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AN ANALYSIS TECHNIQUE FOR STABILIZED FINITE ELEMENT SOLUTION
OF INCOMPRESSIBLE FLOWS*

ToMAs CHACON REBOLLO!

Abstract. This paper presents an extension to stabilized methods of the standard technique for the
numerical analysis of mixed methods. We prove that the stability of stabilized methods follows from an
underlying discrete inf-sup condition, plus a uniform separation property between bubble and velocity
finite element spaces. We apply the technique introduced to prove the stability of stabilized spectral
element methods so as stabilized solution of the primitive equations of the ocean.
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1. INTRODUCTION AND MOTIVATION

This paper deals with the numerical analysis of the solution of incompressible flow problems by stabilized
finite elements. We shall be interested in the Oseen equations (Stokes equations plus a linear transport term),
also called in some works “linearized Navier-Stokes equations”.

Stabilized methods provide efficient and computationally cheap techniques to solve incompressible fluids.
Historically, these methods have been the object of a specific analysis, different from that of mixed methods.
Indeed, the proof of stability is not based upon the existence of a discrete velocity — pressure inf-sup condition,
but rather upon specific arguments that strongly rely on the elementwise regularity of finite element functions.
Based upon such kind of arguments, the papers of Hugues, Franca and Balestra [21] and Hughes and Franca [20]
contained an error analysis that was improved in Brezzi and Douglas [8] and in Pierre [25]. In Franca and
Stenberg [15] a general stability and error analysis technique was introduced, which was summarized in Franca,
Hugues and Stenberg [16]. Also, the paper of Tobiska and Verfiirth [27] develops an analysis of stability and
convergence for the solution of Navier-Stokes equations by stabilized methods.

Another way of analysis is suggested by the relationship between stabilized and mixed methods. In Franca
and Frey [14] it is proved that the Streamline Upwind/Petrov-Galerkin (SUPG) method is equivalent to the
standard mixed method constructed with the mini-element. This equivalence is understood in the sense that
both methods yield the same formulation if the degrees of freedom associated to the bubbles are eliminated
by static condensation. This equivalence yields the stability of SUPG method from that of the mixed method
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constructed with the mini-element. It is a direct consequence of the fact that this element satisfies the discrete
inf-sup condition. Such analysis is essentially performed in Chacén Rebollo [10].

We address in this paper the question of whether this way of analysis may be applied to stabilized methods
other than SUPG. We develop a technique for the numerical analysis of stabilized methods that gives a positive
answer to that question. Concretely, we prove the existence of an underlying discrete inf-sup condition from
which we deduce the stability of stabilized methods. Once this point has been set up, our technique allows to
analyze stabilized methods as if they where mixed methods (Th. 1). They appear as internal approximations of
a weak formulation, whose stability relies on an inf-sup condition. Then, our analysis may be applied to more
complex situations, where we use the tools provided by functional analysis to obtain gains with respect to the
standard analysis. We include in this paper two of such applications:

e To prove the stability of a spectral element approximation of the generalized Stokes equations, introduced
in Gervasio and Saleri [19]. Here, we obtain L? estimates for the pressure, while the standard analysis,
used in that paper, allows only to estimate a seminorm of the pressure gradient.

e To solve a linear model of primitive equations of the ocean by stabilized finite elements. For such equations,
there is some lack of regularity for the convection term, so that the pressure has only LP regularity, for
some p € (1,2). In this case, we obtain L estimates for the discrete pressure, and prove convergence in
H' x LP norm to the continuous solution. The standard analysis in this context would be quite difficult
to be carried on.

Our analysis may also be applied to nonlinear flows. For instance, in Chacén Rebollo and Dominguez Del-
gado [11], it is applied to the analysis of the approximation of Navier-Stokes equations by stabilized methods,
in parallel to the analysis of their approximations by mixed methods. Stability and error estimates are derived.
This analysis also applies to nonlinear stabilized methods, such as the optimal one introduced in Russo [26].
Up to our knowledge, the standard analysis is unable to handle nonlinear stabilization, which turns out to be
rather simple to manage with our technique.

Another possible application is the analysis of the solution of Oseen equations by the reduced Q1 /Q1 stabilized
methods introduced in Knobloch and Tobiska [22]. This is a new family of computationally cheap methods that
may be directly analyzed with our analysis. In fact, all hypothesis of Theorem 1 are readily proved to be
satisfied, using the analysis developped in that paper.

We would like to point out that the analysis technique that we introduce is rather complex from a technical
point of view. However, we think that it is worth to be used, as it essentially reduces the difficulties of the
analysis of stabilized methods to that of mixed method. Moreover, we have tried to present the technique in a
systematic way, so that it may be applied to situations other than the considered here, with relative ease.

The paper is organized as follows. In Section 2 we introduce an abstract discretization of Oseen equations,
whose stability is analyzed in Section 3. In Section 4, we apply the abstract theory to stabilized methods.
Section 5 is devoted to the analysis of spectral element stabilized methods. Finally, in Section 6 we solve a
linear model of primitive equations of the ocean by stabilized finite elements.

2. ABSTRACT DISCRETIZATION

In this Section we introduce an abstract discretization of Oseen equations which is the base of our analysis.

Let us consider a connected bounded domain Q ¢ R? (d = 2 or 3), with Lipschitz-continuous boundary T'.
We are given a “driving” velocity field u : @ — RY, that we assume to be divergence-free. Our purpose is to
solve numerically the following boundary value problem:

Find y:Q—RY p:Q—R such that
u-Vy—vAy+Vp=1f V-.-y=0 in Q, (1)
y=0 on I
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Here, v > 0 is the viscosity coefficient, and f € [H'(Q)]" is a given source term. Only homogeneous Dirichlet
boundary conditions are considered, in order to not introduce nonessential difficulties in our derivation.

Let us define the bilinear form on [H{ (Q)]d x [Hg ()] d,

a(w,v) = (u-Vw,v) + v(Vw,Vv), Vw,v e [H] (Q)]d, (2)
where we denote by (-,-) the L? scalar product, either for scalar, vector or tensor functions. If we assume that

u € [LP(2)]* for some p > d, and V - u = 0, then a(-,-) is well defined and is continuous and [H} (Q)]d—elliptic;
i.e., it verifies

a(w,v) < M(u)|wli|v|1, a(v,v) >v|v] Vv, we [H&(Q)]d

(3)

Here, we have denoted by |- |1 the [Hl(Q)]d seminorm. Also, M(u) = C (||uljop + v) for some constant C
appearing from Sobolev injections, where || - ||o,, denotes the LP norm.

The form a(-,-) defines a linear bounded operator A from [H{ ()] * into [H’l(ﬂ)]d, given by

(Aw,v) = a(w,v), VYw,veE [Hé(Q)}d.

Thus, Aw =u-Vw — vAw.
The standard mixed formulation of problem (1) reads as follows:

{ Obtain (y,p) € [H&(Q)}d x L%(Q) such that
Bly,p;v.q) = (£v), V(v.q) € [H}(Q)]" x L3(Q);

where
B(y:;piv,q) = aly,v) = (p,V-v) = (V-y,q).
Also, (-,-) stands for the [H~(Q)] ¢ [H} (Q)]d duality, and LZ(2) is the subspace of L?(f2) given by

Li(Q) = {q € L*(Q) such that / gde =0}
Q

The pair of spaces ([H&(Q)}d , L3(£2)) verifies the continuous inf-sup condition (cf. Girault and Raviart [17]).
Then, due to properties (3), problem (4) has a unique solution that depends continuously on the data f.
In order to describe our abstract discretization of problem (4) we shall consider two families of subspaces

{Yi}r>o and {Z}n>0 of [H&(Q)}d and another family of subspaces { M}, }n~0 of L2(Q), all of them of finite
dimension. These spaces may be, for instance, standard finite element spaces. We shall also consider a family
of bilinear continuous forms on [H{ ()] 4% [H§ ()] d, {Sin(*,")}n>0. These forms are assumed to be coercive in
H'! norm on Zy.

We shall denote by R}, the “static condensation” operator

Ry : [H ()] = 2,
defined as follows. Given ¢ € [H1(Q)] d, Ri(p) is the only element of Z;, that satisfies

Sh(Rh(@)vzh) = <507Zh>a Vzp € Zp. (5)
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We discretize problem (4) by

Obtain (y},, pn) € Yn X M}, such that
Bru(Yh,Pn: Vhsqn) = Fu(Vi, an),  Y(Va,qn) € Yi X Mp;

where

Bp(w,r;v,q) = B(w,m;v,q) — Sp (Rp(Bv + Vq), Rr(Aw + V1)) ;
Frn(v,q) = (£v) =Sy (Rn(Bv+Vq),Rn(f));

where B denotes the operator
Bw = —u-Vw+cevAw, Vw € [H) (Q)]d ,

for a given ¢ € R..

We shall use method (6) as an abstract framework to analyze various standard stabilized methods. To
describe these methods, we shall consider affine-equivalent finite element spaces, as described in Hughes, Franca
and Balestra [21]. Assume that the domain (2 is polyhedric. Let us consider a triangulation 73, of Q@ formed by
either simplicial or parallelepipedic elements. We assume that the elements of 7}, are affine-transformed of a
reference element K* (either the unit simplex or parallelepiped), in the sense of Ciarlet [13]. Given an integer
number k > 0, and an element K € 7},, denote by Py (K) the space of polynomials of degree smaller than, or
equal to, k, defined on K. Also, denote by Qx(K) the space of polynomials of degree smaller than, or equal to,
k, in each variable, defined on K. Denote by Ry (K) either P, (K), if K is a triangle or tetrahedron, or Qy(K)
if K is a quadrilateral or hexaedron. Given two integer numbers m > 1, [ > 0, consider the following finite
element spaces.

v = {v e [H@)]" v, € Ru(K), VK € T, }; (7)
MY ={q € L3(Q)]q, € Ri(K), YK € T, }, ()
MY = {ge LZQ)NC%Q) |q, € R(K), VK €T, }. )

We consider the following stabilized methods.

Find (y,,pn) € Y™ x MY such that (10)
B350 Vi an) = Fs (Vi ). ¥(vioan) € Y™ x MD;
where
Bs(w,r;v,q) = B(w,r;v,q) — Z Tk (BV+ Vg AW + Vr)k;
KeTy,
Fs(v,q) = (fv)— > 7 (Bv+ Vg ik,
KeT,

where the 7x are given stabilizing coefficients, and (-,-)x denotes the inner product in [LZ(K )}d. When
I =m = 1, method (10) is independent of the actual value of the coefficient ¢, and it is known as Streamline
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Upwind/Petrov-Galerkin (SUPG) method. For other values of m > 1 and [ > 0, when ¢ = —1, 0 and 1,
method (10) is respectively known as Adjoint stabilized (AdS), generalized SUPG and Galerkin-Least Squares
(GaLS) method.

Typically, the coefficients 7x are continuous functions of the local Péclet number on element K,

Uxh 1/p
Pey = KCK  with Ug = [/ |u|p] :
v K

h2
b A—K if Pex < P,
Tk (Pex) = A U—K min(Peg, P) = Vh (11)
K AP -5 if Pex > P;
Ugk

where A is a numerical constant and P is a preset threshold for the Péclet number. This allows on one hand
to introduce some suitable stabilization of high frequence components of the transport operator (of order hg),
due to convection dominance (Large Pe). Also, this introduces low levels of numerical diffusion (of order h3)
in regions where diffusion is dominant (Low Peg). On the other hand, this stabilizes the spurious modes of the
pressure gradient.

Also, for reasons of computability, in practice the convection velocity u is replaced in the stabilizing terms
by some stable interpolate uy € Yh(m). We shall assume it so in our analysis.

The standard analysis of stabilized methods, summarized in Franca, Hughes and Stenberg [16], states that
SUPG and Gal.S methods are stable for any positive coefficients 7, and that AdS and generalized SUPG
methods are stable if the 7x are small enough. The obtention of optimal bounds for these coefficients to ensure
stability requires the computation of the best constant C7 in the inverse inequality

Cr > bk |Avilk < Vvl vva e v, (12)
KeTy,

That analysis applies to either continuous pressures combined with velocities of arbitrary interpolation degree,
or to discontinuous pressures combined with high-degree interpolation velocities. Concretely, it holds under the
following condition:

Either M{" c C°(Q)), orm > n, (13)

where
_ { d if 73 is formed by triangles or tetrahedra, and

2 if 7p, is formed by quadrilaterals or hexaedra.

In Tobiska and Verfiirth [27] this restriction is removed by introducing in the structure of the method some
additional terms that take into account interelement pressure jump terms. However, it seems that method (10),
without these jump terms, is not able to stabilize the discretization of discontinuous pressures combined with
low-degree velocities.

In this paper we shall analyze methods satisfying condition (13). Our analysis also applies to general dis-
cretizations that do not necessarily satisfy this condition. However, its proof requires a rather lengthy derivation
that shall appear in a forthcoming paper.

Notice that method (6) applies to general internal approximations of [H{ ()] ¢ and L3(£2), while stabilized
methods only apply to approximations by piecewise smooth functions. We are, thus, considering a genuine
generalization of stabilized methods.

In the next two Sections we first develop a stability and convergence analysis for the abstract method (6)
which extends the standard analysis of mixed methods, and next apply it to analyze the stabilized methods (10).
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3. ANALYSIS OF ABSTRACT METHOD

In this section we prove that the stability of the abstract method (6) follows from a discrete inf-sup Brezzi-
Babuska condition, similarly to mixed methods.

The stability of abstract method (6), in addition to the inf-sup condition, requires the following hypotheses
on the new elements appearing in method (6):

Hypothesis 1. There exists a constant Cy > 0 independent of h such that
lynli + |znlr < Coly, +znli, Yy, € Ya, zn € Zn, Vh > 0. (14)
Hypothesis 2. There exist two constants vs > 0, Mg > 0 such that
1Sk (Wh,vi)| < Mg |Whalilvali, Sa(vh,vi) = vs [Val3, VWi, vi € Zs.

Both hypotheses play a crucial role in the obtention of estimates for both velocity and pressure, and thus in the
proof of stability of method (6). Hypothesis 1 is a generalization of the well known Hgj-orthogonality between
piecewise affine and bubble finite elements. Hypothesis 2 is a generalization of the fact that the stabilizing
coefficients in (11) are of order h%.

Let us recall the definition of stability for method (6) (¢f. Babuska [3], Brezzi [7]):

Definition 1. Method (6) is said to be stable on Y}, x M), if there is a constant v > 0 independent of i such
that for any (w,r) € Y, x Mp,

Bi(w,m;v,q
sup M 2 7(|W|1 + H?"||0)7
(v,q) € YuxM, Mitlalo
(v.q) # (0,0)
Bp(v,q;w,r
Sup M > v (w1 + |I7]lo)-
(v,q) € YuxM, Mitlalo
(v,q) # (0,0)

O
We now state our basic stability result.

Theorem 1. Assume that the pairs of spaces {(Yn + Zp, Mp)}n>o0 satisfy a uniform discrete Brezzi-Babuska
condition, and that Hypotheses 1 and 2 hold. Assume that at least one of the two following sentences hold:

i) Zy, and Yy are orthogonal with respect to the [H& (Q)]d wnner product and vy >0, or
ii) v > (%)2 v, when e # 1, or vy >0 when ¢ = 1.

Then, the abstract method (6) is stable.
From this theorem we deduce the main result of this paper:

Theorem 2. Assume that the family of triangulations {Tp}n>o is regular. Assume that condition (13) holds.
Then, the stabilized method (10) coincides with an abstract method (6) constructed with a finite element space
Zn, of bubble functions and a bilinear form Sy, verifying

1. The pairs of spaces {Yn + Zp, Mp}nso satisfy a uniform discrete inf-sup condition.
2. The pairs of spaces {Yn, Zn}n>o satisfy Hypothesis 1.
3. The forms {Sh}n>0 satisfy Hypothesis 2.
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As a consequence,

o GaLS and SUPG methods are stable for any A >0 in (11)
2

2
e The general stabilized method (10) is stable if A < Ay 5—:—1) , where Ag is a computable positive
constant. In particular, AdS method is stable if A < Ay, and generalized SUPG method is stable if
A < 4A.

Thus, under our analysis, the stability of stabilized methods follows from a discrete inf-sup condition, similarly
to mixed methods. We shall prove this result in Section 4. In addition, we shall prove that the constant Ag
depends on the aspect ratio of the grid and on the reference elements of spaces Y3, and M}, and shall give
computable fine estimates for this constant.

Proof of Theorem 1.
Velocity estimate. We shall treat separately cases i) and ii).

i) Assume that spaces Z;, and Y}, are orthogonal with respect to the [H& (Q)] ¢ inner product. In this case, all
methods (10) coincide, independently of the actual value of &, as such orthogonality implies Ry (Aw) = 0, Yw €
Y;,.

Consider a pair (wp, ) € Y, X Mp,. Define ¢, = R (Awp, + Vry). As Ry (Avy,) = 0, then
cn = Ry(—Bwy, + Vry). Consequently,

Bi(Wh, s Wi, —75) = a(Wh, Wn) 4 Sn(ch, €n) > v[wil] + vslenl;.
ii) Consider a pair (wp,7p) € Y5 X M},. Define ¢, = Ry (Awy, + Vry). Then,

B(Wn,rn;wWn, —rn) = a(Wn, Wp) 4+ Sn(cn, ) + (1 —€) vSp (Ru(Awp), cp) (15)
= a(wp,wp) +Sip(ch,cp) — (1 —e)v (Vwy, Vey)

Due to Hypothesis 1,
2
|(Vyh,Vzh)| < (]. — 60) |yh|1|Zh|1, Vyh € Yy, z2n € Zy, where do = @ . (16)
0

Then, using Young’s inequality, (15) implies
B(W, rhi Wiy —1h) 2 0 [T + s [enlt, (17)

where
|1 — ¢ 11 —¢ !

2 2
for any 4 > 0. When e =1, v =v and vs = vy > 0. When € # 1, we may choose

p=vl—(1-d)

u, Vs =vs — (1 —dp)

v |[1—¢g|

Vs 2

(1—0p) <p< (1—60)7",

2
1 —¢l
and then 7 > 0, vg > 0.

Denote
S = sup Br(wn,rh; v, q)
(v,q) € YaxM, [Viitldlo
(v.q) # (0,0)

Then, in all cases

viwn |3+ Dslenli < (jwnli + |I7allo) S, (18)
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where for case i) we define 7 = v and 75 = v.
Pressure estimate. Consider a nonzero element v, € Y;,. We have

(’I“h, V- Vh) = —Bh(Wh, Th; Vh, 0) =+ a(wh, Vh) - S, (Rh(th), Ch) . (19)

Remark that By (wp, rp; —vp,0) < S|vp|1. Observe also that

Sh (Rh(th), Ch) <BV}L, Ch> = —(u . VV}L, Ch) — & V(VV}L, Vch)

< M)+ e = 1| v] [valilenlr-
Consequently,
(rn, V-va) < S+ M(u) |waly + [M(a) + e = 1[v] [ealr} [vah <
< O (S+|wali +lenlr) |vali,

where C = max{1, M(u) + |¢ — 1| v}.
Also, given a nonzero element z, € Zp,
(rn,V-zp) = —(Vrn,zn) = =S (Ru(Vry), zn)
Sh (Ru(Awp), z1) — Sn(ch, zn) (20)
M [[Ru(Awn)|1 + |enl1] 1zn
M [vi AW -1 + [en 1] |zn)1
Co (|wnl1 + lenl1) |znl1,

IN AN CIA

where Cy = M max{v; ' M(u),1}. Then, using Hypothesis 1,

(11, V - (2 + V1)) C3 (S +[whl1 + lenl1) ([vali + [zal1)

<
< CoCs (S+|whrli +lenlt) v + zal1, (21)

where C3 = max{C1,C2}. Now, we use the discrete inf-sup condition: There exists a constant o > 0 such that

(qh7 v Xh)

allgnllo < sup , Vqn € M.
Xnevi+z,  |Xnl
Therefore,
Irrllo < Ca (S + [wWhl1 + [enl1), (22)

where Cy = a1 Cy Cs.
Conclusion. Combining (18) and (22) and applying Young’s inequality yields

olwhli + slen|] < Cu S+ [(1+ Cy) Wil + Calenli] S
< 510+ Cerlwilt + Cues el
+[Cs + % (14 Ca)er " + % Caey '] 52,
for any €1 > 0, e5 > 0. Let us take g1 = L, €9 = & Then,
14+ Cy Cy

Dlwh|? + Dslen|? < C2 82, (23)
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2 2\ 1/2
where C5 = (204 + M + %) . Thus,
1%

~ 7

5. S (24)

C

5

S < —=
) |Ch|1 >~ \/17_5

i)
NG

[wh|1 <

Combining now (23) with (22), we obtain

1 1
HT}LHQ < (S, where Cg =Cy+ CyCs (ﬁ + \/17_5> . (25)

From (24) and (25) we finally deduce

Cs  Cs "
S >y (lwnli + lImnllo + |cnl1), where v = {CG+—~ + — } . (26)
\/; V' Vs
The proof of the second inequality in Definition 1 follows from similar arguments. O

The following result closes the equivalence between discrete inf-sup condition and stability of method (6).
Thus, the stability analysis of mixed method and method (6) are fully parallel.

Theorem 3. Assume that abstract method (6) is stable for some vs > 0. Assume that Hypothesis 1 and 2 hold.
Then, the pairs of spaces {Yn + Zpn, Mp}n>o satisfy the discrete Brezzi-Babuska condition.

We omit the proof of this result as it again follows from arguments similar to those used in the proof of
Theorem 1.

The stability of form By, yields the well-possedness of our method, and allows to derive error estimates,
similarly to the standard analysis of mixed methods:

Corollary 1. Under the hypotheses of Theorem 1, problem (6) admits a unique solution (y;,pr) € Y x My,
that verifies, for some constant C > 0,

Iynlt + llpallo + [znlr < CIf][-1, (27)
and
~ ~ <C| inf Jy— inf |p— : 28
Iy = yuli +lp—pullo + |zal1 < St ly = val1 + Lnf P = anllo (28)
where zp, = Rp(Ay,, + Vpr — ). O

Remark 1. From this result, the “bubble” space Z; appears as a control space for high-frequency components
of the residual Ay, + Vp, — f. In fact, (28) shows that the high frequency components of the residual which
are representable on Zj,, via the condensation operator R, are bounded.

4. APPLICATION TO STABILIZED METHODS

In this section we prove that stabilized methods (10) may be formulated as particular cases of abstract
method (6), and then apply the general stability analysis of Section 3.

Our derivation starts from the construction of virtual bubbles developped in Baiocchi et al. [4]. Let us recall
the main result of that paper, that we adapt to our context. Consider a Hilbert space (H,(-,-)m ). Given a
subset B of H of finite dimension, we define the abstract static condensation operator R : H' — B by:

Given ¢ € H', R(¢p) is the only element of B that satisfies

(R(¢), ) = (9,¢), ¥¢ € B.
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Consider also a subspace W of H’ of finite dimension endowed with an inner product (-,-)y. With these
ingredients, we may re-write the concept of space of virtual bubbles reproducing an operator on W. This is
done as follows.

Definition 2. Consider a self-adjoint operator T on W. We say that B is a space of virtual bubbles reproducing
T on (W, (-,-)w) with respect to the inner product (-,-) g if

(R(w1),R(w2) )g = (Twa, Ww1)w, VYwi, wp € W.

A slight modification of the analysis made in Baiocchi et al. [4], proves the following:

Theorem 4. Let H be an infinite-dimensional Hilbert space. Consider a subset W of H' of finite dimension
endowed with an inner product (-,-)w. Let By be a finite-dimensional subspace of H satisfying the following
property:

If (w,b) =0, Vb€ By, forsome weW, then w=0. (29)

Then, there exists a constant pug > 0 depending only on By such that if 0 < 7 < g, there exists a finite-
dimensional space of virtual bubbles B C H, that reproduces the operator TI on W with respect to the inner
product (-, )p.

Space B may be constructed as a subspace of Bo @ N, N being any subspace of H of dimension dim(W) such
that any function n € N satisfies

(w,n) =0, YwewW, (n,b)g =0, Vbe By. (30)

On this base, we may perform the analysis of stabilized methods as particular cases of the abstract method (6):

Proof of Theorem 2.

Step 1: Embedding of stabilized method in abstract method.
Let us denote W} = [R;(K )] for some integer j > 0 (recall that K* denotes the reference element). By
Theorem 4, there exists a constant p* > 0 such that if 0 < 7% < u*, there exists a finite-dimensional space of

virtual bubbles B C [H&(K*)]d, that reproduces the operator 7* I* on W} with respect to the inner product
on [HY(K*)]*.
Indeed, the elements of W} are elements of [H (K *)]d if we identify the H} - H~! duality with the L2

inner product. We consider W} to be endowed with the L? inner product. Consider a polynomial function
® : K* — R such that ® =0 on K™, and ® > 0 in int(K™*). Define the set By = {®w”, |w* € W} }. Then,

By is a subspace of [H&(K*)]d of dimension dim(W}) satisfying property (29): Denote by (-,-). the standard

inner product on [LQ(K*)]d. If for some w* € W} we have (w*,b) = (w*,b). = 0 for any b € By, by taking
b= ®w* we deduce w* = 0.
Let us now introduce the following elements:

e The bubble finite element space B;Lj ) ¢ [H& (Q)]d generated by the reference space B} on triangulation
Th.
e The finite element space W}Ej ) ¢ [L2 (Q)]d generated by the reference space W} on triangulation 7; i.e.,

W ={we [L2(Q)]" |w), € [R(K), VK € T, } - (31)
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e The inner forms on [H; (Q)]d,

Sh(w,v) = ZSK(W|K,V‘K), where (32)
KeT,

Sk(w,v) = 5K/(CKVW):Vvda: (33)
K

= Pk Z / (Cr)jk Orwy, Ov; do, with B = 757 h3,
7,k,0l=1

for any w= (w1, - ,wq), v=(v1,---,vq) € [Hl(K)}d,

where Ck is the matrix defined as follows: There exists a one-to-one affine mapping Fx from the reference
element K* into K. Its equations are of the form x = Agax™ + by, where Ax = VFK is a nonsingular

d x d matrix and bx = Fg(0) is a vector of RZ. We define the matrix Cx by Cx = h2 A AL

e The static condensation operator acting on B}(Lj ) associated to S, that we denote jo ).
Then, we have the following representation lemma for the stabilizing terms:

Lemma 1. Assume f € [LQ(Q)]d. Assume 7 < p*. Then, Ywi, wo € W}Ej),

> i (wao — fwi)ic = S (R (wi), RE (we — ) (34)

KeTy,

where fy, is the L? orthogonal projection of f onto W}Ej),

This lemma is proved in the Appendix.

As a consequence, the stabilized method (10) coincides with the abstract method (6) constructed with spaces
Y, = Yh(m), My, = M}(Ll), Zp = B}(Lj) (for a fixed positive parameter 7% < p*), with j = max{2m — 1,1 — 1}, the
form Sy, given by (32), and with R;Lj)(f) replaced by R;Lj)(fh), f;, being the L? orthogonal projection of f onto
W(j)

Indeed let us recall that we are assuming that in the stabilizing terms of method (10) the velocity u is being
replaced by some stable interpolate uy € Y( ™) . Then, for each element K € 7, W )(K ) contains the set

{ Z (uh 'Vvh)\lea Z (Avh)\KllO Z (th)lle’ fOI'Vh S Y}Em), qn € M}(Ll)},

KeT, KeT, KeT,

where 1 denotes the characteristic function of K. Then, it is enough to apply Lemma 1 to obtain the formal
embedding.

Step 2: Proof of Hypothesis 1.
This is based on the general result that follows.

Lemma 2. Assume that the family of triangulations {Tp}n>o is reqular. Assume Yy, Zy, are finite element
subspaces of [H& (Q)]d affine equivalent to reference spaces Y* and Z*, respectively, satisfying Y* N Z* = {0}
and such that Y* contains the constant functions. Then, the pairs of spaces {Yh, Zn}nso satisfy Hypothesis 1.
This Lemma is proved in the Appendix.

We may now prove that there exists a bubble finite element space B}(lj ) such that the pairs {Yh(m), B,(Lj )}h>0
satisfy Hypothesis 1 and the representation formula (34) holds. Indeed, replace the function ® that defines
space By by a power ®!, for some integer i large enough, to ensure ByN|[R,, (K*)]d =@. Let N be any subspace



68 T. CHACON REBOLLO

of dimension dim(W}) of [Hj(K *)]d formed by non-polynomial functions that satisfy property (30). Then,

the bubble space B} given by Theorem 4 satisfies B} N [R (K*)]* =@. Moreover, as m > 1, then [R,,(K*)]*
contains the constant functions and thus Lemma 2 holds.

Step 3: Proof of Hypothesis 2.
Following the derivation of Lemma 2, we obtain

d
Sh(w, W) > v [ W2, [S(w, V)] < My [t [v]1, Ww, v € [BE@)]%,
where vg, = A Igél%_l {Br}, Msp, =M max {BK}, the constants A and M being given by (81). Observe that
h h
a;lr* < Bk < aflT*, VK € T,

where oy (assuming hx < 1) and ay are given by

1 P A
alemin{—,—}, ay = — - (35)
v’ [[ullo,p

S

Then, vy, > vs, Mgp > Mg uniformly in h, with
ve =5 TN, M, =a;'t" M.
Step 4: Discrete inf-sup condition.
This will be based upon the following:

Lemma 3. Assume that for each h > 0 there exists a subspace Zy C [H}(Q)] * and a coercive bilinear form Sy,
on [Hé(Q)}d such that Zp N Y}Sm) = {0} and

> Wk IVaull e < CSn (R(Van), R(Van) ) Van € M, (36)
KeTy,

for some constant C> 0, where R denotes the static condensation operator on Zy with respect to the form Sh.
Assume that the family of forms {gh}h > 0 is uniformly coercive on [H& (Q)]d. Then, under condition (13),
the pairs of spaces {Y}Sm) + Zn, M}(Ll)}h>0 satisfy the discrete inf-sup condition.

Proof of Lemma 3. Under condition (13), it is proved in Franca et al. [16] — using the trick of Verfiirth [28] —
that there exist two constants C; > 0, Cy > 0 such that Vg, € M}(Ll),

1/2
V- vy,
sup YR S oy (Z W |th||%,K> - (37)
vey, ™ —{0} [vah KeTn
Then,
V- vy, & 5 5 1/2
sp V) 5 g,y - 5[4 (ROVa). R(Va) | (38)
vey, ™ —{0} Vil

where C5 = C' Cy. Consider a nonzero element v;, € Y}Em), such that

V) o Vvma)

Vi1 =1, = =
|Vh|1 VEY;"'L)f{O} |Vh|1
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Denote z, = R(Vqyp). If z;, = 0, then
(V- Vn,qn) = Cillgnllo-
If z, # 0, denote zp, = zp,/|zn|1. Given a constant Cy > 0, from (38) and (36) we obtain

- - & 1/2 & .
(V- (vh = Cazn),qn) = Cillgnllo — Cs {Sh(zhazh)} + CaSh(zn, 2n)
. q1)2 912
> Cilanlo+ {C [SnGanan)] = o } lahs [543, 20)
172 . q1y2
> Cullanllo + (Cat*/? = Co) |znly [Snl2n,zn)]

where 7 is the uniform coerciveness constant of the forms Sh. Let us take Cy = 0~1/2(C5. Observe that

h — Cuin £ 0 as Y™ 1 Zp, = {0}. Define & = ~2—C42h_ ¢ y() | 7 Then,
[V — Cazn |1

- C1
. >
(V Xh,Qh) —1+Cy

llgnllo- (39)

This completes the proof of Lemma 3. ‘ ‘ (|
In our case, this result holds with Z;, = B}(L]). Indeed, on one hand B,(L]) N Yh(m) = (). On the other hand, let
us take w; = wa = Vgj,, £ =0 in the representation formula (34). Then,

> i Vanl x = Sn (R (Van), R (Van) ) (40)
KeT,

and (36) follows because the coefficients Tk are of order h%(: oy h%( <71 < g h%(. Finally, by Step 3 the forms
S;, are uniformly coercive.

Step 5: Conclusion.

We now apply Theorem 1:

e SUPG method corresponds to m = [ = 1, for any €. In this case, Yh(m) and B,(LJ) are Hi-orthogonal. Then,
from Theorem 1, it is stable for any A > 0.

e GaLS method corresponds to € = 1. Then, from Theorem 1, it is also stable for any A > 0.

e In the remaining cases, Yh(m) and B,(L] ) are not necessarily H}-orthogonal, and € # 1. Let us assume

2
c—

—1 e—1 2 *
AN 5 Y
—1\?

Also, vy = A" Av > ET v. Then, from Theorem 1, the general stabilized method (10) is stable.

2

Take 7* in the closed interval . As 7 < u*, then all the preceeding analysis applies.

AdS and generalized SUPG methods respectively correspond to e = —1 and € = 0 and therefore they are
respectively stable if A < Ap* and A <4 Ap*.

This completes the proof of Theorem 2. O

Remark 2. Stability of AdS method.
The stability of AdS method may be proved without using the uniform separation property. Indeed, in

Baiocchi et al. [4] it is proved that there exists a bubble subspace By, of [H{ (Q)]d (not necessarily a finite
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element space) such that for any (vp, qn), (Wp, 1) € Yh(m) X Mf(f) we have

Z T (Bvh + Van, Awp, + Vr, — )k = a (Rp(Bvy + Van), Ru(Awy + Vry, —1£4)), (41)
KeT,

where R}, is the static condensation operator on By with respect to the bilinear form a(-,-). This occurs
whenever 7 < pux for some positive pg .

As it is proved in Baiocchi et al. [4], this implies that a pair (y;,,rn) € Yh(m) X M}(Ll) is a solution of AdS
method if and only if the pair (y; + bp,pn) € (Yh(m) + Bp) x M}(ll), where by, = Ry, (f— (Ay, + Vpr) ), is a
solution of the mixed method constructed with spaces Y;, = Yh(m) + Bj, and My, = M, }(ll):

B(yp +bn,pn; Vi, qn) = (£,vn), V(vh,qn) € (Y;fm) + Bp) x M;(Ll)' (42)

Thus, to apply the standard analysis of mixed methods to AdS method it is enough to prove that the family of

pairs of spaces {Yh(m) + By, M,(Ll)}h satisfy the discrete inf-sup condition. This may be proved by Lemma 3
>0

starting from (41), once we prove that the upper bounds px for the stabilizing coefficients are of order hZ%.

Notice that equation (42) provides two control equations for the large and small scale components of Vpy,.
Indeed, (42) is equivalent to

(ph,V~vh):a(thrbh,vh)f(f,vh), Vv € Yy;

(ph,V-zh) :a(yh—i—bh,zh) - <f,Zh>, Vzy, € Zp.
In the case of stabilized methods other than AdS, we no longer have B = A* in (41). Then, we cannot write
the method under the structure (42). In this case, the control equations for Vpy, are (19) and (20).

Remark 3. Computability of stability bounds.

In Baiocchi et al. [4], Section 3.1, a general technique for estimating p* is derived. The parameter p* depends
only on the reference element B. It must be computed once for each actual space W associated to a pair
(Y}Sm), M }(Ll)). In the case of two-dimensional triangular elements , for instance, for m = [ = 1, this technique
yields the estimate p* =1/320. If m =1 =2, p* = 3/5120.

Also, the constant A may be computed from the aspect ratio of the family of triangulations {7, }x~0. Recall
that A = C%, C; being the constant appearing in (80). From Ciarlet [13], this constant is

1

G = 2h*o’

where h* is the diameter of the reference element K* and o is the aspect ratio of the family,

hk
0 = sup max —,
>0 K€Th PK

pk denoting the internal diameter of element K. This technique to estimate the stability bounds simplifies the
standard one, that requires computing the best constant in the inverse inequality (12). This simplification is
particularly clear if we observe that o may be preset “a priori’ if the triangulations are constructed in order to

have h
X <o, VK eT,, Vh>0.
PK
Remark 4. Error estimates.
Let us finally make some comments about the obtention of error estimates. One may experiment some

concern by the fact that to represent the stabilized method as an abstract method, in the stabilizing terms
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the second member f is replaced by its L? interpolate on W}Ej ), f;,. However, we still obtain error estimates of
optimal order. This is proved for Navier-Stokes equations in [11]. This proof may readily be adapted to Oseen
equations.

5. APPLICATION TO STABILIZED SPECTRAL ELEMENT METHOD

In Gervasio and Saleri [19], a stabilized spectral element (SSE) method for solving the unsteady Navier-Stokes
equations is derived. We shall apply here our analysis to the approximation of the Oseen equations by such
method. Our main contribution is to prove that the stability of the discretization is due to an underlying discrete
inf-sup condition. This allows to obtain L? estimates for the pressure. Oseen equations are here considered as
a model problem for the linear problems that appear after time discretization of Navier-Stokes equations.

Let us start by describing the discretization of Oseen equations by the SSE method. Assume 2 to be
polygonal. Counsider a partition 7;, of € in parallelograms (d = 2) or parallelepipeds (d = 3), where h still
denotes the largest diameter of the elements of 7p,.

Consider an integer number N > 1. Denote by {¢;}; N H and by {w; };= N H the nodes and weights of the Gauss-
Lobatto Legendre quadrature formulas defined on (—1 ) Assume, for 1nstance d = 3. For iy, oy € Qn(K™)
( K* = (—1,1)? being the reference element), we deﬁne the discrete inner product,

N1
(AN, ON)N, K= = Z wi wj wi Un (&5 &5 Ek) On (&, &5 Ek);
2,7,k=1
while for uy, vy € Qn(K) we set
N1
(uh,vh)NK = Z Wi Wj Wk |detAK| uN(P(I]:))UN(PZ(fZ));
i,5,k=1

where Py = Fie(&,65,&); i,k =1, , N+ 1, VK € T,
Let us define the space
Wy ={veL*Q)|v, € Qn(K),VK € T, },

where H = (h, N™!) is our actual discretization parameter.
Given uyy, vy € Wy we set

1/2
(wre, v = D (urg vy s lusdlloe = (ung, ur)3)

KeT,

We respectively define the discrete inner products (-, -)n, k=, (-,-)n,x and (-, -)3 on a similar manner for vector
functions of [Qn (K™%, [Qn(K)]?, and [Wi]*.
We also define the spectral element spaces

d
Vi = VAN [H(Q)]", My = Vi N LE(Q),

where V3, is defined by
VH—{’UGCO )|’U‘K€QN( ),VKGT}L}-

We shall consider the following SSE approximation of Oseen equations (1):

{ Obtain (yq, pr) € Yi x My such that
By (y2, 0 Vo an) = Fr(Vvi, qn), YV, qr) € Y X My
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where
By(wi, 11 Vi, qn) = BWr, i Vi, gn) — Y Ti (BVa + Vs AWr + Vi) v i
KeT,
Pu(visan) = (Evn)— Y i (Bva+ Var, Hn k.
KeTy,

The essential difference between SSE method and stabilized method (10) is that the L? inner products (-, )
that appear in (10) in the stabilizing terms are here replaced by the discrete inner products (-, ) v, k. In Gervasio
and Saleri [19], the discrete inner product (-, )3 is also used to approximate the integral terms appearing in form
B. Here, for simplicity we prefer to consider the above discretization. However, we may extend our analysis to
the actual discretization considered in that paper if the pressures are approximated by piecewise polynomials
of degree at most N — 1 (see Rem. 5).

In Gervasio and Saleri [19], the stabilizing coefficients 75 are still given by (11), with

—, A for some m > 0.

- m
4N

The parameter m is determined in that paper in order to obtain uniform-in-time stability of the linear problems
that arise after time discretization. We shall simply assume that the stabilizing coefficients 7x are given by (11).

Our analysis allows to state the following result:
Theorem 5. Assume the triangulations 2~{’]7L}h>0 are regular. Then, the SSE method (43) is stable for any
A>0ife=1,and for 0 < A< (%_g) Ay ife %+ 1, where Ay is a computable positive constant.
As a consequence, if f € [CO(Q)]d, problem (43) admits a unique solution that satisfies
[yl + lprllo < Cllfllco, (44)
for some constant C > 0 independent of H.

Proof. We proceed as in the proof of Theorem 2.

Step 1: Embedding of SSE method in abstract method.
Let us define the local interpolation operator I§ : C°(K) — Qn(K) by

ijk ijk
Consider the space of piecewise continuous functions on 7y,
Cpn(Q) = {v e L*(Q) |y, € COK), VK € T, };
and define the global interpolation operator I, : Cp () — Wy by

(IHU))|K = I]IV((’U)|K), VK € Ty,.

Observe that C°(Q) C Cp,(Q) and that Iyw € Vi if w € CO(Q).
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The following representation formula holds:

Lemma 4. There exists a finite-dimensional bubble finite element space
Zy C [Hé(Q)}d such that

Sh (Ro(Invi), Ru(Iva)) = Y 7ic (i, va)ni, Wi, va € [Cpan(Q)]; (45)
KeT,

where Sy, is the bilinear form defined by (32).

This lemma is proved in the Appendix.
As a consequence, for all wyy, vy € You; r, g € My,

By (W, m1: Vi, qr) = B(Wa, 733 Vi, qi) (46)
= Sh (Ru(In(Bvy + Van) ), R(In(Awy + V) ) 5
Fy(vi,qn) = (£ vr) —Sn (Ru(In(Bvr + Var) ), Rr(Ixn f)) .

This occurs because f € [CO(Q)]d and Bvy + Vau, Awy + Vry € [prh(Q)]d.

Steps 2 and 3: Proof of Hypotheses 1 and 2.
Hypotheses 1 and 2 have respectively been proved in the Steps 3 and 4 of the proof of Theorem 2.

Step 4: Discrete inf-sup condition.
Observe that if ry € My, then Iy (Vry) = Vry, because I (qn) = qn, Yqn € Qn(K). Then, by (45),

Ss (RH(VTH),RH(VTH)) = Z TK(VTH,VTH)NJ(, Vry € My.
KeTy,

By Bernardi and Maday [5],

lanllo.x < llanllnx < 3llanllo.x, VYav € Qn(K). (47)

These estimates are obtained by affine transportation of similar estimates obtained in the reference element.
As the coefficients Tx are of order hZ%, then there exists a constant C' > 0 such that

> VIS g < CSh (Ru(Vra), Rae(Vra)) -
KeTy,

Then, by Lemma 3, the pairs of spaces {Yy + Z, My >0 satisfy the discrete inf-sup condition.

Step 5: Conclusion.

(1-¢)?

the form By, is stable. Then, problem (43) admits a unique solution that satisfies, for some constant C' > 0,

Following the proof of Theorem 1, we prove that if v, > v when € # 1, or vg > 0 when ¢ = 1, then

yaclt + llprello + |21 < C ([[f] -1 + R (I D)]1)
where zy = Ry (In(Ayy) + Vpn). Asfe [CO(Q)}d, using (47),
[Rae(Dr Ol < vt [ fllo < vt [ Bl = vt Ifll2 < O[] co.

Thus, estimate (44) follows.
The remaining of the proof is similar to the conclusion of the proof of Theorem 2. O



74 T. CHACON REBOLLO

Remark 5. A slight modification of the above argument allows to prove an underlying inf-sup condition and
thus the stability for a stabilized full spectral element discretization of Oseen equations.

Indeed, let us replace the pressure space My by My, with H' = (h, (N —1)71), for N > 2; i.e., we consider
pressures of degree at most N — 1 elementwise. We consider the following discrete problem:

{ Obtain (yH,pH/) € Y3y X My such that (48)
By (Y prs Vs qr) = Fy (Vi are ), YV, gre) € Y X Moy
where
1
By (W, 35V, qrr) = 5[(11 VWi, Vi) n — (W Vv, W)y | + v (Vway, Vv y

— (V- wi, qr)n — (110, V- Vi)

— Z TK (BVH + V(]H/;.AWH + VTH/)N,K;
KeT,

Fy(viae) = (Bvadwu — Y 7w (Bva+ Var, fn k.
KEEZ

Then, our analysis allows to prove that the form Bj, is stable. This holds because the quadrature formula

N
/*90193*E > wiwjwrg(€n &)

i,4,k=0
is exact for g € Qqn_; (K™).

6. SOLUTION OF LINEAR PRIMITIVE EQUATIONS

In this section we apply our analysis to the solution of a linear model for the primitive equations of the ocean
by a penalty stabilized technique. This model includes the main difficulty of these equations: The vertical
convection is degenerated. This makes the pressure to be only in some space LP for 1 < p < 2. We prove
a discrete inf-sup condition in this norm, and prove the convergence of the approximated solutions to a weak
solution of the continuous problem.

To describe our model equations, let us consider a connected 2D bounded domain w C R?, and a piecewise
continuous function D : @ — R such that D(x) > 0, Vx = (z1,22) € w. This function represents the sea depth.
We consider the domain

Q={(x,2) eR*|xcw, -D(x)<2<0},
which is intended to represent a piece of the ocean with flat surface. To avoid some technical complexities, we
shall assume that w is polygonal and D is piecewise affine on some triangulation of @, so that € is polyhedric.
Our analysis can be extended to piecewise C'* depth functions, similarly to the analysis of the approximation
of primitive equations by mixed methods (¢f. Chacén Rebollo and Guillén Gonzélez [12]).
We assume the domain 2 to be Lipschitz continuous. This occurs, for instance, if the normal derivative of

oD
D satisfies — < « for some o < 0 a. e. on the part of dw where D = 0. Notice that D may be zero partially

n
or totally on Jw. Also, that we allow the sea bottom to have vertical walls when D has a jump, and sidewalls
if D > 0 on a part of dw.

We also consider the following subsets of 92:

Iy={(x,0)eR3|xecm}, (seasurface),

I, =00—-T, (sea bottom and, eventually, sidewalls).
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We assume known a convection velocity W = (w1, wa, ws) on 2, such that

w = (wy,wz) € [Hl(Q)]2 , w3 € L*(Q), (49)
V- W=0in Q, w3|p, = 0, U}3'n3\pb =0, erb =0,

where ng denotes the third component of the outward normal to 9Q, n = (n1,n2,n3). We are thus forcing
the incompressibility of the sea water (Boussinesq’s hypothesis). The first boundary condition means that we
assume the sea surface to not move in the vertical direction (rigid lid hypothesis), while the second and third
ones are rather technical boundary conditions, meaning that we treat the whole I'y as a solid wall.

We also assume known a distributed source term f, representing the effects of temperature, salinity and
Coriolis force (assumed to be constant on the whole domain for simplicity), and a “surface wind tension” g. We
set the following problem:

Obtainy : Q — R?, y = (y1,%2), (horizontal velocity)

and p : w — R such that (surface pressure)
W -Vy—vAy+Vyp=»F in Q, (50)
Vg - <y> =0 in w,

dy

Yir, =0 V%\FS =g.

Here, Vg = (01, 02) stands for the horizontal gradient, and the symbols (-) denote vertical mean,

0
(y)(x) = /D(X) y(x,2)dz, for x € w.

In this problem the surface pressure p acts as a Lagrange multiplier associated to the condition Vg - (y) = 0.
Problem (50) is a reduced version of a linear model of the primitive equations of the ocean (introduced in
Lions, Temam and Wang [24]), that reads as follows:

Obtain a velocity field (y,y3) : © — R3,
and a pressure P : €2 — R such that

W .Vy —vAy+VgP=f in Q,

V- (y,y3) =0 in Q,

03P =—pg in Q, (51)
dy

Ve, = 0, V%‘Fs -8

ys - n3|Fb =0, Y3|p, = 0.

Here, p represents the sea water density, assumed to be constant, and g the acceleration of the gravity.

This model is formally obtained from the Navier-Stokes equations by neglecting in the vertical momentum
equation all forces (convection, diffusion and Coriolis) but the gravity. This leads to the hydrostatic pressure
approximation. A rigorous derivation of this approximation is found in Besson and Laydi [2], as an asymptotic
limit as the ratio between vertical and horizontal dimensions tends to zero. The physically meaningful —
nonlinear — problem would be to find a “fixed point” of equations (50), in the sense that y = w. This justifies
the choice of regularity and boundary conditions satisfied by w (see (49)).

Equations (50) may be viewed as a model problem for the nonlinear primitive equations, much as the Oseen
equations are a linear model for the Navier-Stokes equations.
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Remark 6. Problems (50) and (51) are equivalent. The key point for this equivalence is the following: If a
horizontal velocity y = (y1,y2) € [H* ()] ? satisfies Yir, =0, then

(Ve y)=Vu-(y).
As a consequence, there exists a vertical velocity yz € L?(£2) such that
V(y,y3):01n Qa y?"f‘s =0 and y3'n3‘rb =0

if and only if

0
ys3(x,x3) = / Vi -y(x,s)ds in €, (52)
3

and
Vi -{y)=0in w.

This allows to eliminate the vertical velocity ys from problem (51). Also, the condition d5P = —p g allows to
recover the pressure P from the surface pressure p, by

P(x,2) = pgz+p(x). (53)

A rigourous proof of this equivalence may be found in Lewandowski [23].

To give a variational formulation to problem (51), let us define the spaces

Vi ={v=(v1,12) € [W““(Q)}2 |vi,, =0} for k>1, integer;

LY (w) ={q : w — Rmeasurable such that / D(x) |g(x)|*dz < 400 } for a > 1;

Dolw) = Lp(w)/R (quotient space).

Spaces Lp(w) and L%, o(w) are Banach spaces — reflexive if 1 < v < +00 —, respectively endowed with the norms

lallzs o) = [ [ Do dx] "

lallg o) = ciélfR g + ¢l (w)-

Space L% (w) is isomorphic, and, more specifically, isometric, to the space
L(95,9) = {q € L¥(Q) such that 83 =0}.

Indeed, we identify each ¢ € L% (w) with its extension to (2 as a constant function with respect to the z3 variable.
Then, we have |(q[|Lg () = llgl[zo (-

Moreover, if we consider the space L§ (93, (2) = L%(95,(2)/R, then L (w) and L§ (95, 2) also are isomorphic,
and [lqlLg, ) = llallg @), Ya € Lp o(w)-

We further assume f € Vj and g € [H’l/Q(FS)}d, the dual space of [H'/?(T'y)]¢. This space is well defined
as 'y is C°°.
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We consider the following weak formulation of problem (51):

Obtain (y,p) € Vo x LBD/E)(w) such that (54)
BPE) (y,p;v,q) = F(v); V(v,q) € Vax L} o(w);
where
BBy, piv,q) = (W-Vy,Viv_v, +v(Vy,VVv)a — (0, Vi - (V)
—(Vu - y), Q)w»

Fv)={Ev)vy—v, + (& V)Iu-1/200,)—m1/2(r,)
This form is well defined, due to the following:

Lemma 5. The following statements hold.
i) Consider a function W = (w,w3) € Va x L%(Q) such that V- W = 0, w3, = 0. Then, Vu € V3,
W .-Vu eV, for k>3, and

W - Vully; < Cr [wl1a |ul.q. (55)

for some constant Cr > 0.
ii) If w € Vi for some k > 1, then (w) € [WHF(w)]? and 9;(w) = (O;w), i = 1,2.

Proof. i) Observe that, given w € V3, and w3 € L*(Q) such that dzws = =V - w, and w3, = 0 we have

0
ws (X, 3) :/ Vi - w(x,s)ds. Thus,

[wsllo, + |9swsllo.o < C1 W10, (56)

for some constant C7 > 0.
Now, if W is smooth, we see by integrations by parts that for u € V5 and v € Vg,

/Q(W-Vu) -vdxdzs :/Q[(W-VHu) -v—0swsu-v—wsu-d3v] dxdzs.
Then, we may define the duality (W - Vu, v) by
(W -Vu,v) :/Q[(W~VH11) ‘v —0swsu-v—wsu-0dsv] dxdzs. (57)
Using (56),
(W-Vu, v)| < C ([[wl]oselalelv]

+lwlo.llulloseldsv]

0.4:0 + [wlrallullosallvlese (58)

030 ) < Crlwlia [ul1q VL ke

This proves that W - Vu € V/. Next, consider a field W = (w,ws3) € Vo x L?(Q2) with V- W = 0, w3 = 0.
Then, there exists a sequence {wy,},>1 C [D(Q)]? such that w, = 0 on I',, which converges to w in V5.
This is proved by a standard argument (for instance, by symmetrization with respect to I's) using that 0% is

0
Lipschitz-continuous. Let W,, = (W, w3y, ), with ws,(x, z3) = / Vi wp(x,s)ds.
z3
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Following Dautray and Lions [18], Chapter XXI, we may ensure that if a function z € L?(Q2) is such that
93z € L*(9), then the trace of z on I'y belongs to H'/2(T'y). Moreover, a Poincaré inequality holds if z). = 0:

[zllo,0 < Cs[[0sz]|0,0,
for some constant C'5 > 0. Therefore,
[ws — wsnllo.o < C3|[Va - (W —wn)llo,q,
and ws,, converges to ws in L?(Q). Thus, we may pass to the limit in the r.h.s. of (57), and define W - Vu as
a linear form on V). Now, passing to the limit in (58) we deduce W - Vu € V}/ and estimate (55).

ii) Consider w € V. As w € [L*¥(Q)]?, one readily proves (w) € [L¥(w)]?. Also, let ¢ € D(w). Then, if w is
smooth, for i =1, 2,

/(&w)(x) px)dx = / Oiw(x,x3) p(x)dxdes = (59)
= / n; wpd(09) — / w(x,23) 0;p(x) dx dzs = (60)
o0

- [ 060 et ax. = = [ 03wl () (61)

asn; =0on s and w =0 on I',. Thus, 9;(w) = (9;w) and w € [WLF(w)]?.
If w is any element of Vj, the same results follows from a density argument similar to that of the proof of
statement i) above. O

Remark 7. Any solution (y,p) of problem (54) is a weak solution of problem (50) in the distribution sense.
Furthermore, if we recover the vertical velocity ys by (52), and the physical pressure P by (53), then the couple
((y,y3), P) is a solution of problem (51) in the distribution sense.

We shall discretize problem (54) by a penalty stabilized method, of Brezzi and Pitkidranta’s kind (cf. [9]).
Consider a triangulation Cp of @ such that D is affine on each triangle 7" € Cj,. Consider also a partition P, of
Q by sets of the form

Pr = {(x,z3) € R? such thatx € T, —D(x) < 3 < 0} for some triangle T € Cj,.

Notice that if a triangle T € Cj is not adjacent to dw, or if it is adjacent to dw and D > 0 on T, then its
associated set Pr is a triangular prism with upper base T'x {0} and possibly non-horizontal lower base. However,
if T is adjacent to Ow and D = 0 on a part of 9T, then Pr is a non-prismatic polyhedron.

We shall consider a triangulation 7}, of €2 constructed by subdividing each element P} into tetrahedra. Let
us define the finite element spaces,

Vh—{thCO( )|Uh\K EPl( ),VKG’T}L}; (62)

Y, = {Vh S Vh2 |’Uh|Fb = 0};
Ni = {an € C°(@) | gy, € P1(T), VT €Ch}; Ny = Nu/R.
We introduce the following discretization of (54):

{ Obtain (yy,,pr) € Yn X Np, such that
B (v pns Vi an) = F(va);  ¥(Va,an) € Yi % Ni;
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where

BYP (s viean) = B (wymnsvisan) + Y 7 (Wi Vg, Wi V)i
KeT,
- Z P (Y ern, Vian)r-
TeCn

The stabilizing coefficients for convection Tl(f) are assumed to be still given by (11). This will provide some

stabilization of the convective derivative. Also, to ensure the stability of the pressure discretization we shall

assume that the stabilizing coefficients for pressure T}p ) satisfy the following condition: There exist two constants

B1 >0, B2 > 0 such that
T T

B1 hQTT ST%p) SﬁQh%Ta vT € Cp,. (64)

Observe that these inequalities make sense as we assume D > 0 on w. In the stabilizing terms of (63), we
replace the convection velocity W = (w,ws) by some interpolate Wy, = (wp,wsp) € Yy X Vj,, satisfying for
some constant C' > 0,

Wiy <Clwl. (65)

We now state the main result of this section.

Theorem 6. Assume the convection velocity W = (w, ws) lies in the space Va x L*(Q) and verifies V-W =0,
ws. = 0. Assume the triangulations {7 }n>0 are reqular. Then, the following statements hold.

i) Problem (63) admits a unique solution (yj,pn) € Y, X Ni, which is bounded in
Va x L (w)-

ii) The sequence {(y,,Pn)}n>0 contains a subsequence which is weakly convergent in
Vo x L‘SD/?O(w) to a solution of (54) satisfying the estimate

b4 1Pl sz ) < € (Il + llgll-/zr, ) (14 W), (66)

for some constant C > 0 independent of h.

Proof. We proceed by steps.

Step 1: Embedding of method (63) in abstract method.

T
Given an element T' € Cy, let us define Ti(f) = # T;p ), for any element K € 7, that be in the prism Pp

Ddx

T
that lies on T. We assume that the pressures of N, are defined on the whole €2, as constant functions in the x3
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variable. Then,

T
Z T[(?) (V’I"h, th)K = A Tfl(wp) Vury - quh dx dIg
KeT, TeCy, / Ddx Pr
T
T
= Z #Tép) (Vary)y - (Ve / dx dzs
TeCh / Ddx Pr
T
= > o (Varn, Vaa)r,  Yru. an € Ni. (67)
TeCy

Let us define M), = V},/R, where V}, is given by (62). We now apply Lemma 1: There exists a bubble finite
element space By, generated on 73, by a reference element B} C [HOI(K *)]3, and a bilinear coercive form Sy,
on [H} (Q)]3, such that

Z T}f) (Vri, Van)k = S1n(Rin(Vrn), Rin(Van) ), Y7h, qn € Mp; (68)
KeT,

where Rqj, is the static condensation operator on Bi, with respect to form S1,. We may identify N, with the
subspace of M}, defined by {gn € V4 | 93qn, = 0}. Then, from (67) and (68) we deduce

> ) (Vurn, Vian)r = Sin(Run(Vra), Rin(Van) ), Vra, an € Na. (69)
TeC),

Also, again by Lemma 1, there exists a bubble finite element space Bsj,, generated on 7}, by a reference element
B; C [Hé(K*)}Q, and a bilinear coercive form Sy, on [Hé(Q)}Q, such that  Vup, v, €Y},

Z TI((C) (Wh . Vuh,Wh . Vvh)K = Sgh(Rgh(Wh . Vuh), Rgh(wh . VVh) ); (70)
KeT,

where Rop, is the static condensation operator on Bsy, with respect to form Ssj,. Then,

B}(LPE)(uh,Th;Vh,Qh) = B(PE)(uharhEVhth)
+Son(Ron(Wh - Vug,), Ron(Wh, - Vivy,) )

—S1h(Rin(V7rh), Rin(Van) ), Yun, vy € Ya, Vrp, qn € Nj.

We recall that by Theorem (2) (Step 3), the forms {Sap, }n>0 are uniformly continuous and coercive in H' norm.

Also, due to (64) and the regularity of triangulations 7}, the coefficients Tl(f-) ) are of order h% . Then, the forms

{S1n}r>0 also are uniformly continuous and coercive.
Step 2: Discrete inf-sup condition.
We state the following:

Lemma 6. Given « € (1,2], there exists a constant Cy > 0 such that Vq;, € Ny,

Vg (v ) w
Callanllis o) < sup L WBo gm0 (90), Run(Tan) )2, (71)

V5,€Y,—{0} |Vh|1,o/,Q

where o is the conjugate exponent of a.
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Proof. Define the space Wy, = {(vn,vsn) € Vi3 | (v, U3n)|,, = 0}. It is enough to prove that

aQ

CallanllLg@) < sup (V- (Va, v31), gn)o
(Vi,v3p) € Wy, — {0} |(Vhav3h)|1,a',9

+[S1h(Rin(Van), Rin(Van) )]1/2 , Van € Vi

(72)

Indeed, if gy, € Np, (vi,vsn) € Wh,

(V- (vh,v3n),qn)0 = (VE - Vhoqn)o — (3h, 03qn)o = (VE - (Vi) Gh)w-

Then,
sup (V- (Vi vsn)ran)a sup Vi {vh),an)w
(V;“’Ugh) c Wh — {O} |(Vh7’(}3h)|1,o¢/7§2 (V;L,'U3h) c Wh _ {0} |(Vh7’U3h)|1,a’,Q
< sp V@
V,yeY,—{0} |Vh|1,a/,Q

Also, |lgnllLg @) = H%HL%,O(W) if gp, € Np. Thus, (71) follows from (72).
To prove (72), consider ¢, € Vj,. As  is polyhedric, then 9 is Lipschitz, and the continuous inf-sup
condition in L*(2) norm is satisfied (¢f. Amrouche and Girault [1]): There exists a constant D, > 0 such that

(V-v,qn)a

704,

Dq lgnllLg @) < sup
ve[wy @] {0}

. / 3 .
As [D(Q))? is dense in [Wol’a (Q)} , there exists a vo € [D(Q)]* such that

1
3 Do llgnllLe@) < (V-vo,qn)a,  [Voli,a,0 =1

Following the standard finite elements interpolation theory (c¢f. Ciarlet [13]), there exists an interpolate vop €
Wy, such that

C1 |vol1,ar,0; (73)
Ci hi [voli,x, VK € Ty; (74)

[Vorli,er0 <
Ivor — vollo,x <

for some constant Cy > 0 independent of h. Then, as ¢, is continuous,

1
B} Do llgnllze@ < (V- vVon,qn)a + (Vor — Vo, Van)a

Cl |(V * VOoh, qh)Q|
|V0h|1,a’,Q

IN

+

1/2 1/2
zh;nv%ma;{] [zhﬁ;wqhnaK] |

KeTp, KeTy,

As o > 2, then (74) yields

1/2
[ > hillvon — VO|%,K] < Ca|voli,ar,0-
KeTy,
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Also, from the representation formula (68), hypothesis (64) and the regularity of the triangulations, we obtain

> WklVanl§ x < CsSin(Rin(Van), Rin(Van) ).
KeTy,

Thus, estimate (72) follows.

Step 3: Existence of solution of discrete problem.

Problem (63) is equivalent to a square linear system of dimension dim(Y},) + dim (V). Then, the existence
of solution follows from its uniqueness. If we prove that any solution is bounded by a norm of the data, the
uniqueness follows. Let us then consider a solution (y;,, pn) € Ys x Nj, of problem (63).

Velocity estimate. Denote ¢, = R1,(Vpr) € Bin, dp = Ron(Wy, - Vyy,) € Bap. As V-W =0, w3, =0,
Y € [WI’OO(Q)}Q, using (57) we have

1 1
(W -Vy,y)vi—v, = = / W nlyl2d(0Q) — = / V-W|y|*dxdxs = 0.
! 2 Joo 2 Ja

Then,
PE
vIyuli @+ Sinen, n) + San(dn, dn) = B (yy, pns yi —pn) = Flys) < |IFlvglynlie,
where we assume V3 to be endowed with the | - |1 o norm. Then,

Walve < v HIFllvy,  Sinlensen) Sy HIFIR,  ldnlie < (vee) 2| ly;, (75)

where v5 is the uniform coerciveness constant of the forms Soy,.

Pressure estimate. Take v;, € Y},. Then,

(Vi - (va),pn)e = —F(vi) +(W-Vy,,vi)vi—v, + v (Vyy, Vvi)a
+ Son(dn, Ron (W - Vvy,)).

Observe that, due to Sobolev’s injections and the stability interpolate (65),

Son(dn, Ron(Wy - Vvy)) = (W - Vv, dp)o < Ciwy|
+ Cs |lwsllo,0 |05Vhlo,3:0 [[drllo,6:0

Cs w0 [vali,z.0 lldillos0

0,4:2 [Val1,0 [|dnllo,a:0

IA

Then, due to (55),

(V- (va),pn)e < Oy ([[Fllvy + [Wlialyslie +vIynlie

+wlieldnlie ) [Valise.
Then, using (75),

sup (Va - (Vi) qn)w

+ [Sun(en,en)]* < C5 [ Fllvg (1+ [wli0)-
vieva—{o}  |Vali3.0

Due to Lemma 6, we deduce that

1nll 372 () < Co [1E vy (14 [Wli,0)- (76)
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Thus, the discrete problem (54) admits a unique solution satisfying

Va1l 2 oy < Cr 1Pl (1+ [Who). (77)

Step 4: Conclusion.

Due to estimates (77), the sequence {(y},,pr)}r>0 is bounded in V5 x L?j’j/%(w), which is a reflexive space.

Then, it contains a subsequence, that we still denote in the same way, weakly convergent in that space to a pair
(y,p). Let us prove that this pair is a solution of problem (50).

Consider a pair (v,q) € Vy x L2D7O(w). There exists a sequence {(vp, qn) trso with (vi, gn) € Y x Np which
is strongly convergent to (v, q) in V4 x LQD,O(w). Indeed, the fact that v, — v in Vj is proved by the standard
interpolation estimates by piecewise affine finite elements. Also, by the same theory, there exists a sequence
{qn}h>o with g, € N, which converges to ¢ in L?(w). But

1/2
lan = al 22, ) < llan = all 22 ) < IDIlg/ % lan = alloz

Thus, lim [lgn = qll13, @) = 0-
From (57) we deduce

Lim (W Vyy, vi)vi—vi = (W Vy, v)v;-v,.
Also,
lim (pn, Vi - (Vi) = lim (pr, Vi - vi)o = (p, Vi - V)a = (0, Vi - (v))e,
and similarly
Lim (Vi - {yn), @) = (Vi - {y), @)o-
In a standard way, we have
}ILLInO (Vyn, Vvp)a = (Vy, Vv)a.
To pass to the limit in the stabilizing terms, we need the following property of the bubble finite element spaces:

Lemma 7. Consider a family {Zy}n>o of finite element subspaces of [Hg (Q)]d generated by a reference space
Z*. Assume that Z* does not contain the constant functions. Then, the following statements hold.
i) For any q € [2,6], there exists a constant Cq > 0 such that

1-— 1
llzrllo,q < Cq hﬁ|zh|1, Yz, € Z; where g + Tﬂ = E . (78)

i) If a sequence {zn}, <o, with zp, € Z, Vh >0, is bounded in [H&(Q)}d, then it converges weakly to zero
in [HE(Q)]".

This Lemma is proved in the Appendix.

Due to (75) and to the uniform coerciveness of the forms Sy, the sequence {cp}r>0 is bounded in [H{(Q)] °.
Then, it is weakly convergent to zero in that space. Thus,

}llig%) S1r(R1n(Van), cn) = }Lli% (—qn, V- cn)a = 0.
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Also
|Sgh(dh,R2h(Wh . Vvh))| = |<Wh . Vvh, dh>H*17Hé| = /(Wh . Vvh) . dh dXd:L'g
Q

< C7 ([whllo,sselvhlielldrlloae + [lwskllo,ell9svhllo,selldrllo,se)
< Cs|wlialvrli,aalldrlloen
< CyhM* |wli.alvilaoldn)io
< Croh'* [whalviliael Fllv;-

Thus,

Jimmy San(dn, Ron(Wh - Vvp)) = 0.

To complete the proof, we combine the weak lower semicontinuity of the norm on reflexive Banach spaces with
estimate (77) to derive estimate (66). O

Remark 8. This result shows the adaptivity of the general formulation provided by the abstract method (10),
and of its analysis technique in Sections 3 and 4. The two main contributions in the actual application are

e To derive a discrete inf-sup condition in L® norm (1 < a < 2), and

e To prove that the stabilizing terms vanish in the limit h — 0.
We have chosen piecewise affine elements for simplicity, but the same analysis applies to the general finite
element spaces introduced in Section 2.

7. CONCLUSION

We have developed in this paper a systematic way to extend the standard stability analysis of mixed methods
to stabilized methods. The stability of pressure discretization follows from an underlying discrete inf-sup
condition. The stability of velocity discretization follows from a uniform separation property between standard
finite element spaces and bubble finite element spaces.

We have proved the adaptivity of this technique by analyzing two non-standard situations (spectral element
method and primitive equations of the ocean) by means of the same essential analysis.

Roughly speaking, we have found a way to extend to stabilized methods any stability-related property that
one could prove for stable mixed methods, as there is always an underlying discrete inf-sup condition to each
actual stabilized method.

APPENDIX

Proof of Lemma 1. This proof is based upon the following:

Lemma 8. Denote by B;(K), W;(K), respectively, the affine-transformed of spaces B, W7 on element K.

Then, B;(K) is o space of virtual bubbles of [H&(K)}d reproducing the operator Ti Ix on W;(K), with
respect to the inner product S .

Proof. We shall respectively denote by (-,-). and ((-,-)). the standard inner products in [L*(K *)}d and

[Hi (K *)}d. Consider an element K € 7. Given a function v* defined on the reference element K*, let

us denote by v its affine-transformed on K, v = v* o (F )1, where Fi is the affine mapping that transforms
K*onto K, i.e., Fg(x*) = Axax™* + bk.
It w, v* € [HY(K*)]", then w, v € [HA(K)]" and

Sk (W, v)x = |det Ag| B hi (W*,v")).. (79)
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Denote by R* the static condensation operator acting on space B}, associated to the inner product ((5 )=
Given v* € W7, R*(v") satisfies

(R*(v"),¢)e = (v, )y ¥C™ € B,

From (79) we deduce that for any w € W;(K),
WicBi S (R (w*),Q) = (W, Qre,  VC € B;(K);

where w* = w o Fic. Then, Ry (w) = h% G5 R*/(v?)
Furthermore, by hypothesis,

(R*(Wh), R* (w3))), = 7" (Wi, wh)., Vwi, ws € W}

From (79), this implies

hicBr' Sk (R*(wWi), R*(w3)) = 7* (w1, Wa)rc, Vw1, wa € W;(K).

Thus,
Sk (Ri(W1), Ri(W2)) = Tk (W1, Wa)r, VYwi, wo € W;(K).

Consider now an element ¢ € [H_l(Q)]d. Then, Ru(¢), = Rr(¢|,). This occurs because
int(K)Nint(K') = 0 if K # K.
Then, if wyi, wo € W}Ej),

Si (R w1), R (w2)) = 3 Sic (R (w11, R (wap) ) = 3 7ic (wa, w1

KeT, KeT,

This last equality holds because of Lemma 8. To finish the proof, we observe that the orthogonal projection of
f|,. on W(K) with respect to the L? inner product is just fi|,- Then,

Z K (£, wWi)k = Z 7K (£, W1)K = Sp (Rg)(wl),Rg)(fh)) X 0
KeT, KeT,

Proof of Lemma 2. Consider a triangulation 73, of the family. Given an element K € 7, denote by hx the
diameter of element K. Let us consider the following bilinear form on [Hg (Q)]d,

= W) . v ddx W, V 1 d
((W’v))h}; /K (CxVw) : Vvde, Yw, ve [HHQ)]

Here, matrix C is defined as in (34). The form ((-,-)) is an inner product on [H} (Q)]d, as each matrix Ck
is symmetric and positive definite.
Some standard estimates yield

(W, V)l < My [wli|v]i, ((w, W) > Ap Wi,

1 1 . . .
where M), = — maxo’, A, = — mina X, oX, ..., o0& denoting the singular values of Ag.
he Ki V7 h Ki v oborrtd

K K, K K,
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As the family of triangulations is regular, there exist two constants C; > 0, Cy > 0 such that (¢f. Ciarlet [13]),

Cihg <off <Cohg, YK €T, Vh>0,Vi=1,...,d. (80)

Consequently, the forms ((-,-)) define inner products on [H{ ()] ¢ which are uniformly (in h) equivalent to the
standard one. If we denote by || - ||5, the norm generated by the inner product ((+,))n, we have

Awl < ||wljp < M |w|1, Vwe [Hé(Q)}d; where A=C?>0, M=C32>0. (81)

Let us now make the change of variable x = Aga* + bg. Given w, v € [HOI(Q)}d, define w¥(z*) = w(z),
vE(2*) = v(z), Va* € K*. Then,

/ (CxVw) : Vvdz = h? | det Ak| vwl . vvE dz*.
K K
Thus, given y,, € Ys, z2n € Z, we have

((yn,2n))n = Z hi? | det Ax| / Vyk . vzl da*. (82)
KeT, K

Notice that we always have yff eY”, z{f IS
Consider now the bilinear form on [H'(K*)] d,

(W, %)), = / VW Vet

This is an inner product on the quotient space H = [HY(K™)] ¢ /R. The spaces Y* = Y*/R and Z* = Z*/R
are subspaces of H satisfying Y* N Z* = {0}.

Consider now a fixed nonzero z € Z*. Denote by II the orthogonal projection from H on to Y* with respect
to the inner product ((-,-))«. Then,

~ (311« M2l < ((3,2)« < [[3l [Tz]l,, vy eY™

where || - ||« denotes the norm associated to the inner product ((-,-))s. As Y* N Z* = {0}, Z cannot belong to
Y* and ||11z]|. < ||z||«. Thus, there exists a constant 6 > 0 such that

((3,2))] < (L= 6) |Iyl]:||2]., VyeY™ (83)

Define N = sup {|((§,%)).| for y € Y*, 2z € Z* with ||§||. = ||z]|« = 1}. As both Y* and Z* are spaces of
finite dimension, in fact this supremum is achieved. Due to (83), we should have N < 1. Thus, we may assume
that (83) holds for all ¥ € Y* and for all z € Z*.

From (82) we now obtain

IN

(V4> 20))n

1/2 1/2
(1=6) > hy’|det Ax| (/ |Vth|2dm*) (/ |Vth|2d:n*>
K* K*

KeTy,

IN

(1 =) llynllnllzalla-
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Then,

1y ull7 + llzall =21 = 6) lynln l|zalln
8 (lynlli + llznllz) -

s + 2l

From this last inequality,

2
Il + Bzl < /2 v + 2l

Now, it is enough to use the uniform coerciveness and boundedness of the inner products ((-,-))s to conclude
the proof. O

Proof of Lemma 4. The elements of [Qy(K*)]* are elements of [H~(K™)] i we identify the Hi - H~! duality

with the L? inner product. Observe that the bilinear form (-, )y, x+ is an inner product on [Qn (K *)]d. Indeed,

if (Gn, Gn) Nk« = 0 for some ¢y € Qn(K*), then ¢n(&;,&;,8k) =0, for ¢, j, k=1,--- N + 1. Then, ¢y = 0.
Thus, similarly to the Step 1 in the proof of Theorem 2, by Theorem 4, there exists a £ > 0 such that if

0 < 7" < i, there exists a finite-dimensional subspace B* of [Hé(K *)]d that reproduces the operator 7* I on

([QN(K*)]d (s ~)N,K*> with respect to the standard inner product of [H&(K*)]d.

. . d ~ ~
Consider now an element K € 75, and two functions v, w € [CO(Q)} . Define v=voFg, w=wo Fy,
where F is a bijective affine transformation from K* on to K. Then,

(V,W)N,KZ|detAK|(\A’,VAV)N,K*, Ag = VFk.

Denote by B;(K) the affine-transformed of B* by Fi': Bj(K) = B* o F:'. Similarly to Lemma 8, we deduce
that B;(K) is a space of virtual bubbles that reproduces the operator 7x I on ([QN(K)]d , (- ~)N7K) with respect
to the inner product Sk defined by (34) with Bx = 77 h%.

Denote also by By the finite element subspace of [H&(Q)}d generated by the reference element B* on
triangulation 73. Similarly to Lemma 1, we deduce that

Sh (Ra(w1), R(wa)) = Y 7ie(W1,Wa)n i, Ywi, wa € Wiy,
KeT,

where Ry denotes the static condensation operator on By, with respect to form Sy,.

Consider now vi, vy € [Cp,h(Q)]d. Then, Iyv; € Wy, i = 1,2 and (Iyvi, Inve)nv g = (Vi,V2)N k-
Consequently, (45) holds. O

Proof of Lemma 7. i) As Z* does not contain the constant functions, then the H! seminorm is a norm on Z*.
Therefore, there exists a constant C, > 0 such that

Iz*]lo < Cl2*|1, VZ* € Z*.

Consider now zj € Z;. Then, using the notation introduced in Lemma 2,

lzallf = Y Idet Al llzf [[§ - < Ce Y [ det A |25 [§ -
KeTy, KeTy,

Following Girault and Raviart [17], Lemma A.1, there exists a constant v > 0 such that

|det Ax|"?|2f |10+ < ¥ | Ak |21k,
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where || Ak || denotes the spectral matrix norm. Then,

20l < Cv® D Ak 20]3 x < C1h? |23,
KeTy,

for some constant C7 > 0.
Let us now consider the interpolation estimate (c¢f. Brézis [6]),

d

Iwllo.g < Callwllg wllos”, vw e [L(Q)]°,

if 2 < ¢ < 6, with 8 given in (78). As [H&(Q)]d is continuously embedded in [LG(Q)]d ifd=2ord=3,
then (78) follows.
ii) Consider a sequence {zn},-,, with z; € Z;. This sequence contains a subsequence, that we still denote

in the same way, weakly convergent to some element z in [Hol (Q)]d. As [H01 (Q)]d is compactly embedded in
[L2(Q)} d, we may assume that this sequence converges strongly in [LZ(Q)}
Recall that space Y}EO) is defined by

Yh(o) = {v € [LQ(Q)]d | V| is constant, VK € 7 } . (84)

) , strongly

Due to standard finite element interpolation analysis, there exists a sequence {y},} -, with y;, € Yh(o
convergent to z in [L?(€)] ¢ (even if the family of triangulations is not regular).

Denote by Y* the reference space that generates space Yh(o). By hypothesis, Y* N Z* = {0}. Then, there
exists p > 0 such that

2"y )| < (L= p) 2" lo,rc- Iy " [lo, e+, V2" € Z7, y" € Y™

This is proved similarly to estimate (83) in Lemma 2. Thus,

(zn,yn)l = > |det A (2, yE )| < (1= p) Y | det Ax| |z o< 1Y E [lo, 5+
KeT, KeT,
< (@ =p)lznlollysllo-

Consequently, z = 0 as ||z|3 = }1L1_)mo |(zh, y3)| < (1—p)|lz||2.

As the limit of any weakly convergent subsequence is necessarily zero, the the whole sequence {zj,}r0
converges weakly to zero. O
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