and
k

e

a

<Nl <5 (47)

We shall need the following lemma.

Lemma 4.2 Suppose a > 2". For all integers k, j we let Ey ; = Qr; — Qk,j N Dig1.
Then {Ey ;} is a disjoint family of sets which satisfy

2TL
|Qk.; N Dita] < - |Qk ;1 (48)

and 1
|Qkyl < |Ekjl (49)

We postpone the proof of this also until the end of the proof of the theorem.
Now, using (47), and (49) we estimate the left side of (19) as in the proof of
Theorem 1.2 by

- M, f(y) w(y)dy = Z/Q ) M, f(y)? w(y)dy < (50)
<@y dPw(@) <O Za’“”w@@k,j) <

(3
<O Sl w0300 =€ S, il <

16



<C | [fy) Mw(y)dy,
R
since we are assuming ii). This proves iii).
Let us assume that iii) holds. Observing that (20) is equivalent with

[ My Gty < [ty iy

for all nonnegative functions f, g, and w, iv) follows immediately from (19) after an
application of the inequality

M(fg)(y) < M, f(y)M g(y), y € R,

which is a consequence of the generalized Holder’s inequality (30).
To prove that iv) implies i) we let w = 1 in (20) obtaining

1
dy <c fy)? ——dy,
Rn

Mf(y)? e

R (M (u!/) (y)]?

for all nonnegative functions f, and w. Since this is (36) in Theorem 3.1 with
X = LP, we can apply that proposition to get a constant ¢ > 0 for which

/CM@@o. (51)

t t

Here ¢, = ¢, is the fundamental function of LB. We claim that (51) is equivalent
with B € B,. Indeed, by (27) and (25) it readily follows that

JAES iy p——_ (52)
o t t o B3Pt t

- [Eod

). ot
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from which we obtain the claim. This concludes the proof of the Theorem save for
the proofs of Lemmas 4.1 and 4.2.

Proof of Lemma 4.1: The proof is a simple adaptation of arguments in [6]
Ch. 2. Since f is bounded with compact support, say suppf C K,

11, < 1ol =
1

ALY
B 1(|@mK|)

11, — 0

as @ T R". Hence, if there are any dyadic cubes @ with | f| > ¢, they are
contained in cubes of this type which are maximal with respect to mclusmn We let
C, = {P;} be the family of the dyadic maximal nonoverlapping cubes satisfying

t<fl,,

= I/l

and it follows that

Let P]’ be the only dyadic cube containing P; with sidelength twice that of P;. Then

t<fl,, <271l ,
g

The last inequality can easily be deduced from the definition of the Luxemburg norm
using the fact that ¢t — 50) g increasing. Hence by the maximality of the cubes
{P;} we get

t < ||f||B’Pj < 2"t. (53)

Observe that from this discussion it is clear that
{y eR": M f(y) > t} = U;P;. (54)
Let x € €. By definition, there is a cube R containing x such that
t<Ifl, . (55)

Let k be the unique integer such that 2-*+V" < |R| < 27" There is some dyadic
cube with side length 2% and at most 2" of them, {J; : i = 1,...,n}, meeting the
interior of R. It is easy to see that for one of these cubes, say Ji,

= <t (56)

18



This can be seen as follows. If for each 2 = 1,...,2" we had

we would get since R C U?",J; that

t
2

<

B,R

S

2 .
Ui_q J;

11,0 = X

=t,
contradicting (55). Using that |R| < |J;| < 2"|R| one can also show

t
4_n < Hf“B,Jl. (57)

By letting Cy/ay» = {Q;}, we have by (53) that

t t

= <, < o (59)

for each j, yielding (44). (46) also follows since {y € R™ : M4 f(y) > £} = U;Q;.
Also, we see from (57) that J; C Q, for some k, and then R C 3J; C 3Qk. This
gives

Q C Uj?)Qj,

which is (43). Now, by the left side of the inequality (58), and the definition of
11, we get

Q| < C Z|Q]| <
J

<C’Z/ (4nf )@gC/ﬁ(@)dy. (59)

To obtain (45) we just use the standard idea of writing f as f = fi; + f2, where
fi(z) = f(x) if f(z) > £, and fi(z) = 0 otherwise. Then M, f(z) < M, fi(z) +
M, fo(z) < M, fi(z) + £. Finally, since (59) holds for each f >0, ¢t > 0 we have

ol < [y e ms ) > gl <0 [ (22 a4y

19



_C B ( f (y)) ay.
{yeRm: £ (y)>t/2} t

concluding the proof of Lemma 4.1.
O

We now conclude the proof of the Theorem by proving Lemma 4.2.
Proof of Lemma 4.2: The family Ej ; is clearly disjoint. We note that (47)
and the definition of the Luxemburg norm implies that

1 4m
<t B\ —f(y ) dy,
|Qk,]’ Qk,j (a’k ( )

1 2"
T Bl — dy < 1.
Qrjl Jo,, (akf(y)) v

Hence by standard properties of the dyadic cubes we can estimate what portion of
Qk,; is covered by Dyq as in [4] (cf. [6] p. 398)

and

|Qk3ﬂDk+l| Z’Qk]ka+lz’ _
|Qk3| |ij|

Z | Q1,4 _
1:Qk41,iCQk,j |Qk’j|

S B(aﬁif(y)) dy <

1:Qk+1,:CQk,j |Qk’3‘ Qr+1,i

2" 1 2"
<z 5 (%00 v
a |Qk,j| Qk,iNUiQk+1,i a
2n
— a *

5@

Here we have used that B(2-t) < £ B(t), t > 0, since £~ < 1, and because ¢t — =,

is increasing. This gives (48). Finally

B 2"
|Els| >1—-=>0,
| Qs a
completing the proof of the Lemma and hence that of Theorem 1.7.

O
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4.2  Proof of Corollary 1.8

If we let w = 1 and u is replaced by w?~! in (20) we have the weighted inequality

1 1
Mf(y)? dy <c f(y)! ———=dy,
oo O R ey e T )
when B € Bp. Let 6 = [p,] —p/ +1> O, and take B(t) ~ m Then B( )

' log?”)(1-+1) and [M,, (w=D/7)(y)]? = [M, (w)(y)]~", where A(t) ~ t1og?(1+¢).
Then Corollary 1.8 will follow if we prove the pointwise inequality

M, w(z) < C MPHy(z).

It is enough to prove that there is a constant C' such that for each cube @)

C [ ry d
1,0 < 15 /Q MYV f(y) dy

By homogeneity we can assume that the right hand side is equal to C'. Then, by
the definition of the Luxemburg norm we need to prove

: /
— [ Alw(y))dy = / () 1og?1 (1 + w(y)) dy < C.
@l Jg 1Ql
But this is a consequence of iterating the following inequality of E.M. Stein [15]

/ w(y) log*(1 +w(y))dy < C / Muw(y)log" (1 + Muw(y)) dy, (60)
Q Q

with b =1,2,3,---.

4.3 Some further considerations about the class B,
We observe that 1 < p < ¢ < co implies that
B, C B,

A typical Young function that belongs to the class B, is B(t) = t* with 1 < s < p.
Another more interesting example is the function B given by
tP

By~ ——
®) log' ™ (1 4 t)
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or
tP

~ log(1 +t) [loglog(1 + ¢)]1+9”

B(t)

with 6 > 0.

Since the function B(t) = t° belongs to B, we have 1 < s < p and so implies
that B € B,_ with 0 < € < p — s, one could think that the same property would
hold for any Young function in B,,. However, this is false as the following example
shows. For ¢ > 0, consider the example mentioned above

P

Blt)  —————.
(t) logH‘s(l +1)

Then, B € B,, but it can be easily shown that there is no € > 0 for which B € B,_..
We can remedy this situation if we restrict attention to those Young functions that
are submultiplicative. We say that the Young function B is submultiplicative if

B(ts) < B(t)B(s)

for each t,s > 0.

Lemma 4.3 Let 1 < p < oco. Assume that B is a submultiplicative Young function
such that B € B,. Then there exists € > 0 for which

BeB,..
Proof: This is a simple consequence of the fact that
B € B, if and only a(B) < p.
(Cf. for instance [2] Ch. 5.) Here &(B) denotes

logB(t)
logt ’

&(B) = lim (2980

=1in
o0 lOgt ft>1

and it can be shown that the limit exists, is finite, and strictly positive.
O

Let us make the following observation concerning a particular case of (20). Tak-
ing the weight w = 1, inequality (20) becomes

1

Mf(y)? e

R" (M, (ul/?)(y)]
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for all nonnegative functions f, and u. Let 1 < r < 0o, and consider B(t) = t®'7)",
Then B € B, and (61) is

1

u(y)
However, this estimate follows from well-known results. Indeed, it is enough to
show that [M, (u'/?)(y)]™" is an A, weight by the theorem of Muckenhoupt and
the Lebesgue differentiation theorem. Now, recall that a weight w belongs to A, if
and only if w = w, w;_p where w; and w, are A; weights, and that (Mg)° € A,
0 <6 <1 (see [6] p. 436). Then it is clear that

1
MIW i ygeor® <¢ [ IO S5

R

(M, () ()] = (M (o) ()]0

B
is an A, weight.

This argument may suggest that [M, (u'/?)(y)]? satisfies the A, condition for
each B € B,. However, the following example indicates that this is not true in
general, and thus above argument is not sharp enough to get (61).

Let 1 < p < oo, > 0, and let B be the Young function such that B(t) ~
t7 log?” ~'*°(1 +t). Then B € B, but w = M, (Xo0) " & Ap. Otherwise there
would exist € > 0 such that w € A, (cf. [6] p. 399.) Hence for each M > 0 we

would have
/ “;((fj)e) dy < . (62)
lyl>m y]

(cf. [6] p. 412.) However (39), and (27) yield
w(y) ~ B~ (b]y[")", lyl > a,

for some positive dimensional constant a,b. Thus using polar coordinates and (25)

w(y B7Y(b|y|™)P * BT (t)P dt
/ n(<p)e> dy ~ / <n(1|°|6)) ay ~ tp—l(—e t
|y[>a [yl y[>a [yl a1

/

N /°° tP dtN /°° tP dt
s B(t)pflfe ¢ o 10g1+5(l’—1)—€(p’_1+5)(t) t

contradicting (62).

:OO,
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5 Orlicz spaces and two-weight inequalities

Proof of Theorem 1.5 Part i) follows immediately from Theorem 1.2 together
with Theorem 1.7. Indeed, let X = L? with associate space X’ = LZ. Then the
hypothesis M, = M : L?(R") — LP(R") in Theorem 1.2 is equivalent with B € B,
by Theorem 1.7.
Part ii) follows from Proposition 3.2 and the computation in (52).
O

As an easy consequence of this theorem we can obtain sufficient conditions much
in the spirit of [5].

Corollary 5.1 Let 1 < p < co. Suppose that ¢ : (0,00) — (0,00) is increasing,
that p(2t) < Cp(t),t > 0, and that for some positive constant c

/ N - (t;_l ? (63)

Assume that (w,v) is a couple of weights which satisfies for some positive constant
K

(i o) i o= (<50 ") ]2

for all cubes Q. Then

| woptrwya<e [ wwswr. (65)

for all nonnegative functions f.

Proof: Consider the Young function defined by B(t) ~ (,) which satisfies

(14) (i.e. that B € B,). Now, (64) implies

|Q|/ (( Q) )1/pv(y)1> dy < 1,

cp
K

or equivalently




From this and by homogeneity we get (15). Then Theorem 1.5 applies.

O

6 Lorentz spaces and two-weight inequalities

In this section we study two weighted norm inequalities for the Hardy—Littlewood
maximal operator whenever the weights satisfy (8) with X being a Lorentz space.
We begin by recalling that the maximal operator associated to the Lorentz space
L7 is given by

1
Ms,qf(‘r) :Supﬁ“fXQH .
»< Q" “

We now state a result similar to Theorem 1.7.

Theorem 6.1 Let 1 < p,s < 00, and 1 < q < co. Then the following are equiva-
lent.

i)

S<p; (66)

ii) there is a constant ¢ such that
[ tarwray<e [ swrdy (67)

n Rn
for all nonnegative functions f ;

ii1) there is a constant ¢ such that

[ Mty <c [ rwr iy (68)
n R

for all nonnegative functions f, and w ;
iv) there is a constant ¢ such that

) Muly)
MY G < © IR o)

for all nonnegative functions f, w and wu.

dy, (69)
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Proof: Let us assume i). Since L*! C L*9 the proof of ii) can be reduced to
showing that

[ aswray<e [ oy

We use the following weak-type inequality for the operator Mj; established in [14]

C
|z e R" : My f(x) >t < —

<zlIfl, ot

namely,
M, : L¥Y(R™) — L*>°(R").

On the other hand we always have
Mg, : L*(R") — L>=(R").

Hence by the Calderén version for Lorentz spaces of the Marcinkiewicz interpolation
theorem (cf. [2] p. 225), we have

M, : LP(R") — LP(R"),

since p > s. This gives ii).
Assume now ii). The proof of iii) follows the same line as that of Theorem 1.7,
and we shall outline it. Again it is enough to prove

| Maswremay<e [ pwr e,

for each nonnegative bounded function f with compact support. We discretize the
left hand part of the inequality as in Theorem 1.7. We fix a constant a > 2", and
for each integer k we let €2 and D, be the sets

Qk = {.I' - Rn : Ms,lf(x) > ak}7

k
a
Dy={z eR": M f(z) > 4—n},

where M 31 is as above the dyadic version of M, ;. Hence, arguing as in Lemma 4.1
we can find for each k a family of maximal nonoverlapping dyadic cubes {Qy.;};ez
for which Q C Uj3Qk,j; D, = Uij’j, and

(lk

< —.
s,1 2n

a® 1

e < . (70)
4 Q"

fXa,,
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We let {E} ;} be the disjoint family Ej ; = Qk; — Qrj N Di41. We claim that
1
|ij| < — 2ns |Ekj| (71)

The proof requires a simple modification of the argument given in the proof of
Lemma 4.2. Indeed, (70) and Minkowski’s inequality yield

|Qrj N Dyya| |Qry N Qe _ |Qrt1,i
| Q] Z | Q] 2 | Q]

<
#:Qk+1,iCQk,;

1 4m \°
< Q| (akJrl) > HfXQkJrl,i

1:Qk41,i CQk,j

S

s,1

lS
s

1 4m 0\ ° 0 v
N | Q. (akﬂ) Z (/0 Hr € Qryr,i : f(z) > t}|1/ dt> <

1:Qk41,iCQk,j

1/s s

1 4m \® oe
<gal@) || 2 ecomis@en) af -

1:Qk41,i CQk,j

: (%) {/ Hz € Qi NUQps1, - fx) > t}|1/8 dt} <
0

Q]
< 1 4m \° s < 2m ¢ <1
Q| \akt? s1 - \a ’

from which the claim readily follows.
Now, as in the proof of Theorem 1.7 part iii) we have the following chain of
inequalities

Mo wlohy =3 [ Mty ey < Y ae) <

Q=41 3

fXa,,

Rn




f Xoy, (Mw)"/?

p
- | By j] <
kz <|Qk K S’l)

<y [ Matony er ay < [ Maom ey <

Eyg ;

. f(y)? Mw(y)dy,

since we are assuming that M, ; : LP(R") — LP(R™). This proves iii).
That iv) follows from iii) is as in Theorem 1.7 a simple consequence of

M(fg)(y) < Myof (y)Mgqg9(y), y € R".

To prove that iv) implies i) we set w = 1 in (69), obtaining the same inequality as
n (36) with X = L*¢. Now, recalling that o(t) = t'/* is the fundamental function
of L9 we can apply Theorem 3.1 to deduce that ¢ must satisfy

c P
/so(t) @<oo’
o Lt

for some ¢ > 0. This is equivalent with p > s, concluding the proof of the theorem.

O

We finish with the proof of Corollary 1.4:
Proof: The associated space of L™ is L?)"! Hence by Theorem 6.1 with
=(rp) <p,and ¢ =1

M(rp/)/J . Lp(Rn) — Lp(Rn)

Thus the corary follows from Theorem 1.2.
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