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Abstract

This paper deals with the existence, uniqueness and qualitative properties
of nonnegative and nontrivial solutions of a spatially heterogeneous Lotka-
Volterra competition model with nonlinear diffusion. We give conditions in
terms of the coefficients involved in the setting of the problem which assure the
existence of nonnegative solutions as well as uniqueness of positive solution. In
order to obtain the results we employ monotonicity methods, singular spectral
theory and a fixed point index.

Short title: Degenerate competition problem

1. Introduction

In this work we are mainly concerned with the existence and uniqueness
of nonnegative solutions for the problem

Li(w™) =w(A —a(x)w —b(z)z) in Q,
Lo(") = 2(s — d(z)2 — c(x)w) i O, 1)
w=z=0 on 0f2,

where (2 is a bounded domain of R with regular boundary 99, Lj, k = 1,2
are two second order uniformly elliptic operators of the form

N N
i,j=1 =1
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with afj,bf c CY(Q); myn > ;A\, u € R and a,b,c,d € C'(Q2) nonnegative
and nontrivial.

Problem (1) provides us with the steady-state solutions to a related
evolutionary problem, which models the behaviour of two competing species,
with populations densities w(z) and z(z), inhabiting 2. We refer to [14] for
the meaning of each coefficient and details about the model.

When m = n = 1 (linear diffusion), (1) has been extensively studied in
the recent years. In the case that a, b, c and d are strictly positive functions,
see for example [6], [7], [8], [10], [12], [13], [19], [20], [21], [25], [28], [32]
and the references therein. When b and/or ¢ vanish in a domain of © (that
means that, for instance, z does not interact with w in the set By := {z €
Q:b(z) = 0}); problem (1) was studied in [22], [26] and [28]. And finally,
recently the case a vanishes in a part of {2 but all other coefficients functions
are strictly positive over (2 has been analysed in [18] and [27], where essential
qualitative changes occur. Observe that in this case positive constants are
not supersolutions of (1) and, in fact, it is shown that the a priori bounds
are lost for some values of A and u appearing a new kind of positive solutions
(which are infinite over a region of €2 and finite on the rest of Q) that govern
the behaviour of a related evolutionary problem.

However, model (1) is less known when m,n > 1, and it has been only
analysed under more restrictive hypotheses, with constant coefficients (ho-
mogeneous environmental case) in [14] and when a and d are strictly posi-
tive in [9] and [31], all of them with L; = Ly = —A. These new parameters
(m,n) were introduced in [23] and [29] by describing the dynamics of biolog-
ical population whose mobility depends upon their density. In this context,
it means that the diffusion, the rate of movement of the species from high
density regions to low ones, is slower than in the linear case, giving more
realistic results. Mathematically, this has mainly three consequences which
distinguish this system from the one with m = n = 1: the strong maximum
principle does not apply (and so, unlike the linear case, there can exist non-
negative and nontrivial solutions which are not positive in all ), a-priori
bounds for all the solutions of (1) and for all the values of A\ and u, even
when a or d vanishes, exist and that the linearized method cannot be applied
directly.

In order to study (1) we make the appropriate change of variables w™ = u
and 2" = v, which transforms (1) into

Liu = u'/™(\ — a(x)u!/™ — b(z)v'/™) in Q,
Lov = vV/™(p — d(z)v"/™ — e(z)u/™)  in Q, (3)
uU=10v= on Of.

Since only nonnegative solutions have physical interest, there are four types
of solutions: the trivial one, the semitrivial solutions (u,0) and (0, v), those
with both components strictly positive, the coexistence states, and those



where at least one component could vanish in a part of €2, the semicoeris-
tence states. Observe that a semicoexistence state could be a coexistence
one (see Proposition 3.3). Sometimes, we are able to prove that a semicoex-
istence state vanishes in a region of ) (see Theorem 3.4), and so it is not a
coexistence state.

Now we describe the parts of this work stating their main results. Ob-
serve that the semitrivial solutions satisfy the following equation, the reason
for our study in Section 2,

Lw = f(x)wl/r — g(x)wQ/T in Q, (4)
w =10 on 01,

where L is an operator of the form (2), f,g € C1(Q) with ¢ >0, g Z0, f
can change sign and r = m or n. Although the semitrivial solutions give
f = X (or u) and so constant, it will be very useful to study (4) when f
changes sign. This equation has been previously studied in [3], [14], [15], [24]
and [30] assuming more restrictions in the data of (4). We collect the main
results of these works, and as a consequence we obtain that the semitrivial
solution (u,0) = (resp. (0,v)) exists and it is unique if, and only if, A > 0
(resp. p > 0).

Then, we study the existence of dead cores (see [17]) of the solutions of (4).
Given a solution w of (4); we call the set Q := {z € Q : w(x) = 0}, if this
is nonempty, a dead core of w. We demonstrate a result which assures the
existence of a dead core for any nonnegative solution of (4) under suitable
hypotheses (see Theorem 2.4). A direct consequence of our result is that any
nonnegative solution of (4) has dead core if the maximum of f is small. To
our knowledge, the above results concerning to the existence of dead core
have been obtained when L = —A, see [3], [14], [17] and [30], with their
proofs being based on the radial properties of the Laplacian. In this way
our result generalises previous ones.

In Section 3 we carry out an analysis of the existence of semicoexistence,
coexistence states and dead cores of the system (3). Using the results of
Section 2 and monotonicity methods we obtain results which can be sum-
marized as follows: take A € R,

e Assume A < 0: if 4 € (—o00,0] only the trivial solution exists, if
w € (0,00) only the trivial and the semitrivial solutions (0, v) exist;

e Assume A > 0: there exist positive values p.(A), p*(A), p1(A), pa(A)
with

p1(A) < min{p(A), " (A)} and - pa(A) > max{u.(A), p*(A)}
such that

— If p € (—o0, 0] only the trivial and semitrivial solution (u, 0) exist;



— If p € (0, u1(A)) there exists at least a semicoexistence state (u, v)
and the component v has dead core;

— If p € (u1(N), p2(N)) there exists at least a semicoexistence state;

— If p € (p2(N),00) there exists at least a semicoexistence state
(u,v) and the component u has dead core;

— If, moreover . (A) < p*(N), then if p € (pu«(A), u*(A)) there exists
at least a coexistence state.

Analogous results can be obtained when we fix the parameter u. It’s worth
mentioning that the existence of ui(A\) > 0 was shown in [14] when all
the coefficients were positive constants. To our knowledge, the existence of
t2(A) > 0 is new. In Remark 3.1 we give a biological interpretation of this
result.

In Sections 4 and 5 we study the uniqueness of coexistence states of (3).
For that we use the fixed point index. Observe that because m,n > 1 the
linearization of (3) around the trivial or semitrivial solutions do not exist, so
we cannot apply the results in [11] (see also [25] and [28]) to compute their
indices. So, we will build appropriate homotopies for that. To compute
the index of a coexistence state we can use a linearization. In this case
the linearization of (3) around a coexistence state leads us to a eigenvalue
problem of the form

LU+ MU =0cU in €, (5)
U=0 on 0},

where £ = diag(L1, L2) and M = (my;), 1 < 4,5 < 2 with m;; > 0 for
i # j and m;; blowing up near 02 in a controlled way. Following [16] and
[28] we define a specific order and establish the existence of the principal
eigenvalue of (5) as well as a characterization of its positivity by means
the existence of a supersolution. Now, we prove that, again with fixed
A > 0, there exists a unique coexistence state when u belongs to a subset of
(s (A), p*(N)). Furthermore, if m = n and a, d are strictly positive functions
we have uniqueness of coexistence state if by; or cps is small. The results
about uniqueness of coexistence state of (3) are also, we believe, new.

2. Preliminaries. The degenerate logistic equation

We consider the Banach space X := C}(f2) ordered by its cone of non-
negative functions P, whose interior is

int (P):={ue X :u(x) >0 for all x € Q and du/On < 0 on IN},

where n denotes the outward unit normal on 9. We say that u € X is
nonnegative, u > 0, if u € P, and w is positive, u > 0, if u € int (P).



Given g € L*°(Q2) and L an operator of the form (2), we denote by o1 (L +q)
the principal eigenvalue of L+ g subject to homogeneous Dirichlet boundary
conditions. Moreover, if we denote by ¢ € int P the unique positive eigen-
function associated with o1 (L + ¢) normalized such that ||¢||oc = 1, then it
is well known that
9¢ <0  ondQ (6)
ov ’

for v any direction out of €2. Recall that as positive constants are superso-
lutions of L, then
o1(L) > 0. (7)

Finally, for f € Y := C°(Q) we write

fu = max f(x), fr := min f(x).

€N €N

2.1. Existence of solutions In this section we study the semitrivial
solutions of (3). Observe that if the solutions of (3) are of the form (u,0)
and (0,v), then satisfy equations of the following type

Lw = f(z)w! — g(z)wP in Q, (8
w =70 on 052, )

where L is an operator of the form (2), f,g € C*(Q) with g >0, g Z 0, f
can change sign and ¢ and p satisfy

(H) 0<g<1, p>q.

Our first result gives us the existence of nonnegative solution of (8) and lists
some useful properties. For a proof of this result see [15] for instance.

THEOREM 2.1. Assume (H). The following assertions are true:

1. There exists a maximal nonnegative and nontrivial solution of (8) if,
and only if, far > 0. We denote it by 01, 41 7.91-

2. The following estimates hold:

Q[L,%p,f,g] (z) < f%(l_q)e(}\é(l_q)e(x) r €,

9

(O1L,q,p,7.9)) M < (farenr)t/ 179, ©)
where e € C?(Y) is the unique solution of
Le=1 1in €,

{ e=0 on of. (10)

3. If w e CY(Q) is a nonnegative subsolution of (8), then w < O, 4, r.41-
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4. Let f; € CY(Q), i = 1,2 be such that fi < fo, then O ap.fr.9] <

9[L,q,p,f2,g]'

5. If fr, > 0, then any nonnegative solution of (8) is positive. Moreover,
in this case there exists a unique positive solution and it satisfies

ep(z) < H[L’%p’f’g] (z) r €, (11)

where € is the unique positive root of
o1(L)e ™9 + gyl = f1. (12)

REMARK. If we consider f;, as a real parameter, then it is easy to prove
that as fr, — oo, e(fr) = O(fé/(l_q)) when p < 1 and e(f1) = O(fé/(p—Q))
when p > 1.

2.2. Existence of dead cores In order to state and prove the main
result, we need some preliminary ones.

LEMMA 2.2. Let R > 0 and v > 0. Consider the problem

Lw = —Rw? — g(x)wP in Q,
w =" on 0f2.

Then, there exists a unique nonnegative solution of (13).

PrROOF. For the existence we use the sub-supersolution method. Indeed,
it is easy to prove that (w,w) = (0,7) is a sub-supersolution of (13). For
the uniqueness we can apply Theorem 2 in [1].

The following technical result is fundamental in our study. Moreover, it
generalizes Lemma 7 in [30] and Lemma 2.5 in [3], where a similar result
was proved when L = —A and g(z) = 0.

LEMMA 2.3. We fity >0 and 8 > 2/(1—q). Let &y be such that for all
z,20 € RN such that 0 < |z — 20| < &
|2 — x| + Bl — wo|"~ L& — wo)+

N
+5(1 = Dle — 20?3 agg(#)Dillw — wo) Dy(le —wol) 0. Y
Q=1

Then, for all 0 < 0 < dist(xg, ), the unique nonnegative solution, w, of
(13) in B(zo,0) is such that w(xg) = 0 provided that

R> (W)l_q. (15)



REMARK. Observe that since § > 2/(1—gq), then 8¢ < f—2 < f—1, and
so the existence of dy satisfying (14) is guaranteed. Moreover, since § > 2
(14) can be considered in a classical sense.

Proor. Consider the function

() = { D () := Rl/(lfq)]x — ZL‘()’B if z € B(xo, ),

Dy (z) := RY (-5 if 2 € B(xo,6) \ B(wo, ),

with ® = @4 if § < §. By the choice of 3, we have that ®; € H?(B(xg,d)).

Moreover,
0D,
—— >0, on dB(xg,d
8?7,[/ = ( 0 O)a
where n, stands for the conormal associated with L, i.e., (nr); := ZNzl ain;.

J
Indeed, for x € 0B(xq,dy) we have

0P _ . S
o (@) = RYUDBle — g P (3T ai () (o — ) (2 — a)) > 0.
L ij=1
Moreover,

L(®1) + RO + g(2)@) = RV~ (5|z — wo|* ' L(|a — xo|)+
N
+B(1 = Bl — wol”? Y ayDi(lz — wol) Dj(Jx — o]))+
=1
+RRY (=D |3 — 20|59 + g() R/ =D |z — 20|P >
> RY U9 (| — |77 + Bz — wo|P~ L(|z — o)+

N
B = B)|lz —x0l”2 > aiyDi(lx — xol)Dj(|lz — zol)) > 0,
ij=1

by (14). In B(zg,6) \ B(xo,d0), we have that
L(®3) + R®L + g(z)Dh > 0.

Finally, in 0B(xo, ), ® is bigger than v provided that (15) holds.
Hence, we can apply Lemma 1.1 in [4] and conclude that ® is a supersolution
of (13) in B(xg,d). This completes the proof.

For R > 0, we define the set
NR)={z€Q:f (x) >R} ={zr e Q: f(r) < —R},

where f*(x) := max{+f(x),0}. Assume that f* # 0. The main result of
this section is the following one.

THEOREM 2.4. Assume that there exists R > 0 such that
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M(R) :={z € N(R) : dist(x,ON(R) \ 002) > or} # 0.

Then, there ezists a dead core for any nonnegative solution w of (8). More-
over, we have
M(R) C Qp={x € Q:w(x) =0}

PROOF. Let g € M(R), then
B(zg,0Rr) :=={z € Q:|x — x| <Ir} C N(R). (16)

We call z the unique nonnegative solution of (13) in B(zg,dr) with v =
(farear)Y =9, Then, by (16) we have that

Lot gp.tal < — RO g0 = 9@ g 1g T Blao, 3r),

which implies that

L(z = O1,4p,1.9) = R(G?

[L.ap.f.g]
and by (9) and the choice of v we get
22> 014p.1g o0 OB(z0,0R).
Hence, if we denote by Q1 := {z € B(wo,0r) : 2(x) < 01, qp.f,g(T)} then

L(z =0 gprg) 20 in,
= H[L,q,nf,g] >0 ondhN 8B($Oa 5R),
2= OLgpfg =0 on 9 NB(zo, k).

The maximum principle implies that z > 6z, g In B(xg,0R). Finally, we
can apply Lemma 2.3 because dp satisfies (15). This finishes the proof.

As consequence of the above result, we have

COROLLARY 2.5. Any nonnegative solution of (8) has a dead core pro-
vided that fur is sufficiently small.

PROOF. It is sufficient to repeat the proof of Remark 2.13 in [14] and to
take account that g — 0 as fys — O.



3. Existence of nonnegative solutions

Hereafter we write

O1L1,10) = Olaiyma/m gy OlLaifig) = OlLa1/m2/m,f,g)-

The following result gives us a necessary and sufficient condition to obtain
semicoexistence states.

THEOREM 3.1. Problem (3) has a semicoezistence state if, and only if,
A>0 and p > 0.

PrOOF. By Theorem 2.1 3) it follows that
u < Q[Ll,)\,ab v < H[Lg,u,d]' (17)

So, if A <0, again by Theorem 2.1 1) we obtain that « = 0. Analogously, if
nw<0,v=0.
Assume now that A > 0 and p > 0. In this case, we have that

Alw) = A= b@)0", 4(@)  B(@)=p— @)l @)  (18)

satisfy Apy = A > 0 and Bays = p > 0. We consider the pair
(w, @) = (O, 4,005 Oz 0a)s (00) = (O11,,B,d) V1L p,d])-

By definition of A and B and Theorem 2.1 it follows that u < @, v < ©T
and that u and v are nonnegative and nontrivial functions. Finally, it is not
hard to prove that the pair (u, %) — (v,?) is a sub-supersolution of (3). This
completes the proof.

The following result provides us with conditions which assure the exis-
tence of coexistence states as well as bounds of them.

THEOREM 3.2. If A and p satisfy
A> (b(z)o /" o™ 19
> (@0 s > (@0 (19)

then, (3) possesses a coexistence state. Moreover, for any coexistence state
(u,v) of (3) we have the following estimates: if A > (b(:c)ﬂl/n ) then

[L27N7d]
m/(m—1) 1/(m—1)
€191 <Oy a0 S U< Op, 2 <A (e1)nr e1, (20)
and if > (c(a:)H[lL/T)\ﬂ])M, then

£202 <Oy pa) < U< Oy < 1D (e2) 1 Ve, (21)

9



where ; and e;, 1 = 1,2 are the principal positive eigenfunctions of L; and
solutions of (10) with L; respectively, and €1 and 2 are the positive solutions
of

ey Mor(Ly) + apey™ = A= bpgp/ D (e) Y,

22

PROOF. Consider the same sub-supersolution that in the proof of Theo-
rem 3.1. Observe that if (19) is satisfied, then A7, > 0 and By, > 0. Hence,
Theorem 2.1 5) completes the existence of coexistence state.

The estimates (17) and (9) yield the upper bounds of (20) and (21). On
the other hand, thanks to (17), u is a supersolution of (8) with L = L,

f = Aand g = a. So, since A > (b(x)ﬁ[lL/gu d})M then Az, > 0 and by
Theorem 2.1 5) the lower bounds of (20) follow. Estimates (21) can be

proved similarly.

REMARK. 1. Using (20) and (21) we can obtain a sufficient condition
for the existence of coexistence states involving the coefficients of the
problem. Indeed, if A and u satisfy

A > by (ea) "m0 s e (en) YAV D (23)
then A and p satisfy (19), so that (3) has a coexistence state.

2. Observe that when all coefficients are positive constants (see [9] and
[14]) the conditions which assure the existence of coexistence states
are independent of m and n. This is due to the fact that positive
constants are supersolutions of (3).

In Figure 1 we have shown the different forms of the region defined
in the (A, p)-plane by (23) when m and n vary. We have denoted by

fo) = CM(el)}\é(m—l))\l/(mfl) and g(p) = bM(e2)}V/[(n—1)'u1/(n71)'

Figure 1 near here.

3.1. Existence of dead cores We will use the results of Section 2
to show the existence of dead cores for (3). The first result provides us
conditions which assure the non-existence of dead cores, and it is a direct
consequence of (20) and (21).

PROPOSITION 3.3. Assume that A and p satisfy (19). Then any nonneg-
ative solution of (3) does not have a dead core.

To state the main result of this section we need some notation. We
fix A > 0. It is not hard to prove that the map p — 0z, ,q is strictly

increasing, and so also is p — (b(x)H[l ]{:# d]) M- Hence, there exists a unique

10



value p*(A) such that \ = (b(x)H[lff:#*(A) d])M‘ For such \ fixed, we write

() = (@)™ m

Analogously, fixed p > 0, there exists a unique \*(u) > 0 such that p =
(c(@)0]™ () ar and define A, (1) = (b(2)0]/" , 1 )ur-

THEOREM 3.4. 1. Assume A\ > 0. Then there exist 0 < pui(\) <

p2(A) with py (A) < min{ee(A), p*(A)} and max{p.(A), p*(A)} < p2(A)
such that if 0 < p < p1(N\) or pp > pa(N) any nonnegative solution of
(3) has a dead core.

2. Assume p > 0. Then there exist 0 < Ap(p) < Aa(p) with Ai(p) <
min{ A (u), \*(p)} and max{A.(u), \*(n)} < Aa(p) such that if 0 <
A < Ai(p) or A > Xa(p) any nonnegative solution of (3) has a dead
core.

ProOF. We will prove 1). The second part follows analogously. Observe
that if < p*(X) by (20) we get

u Z H[Ll,A(x),a}- (24)

Now we define

P, 1) = p— alx, 1) = p1— c(@)0] "4 0y ar

Now, using (24) it is not hard to prove that v is a subsolution of (8) with
L = Ly, f(zr) = F(xz,u) and g(z) = d(z), and so by Theorem 2.1 3), it
follows that
VS OlLo Pl d)- (25)
Now, we are going to use Theorem 2.4 to prove that 01, r(su),q has a dead
core, so that by (25) the result follows.
Observe that in this case

e2) M

n/(B(n—1))
(Plei =p, andso on = (12M) |

On the other hand, since (a(x,0))y > 0 and (a(x, 1)) is decreasing in g,
there exists a unique () > 0 such that po = (a(z, po))ar. Observe that,
by the definition of p. (), we have that pg(A) < p«(A). Taking p < po/2,
we have 0 < 1 < po/2 < po = (a(x, 1o))ar < (a(x, 1))rr. Hence, there exists
Ry > 0 such that the following set is nonempty,

{z € Q:po(A)/2 —a(z,1u0(N)/2) < —Ro} # 0.

Now, we define

N(p):=N(Ro) ={x € Q: F(x,u) < —Rp}.

11



Again by Theorem 2.1 we get that if p; < po then F(x,pu1) < F(z,u2).
Hence, if 1 < pg < pp/2 then

0 # N(po/2) € N(p2) C N(pa)-

Let xo € Q be the point where F(x,po/2) attains its negative minimum.
For that xo € Q, there exists 79 > 0 such that B(xg,79) C N(p0/2).
Finally, since dg, — 0 as u — 0 there exists p'(A) > 0 such that for p <
W\, 8y < mingro, 8o} Define iy (A) i= mingja, (A), 1* (V) o/ 200, 1/ (A)},
and therefore for p < pi(\) we get

dist(zg, ON (1) \0Q) > dist(zo, ON (10/2)\0Q) > dist(xo, dB(zo,7r0)) > IR, -

Therefore, M (1) # () and Theorem 2.4 completes the first part of 1).

For the second one, take p > max{u.(\), p*(A)}, so pu > (c(ac)H[lL/lnA a])M

and by (21) we get that
v 2 011, B(),d-

Now we define

G(zyp) == A=b(z,pu) ==\ — b(x)e[lL/:,B(w),d]'

Now, with a similar reasoning to that used in (25) we get that
U S 01, G a)
In this case, we take R = p” with r > 0 to be chosen later. So,
N(R) = N(p) :={z € Q: A< b(x, p) — "},

and

5 <)\(61)M>m/(ﬂ(m—1))
R — .

(G("L’v”))M = A G

Using (21), we have that

b(w, 1) > b(x)ey ™ (n)ps’",

where €3 is defined in (22).
Let § > 0 be sufficiently small such that

B :={z € BT : dist(z,0B") > §} # 0,
where BT := {x € Q: b(z) > 0}. Define the set
T(p):={z € Bff : A < b/ (u)b(x)0y ™ () — 1"}

Clearly, T'(u) C N(p).
On the other hand, by Remark 2.1, sé/n(,u) = O(pt/™=D) if n > 2 and

12



Eé/n(,u) = O(p) if n < 2 when p is large. Take r < 1/(n —1) if n > 2 and
r < 1if n < 2. So, there exists u°(A\) > 0 such that for u > p(\)

T(u'(N) #0 and  T(u’(A) C T(n). (26)
Moreover, there exist xg € Bg’ and rg > 0 such that
B(xo,70) C T(p0(A)). (27)

Furthermore, since 6 — 0 as u — oo, there exists u”(\) such that for
w > p’(X) we get o < min{rg,do}. Hence, using (26) and (27), for pu >
p2(A) := max{pa(N), g (A), u’(N), 1" (\)}, we obtain

dist(zo, ON (1) \ 0€2) > dist(xg, 0T (1)) >
dist(zg, 0T (u")) > dist(wg, dB(x0,70)) =

Theorem 2.4 completes the proof.

REMARK. 1. By the proof of Theorem 3.4, we can see that if u <
p1(A) (or A > Ag(p)) for any semicoexistence state (u,v) then v has
dead core. Similarly, if g > pa(A) (or A < A\j(p)) then u has dead core.

2. We can give a biological interpretation to Theorem 3.4. If we fix the

growth rate of u, A\, then the other species does not live in all its
habitat if its growth rate is small. But, if the growth rate of v is large,
then v can not survive in all 2.
On the other hand, when m = n = 1 it was shown in [22] (see also
[28]) that if interaction rate (for example) b is large, then v drives u to
extinction. This is in strong contrast with the case m,n > 1, because
by Theorem 3.1 neither species drives the other to extinction when b
or c is large.

4. Maximum principle for singular system

We define in X? the following order: given (uy,v;), (ug,v2) € X2,
(uy,v1) = (ug,v2) if, and only if, w <wug and w1 > vs.

Analogously, we write (u1,v1) < (ug,v2) if u; < ug and v; > v9 or u; < ugy
and v; > vs.

Let M(x) = (msj(x)) be a 2 x 2 matrix whose elements belong to the
Fréchet space C'(Q) and such that there exist K > 0 and a € (0, 2] satisfy-
ing:

(HM) m;; >0, mi; 0, i# j;

Imj(z)|dist(z, 00> < K 4,5 =1,2. (28)
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The object of this section is to analyse the following singular eigenvalue
problem:

(29)

LU + M(x)U =0oU in Q,
U=0 on 01,

where

L = diag(L1, L2), U = (u,v)’,

and L;, i = 1,2 are operators as in (2).

The next result characterizes the existence of a positive eigenvalue of (29)
by means of the existence of a strict positive supersolution in the following
sense. The proof of the result follows from Theorem 6.3 in [28] and Section
2 in [16].

DEFINITION 4.1. We say that ® € (C%(Q)NC9(Q))2, § € (0,1), & = 0
is a supersolution of L+ M if (L+ M)® =0 in Q and ® > 0 on 9. If in
addition, (L + M)® > 0 in Q or ® = 0 on 0%, then it is said that ¢ is a
strict supersolution.

THEOREM 4.2. Under the assumption (HM), the following conditions
are equivalent:

1. L+ M admits a positive strict supersolution;

2. The operator [L + M|~ : X% —— X2 is well defined, compact and
strongly positive;

3. The problem

{ LU + M(x)U =F in $, (30)

U=0 on 0X),

where F € Y2, satisfies the strong mazimum principle, i.e., if F = 0

and F # 0, then U > 0;

4. The operator [L + M) : X% —— Y? possesses a strictly positive eigen-
value, denoted by o1(L + M). This eigenvalue is simple and it is the
only eigenvalue of (29) possessing a positive eigenfunction ®1 = 0.

In the present work, we need to apply this result assuming less regularity
for the strict supersolution.

PROPOSITION 4.3. Assume that M satisfies (HM). Then: o1(L+M) >
0 if, and only if, there ezists ® € (C*(Q) N CY(Q))? such that ® = 0 in
and (L + M)® = 0 in Q.

REMARK. Since ® = (&1, ®2) ¢ X2, when we write ® = 0 we mean that
¢ (x) > 0 and P2(x) <0 for all x € Q.

14



The following boundary point result will be used in the proof.

LEMMA 4.4. Let u € C?(Q)NCL(Q) be such that u >0 in Q, u #Z 0 and
(L+qu>0 1inQ, u>0 on0Q,

where ¢ € C1(Q) satisfies (28). Then u(x) > 0 for all x € Q and for all
xg € IQ such that u(xg) =0, (Ou/dn)(xg) < 0.

PROOF. It is an easy consequence of Lemma 3.6 in [5] with p(r) = r*~2.

PROOF (OF PROPOSITION 4.3). It is clear that if o1(£ + M) > 0, we
can take ® = ®; the eigenfunction associated with o1 (L + M).
Now, assume that there exists ® € (C?(2) N CY(Q))? such that ® = 0 in
and (L+ M)P:=G > 0in Q. Let F =0 and F # 0 and U be the solution
of (30). We have to prove that U > 0 and then, by Theorem 4.2, the proof
is concluded.
For each € > 0 and K > 0, we define

W:=U+ (e,—e) +eK® € (C*(Q) N C°(Q))%

Since ® € (C§(Q))?, for any & > 0, there exists y(¢) > 0 such that W = 0
in Q= {z € Q: dist(z, 99) < v(¢)}. Moreover

(E + M)W = 8((m11 — mi9, M1 — mgg)t + KG) =0 in Q\ﬁs, (31)

for K sufficiently large. Now in Q\(. the coefficients m;; are bounded. So,
since @ is a strict supersolution in Q\€2., we can apply Theorem 6.3 in [28]
to get that W = 0 in Q\Qc. Thus, W = 0 in Q for all € > 0, and we obtain
that U = 0in Q. Let U = (uy,u3)" be. Since U # (0,0) we can assume that
u1 > 0 and u; # 0. Then, denoting F' = (f1, f2)! and taking account that
mig > 0, we obtain

Liui + myguy = f1 —migue >0 in ), wu; =0 on 0,
and so applying Lemma 4.4, we get u; > 0. For the second equation,
Lo(—ug) + maa(—ug) = —fo+mojug1 >0 inQ, wuz=0 ond
and so —ug > 0. So, U > 0. This completes the proof.

Again, the next result is consequence of Theorem 6.5 in [28] and Theo-
rem 4 in [16].

THEOREM 4.5. Assume (HM). There exists one real eigenvalue of (29),
denoted o1(L + M) associated with a positive eigenfunction ®1 = 0. The
etgenvalue is simple and there is mo other eigenvalue associated with a pos-
itive eigenfunction.
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The following result will be used to compare principal eigenvalues of
different matrices.

LEMMA 4.6. Let A(x) = (a;j(z)) and B(x) = (b;jj(x)) be two matrices
with a;j,bi; satisfying (HM ), by; > ay and a;; > bj; for i # j with some

inequality strict. Then, o1(L + A) < 01(L + B).

PROOF. Let &4 > 0 be the eigenfunction associated with £ + A. Then,
it is easy to show that

(L+B—o01(L+ AN -0,

and so, ®4 is a strict supersolution of £ 4+ B — o1(£ + A)I. Hence, by
Theorem 4.2 we deduce that o1(L + B — 01(L + A)I) > 0, whence the
conclusion follows.

5. Uniqueness result

Along this section we assume that A and p satisfy (19), and so the validity
of the strong maximum principle is guaranteed. Indeed, by (21) we get

u(\ = b)) — a(z)u™ > ut N — b(:c)H[lL/Zmd]) — a(z)u?™,

and so, by (19), there exists a positive constant M such that
™ (X = b(z)o™) — a(x)u™ + Mu > 0, (32)

whence it follows that if (u,v) is a non-negative solution of (3) with u #,
then w(z) > 0 for all € €. Similarly we can reason with the second
equation in (3).

In this section we obtain a uniqueness result for a coexistence state of
(3). In order to get the result we use the fixed point index in cones.

Fixed M > 0 obtained in (32), consider the operator K : X? — X?
defined by

K, 0) = (L1 + M)~ (u/™(\ — a(z)u'/™ — b(z)v'/™) + Mu)
Uv) = (Lo 4+ M)~ (0¥ (u — d(z)o¥/™ — e¢(z)ul/™) + Mv) |’

where (L; + M)~!, i = 1,2, stands for the inverse on the operator L; + M
in € under homogeneous Dirichlet boundary conditions. Observe that by
(7), o1(L; + M) > 0 and so (L; + M)~! is well-defined and it is a compact
operator. Thanks to the choice of M, see (32), K is a positive operator
whose fixed points are componentwise nonnegative solutions of (3).

16



On the other hand, by (20) and (21), there exist R; > 0, i = 1,2, such that
for every (u,v) coexistence states of (3)

lulloo < Ry i= (Aen)ar)™ ™V, olloe < Rp = (ue2)ar)™ Y.

So, the fixed point index of K over B with respect to the cone P x P is well
defined, where

B:={(u,v) € P?: ||ullc <Ri+1, |[v]joo < Ro+1}.
Now, we are going to compute this index in some cases.

PROPOSITION 5.1. Assume that A and p satisfy (19). The following
assertions are true:

1. ipxp(K,B) =1;
2. ipxp(K,(0,0)) = 0;
3. ipxp(K, (011,,0,4),0)) = ipxp(K, (0,01, ,1.4)) = 0.
PROOF. 1.) Firstly, we define Gi : X ~— X by
G1(u) == (L1 + M)~ (u"™(A = a(a)ul/™) + Mu)

By (9), taking B, := {u € P : ||ul]|cc < Ry + 1} the fixed point index of G;
over B, is well-defined. Applying Lemma 12.1 in [2] it can be proved that

Z'P(gly Bu) =1 (33)

Indeed, if there exist ¢ > 1 and u € P such that |ullcc = R; + 1 and
Gi(u) = tu, then

Liu < ul/m(% - a(x)ul/m)

t )
and so,
A m/(m—1) o (i
e < (3)7 Ol < R < Rt

Analogously,

ip(G2, By) =1 (34)
with Go(v) := (Ly + M)~ (v"/"(u — d(z)v"/™) + Mv) and B, := {v € P :
[v]loc < R2 +1}.

Consider the operator Hj : [0,1] x X2 +— X2 defined by

e [ (L M)~ Hw™(X — a(z)u/™ — th(z)v'/™) + Mu)
1t u,v) = (Ly + M)_l(vl/”(,u — d(m)vl/” — tc(m)ul/m) + Mv) |-
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Observe that by (20) and (21) any fixed point of H; belongs to B. So, it
follows by homotopy invariance, (33) and (34) that

ipxp(K,B) = ipxp(Hi(1,-),B) =ipxp(H1(0,-),B)
= ip(G1,Bu) -ip(G2, By) = 1.

We now prove 2). Let ¢); € Y, i = 1,2, be such that ¢; > 0 in Q. We define

Holt ) = (Ly 4 M)~ (u/™(\ — a(z)ul/™ — b(z)v'/™) + Mu + )
A=A Ly + M) (Y (1 — d(@)oY™ — e(z)ul/™) + Mo + tihy) |

We claim that there exists 6 > 0 such that
(u,v) # Ha(t,u,v), Vtel0,1], Y(u,v) € N, (35)

where Ns := {(u,v) € P%: ||ulloo <6, ||v]loc < 3}\ {(0,0)}. Assume there
exist sequences (u,, v,) of functions and ¢, € [0, 1] such that (u,,v,) — (0,0)
as r — oo and

(up,vp) = Ha(ty, wup, vp).

Since A > 0 and ||v,||oo — 0, there exists ro € IN such that (/\—b(x)vi/n)L >

0 for r > rg. So, the strong maximum principle is satisfied in the first
equation, and so u, > 0. Let K > 0 be such that K > o1(L;). Since
||tur|loc — O, there exists 1 € IN such that for » > r; we have

Liu, = ul/m()\ — b(:z:)v,l,/”) — a(l‘)uz/m + 1 > Ku,,

r

and hence 01(L; — K) > 0, a contradiction.
Thus, by (35) the homotopy is admissible and we get

ipxp(K,(0,0)) = ipxp(KC,Ns) = ipxp(H2(0,-),Ns)
= ipxp(H2(1,-),N5) =0,

this last equality follows by (35).
It remains to prove 3). Let ¢ € Y be such that ¢ > 0 in 2. We define
another operator

Hattouo) o= [ (L1 M) @™ = a@)ull ™ = ba)ul/™) + Mu)
SUIUEZ A (L 4 M)V (= d(2)0 /™ — c(2)ut/™) + My + tih)

We claim that there exists § > 0 such that
(uv U) 7£ H3(ta u, U)v Vit € [Oa 1],\7(’&, U) € Mts) (36)
where M := {(U,U) € P?: HU_G[LL)\@] ‘OO <9, HUHOO < 5} \ {(Q[LL)\,a}?O)}'

Assume there exist sequences (u;, v.) — (0[1, r,4],0) as 7 — oo and ¢, € [0, 1]
such that

(Ur7 vr) = H3(t7"7 Uy vr)-
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Since uy < 0(1, q), and p > (c(:L‘)O[lL/In)\ a])M it follows that

i — c(x)ut/™(z) > p— c(:v)e[lL/T)\’a] > 0. (37)

Let K > 0 be such that K > o01(L2). Then, by (37) there exists rg € IN
such that for r > rg we have

Lov, = v} (1 — c(x)ul™) — d(z)v?™ + t,0p > Kv,, inQ,

and hence o01(Ls — K) > 0, a contradiction.
Thus, by (36) the homotopy is admissible and we get

ipxP(K, (O1L,,0,4):0)) = ipxp(K, Ms) = ipxp(H3(0,"), Ms)
= ipxp(H3(1,-),Ms) = 0.

Analogously, it can be treated the solution (0,67, ,.4))-

Now, let (ug,vg) be a coexistence state of (3). We consider the matrix
Moy = (miz), i,j = 1,2, which is related to the linearization of (3)
about (ug, vg), where

s =~y 8~ 20wy~ by "),

1 _
mig = ;b(x)ué/mvcl)/n 1,

1 1/n 1/m—1
ma1 = %C(JC)UO Uy )

Observe that since (ug,vg) is a coexistence state, by (20) and (21) there
exists kg > 0 such that

kodist(x, 0Q2) < uy, kodist(x, 02) < v,

then My, . satisfies (HM), so that o1(L + My, .,)) makes sense.
The general uniqueness result reads

THEOREM 5.2. Assume that A and p satisfy (19) and o1(L+ My, v,)) >
0 for any (ug,vy) coezistence state of (3). Then, (3) possesses a unique
coexistence state.

PROOF. Recall that by Proposition 3.3, if A and p satisfy (19) then any
nonnegative solution of (3) is a coexistence state. We claim that if (ug, vo)
is a coexistence state of (3), then

ipxp(lc, (UO,’U())) = 1. (39)

19



Assume that we have proved (39), then since K is a compact operator, it
possesses a finite number of coexistence states, say (u;,v;), i = 1,...,r.
Then,

ipxp(K,B) = ipxp(K,(0,0))+ipxp(K, 0|z, 14]:0))

r

+iPXP(IC? (07 G[Lg,u,d})) + Z iPXP(,Ca (ui> Ul))
i=1
and so, by Proposition 5.1 and (39),

1=0+0+0+r,

whence the conclusion now easily follows.
It remains to prove (39). Let h € C'(Q) be such that h verifies that
|h(z)|dist(z, 0Q)%>~* < K for some « € (0,2], K > 0 and

h > max{0, m11, mas}, (40)
where mq; and may are defined in (38). We define the operator

T(u,0) = (L1 + h) " (W ™(\ = a(x)u/™ — b(x)vV/™) + hu)
e (Ly 4+ h) Yo" (p — d(x)v'™ — c(x)u/™) + hv) |~

Observe that (L; + h)~! exists because h > 0 and so o1(L; + h) > 0.

By the Leray-Schauder formula, ipxp(7, (ug,v0)) = (—1)¢, where & is the
sum of the multiplicities of the eigenvalues of D, )7 (uo,vo) larger than
one, being D, )7 (ug, vo) the linearization of 7 about (ug,vp). It is clear
that

D ()T (ug,v0) = diag((Ly + h) ™", (Lo 4+ h) ™) (= Mug ) + diag(h, b)),

where M, ) is defined by (38). It is not hard to prove that if r > 1 is an
eigenvalue of D, )7 (uo,vo), then

0'1(,6 + M(Uoﬂ)o) -+ B) =0, (41)

where
B ( (mu —h)(t =1)  mia(; —1) )

mai(y —1)  (ma2—h)(; —1)
Since r > 1, by (40) and Lemma 4.6 we get
Ul(‘c + M(uo,vo) + B) > 0'1([1 + M(UO,UO)) >0,
contradicting (41).

The following result provides us with a sufficient condition for o (L +
M ug,00)) > 0 to be hold.
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PROPOSITION 5.3. Assume that m = n, a(z),d(x) > 0 for all z € Q, X
and p satisfy (19) and that for any (ug,vo) coexistence state of (3)

(2—m)/m (2—m)/m
), @, 0, @), < @
a/)y \d/)y \vo/)m uo /) mr
Then, (3) possesses a unique coeristence state.

PROOF. Let
= (aug™, —Buy™) € (C2(Q) N CY())?,

with «, 8 > 0 to be chosen. We will show that ® is a supersolution in the
sense of Definition 4.1 of £ + My, .) if (42) holds. Proposition 4.3 and
Theorem 5.2 will complete the proof.

Firstly, observe that ® > 0. In order to show that ® is a supersolution
of L+ My, ) We have to prove that (for the first equation)

Ll(aué/m) + mn(az)au(l)/m + mlg(a:)(—ﬂv(l)/m) > 0, (43)
where mi; and mj2 are defined in (38). Taking into account the fact that
Ll(u(l)/m) = lu(l)/mfl[(l - i)ua1 iv: a}jDiuoDjuo + Lyuyg),
m m irj=1

to prove (43) it suffices that

a(x)ug/m_l > b(x)vg/m_l . g, for all x € Q.
Analogously, for the second equation it is sufficient that

d(:ﬂ)vg/mfl > c(m)ug/mfl . %, for all x € Q.

Now, by (42) it is easy to show that there exist a and 3 satisfying the above
inequalities.

The following result provides us another sufficient condition to obtain a
uniqueness result.

PROPOSITION 5.4. Assume that A and p satisfy (19) and that for any
coezistence state (ug,vo) of (3) the following inequalities hold for all x € €,

A=) +ale)uy @) = 1) > ) (14— L) ol (@),

W= D) @@ 1) > o) (14— )l )

(44)

Then, (3) possesses a unique coexistence state.
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ProoOF. Taking
b= (U(), —'U()),

it suffices to prove that ® - 0 is a supersolution of £ + M, ., provided
that (44) and apply again Proposition 4.3 and Theorem 5.2. For the second
equation, ® is a supersolution if

La(—vo) + ma1(x)(uo) + maz(z)(—vo) <0,
where mg; and mag are defined in (38). For observe that
Ly (=vo) + ma1(x)(uo) + maz(z)(—vo)
= vé/n (,u (% - 1) —l—d(a:)v(l)/n (1 - %) +c(az)u(1)/m (1 +1— %)) <0,
provided that (44) holds. Similarly we can reason with the first equation.

Now, we will use the upper estimates of (20) and (21) giving sufficient
conditions for the uniqueness of coexistence state in terms of several coeffi-
cients involved in the model setting.

COROLLARY 5.5. Assume that m = n, a(z),d(x) > 0 for z € Q, \ and
w satisfy (19) and

2—m
1/(m—1 1/(m—1 “m 2—m 2—m
(mﬁ ' (e2)if ’) (2) 7 (2) 7 oyt <

€1 €2 Y2/ M \P1/ M baen’
(45)
where €1 and 2 are defined in (22). Then, (3) possesses a unique coezistence
state.

PROOF. By (20) and (21) we have that

<UO) < )\m/(m—l)(el)}\é(m—l) <€1)
v/ M €2 w2 )’

<UO> _ Mm/(m—l)(62)}\/{,(mfl) (€2>
uo/ pmo €1 ©1)m

and so, (42) is satisfied if (45) holds. It suffices to apply Proposition 5.3.

and

COROLLARY 5.6. Assume that some of the following sets of inequality,
1 to 4, holds:

1. Ifl<m,n <2,

1 1 _ 1
b 1 - = 1/(n—-1) 1/(n—-1) A1 = =
M ( + - m) H (e2)nr <X m)’

ear (14 = 2 A DY < (1 - ),
n
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2. If1l<n<2andm > 2,

bm (1 +5 - %) /D (e) Y (1= 2)ap AV (eq)
<A1-31,
ent (1 2 = B) A/ D (e} < 1 - 1),

3. Ifl<m<2andn > 2,

bar (143 = L) i/ D)7 4 (1= 2)an A0 (eq) Y
<A1-4y,

cM (1 + 1 %) Al/(mfl)(el)}\é(m—l) +(1— %)dMul/("*l)(ez)}\é("_l)
<p(l-3),

then, (3) possesses a unique coexistence state.

PRrROOF. Reasoning as in the proof of Corollary 5.5, it is sufficient to
apply (20), (21) and Proposition 5.4.

REMARK. 1. Observe that when m = 1, (42) is the condition obtained
in Theorem 4.2 in [28] and Theorem 4.8 in [22]. Moreover, when
m =n, and a and d are positive, we obtain uniqueness provided that
bas or cps is small.

2. The (A, p)-regions defined in Corollary 5.6 are subsets of the coex-
istence region obtained in Theorem 3.2. Similar conditions to those
imposed in Figure 1 assure the existence of these subregions.

6. Conclusions

We have studied the set of non-negative solutions of a spatially hetero-
geneous Lotka-Volterra competition model with degenerate diffusion. Basi-
cally, we have found three differences with the respect to the non-degenerate
(linear) case:

1. In the degenerate case all the non-negative solutions are bounded,
unlike the linear case in which a-priori bounds are lost for some values
of the data of the problem.
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2. In the degenerate case a new kind of non-negative solutions appears:

non-negative and nontrivial solutions that vanish in a region of the
habitat of the species. We obtain sufficient conditions in terms of
some parameters involved in the setting of the model ensuring the
existence or non-existence of such kind of solutions.

Unlike the non-degenerate case, in our model when the competition
between the species is “strong” neither species drives to the other to
extinction.

Finally, we have obtained uniqueness of positive solution of the problem
under some conditions on the data of the problem.
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FIGURE 1. R stands for the semicoexistence region in the following cases:

Casel: 1<m,n<2Case2: 1<m<2=n;Case3d: 1<m<2<n,n—-1<1/(m-1);
Case 40 1 <m < 2 <n,n—1=1/(m—1), esby;  (e1)?; " (e2)?; " < 1; Case 5:
l<m<2<n,n—1>1/(m-1).
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