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A NUMERICAL STUDY OF SOME QUESTIONS

IN VORTEX RINGS THEORY (*)

by Henri BERESTYCKI (*), Ennque FERNANDEZ CARA (2), Roland GLOWINSKT (X

Résumé — Ce travail a pour objet Vétude numérique de certains aspects de la théorie des tourbillons
statwnnaires axisymétnques (« anneaux vortex » ou « doublets vortex plans ») dans un fluide idéal
Apres avoir rappelé Vorigine physique des problèmes envisagés, nous indiquons divers résultats
théoriques Nous étudions ensuite un problème modèle analogue dans un domaine borné La conver-
gence d'une methode d'éléments finis est établie dans un cadre général pour ce type de problèmes
Enfin, une méthode de « maillage à grandeur variable » est appliquée au problème des anneaux ou
doublets vortex On résout ainsi numériquement les problèmes « à vitesse de vortex libre » ou encore
« à paramètre de flux libre » Les calculs mettent en évidence une relation entre ces deux paramètres
qui s'interprète physiquement Nous obtenons ainsi diverses configurations d'anneaux vortex en
fonction des paramètres Les calculs conduisent enfin à la formulation de diverses conjectures concer-
nant ces problèmes

Abstract — The aim of this paper is to study numencally some questions arising in the theory of
axisymmetnc vortex rings (or pairs) in an idéal fluid Weflrst recall the physical motivation for this
problem and prove some theoretical results We then study an analogous model problem in a bounded
domain The convergence of afinite element meîhod is estabhshed in a gênerai framework for this
type of problem Lastly, a variable mesh procedure is apphedin the context of the vortex rings problem
This allows one to solve numencally the " free vortex velocity "problem and the " freeflux parameter "
problem. Computations exhibit a relationship between these two parameters which can be interpreted
physically They further lead to several conjectures for these problems
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H. BERESTYCKÏ et al.

1. INTRODUCTION

In the description of axisymmetric steady vortex rings in an idéal fluid given
in the classical work of Fraenkel and Berger [28], one is led to some free boun-
dary problem for the Stokes stream function which reduces to a semi-linear
elliptic problem in a half-plane (*). With a view to making clear the physical
significance of the various parameters involved in this problem and which play
a crucial rôle, we start in the next section by recalling the dérivation of the
model. In Section 3, we show several qualitative properties of the solutions;
we also indicate some mathematical conjectures which arise quite naturally.
Analogous problems but in a bounded domain are studied in Section 4 in a
gênerai framework. Existence results for the discrete versions of these model
problems are proved in Section 5.

We then proceed in Section 6 to establish the convergence of the fînite
element approximation of these problems. Some algorithms used to solve the
discrete problems are discussed in Section 7. Applications of these results to
the steady vortex rings or pairs problems are detailed in Sections 8 and 9.
There, we require a variable mesh-size procedure in order to find suitable
approximations of the problem in the unbounded domain.

Lastly, the numerical results are presented in Section 10. Several examples
of vortex rings or pairs depending on the various parameters are shown
together with the triangulations that were used. The computations appear to
be quite efficient with respect to both the convergence speed and the accuracy
(as can be checked by test identities). The computations give much évidence
to support several conjectures that are outlined in Section 2 and which lead
to some interesting mathematical questions. In particular, we exhibit a rela-
tionship between the velocity of the vortex ring and a certain flux parameter
(see below) which lends itself to a physical interprétation.

2. PHYSICAL MOTIVATION OF THE PROBLEM

In this Section, we recall the formulation of the problem of steady vortex
rings in an idéal fluid given by Fraenkel and Berger [28]. We essentially follow
hère the elegant présentation that R. Temam [49], Appendix, has given for a
problem in plasma physics and which is also valid here (see also Berestycki [8]).

(1) An alternative approach to the question of steady vortex rings has been développée! by
Benjamin [6]. It leads to related but different problems. The reader is referred to the works of
Auchmuty and Benjamin [4] and Friedman and Turkington [29] for existence results in this direction.

R.A.LR.O. Analyse numérique/Numerical Analysis



VORTEX RINGS THEORY 9

Consider an idéal fluide that is, inviscid and incompressible, which is in
axisymmetric equilibrium around an axis Oz. Let v dénote the velocity field
of the fluid and œ = curl v the vorticity field. A vortex ring is defined as an
axisymmetric région sé of the space IR3 around Oz such that ~u> # Ö in sé while
(o = 0 outside sé. From the équation of mass conservation

divïî = 0, (2.1)

and using the axial symmetry, one dérives the existence of the Stokes stream
function \|/ = \|/(r, z) for the fluid (where (r, 0, z) are the usual cylindrical coor-
dinates in M3). That is, letting (ur, i>e, vz) dénote the coordinates of v 'm the
cylindrical basis, one has :

„,-!£ v2 = -if. (2.2)
r r ôz z r dr

(Recall that iïonly dépends on r and z). Let U be the half-plane

n = { (r, z) e R2 ; r > 0 }
and let A be the cross section of sé in the meridian half-plane II (i.e. 9 = cons-
tant).

In the cylindrical basis, the vorticity co = curf t>has the following expression :

where a = rvd and if is the following self-adjoint elliptic operator :

d (\

Thus, from (2.3) it follows that

= 0 in n - ^ . (2.4)

The field being idéal and stationnary, the velocity field also vérifies the Euler
équation

(v.t)v= -fp (2.5)

where p is the pressure and may contain gravitational terms (assuming g is
directed along Oz). More generally, the term/? may also involve potentials for
other force fields, provided they are axisymmetric. Recalling the relation
(valid for ô? = curl £)

œ x v + ^f\v\2 =(v$)v (2.6)

vol 1 8 , n ° l , 1984



10

one dérives

H. BERESTYCKI et al.

<ö X ?=-?F, F = (2.7)

Then, using (2.2), (2.3) and axisymmetry, (2.7) yields :

dF
dr

1 da2

ir2 dr

dF n 1 ƒ Scr dy\f do d\|/ |

38 ~ ~ ~~r^\~dr"dz ~"dz Ir ]
ÔF f

dz

1 gq2

2 r2 & '

(2.8)

From the second équation in (2.8), one sees that ^cr and \fy always have the
sarae direction. Hence, <r and \|> have the same level surfaces : CT is a function
of v|/ and one sets o 2 = /0(\|/). Thus, ^(a2) = /o'(\|/) fi|/. Then, (2.8) yields :

(2.9)

Whence, again, F is a function of \|/ and one sets F = /i(x|/). This leads to the
équation

in

where f{r, \(/) = — rfl(ty) + y-

function. Indeed, recall that one has

©e = - ƒ fc

^ , (2.10)

function is called the voriiciiy

(Compare (2.3) and (2.10)). We will always consider here that this function ƒ
is given, an assumption which seems reasonable from the viewpoint of appli-
cations.

For physical reasons, one further assumes that

MS continuous across dA

= 0 on dA

(2.11)

(2.12)

where n is the outward unit normal vector on dA. This last condition just
says that dsé is a stream surface. By (2.11), \|/ is C1 across dA and, since
v.n = — d\j//d% where t is the unit tangent vector on dA, one dérives from
(2.12) that \|/ is constant on dA, \|f being defined up to the addition of a constant

R.A.I.R.O. Analyse numénque/Numerical Analysis



VORTEX RINGS THEORY 11

we set

\|/ = 0 on dA. (2.13)

By axisymmetry, the axis Oz — dU has to be a streamline. Therefore,

y\f — — k on dU (k being a constant). (2.14)

Notice that k is a flux parameter : 2 nk represents the flux rate between the
boundary dA and the axis Oz.

One makes the assumption that the fluid is at rest at infinity and that the
vortex ring moves along the axis Oz at a constant velocity — W < 0. For our
formulation, it is equivalent and more convenient to consider the ring as
being fixed and that the fluid at infinity has uniform velocity W in the direction
Oz. That is,

v ~ (0, 0, W) as (r, z) -> oo . (2.15)

We nonetheless continue to regard W as the vortex velocity. Hence, at infinity,
the stream function satisfies the " boundary condition " :

i|/~ ^ and V\|/ - Vvj/̂  as r + | z | -> oo , with \|/œ = - y r2 - /c.

(2.16)

W
Let w = i|/ + -r-r2 + fc;w represents the perturbation of the stream function

due to the vorticity motion. We interpret (2.16) by requiring

weL2(IÏ), ^\Vu\2eLl(U). (2.17)

Lastly, as a normalization condition which is quite natural in the present
context, one prescribes the value r| > 0 of the kinetic energy of the vorticity
motion. That is (*) :

&
(2.18)

The problem is now completely formulated in the équations (2.4), (2.10)-
(2.14), (2.17) and (2.18). It is primarily set as a free boundary problem. The
vorticity région A is a priori unknown. Together with the stream function u
and one free parameter (either W or k or else a " vortex strength " parameter)

(*) In all the sequel dx represents the Lebesgue measure intégration element on II.

vol. 18, n° 1,1984



12 H. BERESTYCKI et al

one seeks to détermine dA from the parameters which are prescribed. Following
Fraenkel and Berger [28], this free boundary problem can however be reduced
to a semilinear elliptic problem. To this end, we further impose the physically
natural restriction :

/ ( r , \ | / )>0 in A. (2.19)

By the maximum principle, it is then straightforward to see that

A = {xeU;y\f(x) > 0} while U\A = {xell;\ | /(x) < 0 } .

Therefore, we shall assume

f(r,z)>0 Vz>0, (2.20)

and we extend ƒ by setting

f(r,z) =0 Vz< 0. (2.21)

Thus, the problem (2.4), (2.10)-(2.14), (2.17) and (2.18) is now equivalent to :

Problem (I) (three-dimensional)

-^-r2 -k\ in

on an, ueL2(H)-, -I

- ! Vw I2 dx = Ti .

(I)

In the case of a two-dimensional fluid, in axisymmetric equilibrium, one
obtains an analogous problem describing the existence of vortex pairs (see
e.g. J. Norbury [40]) :

Problem (II) (two-dimensional)

- Au = f(u -Wr-k) in

(II)1Vu |2 dx = T) .

Problems (I) and (II) serve as models for equilibrium in various related
phenomena that arise in other contexts. In idéal fluid mechanics, as we just
have seen, they model the existence of vortex rings or pairs. (A typical example

R.AXR.O. Analyse numénque/Numerical Analysis



VORTEX RINGS THEORY 13

of a vortex ring is a smoke ring.) They also arise in meteorology, physics of
low températures, supraconductivity, quantum theory of suprafluid helium
etc...

Related problems but leading to somewhat different mathematical difïïculties
arise in several other contexts :

— In plasma physics, for the " Grad-Shafranov " équations of equilibrium
for a plasma confmed in a Tokamak machine ; see R. Temam [49, 50], H. Beres-
tycki and H. Brezis [10, 11], J. P. Puel [44] and M. Sermange [48].

— In astrophysics, as models for self-gravitating stars ; see J. F. G. Auchmuty
and R. Beals [3] and the recent and more gênerai work of P. L. Lions [37, 38].

— In Thomas-Fermi theory of atoms ; see E. Lieb and B. Simon [36], P. Béni-
lan and H. Brézis [5], H. Brézis [17], H. Brezis, R. Benguria and E. Lieb [18].

— In related steady inviscid flows with vorticity ; see J. P. Christiansen and
N. J. Zabusky [19], G. S. Deern and N. J. Zabusky [23], L. Lichtenstein [33, 34],
R. X Pierrehumbert [43], P. G. Saffman [45, 46], P. G. Saffman and J. C Schatz-
man [47].

— In internai waves in inviscid stratified flows ; see T. B. Benjamin [6].

3. SOME THEORETICAL RESULTS AND OPEN PROBLEMS

Let us now state more precisely the various problems we want to consider
in the framework of the systems (I) and (II). We also show here several theore-
tical results concerning these problems. Along the way, we will have the
occasion to formulate some mathematical conjectures which seem quite natural
and which are strongly supported by the numerical évidence presented in the
last section.

We shall always assume thereafter that the vorticity functions satisfy the
following set of hypotheses (ƒ is either of the form ƒ = ƒ(/*, s) as in (I) or of the
form ƒ = ƒ<» as in (II)).

ƒ : U+ x U^ [0, + oo) is locally Hölder continuous ; |

/(r, s) = 0 Vs ^ 0 , and ƒ (r? s) > 0 Vs > 0 . J ( '

f(r9 s) ^ f(r, s') , VJ ̂  * \ Vr 6 re+> ( ƒ. 2)

0 < f(r9 s) ^ asp + b Vs ^ 0 , Vr e R+ (ƒ.3)

with a, b > 0 and/? > 1 being constants, with no restriction imposed on;? :

lim f(r, s) — + oo , uniformly on compact sets of r e U+ . (ƒ.4)

vol 18,n°l, 1984



14 H. BERESTYCKÏ et al

3.1. Variational formulations and resul ts

Let us first recall that Fraenkel and Berger [28] and Norbury [40] have
studied a nonlinear eigenvalue problem associated with (I) or (II) :

Problem(ï)-X :Givenr| > 0, W > Oandfe ^ 0, to find uandX > Osatisfying

<eu = Xf(r, u - y r 2 - k\ in II,

weL2(n), -IVufeL'fYÏ), w = 0 o n f f l , (I)

Jn

Problem (II)-X : Given r\ > 0, W > 0 and k > 0, to find u e H^(Il) and
X > 0 satisfying

- Au =Xf(u - Wr- k) in I I ,

Vu |2 dx = Ti.I (II)

In these formulations, X can be interpreted as a vortex strength parameter
which is a priori unknown. Relying on an approximation of II by bounded
domains, and using a variational formulation for the analogous problems in the
bounded domains, Fraenkel and Berger [28] have shown that if ƒ satisfies
essentially (ƒ. l)-( ƒ. 3), then problem (1)-̂ - admits a solution M, X. Norbury [40]
has obtained a similar resuit for (II)-X. Using a direct and simpler variational
approach, these results have recently been extended by H. Berestycki and
P. L. Lions [12], under more gênerai hypotheses on ƒ than (/J)-{/.3) (*).
In the case of (l\)-X, for instance, the variational problem considered in [40]
reads :

maximize F(u — Wr — fc) on the constraint set
Jn

ueHè(TÏ) and f | Vu \2 = n ,
Jn

(*) Note however that [12] onïy deals with continuous vorticity fonctions ƒ When ƒ possesses
a discontinuity (ƒ is a Heaviside fonction), the results are obtained in [28] by a limiting procedure.

R.Ai.R.O. Analyse numénque/Numencal Analysis



VORTEX RINGS THEORY 15

where F{z) = f(s) ds. Let us observe that because of this variational for--f
Jomulation, the results of H. Berestycki and C Stuart [13, 14] can be applied to

show the global convergence of certain algorithms that one uses for the nume-
rical solution of these nonlinear eigenvalue problems (see [13, 14] for more
details in this direction).

One will find a different variational formulation of vortex ring problems
in T. B. Benjamin [6]. The reader is also referred to J. F. G. Auchmuty and
R. Beals [3] and A. Friedman and B. Turckington [29].

Another approach to the problem of vortex rings concerns the existence of
nontrivial solutions of the first two équations in (I) or (II). This is the " free

kinetic energy problem " since then - | Vw |2 dx or | Vw |2 dx are not
J n r Jn

prescribed any longer : Given W > 0 and k ^ 0, one looks for a solution
u > 0 and a number r\ > 0 satisfying (I) or (II). Existence results from this
standpoint have recently been given independently by Ambrosetti and Man-
cini [1, 2] and W. M. Ni [39] under (ƒ. l)-(ƒ. 4) and some additional assumptions
on ƒ These works both rely on variational techniques and an approximation
of II by bounded domains.

3.2. Formulations involvîng other parameters of the problem

From a physical point of view though it seems also interesting to consider the
case where the vorticity fonction is completely given (hence X is fixed, say
X = 1, in (Ï)-X or (11)-̂ ) and the kinetic energy of the vorticity motion r| is
a priori prescribed Then, one of the parameters W or k is given and the other
one is free. One is thus led to the following problems :

Problem (Ï)-W (resp. (II)- W) : " Free vortex velocity problem " :

Given r| > 0, k ^ 0, to find u and W > Osatisfying(I)(resp.(II)).

Problem (I)-fc (resp. (Il)-fc) : " Free flux parameter problem " :

Given r\ > 0, W > 0, to find u and k > 0 satisfying (I) (resp. (II)).
Throughout this paper, we will be mainly concerned with these two problems.

Let us first observe that, on the contrary to all the others mentioned before,
these two problems do not seem to have a variational structure. That is, one
cannot — at least obviously — find a solution of e.g. (Ï)-W by obtaining u as
a critical point of some fiinctional and W as a Lagrange multiplier associated
with a certain constraint. This feature of the problem combines with the fact
that II is unbounded to make existence results harder to achieve from a mathe-

vol. 18, n° l , 1984



16 H. BERESTYCKI et al.

matical viewpoint in the framework of (1)*W, (ï)-fe or (Il)-fc Whence, we believe,
the special interest in the numerical computations for these problems, the
phenomena they display and the conjectures to which they lead

3.3. Some theoretical results and conjectures

Let us now recall some theoretical results from H. Berestycki [9] (see also
H. Berestycki-P. L. Lions [12]). Firstly we remark that because of its special
features, problem (II)- W is easily solvable via problem (II)-L

THEOREM 1 : Assume f satisjîes (f. l)-(f. 4) and let r\ > 0 and k > 0 be given.
Then, there exists a solution u e HQ(U) and W > 0 of the f ree vortex velocity
problem (ll)-W,

Proof : By J. Norbury [40] (see also H. Berestycki and P. L. Lions [11] with
some more gênerai hypotheses), we know that there exists a solution u e HQ (II)
and X > 0 of problem (11)- ,̂ where we take W — 1 :

— Aw = Xf (u — r — k) in II ;

! VW I2 = Tl .we/tfCn); f
Jn

Then, one can operate a scale change

v(r, z) = u(r/%/x, zijl)

and v satisfies

- Av =f(v - Wr - k) in II

f \Vv\2dx = f | Vu |2 dx =
Jn Jn

with W = l/^/k. Therefore, (v9 W)i$a solution of (II)-W. •
In the three dimensional problem (l)-W, however, this scale change does not

preserve the constraint any longer. But we nevertheless conjecture that the
resuit remains true in this case :

Conjecture 1 : For any r| > 0, k > 0, problem Q)~W possesses at least one
solution.

R.A.I.R.O. Analyse numénque/Numencal Analysis
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For the free flux parameter problems, we collect the following qualitative
results :

THEOREM 2 : Assume f satisfies (f. l)-(fA) and let r\ > 0 be given, then there
exists W* > 0 (resp. W* > 0) such that for any W > W* (resp. W > W*\
problem (I)-fe (resp. (Il)-fe), does not admit any solution.

Remark 3 . 1 : The above results says that once the kinetic energy is fïxed, the
velocity of the vortex is a priori limited, independently of k. This property is
indeed physically intuitive. •

THEOREM 3 : Under conditions (f. \)-{f. 4), r| > 0 being given for any 8 > 0
there exists Ke > 0 such that for k > Kv any solution (M, W) of(ï)-W or of
(II)-W vérifies W < e.

Remark 3.2 : In informai terms, Theorem 3 means that once the kinetic
energy is fixed, one has the following asymptotic relationship between W and

For the detailed proofs, the reader is referred to H. Berestycki [9]. We just
outline hère the idea of the argument. For the sake of simplicity, we only
consider the case of problem (II).

Sketch of the proof of Theorem 2.

Step 1 : Symmetry property. Let W > 0 be givea Using the results of Gidas,
Ni and Nirenberg [30] (and more precisely, in this case, of M. J. Esteban [24],
a solution (u, k) of problem (Il)-fc is necessarily Steiner symmetrie with respect
to an axis parallel to Or. After a translation along the direction Oz — notice
that the problem is invariant under such translations — one may assume that u
is Steiner symmetrie with respect to the axis Or. That is, u vérifies :

u(r, -z) =u(r,z)>0 (3.1)

z -• w(r, z) is decreasing for z e [0, + oo). (3.2)

Step 2~: A-priori estimateson the vorticity région. Let W^-> 0 be fixed and
let (u, k) be a solution of problem (Il)-fe corresponding to some W ^ W^,
Using a method of Fraenkel and Berger [28] and Norbury [40] that relies on
précise and sharp inequalities for Green's function in II, one can show (see [8])
that, because of (3.1)-(3.2), the vorticity région

Q+ = {(r,z)eU;u(r,z) > Wr + k }
vérifies

O <^)(rz)(^T\'0<r<rr \ z\ < z \ z\ < l C3 Tl
il, cz j ( r , z ) e l I , 0 < r<rv\z\<z„\z\< ^ + fc)2 j , (3.5)

where r^ and z^ are positive constants which only depend on W^.

vol. 18, n° 1, 1984



18 H. BERESTYCKI et al

Step 3 : L00 estimate on u. Using (3.3) and the intégral formulation of (II)
by means of Green's function, one can show that u satisfies the estimate

•H « Mi-aï, < ^pjr 0 -4)

where C(r\) is a positive constant which only dépends on W^.

Step 4 : Conclusion. Intégration by parts in (II) yields :

r\ = f " | Vu |2 dx = f f(u - Wr - k) u dx. (3.5)
Jn Jn

Whence, using (ƒ. 1) :

Tj = f fin - Wr - k)udx. (3.6)

It is then straightforward to dérive from (3.6) using (3.4) that

^ ( 3 ? )

where C > 0 is given and only dépends on t| and W^.
Therefore, there exists W* > 0 (W* = W*(y\)) such that for any W > W*,

(3.7) is impossible and thus (Il)-k has no solution. •

Sketch of the proof of Theorem 3 : We argue indirectly. Assume there exists
a séquence un, Wn, kn of solution to (II) such that kn -> + oo whiie Wn > W^
for some W^ > 0. By (3.3) and (3.7), we know that Q,n+ = { x e U ; un(x) >
Wn r + kn } remains bounded and || un ||L0O ^ C for some constant C > 0.
Therefore, it follows from (3.6) that

H < Cmeas(Qn+), (3.8)

where meas (^n+) dénotes the Lebesgue measure of Qn+, and C > 0 is a
constant. On the other hand, the estimate (3.3) shows that meas (Qn+) -» 0
as n -> + oo since k„ -> + oo and Wn^ W^> 0. Therefore (3.8) implies
that such a séquence cannot exist Alternatively, (3.3) and (3.8) show that for
any W\ > 0, there exists K(W^) > 0 such that any solution (w, k) of (II)-/c
corresponding to W ^ W^ must verify /c ^ K{W^), which is the same state-
ment as Theorem 3. •

It is quite tempting to complete the qualitative description given in the
preceding results by some conjectures.

R.A.I.R.O. Analyse numérique/Numerical Analysis
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Conjecture 2 : For any W, 0 < W ^ W* (resp. 0 < W < W%\ there exists
a solution (w, fc) of (I)-fc (resp. (Il)-fe).

Conjecture 3 : Let r| > 0 be fixed For any K > 0, there exists e(X) > 0
such that any solution {% W) of Q)~W or (II)- W corresponding to k > K
vérifies W < e(K).

Remark 3 . 3 : This last statement is a converse to Theorem 3. It means
« W -+ 0 => fc -• + oo ". •

Symmetry properties lead us to formulate our last

Conjecture 4 : Wf (resp. W%) is given by the solution to problem (Ï)-W
(resp. (II)- W) in the case k = 0.

Remark 3 .4 : For the three-dimensional problem (I)-W, in the case ƒ is
a Heaviside function /(r, s) = rh($\ with A(J) == 1 if s > 0 and h(s) — 0 if
s < 0, then there is a solution of (I)-PF with k = 0 known as HilFs spherical
vortex (see Fraenkel and Berger [23]). In this case Q+ is a half-circle. For the
two-dimensional problem (II)- W9 the same property holds when f(x) — Xs+

with % > 0 being a constant and s+ = max { s, 0 }. In this case again, there is a
solution of (II)-FF corresponding to fe = 0, such that Û+ is a half circle. This
solution is known as HilFs cylindrical vortex. It would be interesting to see,
in view of the preceding conjecture, whether one can characterize this case by a
kind of " isoperimetric inequality ", •

It will be seen in Section 10 that the above conjectures are strongly supported
by numerical évidence. From a purely mathematical viewpoint though, they
seem completely open at the moment

3.4. An intégral identity

For the solutions of vortex ring problems some intégral identities can be
derived which will further prövide the possibility of useful checks ~ön the
numerical work (see Section 10 below). These identities were first reported in
M. S. Berger and L. E. Fraenkel [15] and A. Friedman and B. Turkington [29]
in the three-dimensional case. For simplicity, we will only refer to the two-
dimensional problem.

PROPOSITION 3.1 : Assume f satisfies (fA)-(f. 4) and let r\ > 0 be given.
Let the function u and the parameters W > 0 and k ^ 0 satisfy (II), and set

[ , (3.9)
Jo
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ji = f F(u - Wr - k)dx, (3.10)
n

X = ƒ ( « - Wr-fc)<fc, (3.11)

rc = - f r/(u - Wr - fc) Jx (3.12)

^ J
Then one has :

y = WrcX -2A. i l = 0 . (3.13)

Remark 3 . 5 : For gênerai identities of this kind, the reader is referred to
M. J. Esteban and P. L. Lions [25]. The authors are thankful to J. Norbury for
having pointed out this identity and its role in this framework. We only describe
here a heuristic proof (for a rigourous dérivation, see [25]). •

Proof of Proposition 3 . 1 : Let er > 0 be given, and define va as follows :

va(r9 z) = u(r/(j, Z/CT) VX =(r,z)eU.

Now, if u is a solution of (II), we know that for the function

O(c) = i f | VÏ;O I2 dx - X f F(üo - Wr - k) rfx
Jn Jn

one has
0 =<D'(a)|c=1

Thisproves(3.13). •

4. A GENERAL MODEL PROBLEM IN A BOUNDED DOMAIN

In this Section and up to Section 7, we consider a genera! class of problems
that model problems of the type (I)- W or (I)-/c in bounded domains.

Let Q <= UN be a bounded domain with a smooth boundary F — 8Q. Let L
be the second order self-adjoint operator defined by
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where atj e Cx>*(fÏ)9 c e C°>a(Q) for some a e (0, 1), c ^ 0, atj = ajt and

where a > 0 is an ellipticity constant Let a(.,.) be the Dirichlet bilinear form
in HQ(Q) associated with L :

( £ )j£j£) () uv dx

= f Lu.vdx, Vu,vf
Ja

Let g : Q x IR -> R and p : Q -> R+ be given functions. We consider the
following problem

T o f i n d U G H 2 ( Q ) a n d XeU s a t i s f y i n g

Lu = g(x, u — Xp(x)) in Q

u = 0 on T

u) = v[

(4.1)

where r| > O is a given number. We assume that g satisfies assumptions ana-
logous to (f. 1K/.4), namely :

g : Q x IR -> [0, + oo) is continuous (g. 1)

g(XjS) = 0, V s < 0 5 VxeQ (g.2)

0 < g(x, s) < g(x, s'), Vx e Q , V0 < s < s', (g.3)

iim 0(x, 5)/^ "= 0, uniformly with respect to

x e O, with 1 < ^ < + o o i f i V ^ 2 a n d l < J p < ( i V - f 2)/(N - 2)
ifN 2* 3.

Iim gf(x, J) = + oo uniformly with respect to x e Qo 1
\ (*.5)

for some non empty open subset Qo cz Cl. J

Lastly, we assume

peC°(Q), p > 0 in Q. (4.2)
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Remark 4.1 : Taking L = <£ (resp. L = - A ) , Q c I I a n d

g(x, s) =flr,s - —r2\

(resp. g(x, s) = ƒ (s — ï^r)), where x = (r, z) and p = 1, one obtains the analog
to problem (I)-fe (resp. (Il)-fc) on the bounded domain Q. Alternatively, taking
gix, s) = f(r, s - k) (resp. #(x, 5) = f (s - k)) and p(x) = r2/2(resp. p(x)=r)
one obtains the analog of problem (I)- W (resp. (II)- W) in Q. m

Remark 4.2 : Some (hydrodynamically interes ting) vorticity functions/for
(say) the vortex pair problem which lead (as in Remark 4.1) to a function g
satisfying (g. l)~(g.5) are the foliowing :

ƒ(*) =

r ' (4.3)
O for s < O .

1 + P(s - e) for s > e, O < p < 8 ^ 1 ,

s/e /or 0 < 5 ^ e, (4.4)

O /or 5 < 0 .

Clearly, both functions verify assumptions (ƒ. !)-(ƒ. 4). a
For the Problem (4.1) we obtain the following existence resuit

THEOREM4 : Assume g satisfies (g.l)-(g.5\ then problem (4.1) possesses a
solution u e H2(Q) and X e M for any given r\ > 0.

Remark 4.3 : By a method which is different from the one below and which is
less " constructive ", using a topological degree argument, the same resuit is true
under more gênerai hypotheses. In particular, (g.3) is not needed (see
H. Berestycki [7, 8, 9]).

Since it will be used in the next Section, we give the outline of the argument
which is based on Schauder's fixed point theorem.

Proofof Theorem 4.

Step 1 : Fixed point formulation of the problem. Let Xe U and v-e #o(û) 1
one defines u = S(v, X) to be the solution of

Lu = 0(x, v - Xp) in Q , 1

u = 0 on r . J

Using (ôf.lHof-4), one shows that S : H*(Q) x R -> H£(Q) is a compact
operator. Furthermore, if X < \i, then5(us \i) ^ S(u, X.) > 0 a.e. in Q, Vv G ̂ O(M)
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(this is a direct conséquence of {g. 3) and the maximum principle). Let us now
define

«fa *•) = gfo v -
Jn

Xp) S(v, X) dx.

a : HQ(Q) x IR -• [0, + oo) is well defmed and continuous. It is easily seen
that X -> a(v, X) is strictly decreasing provided a(u, X) > 0.

We require the following.

LEMMA 4 . 1 : For any v e HQ(SI\ one has :

lim / S(v,X) = + oo, (4.6)
- o o

lim \ S(»,X) = 0 . (4.7)
X. / +00

Proof of Lemma 4 . 1 : We only present the argument assuming v e L°°(n).
The gênerai case just requires simple technical modifications and uses the
Sobolev embedding Theorems and the Lebesgue convergence Theorems
(see [9]).

As X -> — oo, one has v — Xp -> + oo everywhere on Q. By the maximum
principle, S(v, X) ^ <J> for some fïxed and continuous function <(> > 0 in Q, On
the other hand, we know that g(x, v — Xp) ~> + oo uniformly on Qo. Hence,

a(v9 X) ^ | g(x, v - Xp) S(v, X) dx

and thus,
Jfio

1a(f, X.) ^ (min <f>) ^(x, r — A,p) dx. (4.8)

Since the right hand side in (4.8) converges to + oo as X \ — oo, we dérive
(4.6).

When X -• + oo, one has (r — A,p)+ -• 0 a.e. on Q, where s+ = max (s, 0).
Therefore, g(x, u - A,p) -> 0 in L°°(Q) and S(Ü, A,) -> 0 in L°°(Q). Hence, clearly,
a(ü, X ) \ O a s À / + oo. •

Lemma 4.1 and the fact that X -> a(ü, X) is strictly decreasing wherever
it is positive allow us to define X = A(v) from the équation

ot(i>, A(i?)) = ri VÎ; G H^Cl) .

One can easily prove that the mapping v -> A(t;) is continuous : HQ(Q) -> IR.
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We now set

H. BERESTYCKI et ai

Tv = S(v, A(v)).

Step 2 : Properties of T. Problem (4.1) is equivalent to the fixed point
équation

u = Tu. (4.9)

Indeed, (4.9) reads u — S(u, X) with X = A(u\ whence, by définition,

Lu = g(x, u — Xp) in Q,

u = 0 on T ,

f f
a(u, u) = Lu.udx = g(x, u - Xp) S(u, X) = a(w, A(w)) = r|.

Jn Jn
One can show using a stronger version of Lemma 4.1 that T : HQ(Q) -> HQ (Q)
is a compact operator. We omit the details of the proof here (see [7] for details
and [9] for a related resuit).

Step 3 : Conclusion. Let K = { u e H^(Q) ; a(u, K) < TI + 1 }. Then, K is a
closed convex and bounded set in HQ(Q). For any v e HQ(Q\ U — Tv vérifies

a(u, u) = Lu.u dx = g(x, v - Xp) u dx =
Jn Jn

= f g(x, v - Xp) S(v9 X) dx = a(v9 A(v)) = i\

(for X = A(v)). Thus, for any v e H^(Q\ one has Tv e { u e H^(Q) ; a(u, u)=r\ }
and therefore, T maps K into itself. T being a compact operator has a fixed
point u by Schauder's fixed point Theorem. Hence, « is a solution of (4.1). •

Remark 4.4 : From the above proof it is clear that one can consider more
gênerai problems of the kind

Lu — g(x, u, X) in Q ,

u = 0 on r 5

1Lu.udx —

under suitable assumptions on g : Q x IR x
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5. THE DISCRETE VERSION OF THE MODEL PROBLEM

In this Section and in the next one, we develop a finite element approach for
the solution of problem (4.1). For the sake of simplicity, we shall assume hère
that Q is a non-degenerate polyhedron of UN, Let Jf be a generalized séquence
in (Rs\{ 0 } converging to zero, to which is associa ted a family of triangulations
{*6fc }he#> of Q. We assume that { Vh }heJ^ is a regular family in the sense of
R Ciarlet [20] (see next Section).

For K e T ,̂ we dénote by Pt(K) the space of polynomial fonctions on K
whose degree does not exceed Ie M*. The notation P(K) in the sequel will
refer either to P^K) or to P2(K\ or else to some subspace of Pt(K) which will
be specified later on. For any h e 3f, we consider the spaces

Wh = {WheC°(SÏ);whiKeP(K), VKeTS,,}, (5.1)
and

y — r w sW ' w = 0 1 f5 2)
h \ h h ? " |r f V * /

Vh is a finite dimensional subspace of HQ(Q). Let m — m(h) = dim Vh. Let
us dénote by < .,. > the L2 scalar product — or its restriction to Vh — and by
(.,.) the usual scalar product in Um. Le { wj,..., w™ } be the classical basis of Vh.

Recall that the w{ are nonnegative functions (see e.g. P. Ciarlet [20]).
It is quite natural to set up a finite dimensional approximation of (4.1)

by means of the following discrete problems :

Find uh e Vh and Xh e R satisfying
uh - K PX vh > , (5.3)

Vvh e Vh and a(uht uh) = r).

Consider the m x m matrix

(5.4)

4̂,, is always positive definite, symmetrie. We further assume that the approxi-
mation is constructed in such a way as to ensure that the Ah are of « monotone
class » (or « monotone »), that is, satisfy

All the éléments in A^: are nonnegative . (5.5)

For the cases we are interested in, namely, N = 2, L = — A or L = C, the
choices of Vh are detailed below in Section 8 and will be seen to yield property
(5.5).
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For Çh e Um and Xh e U dénote by bh(^h, Xh) the vector in Um having compo-
i defined by :

K) = < 9(, uh - Xh p), wi > (5.6)
m

where uh — £ Ç{ w£. Then (S. 3)ft is equivalent to the problem

To find Çfc e Um and XheU satisfying j

(5.7)

Using the same type of arguments as the one outlined in Section 3 above for
the continuous case, one obtains the following existence resuit for (5. T)h,

THEOREM 5 : Assume g satisfies {g.\)-(g.5) and that Ah is of monotone class
(5.5). Then there exists a solution (Çfo Xh) ofproblem (5. l)h.

Proofof Theorem 5 : From now on, since h e $T is fixed, we drop everywhere
in this Section the subscript h. We require a séquence of Lemma that parallels
the steps of the proof of Theorem 4 in Section 4

LEMMA 5 . 1 : For all C e Um, X e IR, let Ç = S(Ç, X) dénote the unique solution

X) (Ç

= (Ah) and b = (bh) are defined in (5.4) and (5.6) respeciively. Then
S(^, >-) Z5 a continuous map : Um x U -> Mm. Furthermore, ifX^\i,

thenS& X) > Sfe ji) ^ 0; i / ^ ^ ^ V/, thenS(& X)

Proof of Lemma 5.1 : 4̂fc is invertible so Ç = S(^, X) is well defined. Since b
is continuous it is straightforward that S(Ç, X) = A~l b(^, X) is continuous :
[Rm x R - • (Rm. Now observe that since ^ vérifies (5.5), A " 1 preserves the
natural ordering in lRm. If X < u, then, because the v^ are nonnegative and g
satisfies (g.2)~(g.3\ it is obvious that £(£,, X ^ 6(Ç, X.) > 0 and we conclude
using property (5.5). Similarly, if %j ^ %j V/; one has b(& X) ^ è( | , X), whence

). m

LEMMA 5.2 : Consider thefunction a : [Rm x M -> [R defined by

Then, a ^ 0, a w continuous, and for any fixed Ç e [Rm, X -> a(^, X) w non-
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increasing and is actually decreasing as soon as oc(£, X) > 0. Moreover,

lim / a&X) = + oo, (5.8)

lim \oc(Ç, Â.) = 0. (5.9)
X / +oo

Proof of Lemma 5 . 2 : Let us first show that a(^, X) is decreasing with respect
to X if a(£, A,) > 0. Suppose that X > \i and afé, ja) > 0. Hence, there exists
some j such that èJ'(Ç, A.) > 0 and Sj(%, \i) > 0 (where 6 = (ô1 , . . . , bm) and

m

S = (S1 , . . . , Sm)). Letting u = "£, V < it is clear that

> « " HP), wj > > < ö( . , M - XpX ̂  > =

Thus, b>(& \L) > b><k X). Therefore, using SJfe n) ^ SJ(&, X) and SJ'( ,̂ n) > 0,
we dérive

Since for any k = 1,..., m, one obviously has

we obtain :

For the proof of (5.9) it suffices to observe that g(., u — Xp) -> 0 uniformly
as X / + oo, whence 6(^, >,) -^ 0 and S(£, X) -> 0. We now turn to the proof
of (5.8). As X \ — oo, then g(.,u — Xp) / + oo uniformly on Qo , while
g(.,u — Xp) ^ 4> in Q, for some fixed function $ > 0 in Q. One therefore has :

b>(&X)>p>Q9 y = l , . . . ,m, (5.10)

where PJ = < <|), ŵ  > > 0. There exists some y0, 1 ^ j 0 ^ m, such that supp
n Qo ï 0. Hence,

< H^°, ff(.f M - Xp) > -* -f oo as X \ - oo . (5.11)

f Here, u = £ Ç' wM. Since
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(5.10) and (5.11) imply || S&X) \\ -> + oo. But S'fe X) > OV/, whence,
using (5.10), one dérives :

m

«& X) ^ X &SJ(& ^ l o o as U - o o . (5.12)

That is, lim <x(Ç, A.) = + oo. •
-oo

An inspection of the preceding argument shows at once that one has the
following refinement of (5.8). and (5.9) :

LEMMA 5 .3 : The limits (5.8) and (5.9) hold uniformly wiih respect to £,
in any bounded set of Rm. m

We are now ready to conclude the proof of Theorem 5. By Lemma 5.2,
we can construct a mapping A : [Rm -• M by defining X = A(£) to be the uni-
que solution of

afé,A(S)) = Ti. (5.13)

With the aid of Lemma 5.3, it is easily verified that A : Um -> R is continuous.
Let us now define an operator T : Um -> Um by setting

) . (5.14)

T is continuous and vérifies

o) = Ti. (5.15)

Let K = { % e Um; (AE>9 ^) ^ i\ + 1 }. K is a compact and convex set; T
maps K into itself. Therefore, by Brouwer's fixed point theorem, there exists
Ç e Um verifying

Ç = TÇ. (5.16)

(Let X - A(Ç). Then, Ç - S(Ç, A) which means

and

since X = A(Q. Thus, (Ç, A,) is a solution of (5.7)A and the proof of Theorem 5
is complete. •
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Remark 5.1 : In very much the same way as above, we can deal with a finite
element approach which involves numerical intégration; one then obtains
an analogous existence theorem. Actually, the convergence results of next
Section are also valid when quadrature schemes are introduced. For details
in this direction and related results see E. Fernandez Cara [26]. •

6. CONVERGENCE OF THE FINITE ELEMENT APPROXIMATION

The purpose of this Section is to prove that the finite element approxima-
tion defined by problem (5.3)h converges to solutions of problem (4.1). Here
after, we shall assume that the family of triangulations { ̂ h }heJ#> and spaces
{ Vh}hej? satisfy the following usual requirements :

{ ^h }hejp is a regular family of triangulations of Q . (6.1)

The notion of " regular family " is defined in P. Ciarlet [20]. It means that the
family has the following two properties. Let us dénote

5(K) = diameter of K

p(K) — diameter of the largest bail contained in K .
Then,

lim {maxô(X)} = 0 (6.2)
h 0 K T S

and
3C > 0 such that è(K)/p(K) ^ C, VKeJ5h9 VA e X . (6.3)

Let q = 2 J V ' if N ^ 3 and 1 < q < oo if N ^ 2. Let f e Lq(Q) and let

w = Qfe W2q(Q) dénote the solution of the Dirichlet problem

Lw = ƒ in Q
(6.4)

w = 0 on Tj
Let wh = Qh ƒ e Vh dénote the solution of the problem

}• (6.5)

Then, we assume that the following property holds :

V/e L«(fi), lim || w - wh ||H,(n) = 0 . (6.6)
h e afe
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That is, we assume that the finite element approximation is set up in such
a way that the approximations of the linear Dirichlet problem converge.
This property is classical in most of the practical situations considérée! in
the next Sections. For the three dimensional problem, however, we will
check (6.6) in Section 8 for a particular choice of PK.

The main resuit of this section is the following :

THEOREM 6 : Assume that g satisfies (g.l)-(gA), that the family of triangu-
lations {¥>h}he#> is regular, (6.1), and that the family of spaces { Vh}he#>
vérifies (5.5) and (6.6). Let uh e Vh and Xh e R be a solution of(5.3)h (obtained
from (5.7),,). There exists a subsequence Jf' ci Jf such that uw -> u* strongly
in HQ(Q) and Xh, -> X* along h - ^ O J ' e / ' . Furthermore, (w*> A-*) is a solu-
tion of(4A).

Proof of Theorem 6 : Since a(uh, uh) = r), the séquence { uh }h€ #> is bounded
in HQ(Q). Hence, there exists a subsequence denoted again for simplicity by
{"h}fte^ such that

uh -> M weakly in H£(Q) as h -> 0 . (6.7)

2 N
Sincepq < 2* =— ^ifN ^ 3, it follows from(6.7) by the Sobolev embed-

ding theorem that (for any N ^ 1) one has

uh -> w* strongly in Lpq(Q) as h -• 0 . (6.8)

Let S, A and a be as in Section 4, while Sh, Ah, ah are the corresponding
finite dimensional mappings introduced in Section 5 (compare Lemmas 5.1
and 5.2).

The proof of Theorem 6 will be divided into the next three Lemmas. The
first one is a classical conséquence of (6.6), where we use the notations intro-
duced for (6.4M6.6).

LEMMA 6 . 1 : Let {fh} be a séquence in Lq(Q) such that fh-*f strongly in
L«(Q). From (6.6) it follows that Qhfh -> Qf strongly in #o(Q).

Proof of Lemma 6 . 1 : Let wh = Qh / a n d wh = Qh fh. From (6.6) one knows
that wh -> Qf strongly in HQ(Q) ; wh and wh are defined by

fl(wfc, vh) = < fvh >

a(wfcs vh) = < /fc, uft
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and wh, wh e Vh. Hence, one dérives from the preceding variational equalities :

a(wh - wh9 wh - wh) = < ƒ - fh9 wh - wh > .

Consequently, by Hölder's inequality, one has

li tfh ~ w* |||6 ^ C || ƒ - fh \\Lq || w„ - wh \\Lr, (6.9)

where C > 0 is a constant (C "* is the ellipticity constant) and where r = g',

- + - = 1. When N > 3, one has r = ^ ^ = 2, whence, in all cases, by

the Sobolev imbedding theorem, HQ(Q) C Lr(Q) and one obtains from (6.9)
that

l l * h - w J l f l i < C | | / h - / | | L , 9 (6.10)

for some other constant C > 0. Therefore, since vvh -^ g / in HQ(Q), (6.10)
implies wh=Qhfh-+Qf strongly in H£(R). m

LEMMA 6.2 : Let { vh} a HQ(Q) and { Xh} c U be séquences such that
vh -> v weakly in HQ(Q) and Xh -> A,. TAe«, Sh(fh, Xh) -> S(v, X) strongly in

Proof of Lemma 6.2 : Let us first recall that Sh was defined as an operator :
Rm x IR -» IR7" (m = m(h)) in Section 5. Here, however, we will consider Sh

as an operator Vh x R -> Kh, by identifying Kh with IRm through the iso-
morphism

^ e y h ^ Ç 6 R m with v„= t ï < -

Now wh = Sh(vhi Xh) is defined by :

a(wh, zh) = < g(., ÜA - ^ p),
(6.11)

Let gh = ^(., yh — Xh p). Then, with the notations of this Section, (6.11)
reads wh = Qh gh. Now, as was already observed, from vh -> v in //o(fli), one
has vh -• v in LP4(Q) and therefore

vh ~ K P -^ v ~ ^P strongly in LM(Q) . (6.12)

Hypothesis (^.4) implies

0^g(x,s)^C+C\s\p, VxeQ, V^eR. (6.13)

(C > 0 will continue to dénote generically in the sequel positive constants).
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It is classical that (6.13) implies that the Nemytskii's operator w -» #(., w)
acts continuously from Lpq(Q) into Lq(Q). Hence, by (6.12) and (6.13), one
obtains

9h -> do = 0(-, v - Xp) strongly in L*(Q) . (6.14)

Thus, by Lemma 6.1 one gets from (6.14) that

w* = 6* & - w = Ô0o = S(v, X) in / ^ (Q) . (6.15)

The proof of Lemma 6.2 is thereby complete. •

L E M M A 6 . 3 : Let vh e Vhi V/z e JT. Suppose that {vh} remains bounded in

HQ(Q) as h -> 0. Then Ah(vh) is bounded in R.

Proof of Lemma 6 . 3 : The proof is by contradiction. Let us assume that
either

Xh = Ah(vh) -> + oo as h -> 0 , (6.16)
or

Xh = Aft(uft) - 4 - 0 0 as ^ 0 . (6.17)

After extraction of a subsequence of { vh }h€t#>, which is again denoted by
we can assume that

and

vh -> v weakly in HQ(Q)

vh -* y strongly in Lpq(Q)

(6.18)

We first consider assumption (6.16). Since vh -• Ï; in LM, we know by a
converse to Legesgue's dominated convergence theorem (see e.g. N. Bour-
baki [14]) that there is a subsequence, denoted once more by { vh} and a
<f) G LM(O), <|> > 0, such that

0 ^ K | ^ <|> a.e. in Q . (6.19)

Hence, using (g.2)-(g.3) and (6.13) one dérives from (6.19), as soon as
Xh ^ 0, that

0 ^ g(x, vh - Xh p) ^ g(x, 4>) ^ C + C | <|) | p . (6.20)

The right hand side in (6.20) is a fixed function in Lq(Q). Therefore, since
vh — Xh p -> — oo a.e. in Q as A -> 0, one has by Legesgue's theorem :

(- »»* ~ ^ P) -> 0 strongly in L4(Q). (6.21)
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Now, by Lemma 5.1 one knows that as soon as Xh ̂  0 :

0<S,(rt,y^%,0). (6.22)

Lemma 6.2 shows that Sh(vh, 0) -> S(u, 0) strongly in HQ(Q), whence strongly
in Lq'(Q) (recall that H£(Q) C L*'(Q)). Therefore, it follows from (6.22) that

Sh(vh, Xh) is bounded in Lq\Q). (6.23)

Combining (6.21) and (6.23) now yields :

«*("*, **) = f Sh(vh, Xh) g(.,vh-\hp)dx->0 as h -> 0 . (6.24)
J
f
J

Since afc(i;h, AJ = r\ (for Ah = Aft(i;ft)), (6.24) is absurd and (6.16) is ruled out.
Let us now assume that (6.17) holds. As before, by (6.19), we know that

vh > — <|> a.e. in Q. It is straightforward to observe that Sh can actually be
defined as an operator Sh : HQ(Q) X IR -> Vh which extends the operator
Sh : Vh x IR -> Vh previously considered. Indeed, for (u9 X) e HQ(Q) X R,
define the vector b{u, X) e Um by setting bj(u, X) = < gr(., w - X.p), WJ( > as
in (5.6). We then set Sh(u, X) = A^1 b(u, X)e Vh. As in Lemma 5.1, one
easily checks that if u < w, and X ̂  |i, then Sfc(w, >-) ̂  Sft(w, ^i). (This is a
direct conséquence of (#.3), of the " monotone " character of Ah and of the
fact that wi > 0).

Now, since vh ^ - c|), one has Sh(vh, Xh) ̂  S h ( - cf>, Xh). Choosing h sufïî-
ciently small, one also has Xh ̂  A(— (|)) and therefore,

5 , K , X h ) ^ S h ( - ( t ) , A ( - c | ) ) ) . (6.25)

Now, observe that S h ( - <|>, A ( - <(>)) = Ôh(^(.9 - <)> + A ( - <|>) p)). Hence, by
(6.6), Sh(- 4>, A ( - <>))-> S ( - <|), A ( - 4>)) ̂  0, as h -> 0. By the maximum
principle, since S(— c(), A(— ()))) ̂  0 (for a(— <J), A(— c|>)) = r|), one actually
has..S(- <|),A(.- <|>)) > 0 a.e..in.n.. We also know that

flf(M vh-Xhp)^g(.9- $ - A.h p) a.e. in Q . (6.26)

Since Xh -^ - oo as h -> 0, it follows that

6f(., t;h - A.h p) -• -f oo a.e. in Qo . (6.27)

But, since Xh = Ah(i;fc)

Tl = OLh(vh9 X,) ^ f ff(., »fc - X, p) Sfc(i?Aï ?ih) dx . (6.28)
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By (6.25) and (6.27), g(.9 vh - Xh p) Sh(vh9 Xh) - + oo a.e. in Qo, and (6.28)
is impossible. Hence, (6.17) is absurd and the proof of Lemma 6.3 is
complete. •

Conclusion ofthe proof of Theorem 6 : By Lemma 6.3 we know that Xh =Ah(uh)
remains bounded in R. Thus, we may assume that Xh -> X* e U as h -> 0.
Using (6.7) and (6.8), we obtain from Lemma 6.2 that

Sk(uh, Xh) -> S(u*9 X*) stronglyin H^Q).

Since wh = Sft(wh, >.ft), we see that uh -> w* strongly in i/o(£î) an<i furthermore,

u* = s(u*, X*).

O n e then also has a(uh, uh) -> a(w*, w*). But

^(wftî «O = <g(.,uh- Xh p), wh >

= < ^ . w h - A,fc p), Sh(uh9 Xh) > = ah(wft, Xf) = Ti

for A.h = Ah(uh). Hence, (M*, X*) verify

Lu* = g(.,u* -X*p) in Q,

w* = 0 on r ,

a(w*, M*) = T| .

That is, (w*, ̂ *) is a solution of problem 4.1. The proof of Theorem 6 is thereby
complete, m

7. SOME ALGORITHMS

In this Section, we list several itérative schemes for the resolution of (4.1).
Although these algorithms are used to solve the discrete problems (5.3)h,
for the sake of simplicity, we only formulate the methods directly for the
continuous case, i.e. (4.1). It is straightforward to adapt the following construc-
tions for the discrete problems.

7.1. Fixed point type algorithms

In view of the fixed point formulation u = Tu of problem 4.1 introduced
in Section 4, it is quite natural to consider the following itérative method
(we use the notations of Section 4) :

ALGORÏTHM (A.l) :

(a) Let u° EHQ(Q) be an arbitrary function.
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(b) For ne N and un e H^Ü) define Xn+1 = A(un) and un+1 = S(uH, Xn+1)
that is, un+1 = T(wn).

A slightly modified procedure, more explicit, reads :

ALGORITHM(A.2) :

(a) Take v° e H*(Q) and \i° e R.
(b) For O 0 ; y n e Jf*(O) and \in e IR, define vn+l = S(i;n, |in) om* n n + 1 <u

//ie unique real number such that

f
p)dx =

Clearly, the séquence { un } defined by (A.l) is bounded in HQ(Q) and
therefore (compare with the proof of Lemma 6.3), { Xn} is also bounded.
The question of local or global convergence results for the algorithms (A. 1)
or (A.2) are nevertheless entirely open. If { unj} is a subsequence of { if }
which converges weakly to u in HQ and Xnj -• X, then, there exists a sub-
sequence of unj+1 which converges to w* e HQ(Q). The difficulty then rests
in showing that u = w*. We want to emphasize that in the practical computa-
tions, both (A.l) and (A.2) are rapidly convergent, and this independently
from the choice of the starting function w° or v°.

Remark 7 . 1 : For a problem arising in plasma physics, with a formulation
related to (4.1), but with another normalization condition, a global convergence
resuit has been established by H. Berestycki and H. Brézis [11] for an itérative
scheme analogous to (A. 1). For computations concerning this problem, the
reader is referred to the work of M. Sermange [34]. Concerning the nonlinear
eigenvalue problem (Ï)-X or (II)-A,, one can also obtain global convergence
results for certain algorithms (see M. Berestycki and C. Stuart [13, 14]). The
plasma physics probiem in [11] and problems (I)-X, (II)-A, share the feature
of having a variational structure. This allows one to use the " energy " func-
tional as a " Ljapunov function " for the séquence (see [11, 13, 14] for the
details). In the problems we consider hère, however, there is no apparent
variational structure and the preceding methods fail to apply. •

Remark 7.2 : In practical situations, it has been observed that the rate of
convergence of the algorithms (A. 1) and (A. 2) can be imprôved when relaxa-
tion parameters are introduced. •
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7.2. Kitchen type algorithms

A somewhat related itérative scheme is the following (see Kitchen [32]
and M. Sermange [48]).

ALGORITHM (A.3) :

(a) Take u° e H^Q).
(b) For ne N and if e H£(Q) define
(bO wn+1/3 = T(un)

(b2) w"+2/3 = T(wn+1/3)

(b3) w
n + 1 = (1 - a) u" + 2 aw"+1/3 - awn+2/3

where a > 0 is a (small enough) fixed positive constant.

Hère again, the question of local or global convergence results is essentially
open. If u is an isolated solution of (4.1), and under some particular assump-
tions on the spectrum of T\u) (Fréchet derivative of T at w) one can adapt
hère a method of Sermange to show a local convergence resuit (see E Fer-
nandez Cara [27] for the details).

7.3. Least squares formulation

Define

J(v) = - a(v - Tv, v - Tv).

It is obvious that (4.1) is equivalent to the variational problem.

ALGORITHM (A.4) : Minimize { J(v); v e HQ(Q) }, for J{u) = 0 when u is
the solution o/(4.1).

This point of view on (4.1) allows one to use the variational techniques of
" gradient type " for this problem. One can thus write down some itérative
schemes in this spirit. We omit the details hère; a detailed description of
this method and proofs are given in E. Fernandez Cara [26] (see also R. Glo-
winski [31, Chapter 7] for a discussion of least square methods for solving
nonlinear boundary value problems).

7.4. Ordering methods

Let E dénote the product space E = HQ(Q) X R. An ordering is defined
on E as follows : For e1 = (vl, m), e2 = (v2,1^2) o n e s e t s ei ^ ei if a n ( i
only if vx ^ v2 a.e. in Q and m > \i2. E is then seen to be an ordered Banach
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space. For e — (v, \i) define an operator N : E -> E by setting

Then, AT = ATX + N2 with N^v, ji) = (S(Ü, JI), 0) and N2(v9 |i) = (0, A(u)).
From the results of Section 4 above, it is easily seen that Nx and N2 are compact
operators. Furthermore, Nx is isotone, and AT2 is antitone, that is
<?! < e2 => JVi^i) < J V ^ ) while el < e2 >̂ ̂ 2 ^ 0 > N2(<?2).

Now suppose that there exists a pair e0, foe E with the property that

e0

Define two séquences { e„ } and { ƒ„ } in £" by setting

One can then prove using (7.1) (see e.g. L. Collatz [22]) that N maps the order
interval [en9 ƒ„] = { feE;en < ƒ < ƒ „ } into itself and that there exists a
solution e = (w, X) of (4.1), that is e — N(e), such that en < e < ƒ„, V«.

These considérations lead one to the following algorithm :

ALGORITHM (A.5) :

(a) Let M°, i;0 e ^ ( Q ) an£/ A,0, ji° e ff^ fe such that

M0 < S(u°, X°) < S(v°, n°) s? t>° a.e. Q
(7.3)

A(j;°) > A(M°)

(b) For given n ^ 0, if, if € H£(Q) and X", n" e R, define

= A(f") 1
vn+1 = J '

Using the results of Section 4 and monotonicity arguments, one can show
that

(M",X")-(tt* A(t;*)),

Then, «" < w* < Ü* < vn a.e. in Q and Xn ̂  A(Ü*) ^ A(w*) ̂  |iM, VweN
and w* - S(u*, A(v*)) while 1;* - S(c*, A(M*)). Lastly, a(u*, «*) < -q ^ a(i;*, 1;*).
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Hère again, local convergence results are open. The theoretical diffieulty
hère rests in fînding (near an isolated solution) initial data satisfying (7.2)
and such that the resulting limits verify «* = v* (w* is then a solution of (4.1)).

7.5. Comparison of the algorithms

From a practical numerical viewpoint, the algorithm A.l has proved to
be highly efficient. All the numerical results described in Section 10 have
been obtained using this itérative scheme. As far as the results are concerned,
all the other methods lead to quite similar results (the output being appre-
ciably the same for ail fîve methods). However, algorithms (A.2)-(A*5) are
less efficient in that they require more storage and, generally speaking, they
are much slower than (A. 1). With respect to the other algorithms, though,
the method (A,5) has an interesting property. At each step it provides an
upper and lower bound for the solution of (4.1). This can prove to be useful
if one wants to estimate with précision the vorticity région in problems (I)
and (II).

8. APPLICATIONS TO VORTEX RINGS AND PAIRS PROBLEMS

It is natural to first approximate II by a family of bounded domains IIfl

which " converge " to II as a -» 4- oo. Let us consider the two-dimensional
problem (II). As an approximation, choose a positive real parameter a (large
enough) and consider the rectangle

ITÖ = { x s n ; x = (r, 2), r < a, \ z \ < a } ,

We now look for a fonction ua and a parameter Wa > 0 (resp. ka ^ 0) satis-
fying :

Problem (II)fl (two-dimensional) :

- Au = ƒ (M - » V - Jfc) in IIÖ

Vu |2 dx =
(H).

where rj > 0 and k > 0 (resp. W > 0) are given. We are thus led to a parti-
cular case of (4,1), for which the corresponding discretized problems can
be formulated. If we deal with a regular family of triangulation lSh? and set
PK = Pt(K) for ail K E lZh and / = 1 or 2 (say), then condition (6.6) is fulfilled
(see e.g. [20]), and we have the strong convergence in / ^ ( I Q x M of at least
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a subsequence of discrete solutions to the solution of (IT0), provided all matri-
ces Ah are of monotone class.

Remark 8 . 1 : Another possibility consists in considering the sets

C a = { x e U ; \ x \ < a } 9

and the corresponding finite element schemes (5.3),,. •
Next we turn to the three-dimensional problem (I). Notice that all the

results in Sections 4 to 6 hold as well, if we replace the space HQ(Q) by HO(Ç1)
(introduced in L. E. Fraenkel and M. S. Berger [28]), which is defined as

H0(Q) = \veL2(Ü); ± | Vi> \2eL\Q\ v\m - 0

More precisely, H0(Q) is the closure of the standard test fonctions space
for the Hilbert norm

= ( f | v |2 dx + f 11 Vv |2 dxj2 (8.1)Il v llHo(n) =

Hence, we first look for a solution (ua, Wa) (resp. (ua, ka)) of :

Problem (I)fl (three-dimensional) :

w
-^-r2 -k) in n „

u e H0(Utt)

-\Vu\2dx =
r

(I).

Notice that the seminorm

±\VvTHx\ (8.2)
V
\

is actually a norm on H0{TIa), equivalent to || . ||Ho(Q) (see [23]), whence

a(u,v) = f -Vu.Vvdx (8.3)

is an //0(nj-elliptic symmetrie bilinear form. Due to the particular form
of the scalar product and the singularity at r = 0, we are led to make a dif-
ferent choice of PK. Thus, we further impose :
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PROPERTY 1 : There exists h0 : 0 < h0 < h such that ail triangles in ¥>h

hoving one vertex (resp. one sidé) on 311, have one side (resp. one vertex) on
the line r — h0.

Let us set

[/,(*), if KnôU=0,

IPÎ"(K)9 otherwise

where a > 3/2, / = 1 or 2, and

Pl>«(K) = {q;q=r«p, with p e P£K%p \Kn m = 0 } .

Clearly,

( K \fKe^vh=0 on ÔUa}

is a finite-dimensional subspace of H0(na). As a conséquence of Property 1,
a function vh e Vh is completely determined by :

a) Its values on the vertices of T>h belonging to Ha, if / = 1.
b) Its values on the vertices and middle-points of the sides of *&h belonging

to Iïa, if / - 2.

For this choice of triangulations and basis functions, the finite element
approximation can be formulated again, and the convergence procedure of
Section 6 holds.

Remark 8 . 2 : Monotonicity properties for Ah can be easily obtained for
the bi-dimensional discrete problems. Indeed, it suffices to apply the results
of P. G. Ciarlet and P. A. Raviart [21], by virtue of which, if ail angles of all
triangles of TSft are ^ n/2, then A^x has only non-negative éléments. Under
this condition, if *Gh satisfîes Property 1, and if any angle having its vertex
but no side on dH is < n/2, then the matrix Ah corresponding to the three-
dimensional problem is also of monotone class (see E. Fernandez Cara [27],
for further details). •

9. A VARIABLE MESH-SIZE PROCEDURE

In this Section we are concerned with the numerical solution of the unbound-
ed vortex problem (I) and (II). As previously indicated, a classical finite element
procedure consists in solving the corresponding na-approximations for diffe-
rent values of a converging to + oo. Indeed, if the solutions (wfl, ka) of (lï)a-k
(say) are such that the canonical extensions ua converge weakly in HQ(IÏ) to
a function u^ and ka converges to a real value k^ > 0, one can prove that
(w*> fc*) is a solution of (Il)-fe. In practice, it suffices to have the vorticity
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régions uniformly bounded and the fonctions ua satisfying a Cauchy conver-
gence test. However, this carries some computational difficulties ; we must
solve many times (I)fl (or (II)a) to obtain a good information about the beha-
viour of a solution of (I) (resp. (II)), and, on the other hand, when a is " large ",
appropriate triangulations resuit in a considérable computational effort
which may increase round-off errors.

For these reasons, a variable mesh-size method is adequate to solve the
unbounded probiem. We start from the following relations

r Ç 1 { du dv du d)

valid for pt = eu (i = 0, 1),

(9 = { x e I I ; x = (r, z), p0 < | x \ < pA } ,

and for all w, v e Hl((9), by means of the relations

r — p cos 9 , z = p sin 9 (9. 2a)
and

p = é. (9.2b)

Now we set

& = { ( t , Q ) e U 2 ; t Q < t < t l 9 | 6 | < 7 c / 2 } ,

and we call V the gradient operator in the variables i and 9. Then (9.1) reads

CC CC
Vu.Vvdrdz = Vu.Vv dt dd. (9.3)

_J Jfl . J Jê
Let us associate to each a > 0 the open set

Da - { x e l l ; x = (r, z), | x \ < ea} .

Thus, if o is a given fixed positive value and a > a, we have the following
splitting of Da :

D f l=DBuffMuZB > B ,

where
<9ajû = { x e n ; x = (r, z), ea < | x | < ea }
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and

For a given positive integer s (to converge to + oo), we defme D* as the open
région in II bounded by the axis r = 0 and ail segments such that

St = [Xi9 Xi + 1]9 0 < i^ 2 s - 1 , (9.4a)

where

Next we associate to each s a real parameter h in such a way that h -> 0 if
and only if s -> + oo (for example, h = \/s), and to every h a triangulation
T>CT ft of D*. We suppose that the family {*Gnh} satisfies the following three
properties :

" The only vertices of^Gh lying on (9c%a are the X[ s " , (9.5)

limi max h(K) i = 0, (9.6)
fi-»O ( JKe*EOih J

" C > 0 swc/z /ter ô(X)/p(K) < C VKe%nJk, V/r " . (9.7)

Let us also associate to each s a triangulation 1So>fl), (in the (/, 0)-plane) of the
opent set

Ka = { (f, 0)e K2; a < r < a, I 6 | < TT/2 }

for which the unique vertices with t — o are the images of the points Xt under
the transformation (9.2), i.e., the points

Next we introducé the finite dimensional spaces

V,M = ( »* e C°(Do0 ; üfc|JC e P x (K) , VK e ^Ojh; vh ^ Q on OU n ÔD* } ,

(9.8),

fc; Ü A = 0 on dê^andDa}.
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Let wCTh,..., w™h (resp. wlt0%h9..., w™ah) be the usual basis functions of the space
Vah (resp. VGah\ and let us set w{ah for the inverse transform in the (r, z)-plane

„,*(', 9) = G, e'.sin 0).

We fmally consider the space Vh generated by all functions wl
ah and wiia>h.

Each vh e Vh is clearly continuous on DJ u &a a (and in gênerai discontinuous
on DJ, we are led to a non-conforming approximation. This can be avoided by
using isoperimetric finite éléments (see e.g. P. G. Ciarlet [20]). The resulting
discrete formulations of problem (II) read now : Find a function uh e Vh and
a real parameter Wh > 0 (resp. kh ^ 0), solutions of :

Vuh.Vvhdrdzh.Vvh
D% J-n/2 Ja

S7uh.VvhdtdQ =
Ja

ƒ(«* - Wr - k) vh dr dz +
J JB»

/(Mfc - Wé cos 0 - fc) vh e
2t dt dQ, Vt;„ e F , ,

K/2 Ja

dr dz
n/2

- f f /2
= r| .

(9.10),

One can deal analogously with the three-dimensional problems (I), but the
resulting équations are somewhat more complicated :

ff iv«fc.Vofc^<fe+ f f
J JD|

 r J-n/2 Jo
, 1 $uh.VvhdtdQ =

e' cos 9 * *

f
-\Vuh\2drdz
r

». Vt;heFh ,

/»n/2 /»a -

., e' cos 0
•/ — n / 2 «/CT

\2 dtdfd =\\.

(9.11),

In (9.11)ft, Vh is slightly modified from Vh and constructed as in Section 8
by replacing those P^K) for which KndU ^ 0by P,r'a(X), with a > 3/2.
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This method has the advantage of simplifying the computational work
considerably : since the exponential function increases rapidly, for " moderate "
values of a we are concerned with " large " domains. The stiffness matrices are
analogous, since the scalar products

Vu.Vvdx and -Vu.Vvdx

are preserved after applying (9.2).
Remark 9 . 1 : An alternative strategy in dealing with the above difficulties

consists in introducing a conformai mapping from (9a>o0 = U\DG onto Da

and solving the unbounded discrete problems themselves. This procedure is
studied in E. Fernandez Cara [27]. •

10. NUMERICAL EXPERIMENTS AND FURTHER COMMENTS

This Section deals with some numerical experiments obtained by applying
the methods discussed previously. The computations illustrate the results and
conjectures of Section 3 and clearly exhibit typical vortex structures.

The problems have been solved separately by several algorithme but only
results achieved by (A. 1) will be presented hère since this method seemed to be
the most performing one. We have used piecewise linear finite éléments to
approximate the vortex pair équations and the special éléments described in
Sections 8 (with / = l,a = 2) for the three-dimensiona! case. In ail experiments
the convergence test has been

where we have taken e = 10 ~ 5,10 ~ 6 or 10 ~7. The équations

oc(wn, X) = TJ

(see Section 7) have been solved by means of a dichotomy procedure, which is
appropriate hère because of the monotonicity of ot(w", .)•

Ail computations were made at LN.R.LA. (Rocquencourt, France), on
Multics CII-Honeywell System, and for mesh génération a MODULEFs
procedure was used.
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10.1. First examples of vortex pair problems

We present some results concerning vortex pair problems in various bounded
domains. We recall that these problems read :

Given the energy parameter r| > 0, the vorticity function ƒ and W > 0
(resp. k > 0), to find a function u and a real value k (resp. W) satisfying :

- Au = ƒ(« - Wr - k), x=(r,z)eQ,

Vu |2 dx - n .1 (10.1)

Here, Q is defined to be either

Q = R(a) - (0, a) x ( - a, a) , (10.2)

or

fi^(ö) = {xeR2;x=(r,4UKu,r)0}, (10.3)

for large a > 0. Both cases are intended to provide an approximation to the
unbounded domain problem.

By a resuit of B. Gidas, Wei-Ming Ni and L. Niremberg [30] (see also M. J.
Esteban [24]), the solutions are Steiner-symmetric with respect to the axis
z = 0. Hence, for numerical purposes, it will suffice to solve the problem in the
half-region

Q + = {xeQ;x = (r, z\ z > 0 } (10.4)

with imposing homogeneous Neumann's boundary conditions on the boundary

T o = { X G Q ; X = { r , z \ z = 0 } .

Let us first take Q as in (10.2). Our aim is to let an increase towards infinity
and to check whether the computed solutions approach the solution of any
vorticity problem. A good numerical test can be obtained by using identity
(3.13). Notice that, for a bounded domain Q = R(a\ (3.13) changes into

y ^
du
dn

2

x.ndo, (10.5)
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with n being the outward unit normal on dû. Indeed,

, du du\

whence

f(u- Wr - k)lr^ + z^\dx = - z.nda.
n \ z z J JÔQ

Thus, setting U = u — Wr — k we obtain

V.(F(C7) x) = f r ̂  + z ̂  ƒ(£ƒ) + 2 F(C7),

while
5î7 OU du du

and (10.5) is proved.

Remark 10.1 : From (10.5), one has

Wrcx^2\i (10.6a)

for a bounded domain Q = i?(#). Similar arguments lead to

- W(a - rc) x - 2 ji - I (r — a, z).«

which in turn yields :

-W(a-rc)x^2[i. m (10.6b)

As a first example, we have chosen for a special vorticity function :

f(s) = \s+, (10.7)

where X > 0. Some examples of triangulations are given in figure 1 to 5. The
approximate solution of (10.1) has been computèd for certain values of the
data, and a visualisation of the flow (the streamlines

\|/ = u — Wr — k = constant,
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the shape of the vorticity core régions

and the velocity fields) is given in figures 6 to 15.
It is readily seen that the stream function \|f agrées very well with the picture

of a vortex. That is, there exists a bounded (small) région determined by the
existence of a vorticity motion, while the veîocity field tends to a constant vector
(vertically oriented upwards, as in Section 2) at infinity.

An évaluation of functionals \i, rc, % and

y = Wrc % - 2 n

is given in Table 1 for different values of a and fixed W. Their values strongly
support the convergence of the approximation as a î -f oo.

For large a (see fig. 12 to 16) the computed vorticity région is small and near-
circular. In the limit a = + oo, some asymptotics are known for the solution
provided it exists (see L. Lichenstein [34,35], H. Lamb [33], P. G. Saffman [45]) :

W~-T^9 fc~^. (10.10)

Thus, for given X, fc, r| with large k/r\, one has :

* ~ Wr~

Also, using the near-circularity of A^ (see J. Norbury [43]), one obtains

\~h;, (10.12)

with p being the ratio of A^ andj0 = 2.402, so that

y2 4 Xr2

Jo
(10.13)

These approximate identifies are checked agains our results in Table 2.
Again the adéquation is quite satisfactory.
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TABLE 1

Evaluation of the unknown k and the functionals %, rc, (i and y = Wrc % ~ 2 JJ. cor-
responding to the computed solution of (10.1) where Ù = R(a\ ƒ is given by (10.7) with
X = 1., Ti = 20. ÛW£? W = 0.05 isprescribed

a

50.

100.

200.

400.

800.

k

3.735 2

3.795 1

3.820 0

3.839 1

3.846 1

X

5.185 5

5.192 3

5.197 0

5.200 6

5.201 0

rc

7.201 8

8.151 2

10.128 7

10.130 5

10.130 3

0.985 3

1.089 2

1.076 7

1.321 0

1.317 4

y

- 0.103 1

- 0.062 2

- 0.021 5

- 0.008 8

- 0.000 4

TABLE 2

Evaluation of the unknown k and the expressions W' = %/(4 nrc), k' = r}/%,
TÏ =x2/27i îog(4XrlljH rf

c =jo/2 ^-1/2.exp(Tci1/x
2), Wn=2 r\l(4%kj0)X*'2.exp(-ic*2/Tl),

corresponding to the computed solution of (10.1) w/îere Q = /?(<z), ƒ w given by (10.7)
A A = 1., r| =20 . ûr«<5? W = 0.05 is prescribed.

a

50.

100.

200.

400.

800.

k

3.735 2

3.795 1

3.820 0

3.839 1

3.846 1

W

0.057 3

0.050 7

0.040 8

0.040 9

0.040 9

k!

3.856 9

3.851 8

3.848 4

3.845 7

3.845 4

15.331 24

17.831 5

19.731 2

19.760 0

19.762 9

r'c

10.559 1

10.494 7

10.450 6

10.417 0

10.413 3

W"

0.046 7

0.042 8

0.041 3

0.040 1

0.039 7

In the previous computations we have remarked that the unknowns W and
k are seen numerically to be in a functional relation. That is, a given W leads
(e.g. via (A. 1)) to a value of k that itself leads back (via (A. 1)) to the initial W.
This strongly suggests that there exists a function

: [0, + oo)

such that

the conjectures in Section 3 just mean that Ç is continuous and decreasing and
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satisfies

Ç(0) = W% , lim «*) 4 0 .
fct+oo

10.2. Some numerical experiments with other vorticity functions

The vortex pair problem (10.1) with

f(s) = H(s), H(s) -
1 for s > 0,
0 otherwise,

(10.17)

is of particular importance (see e.g. B. Turkington [51], R. T. Pierrehumbert [43]).
However, the discontinuity at the origin requires techniques which are different
from those used in this paper, and we will rather consider functions ƒ as in
Remark 4.2 :

for s > 0, 0 < P ^

0 for s ^ 0 .

1 H- (3(5- — e) for s > e , 0 <

s/e for 0 < s ^ s ,

0 for s < 0 .

1 ,

1 ,

(10.18)

(10.19)

Indeed, for small values of P and £, these vorticity functions provide a good
first approximation of the Heaviside function (10.17).

Figure 16 to 30 deal with some experiments concerning the solution of (10.1)
where ƒ is given by (10.18) or (10.19). The numerical results have been checked
against (3.13) for large values of a (see Tables 3 and 4).

TABLE 3

Evaluation of the unknown k and the functionals %, rc, (i and y = Wrc % — 2 \i corres-
ponding to the computed solution of (10.1) where Q. = R(a), ƒ is given by (10.18) with
P = 0.01, r| = 20. and W = 0.7 is prescribed.

a

50.
100.
200.

k

1.321 2
1.348 4
1.354 8

X

14.103 3
14.382 1
14.760 1

rc

3.151 6
1.779 1
1.857 0

M-

15.983 4
8.422 5
9.593 8

y

- 0.853 3
- 0.012 1
- 0.001 0
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TABLE 4

Evaluation of the unknown k and the functionals %, rc, \i and y = Wrc % — 2 \i corres-
ponding to the computed solution of (10.1) where Q = R(a\fis given by (10.19) with
P = 0.01 and e = 0.05, r\ = 20. and W = 0.7 is prescribed.

a

50.

100.

200.

k

1.301 4

1.332 8

1.354 7

X

14.020 1

14.293 7

14.759 8

rc

3.1814

1.803 4

1.883 5

16.110 7

9.551 3

9.731 1

y

- 0.998 9

- 0.058 6

- 0.001 5

Notice that for large a (see fig. 23, 24, 29 and 30) the vorticity core région
becomes again small and near-circular. In the case f (s) = H(s) and a = + oo,
certain asymptotics can be derived using (10.10) and (10.11) (see [42]) :

_— log
4TI

 6

W 4 nkj

(10.20)

(10.21)

These are checked against our results in Tables 5 and 6.

10.3. Some experiments concerning three-dimensional problems

Let us now turn to some numerical results concerning (three-dimensional)
vortex ring problems in bounded domains. We recall that these problems read :

Given r| > 0, the vorticity function ƒ and W > 0 (resp. k ^ 0), to find a

TABLE 5

Evaluation of the unknown k and the functionals W' = %/(4 nrc\ k' = r|/%,
r\' =x2/4 rc.log (4 nr2fx), r^=(x/rc)1/2/2.exp(2 ftT\lx2\ W" =(r|/4 nk)1/2. exp( — 2 nk2/r\)
corresponding to the computed solution of (10.1) where Q. = R{a\fis given öĵ  (10.18)
with P = 0.01, ri = 2 0 . and W = 0.7 is prescribed.

a

50.

100.

200.

k

1.321 2

1.348 4

1.354 8

W'

0.356 1

0.643 3

0.692 5

k'

1.418 1

1.390 6

1.355 0

Tl'

34.512 3

16.744 2

18.672 1

K
1.992 7

1.964 0

1.929 5

W"

0.634 2

0.650 3

0.688 9
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TABLE 6

51

Evaluation of the unknown k and the functionals W' = %/(4 nrc\ k' = r\/%,
' =x2/2 *.log (4 nr2

clx\ r^(XM)1 / 2/2.exp(2 nj]/%
2l W" =(rj/4 n/c)1 / 2 .exp(-2 xc/c2/l)

correspondmg to the computed solution of (10.1) where Q = R(a\f is given by (10.19)
r P = 0.01 and e = 0.05, n = 20. a«d W = 0.7 is prescribed

a

50.

100.

200.

k

1.301 4

1.332 8

1.354 7

W'

0.350 7

0.630 7

0.673 6

k'

1.426 5

1.399 2

1.355 0

n'

68.986 5

34.160 8

28.325 9

r'c

2.006 5

1.972 8

1.929 6

W"

0.649 5

0.500 5

0.609 0

fonction u and a real value k (resp. W) satisfying :

_ d ft du\ \d2u _ ( W 2 .

ör \ r or/ r 5z2 7 ^ 2 '

weL2(Q), - | Vw |2 e L:(Ü), w = 0 on 3Q,

£ -\Vu\2dx = r\.

The vorticity fonction ƒ has been chosen as follows :

f(r, s) = A.r-s+ ,

(10.22)

(10.23)

with X > 0 being a constant.
For domain Q = i?(a) (cf. (10.2)), we have solved approximately (10.22)

for certain values of the data. The computed streamlines

W
= u(x) - -r- r2 - k = constant

and^vorticity régions

A+ = { x e Q ; x - (r, z\ v|/(x) > 0 }

are displayed in figures 31 to 33.

10.4. An analysis of the computed vorticity régions

For a clearer présentation, let us consider problems (10.1) with Q = i?(10.),
r| = 20., ƒ as in (10.7) (with X = 1.), n = 20 and W taking all values in Table 7.
The corresponding computed streamlines and vorticity (upper half-) régions
are displayed in figures 34 to 45.
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TABLE 7

Evaluation of the unknowns k corresponding to the computed solutions of problems
(10.1) where Q = R(50.)Jis given by (10.7) with X = 1., r| = 20. awrf VT w prescribed.

w
0.

0.000 1

0.001

0.01

0.1

0.2

0.25

0.3

0.35

0.4

0.45

0.465 725

0.5

0.6

k

6.371 6

6.158 4

5.831 2

4.211 8

3.527 5

3.041 8

2.639 5

2.102 8

1.504 7

0.992 0

0.123 3

1.38.HT4

- 0.028 3

- 0.099 4

We have remarked the existence of a well-defined symmetry (with respect
to W = 0) of the shapes of the vorticity régions that can be explained by means
of the change r' = a — r. Indeed, if (ua, ka) is a solution of (10.1) corresponding
to a non positive value Wo of W, the function va9 defîned as

satisfies

va(r, z) = ua(a - r,z),

r, z) = f(va(r, z)-(-W0)r- (ka + aW0))

(10.24)

for ail (r, z) e Q, and

Vv„ I2 dx = f | Vu \2 dx = Tl .
Jn
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In other words, (vm ka + a Wo) is a solution of (10.1) corresponding to the value
— Wo of the vortex veloeity parameter. The above mentioned property is now a
conséquence of the fact that the vorticity régions corresponding to (wfl, ka ; Wo)
and (vm ka -f aW0 ; — Wo) are symmetrically situated with respect to the
axis a = rjz.

For W < 0, the vorticity région is never bounded independently of Ö, for
it has a nonempty intersection with the half-plane r > a/2. From a strictly
numerical viewpoint this shows that (Il)-fc has no solution for W < 0 (which is
easy derived numerically). When W = 0 (see B. Gidas ; W. M. Ni and L. Niren-
berg [30]), the solution ua and the function vg9 defined as in (10.24), must coin-
cide, Le., the vorticity région is symmetrie with respect to both the r — all
and z = 0 axis. This is confirmed by the shape in figure 34. Then, for small
positive values of the veloeity (see fig. 35 to 43), the pair lies between the W = 0
and the cylindrical vortex (for which k = 0 ; see below) ; this means that the
vorticity région remains bounded Hence we are led to a " critical " value W*
of W, in such a way that the corresponding value of Ie is zero. In fact, numerical
resul ts show that W < W* if and only if k > 0, and this is a necessary condition
for having the existence of a solution of (Il)-fc, These remarks strongly support
Conjecture 2 mentioned in Section 1.

For W > W* (fig. 44 and 45), we find again unbounded vorticity régions.
This shows numerically (as in the case W < 0) that (H)-k has no solution
(see Theorem 2 in Section 3). However, the solutions that we have computed
for which W > W* satisfy a property of weak convergence to zero in HQ(TI).

This can be seen by looking at figure 46, in which the relationship between W
and k is represented for différent values of a. We wish to emphasize that this
feature of the bounded problems is precisely what makes difficult the attack
of Conjecture 3 by a limiting process.

The behavior of the three-dimensional vorticity régions, as well as their
interprétation, is quite similar.

10.5. An approximation of the cylindrical vortex

Let us now consider more precisely those two-dimensional vortex probîems
for which Q = B(a\ ƒ is given by (10.7) with X = 1. and k is close to zero. We
recall that for k = 0 an explicit solution of (10.1) in B(a) is known, namely

Wp cos 6 - 4 - T T ^ I ( P ) c o s e > P2 = r2 + z2 ^ a2 ,
J0(a)

W2 (a2

a1 - a2 p j cos 0 , a < p ^ a.
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This is the cylindrical vortex (see J. Norbury [40]), for which

W2 = Tl/(2 7T0C2) ,

where a = 3.831... is the first zero of the Bessel's function of the first kind Jx.
For s = 10"6, taking refined meshes in a neighbourhood of the vorticity

région A^ (see the variable mesh-size method in Section 9), we solved approxi-
mately problem (10.1) using the following data :

Q = £(100.), Ti = 1 000., fis given by (10.7) with X = 1. , (10.25)

W = 3.2, 3.225, 3.25, 3.293 05 . (10.26)

The shapes of the corresponding vorticity half-regions are displayed in
figures 47 to 50. There we use triangulations of maximum diameter equal to 1.5,
0.5 and 0.2 (in a neighbourhood of A^\ resulting in the régions bounded by the
z = 0 axis and the curves (1), (2) and (3), resp. In order to improve the conver-
gence of (A.l), we have introduced a relaxation parameter œ = 1.11. For
W = 3.293 05 (see fig. 50) we have, up to an error < 10 "6,

TI ~ 2n.W2.a2 ,

and the corresponding value of k is in ail cases very close to zero. This clearly
shows that our method yields quite a good approximation of the cylindrical
vortex. Indeed, in this case, the vorticity half-region

{ x e M2 ; x = (r, z), r, z > 0, r2 + z2 < a2 }

practically coincides with A^ = A^ n Q+.

10.6. The asymptotic relationships between the vorticity velocity and the flux
parameters

All computations in this subsection have been carried out with a 10~5

précision. We already know that for every non négative value of k there exists
a solution of the two-dimensional problem (II)- W. On the other hand (see
Theorem 2 in Section 3), (II)-/c has no solution when the velocity parameter W
is chosen > W%^ for a certain positive W%. From a numerical viewpoint
(see Section 9), one considers (10. \)-W and (10. l)-fc with Q = R{a) and a large
enough. This should yield a good approximation of the corresponding
unbounded problems. Thus, a relationship between W and k (associated to a
and becoming stable as a -> + oo) can be established, by means of which we
can describe the behaviour of different vortex pairs.
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The very same considérations stand for (three-dimensional) vortex rings.
Figure 52 corresponds to the solution of (10.1) where Q = R(5Q.\ f is given

by(10.7)withX, - 2. andr| = 1 000. An analogous three-dimensional example
is displayed in figure 53, where Q = 5(100.), ƒ is as in (10.23) witli X = 2. and
Tl - 1 000.

Figure 1. — A first example of triangulation of the domain il — i?(50.).
Number of triangles : 1 450. Number of nodal points : 763.
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Figure 2. — Detail of the triangulation in figure 1 : The upper subdomain ft+ = (0., 50.) x (0.,50.).
Number of triangles in ft+ : 725. Number of nodal points : 399. The solution of problem (10.1) was
obtained by introducing an homogeneous Neumann's condition on TQ - (0., 50) x {0. }.
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Figure 3. — A second example of triangulation of the domain î î = J?(50.).
Number of triangles : 1 380. Number of nodal points : 732.
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y\A/\/

Figure 4. — Detail of the triangulation in figure 3 : the upper subdomain iï+ = (0., 50.) x (0., 50.).
Number of triangles in a + : 690. Number of nodal points : 380. The solution of problem (10.1) was
obtained by introducing an homogeneous Neumann's condition on To = (0., 50.) x { 0. }.

axxxmxtë
Figure 5. — Detail of the (half-) triangulation in figure 4 : the subrectangle (0., 5.6) x (0., 4).
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Figure 6.—Streamlines ^ = u — Wr — /c =
constant and vorticity région A^ = {xe£l;
x = (r, z), ty(x) > 0 } corresponding to the
computed solution of (10.1) where a = /t(50.),
ƒ is given hy (10.7) with X=l. , q=20. and
JF=0.05 is prescribed. The computed value of k
is 3.735 2. The triangulation is displayed in
figure 1.

Figure 7. — Detail of the computed velocity
field corresponding to the stream function in
figure 6. The field is displayed in the suhdomain

Figure 8. — Streamlines \ l * = « - Wr - k =
constant and vorticity corerégion A$ = {xe£l;
x = (r, z\ ty(x) > 0} corresponding to the com-
puted solution of (10.1) where fi = #(100.),
f is given by (10.7) with X = 1., n = 20. and
W = 0.05 is prescribed. The computed value of
k is 3.7951.
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Figure 10. — Streamlines \|/= « - Wr - k =
constant and vorticity région A^ — {xeil;
x = (r3 z), ty(x) > 0 } corresponding to the com-
puted solution of (10.1) where n = /î(200.),
ƒ is given by (10.7 with X = l., ti=20. and
^ = 0 . 0 5 is prescribed. The computed value
of k is 3.82G 0.

Figure 9. — Detail of the computed velocity
field corresponding to the stream function in
figure 8. The field is displayed in the subdomain
tf(20)
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Figure 12. — Streamlines ^ = u~Wr-k =
constant and vorticity région A^ = {x€iï;
x = (r, z), x|/(x) > 0 } corresponding to the com-
puted solution of (10.1) where Cl = #(400.),
ƒ is given by (10.7) with X = l., n = 20. and
^=0.05 is prescribed. The computed value of
k is 3.8391.

Figure 11. — Detail of the computed velocity
fîeld corresponding to the stream function in
figure 10. The field is displayed in the subdomain
tf(
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Figure 14. — Streamlinest|/=i/ - Wr - k =
constant and vorticity région A^ = {xe£l;
x = (r, z), ty(x) > 0 } corresponding to the com-
puted solution of (10.1) where 12-^(800.),
ƒ is given by (10.7) with X = 1.9 t| = 20. and
W=0M is prescribed. The computed value of k
ÎS5.S461.

Figure 13. — Detail of the computed velocity
field corresponding to the stream function in
figure 12. The field is displayed in the subdomain
lî(80)
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« « « " . « . ' . • » ' . ' f • • •

* • • •

g t y - Wr - k =
constant and vorticity région A^={xeCl;
x=(r, z), ^{x) > 0 } corresponding to the com-
puted solution of (10.1) where O=/ï(50.),
ƒ is given by (10.18) with f=0.01, i] = 20. and
W=0.7 is prescribed. The computed value of k
is 1.321 2.

Figure 15. — Detail of the computed velocity
field corresponding to the stream function in
figure 14. The field is displayed in the subdomain
#(40.).
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Figure 17. — Velocity field corresponding to Figure 18. — Detail of the velocity field
the stream function in figure 16. The field is corresponding to the stream function in figure 16.
displayed in the whole domain R(50.). The field is displayed in the subdomain /?(ÎO.).
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Figure 19. — Streamlines \|* = u - Wr - k =
constant and vorticity région A^ = { x e £1 ;
x = (r9 z\ ty(x) > 0 } corresponding to the com-
puted solution of (10.1) where a=R(10Q,),
ƒ is given by (10.18) with p = 0.01, n = 20. and
^ = 0 . 7 is prescribed. The computed value of k
is 1.348 4.

* • * 4 * • * *

Figure 20. — Velocity field corresponding to
the stream functïon în figure 19. The field is
displayed in the nhole domain /?( 100.).
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WW' • •'
Figure 22. — Streamlines ^ = w - Wr - k =

constant and vorticity région A ̂  = { x e fl ;
x = (*% z), ^(jr) > 0 } corresponding to the com-
puted solution of (10.1) where 12 = /?(2O0.),
ƒ is given by (10.18) with p-0.01, n = 20. and
^ = 0 . 7 is prescribed. The computed value of k
is 1-354 8.

Figure 21. — Detail of the velocity field
corresponding to the stream fonction in figure 19.
The field is displayed in the subdomain £(20.).
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Figure 23. — Velocity field corresponding to Figure 24. — Detail of the velocity field
the stream function in figure 22. The field is corresponding to the stream function in figure 22.
displayed in the whole domain £(200.). The field is displayed in the subdomain £(20.).
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Figure 25. — Streamlines *|/= « - Wr - k =
constand and vorticity région A + = { x e il ;
x = (r, z), ty(x) > 0 } corresponding to the com-
puted solution of (10.1) where a = £(5.),
ƒ is given by (10.19) with p = 0.01 and £ = 0.05,
tl = 20. and W=0J is prescribed. The computed
value of k ;s 1.301 4.

Figure 26. — Detail of the velocity field
corresponding to the stream function in figure 25.
The field is displayed in the subdomain £(10.).
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Figure 27. — Streamlines v|/ = « - Wr - k =
constant and vorticity régions A^ = {x eSl;
x = (r, z), ty(x) > 0 ] corresponding to the com-
puted solution of (10.1) where Q = /?(100.),
ƒ is given by (10.19) with p = 0.01 and £ = 0.05,
H=20. and JF=0.7 is prescribed. The com-
puted value of* is 1.332 8.

f \ V

y t \

Figure 28. — Detail of the velocity field
corresponding to the stream function in fîgure 27.
The field is displayed in the subdomain /?(10.).
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Figure 29.— Streamlines i|i = u - Wr - k =
constant and vorticity région A^— { x e ft ;
x — (r, z), A|/(JC) > 0 } corresponding to the com-
puted solution of (10.1) where n = /î(200.,
ƒ is given by (10.19) with p = .01 and £-0.05,
t ) -20 . and H7-0.7 is prescribed. The computed
value of * is 1.354 7.

Figure 30. — Detail of the velocity field
corresponding to the stream function in fîgure 29.
The field is displayed in the subdomain tf(10.).
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w
Figure 31. — Streamlines ty = u-~r2-k =

Figure 32. — Streamlines ty = u-^r2-
constant and vorticity région ^ { ;
x = (#-, z), ty(x) > 0 } corresponding to the com-
puted solution of (10.22) where 12 = /?(50.),
ƒ is given by (10.23) with X = 0 . 1 , T| = 2 0 . and
JP=0.01 is prescribed. The computed value of A
is 3.542 4.

constant and vorticity région A^={
x = (r, z)t ty{x) > 0} corresponding to the com-
puted solution of (10.22) where n = /?(100.),
ƒ is given by (10.23) with X = l., i\ = 20. and
^=0 .01 is prescribed. The computed value of A:
is 3.561 2.

iltl

Figure 33.—Streamlines ty = u-^r2-k =

constant and vorticity région Av = {x e&l;
x = (r9 z), X|/(JC) > 0 } corresponding to the com-
puted solution of (10.22) where O=£(200.) ,
ƒ is given by (10.23) with 3t=0.1, T|=^20. and
FF=0.01 is prescribed. The computed value of k
is 3.565 0.
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Figure 34. — Streamlines X|/ = M - Wr — k = constant and upper vortivity half-region
A$ = { x G ft+ ; x = (r, z\ ty(x) > 0 } corresponding to the computed solution of (10.1) where
a = R(50.\fis given by (10.7) with k = 1., TI = 20. and ^ = 0 . is prescribed. The computed value of k
is 6.371 6.

Figure 35. — Streamlines \|/ = u - Wr - k = constant and upper vorticity half-region
A£ = { x e ft+ ; JC = (#% z), A|/(JC) > 0 } corresponding to the computed solution of (10.1) where
n = *(50.), ƒ is given by (10.7) with X = l., n = 20. and W=0.000 1 is prescribed. The computed
value of * i s 6.158 4.
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Figure 36. — Streamlines \|/ = «— Wr — k = constant and upper vorticity half-region
Al = { x e fl+ ; x = (r, z), Mx) > ° } corresponding to the computed solution of (10.1) where
a = iî(50.),/isgivenby(10.7) withk = l. ,ti=20.and ^=0.001 is prescribed. The computed value
of k is 5.831 2.

Figure 37. — Streamlines \|/ = u - Wr - k = constant and upper vorticity half-region
A^ = { x € n + ; x = (r, z)9 ty(x) > 0 } corresponding to the computed solution of (10.1) where
a = fl(50.),/is given by (10.7) with X = l.f i] = 20. and ^=0 .01 is prescribed. The computed value
of k is 4.211 8.

vol 18, n? 1, 1984



74 H. BERESTYCKI et al.

Figure 38. — Streamlines \\f = u - Wr - k = constant and upper vorticity half-region
> 0 } corresponding to the computed solution of (10.1) where^ + = { j : 6 f i + ; x = (r,z)9y . .

a = tf(50.), ƒ is given by (10.7) with X-
of*is3.527 5.

20. and W = 0.1 is prescribed. The computed value

Figure 39. — Streamlines \|/ = «— Wr — k = constant and upper vorticity half-region
A% = { x e il+ ; x = (f, z), \|/(JC) > 0 } corresponding to the computed solution of (10.1) where
H = /f(50.), ƒ is given by (10.7) with X=0.1, n = 20. and ^ = 0 . 2 is prescribed. The computed value
of*is3 .0418.
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Figure 40. — Streamlines \|/ = «— Wr — k — constant and upper vorticity half-region
A£ = { x e &l+ ; x = (*% z)»\K*) > 0 } corresponding to the computed solution of (10.1) where
O — /?(50.), ƒ is given by (10.7) with X- — L, r\ — 20. and W = 0.3 is prescribed. The computed
value of A is 2.102 8.

Figure 41. — Streamlines \(f = « - Wr — k = constant and upper vorticity half-region
Al — { x e ft+ ; x = (r, z), ty(x) > 0 } corresponding to the computed solution of (10.1) where
n = J?(50.), ƒ is given by (10.7) with k = l.9i\ = 20. and W - 0.35 is prescribed. The computed
value of k is 1.504 7.
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Figure 42. — Streamlines \|/ = « — Wr — k — constant and upper vorticity half-region
Aj = { x e fi+ ; x = (r, z), ty(x) > 0 } corresponding to the computed solution of (10.1) where
Î2 =.R(50.), ƒ is given by (10.7) with X = 1., n, = 20. and W = 0. is prescribed. The computed
value of k is 0.992 0.

Figure 43. — Streamlines \\f = u - Wr - k = constant and upper vorticity half-region
Aï = { x G £l+ ; x = (r, z), \|#(x) > 0 } corresponding to the computed solution of (10.1) where
H = if(50.), fis given by (10.7) with X = 1., n = 20. and W = 0.45 is prescribed. The computed
value of^tis 0.123 3.

R.A.I.R.O. Analyse numénque/Numencal Analysis



VORTEX RINGS THEORY 77

Figure 44. — Streamlines \|/ = «— Wr — k = constant and upper vorticity half-region
A^ — { x e £l+ ; x(r, z), y\f(x) > 0 } corresponding to the computed solution of (10.1) where
H = /?(50.), ƒ is given by (10.7) with X = 1., t| = 20. and W = 0.5 is prescribed. The computed
value of k is - 0.028 3.

Figure 45. — Streamlines \|/ = « - Wr - k = constant and upper vorticity half-region
A^ = { x e £ï+ ; je = (r, s), \|/(x) > 0 } corresponding to the computed solution of (10.1) where
H = Jt(50.), ƒ is given by (10.7) with X = 1., i\ = 20. and W = 0.6 is prescribed. The computed
value of A is - 0.099 4.
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4a/3 — •

2a/3

a/3 _ .

(1) k=.21472

(2) k=.21471

(3) k=.21471

a/3 2a/3 4a/3

Figure 47. — Upper-vorticity half-region corresponding to the computed
solution of (10.1) with the data as in (10.25) and W = 3.2.

2 (1) k=.15124

(2) k=.13218

(3) k=.13209

4a/3

Figure 48. — Upper vorticity half-region corresponding to the computed
solution of (10.1) with the data as in (10.25) and W = 3.225.
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4a/3_

(1) k=.10101

(2) k=.09997

(3) k=.09998

0. a/3 2a/3 a

Figure 49. — Upper vorticity half-region corresponding to the computed
solution of (10.1) with the data as in (10.25) and W = 3.25.

(1) k=.00037

0. a/3 2a/3

Figure 50. — Upper vorticity half-region corresponding to the computed
solution of (10.1) with the data as in (10.25) and W = 3.293 05.
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Figure 51. — Detail of the velocity field corresponding to the computed solution of (10.1) with
the data as in (10.25) and W = 3.293 05. The field is displayed in the subdomain tf(19.).
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