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1 Introduction

Recently, the study of approximation numbers of composition operators on H? has been initiated (see [10],
[11], [8], [18], [12]), and (upper and lower) estimates have been given. However, most of the techniques used
there are specifically Hilbertian (in particular Weyl’s inequality; see [10]). Here, we consider the case of com-
position operators on HP for 1 < p < oo. We focus essentially on lower estimates, because the upper ones are
similar, with similar proofs, as in the Hilbertian case. We give in Theorem 2 a minoration involving the uni-
form separation constant of finite sequences in the unit disk and the interpolation constant of their images
by the symbol. We finish with some upper estimates.

1.1 Preliminary

Recall that if X and Y are two Banach spaces of analytic functions on the unit disk D, and ¢: D — D is an
analytic self-map of D, one says that ¢ induces a composition operator Cy: X — Yiffop € Yforevery f € X;
@ is then called the symbol of the composition operator. One also says that ¢ is a symbol for X and Y if it
induces a composition operator Cyp: X — Y.

For every a € I, we denote by e, € (HP)" the evaluation map at a, namely:

ea(f)=f(a), feH". (1.1)
We know that ([22], p. 253):
1 1/p
|leal| = (m) (1.2
and the mapping equation
Coplea) = €y(a) (1.3)
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still holds.
Throughout this section we denote by || . ||, without any subscript, the norm in the dual space (H”)".
Let us stress that this dual norm of (HP)" is, for 1 < p < oo, equivalent, but not equal, to the norm [-lq
of H?, and the equivalence constant tends to infinity when p goes to 1 or to oo.

As usual, the notation A < B means that there is a constant ¢ such that A < ¢ B and A = B means that
A <BandB < A.

1.2 Singular numbers

For an operator T: X — Y between Banach spaces X and Y, its approximation numbers are defined, forn = 1,
as:
an(T)= inf ||T-R||. (1.4)
rank R

k R<n
One has ||T|| = a1(T) = ax(T) = -+ = an(T) = ans1(T) 2 ---, and (assuming that Y has the Approximation
Property), T is compact if and only if a,(T) 2 0.

We will also need other singular numbers (see [2], p. 49).
The n-th Bernstein number b, (T) of T, defined as:

bn(T) = sup inf ||Tx||, (1.5)
ECX XESE
dim E=n
where Sg = {x € E; ||x|| = 1} is the unit sphere of E. When these numbers tend to 0, T is said to be super-

strictly singular, or finitely strictly singular (see [17]).
The n-th Gelfand number of T, defined as:

cn(T) = inf [Ty, (1.6)
LCY
codim L<n
One always has:
an(T) 2 cn(T) and an(T) = bu(T), 1.7)

and, when X and Y are Hilbert spaces, one has an(T) = bn(T) = ca(T) ([16], Theorem 2.1).

2 Lower bounds

2.1 Sub-geometrical decay

We first show that, as in the Hilbertian case H? ([10], Theorem 3.1), the approximation numbers of the com-
position operators on HP cannot decrease faster than geometrically.

Though we cannot longer appeal to the Hilbertian techniques of [10], Weyl’s inequality has the following
generalization ([3], Proposition 2).

Proposition 1 (Carl-Triebel). Let T be a compact operator on a complex Banach space E and (An(T)) 1 D€
the sequence of its eigenvalues, indexed such that |[A1(T)| = |A2(T)| = ---. Then, forn = 1,2,...and m =

0,1,...,n-1,one has:
n

[T < 16" T™ amea (T)" ™. Q.1)
j=1
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(see [1] for an optimal result). Then, we can state:

Theorem 1. For every non-constant analytic self-map ¢ : D — D, there exist 0 < r < 1 and ¢ > 0, depending
only on @, such that the approximation numbers of the composition operator Cy : H? — HP satisfy:

an(Cp) 2z cr™, n=1,2,...
In particular lim infy_eo[an(Cy)]*" = r > 0.

Proof. If Cy is not compact, the result is trivial, with r = 1; so we assume that C, is compact.
Before carrying on, we first recall some notation used in [10]. For every z € D, let

lp'@)| (1 - |21*)

B, =
$@ = e@P

be the pseudo-hyperbolic derivative of ¢ at z, and

[p] = sup ¢*(2) .
zeD

By the Schwarz-Pick inequality, one has [¢] < 1. Moreover, since ¢ is not constant, one has [¢] > 0.
We also set, for every operator T: H? — HP:

B (1) = liminflan(D]™".

For every a € D, we are going to show that 7(Cyp) = ((pﬂ(a))z, which will give 87(Cyp) = [p]?, by taking
the supremum for a € ID, and the stated result, with 0 < r < [@]?.

If p*(a) = 0, the result is obvious, so we assume that ¢*(a) > 0.

We consider the automorphism @, defined by @4(z) = 1“_%22, and set

Ya =Py o PoPa.

One has 14(0) = 0 and [p,(0)| = p*(a).

Since Cyp is compact on H?, Cy,, = Cp, 0 Cyp o Co,, is also compact on HP. But we know that this is equiv-
alent to say that it is compact on H?. Since 14(0) = 0 and l,b;(O) = gou(a) # 0, we know, by the Eigenfunction
Theorem ([19], p. 94), that the eigenvalues of C vt H 2 _ H? are the numbers (1/);(0))] ,j=0,1,...,and have
multiplicity one. Moreover, the proof given in [19], §.6.2 shows that the eigenfunctions ¢ are not only in H 2
but in all H?, 1 < q < oo. Hence A;(Cy,) = (l/J;I(O))]_l. We now use Proposition 1, with 2n instead of n and
m=n-1; we get:

2n

Pa @)™ = TT A€y < 162"|Cy, 1" @n(Cyp, )™
j=1

< 162"||Cy, |"an(Cy, )",

since an(Cy,) < ||Cy,||-
That implies that 87(Cy,) > [o(0)|* = ((pﬁ(a))z.
Since Cg, and C%(a) are automorphisms, we have 7(Cyp) = B (Cy,), hence the result. O

2.2 Main result

In this section, we use the fortunate fact that, though the evaluation maps at well-chosen points of D can no
longer be said to constitute a Riesz sequence, they will still constitute an unconditional sequence in H? with
good constants, as we are going to see, which will be sufficient for our purposes.
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Recall (see [5], p. 276) that the interpolation constant ks of a finite sequence ¢ = (z1, ..., 2zn) of points
Z1,...,2n € Dis defined by:

Ko = sup inf{||f||e; f € H” andf(zj)=a]-,1sjsn}. (2.2)
lai], ...,|an|<1
Then:
Lemma 1. For every finite sequence o = (z1, .. ., zn) of distinct points z1, ..., zn € D, one has:
n
< iAjez|| < ko Z Ajez; (23)
j=1
forallAq, ..., An € C and all complex numbers numbers w1, . . ., Wy such that |w{| =+ -+ = |wn| = 1.

Proof. Set L = Y7, Ajez and Lo = ) wjAjez;. There exists h € H™ such that ||h||- < ko and h(z;) = w; for
everyj=1,...,n. Forevery g € H?, one has L,(g) = Z;Ll wjAig(z) = 21'7:1 h(z;)A;g(z;) = L(hg); hence:

ILw(@)| < |ILI| [|hg]lp < [ILII |l I8]lp < Kol IL|] lIg]]»

and we get ||Ly|| < kg||L||, which is the right-hand side of (2.3). The left-hand side follows, by replacing
A],...,AnbymAl,...,FnAn. D

We now prove the following lower estimate.

Theorem?2. Let 9: D — Dand Cyp: H? — HP, with1 < p < oo. Let uy,...,un € D such that v, =
©(uy), ..., vn = @(un) are distinct. Then, for some constant cp depending only on p, we have:

1/ min(p,2) 1- 2\ P
an(Cy) = cp K, (1+10 ) inf ) , 2.4
n(Cy) 2 cp Ky g5 inf (= 24)
where 8, is the uniform separation constant of the sequence u = (u4, . . . , uUn) and x, the interpolation constant

ofv=1,...,Vn).

For the proof, we need to know some precisions on the constant in Carleson’s embedding theorem. Recall

that the uniform separation constant 8, of a finite sequence ¢ = (z1, . .., zn) in the unit disk D, is defined by:
8, = inf ‘ ‘ . 2.
7 1151;'l<nH 1- Z]Zk ( 5)
Lemma 2. Let o = (zq, ..., zn) be a finite sequence of distinct points in D with uniform separation constant 6.
Then:
S 5P )P < 12 [1 +log - }anp 26)
j=1

forall f ¢ HP.

Proof. For a € D, let kq(2) = ¥4 z * be the normalized reproducing kernel. For every positive Borel measure
uonD, let:
Yu = sup / |ka(2)|? du(z) .
aesupp u s

The so-called Reproducing Kernel Thesis (see [14], Lecture VII, pp. 151-158) says that there is an absolute
positive constant A; such that:

[ 1@ dut@ = v v 1
D
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for every f € HP (that follows from the case p = 2 in writing f = Bh?/? where B is a Blaschke product
and h € H?). Actually, one can take A; = 2e (see [15], Theorem 0.2). But when u is the discrete measure
Z]ll(l - \z,-|2) 8z, it is not difficult to check (see [4], Lemma 1, p. 150, or [6], p. 201) that:

yy51+210g6i-
(02

That gives the result since 4 e < 12. O

Proof of Theorem 2. We will actually work with the Bernstein numbers of C :p. Recall that they are defined in
(1.5). That will suffice since an(Cyp) = an(C*(p) (one has equality if Cy is compact: see [7] or [2], pp. 89-91) and
an(c*(p) > bn(c;).

Take uy,...,un € Dsuch that vy = @(uy),...,vn = @(un) are distinct. The points uy, ..., un are then
also distinct and the subspace E = span {ey,, . . ., ey, } of (H?)" is n-dimensional. Let

n
L = Z Ajeui
j=1

be in the unit sphere of E. We set, for f € H? andforj=1,...,n:
Aj=Ajlley||, and Fj=|ley]| f),

and finally:
A=(Aq,...,An) and F=(F1,...,Fn).

We will separate three cases.

Casel:1<p<2.
One has [|Co(L)|| = || 2;121 Aj ey, || Using Lemma 1, we obtain for any choice of complex signs w1, . ..., wn:

n
Z w]-/ll-evj
j=1

Let now g be the conjugate exponent of p. We know that the space H? is of type p as a subspace of L? ([9],
p. 169) and therefore its dual (H?)" is of cotype g ([9], p. 165), with cotype constant < 7, the type p constant
of L? (let us note that we might use that (HP)" is isomorphic to the subspace H? of L9, but we have then to
introduce the constant of this isomorphism). Hence, by averaging (2.7) over all independent choices of signs
and using the cotype g property of (H?)", we get:

ICo(D)]] = 1" .7)

n

1/q n 1/q
ch,(L)Her;lx;l(Z|A,-|"\|ev,Hq) er;lx;lun<Z|Aj|"|\eu,.||q) :

j=1 j=1
so that
1Co @I = 75" 16 1 [[A]lq » (2.8)
where: y
o eyl L wy*\"P
= inf -2 = inf J .
Hn 1<j<n ||€u,—H 1gjsn \ 1 - |Vj|2
It remains to give a lower bound for ||A]|4.
But, by Holder’s inequality:
n n
LA = | D Af@y)| = [ S AF;| < [1Allq]|Fllp -
j=1 j=1

Since

IFID =" llewl I PIF@pP = > @ -l [f )P,

j=1 j=1
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Lemma 2 gives:
1\1Y»
0 = g 12 (14108 52 )| A1
Taking the supremum over all f with ||f||, < 1, we get, taking into account that ||L|| = 1:

1\1°Yp
[|A]lq 2 [12 (1 +log 5—)} . (2.9)
u

By combining (2.8) and (2.9), we get:

-1/p
IC@ 2 12)™P 1,1 pn iy (1 +log é,i) )
u

Therefore:

, 1\ P
bn(Cy) = (12)" 1P 5! pn Kyt (1 +log 6—) .
u

Case2:2 < p < oo,
We follow the same route, but in this case, H? is of type 2 and hence (HP)" is of cotype 2. Therefore, we
get:

ICoD| 2 72" 165" pn || A2 (2.10)
and, using Cauchy-Schwarz inequality:
1\1°1/2
1A]]2 = [12(1+log 7)} ; (2.11)
Ou
so:
. 1\ 2
ICpM| 2 (12)™ 2 13" pn 1, (1 +log 57) . .12)
u
Case3:p=1.

In this case (H')" (which is isomorphic to the space BMOA) has no finite cotype. But, for each k =
1,...,n,one has, using Lemma 1:

1
Al llewell = 2 H (S en+aven ) = (X hes~tuen ) H

j#k j#k
1
< E ( ZA]-evj +Akevk + ZAJ'eVi _Aker >
j7k j#k
n
< Ky ZA}'evi 5
j=1
hence:
1€ 2 1" pn [[A]os (213)
Since |L(F)| < ||Al|||F||1, We get, as above, using Lemma 2:
111!
[|A]]oo 2 [12 (1 +log—>} , (2.14)
Ou
and therefore: .
IC@L)]| 2 (12) pn i, (1 +log 6i) (2.15)
u

and that finishes the proof of Theorem 2. O



104 —— Daniel Li, Hervé Queffélec, and Luis Rodriguez-Piazza DE GRUYTER OPEN

Example. We will now apply this result to lens maps. We refer to [19] or [8] for their definition. For 8 € (0, 1),

we denote:
1+2)°0-@1-2°

Ao(2) = Q+20+(1-2)° '

(2.16)

Proposition 2. Let Ay be the lens map of parameter 0 acting on H?, with 1 < p < oo, Then, for positive constants
a and b, depending only on 6 and p:

an(Cy,) 2 a e bV,
Actually, this estimate is valid for polygonal maps as well.
Proof. Let 0 < ¢ < 1 and consider u; = 1 - ¢ and vj = Ap(yj), 1 < j < n. We know from [10], Lemma 6.4 and
Lemma 6.5, that, for a = ”72 and = By = Z”Tze:

Suze 19 and §, e P09,

But we know that the interpolation constant ks of the finite sequence s is related to its uniform separation
constant 85 by the following inequality ([5] page 278), in which A is a positive numerical constant:

1 A 1
S SKss g (1 +log 5—8) (2.17)

Actually, S. A. Vinogradov, E. A. Gorin and S. V. Hru$cév [21] (see [13], p. 505) proved that

2e 1
Ks < b <1+210g5—5>,

sowe can take A < 4e <12.

It follows that 1
s om0 o0 2.8
KVEA(ﬁ+1)e . (2.18)
Setting p = min(p, 2), we have:
-1/p 1/p
1 1-0
(1+log5—u> = <a+1> . (2.19)
W ; ; -2\ VP _
e now estimate inf; ., (W) = Un.
Since A4(0) = 0, Schwarz’s lemma says that |A4(z)| < |z|; hence % > lfll;le(‘z)‘ LBut1-v; =1-29(u;) =
%; hence (since u; and v; are real):

-y 1-u _ o

oY 4 o
T2 > Ty, " 200 270V +0].

Since the function f(x) = (2 - x)? + x? increases on [0, 1], one gets:
—u;l? \ 1-6
Lo (1))
1- |V]"2 2
and therefore:

(1-69)/p
1 ") ) (2.20)

Mn 2 (5 7
Applying now Theorem 2 and using (2.18), (2.19) and (2.20), we get:

an(CAg) >, e Bl(-0) (1- U)l/ﬁ o"(1-0)/p

Cp .
A+ 1)(a+ 1)1/p20-0)/p

with QAp.6 =
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Taking 0 = e ® where 0 < € < 1, we get, since 1 —e ¢ > g/2:

1/p
an(Cy,) 2 @, ge P/ (;) a-en(1-0)/p_

Optimizing by taking € = y/ % % gives, for n large enough (in order to have € < 1):

an(Cy,) 2 a;,’g n1/@P) g Bpovn (2.21)
o 1/2p) T
with a, 4 = apyg(—z(/j’fg)) and B, ¢ = ‘/Lp .
We get Theorem 2, with b > ﬂp’g. O

1-0
Let us note that 8, g = 2 \;ﬁ” v/ %ﬂ tends to 0 when 6 goes to 1 and tends to infinity when 6 goes to O.

2.3 A minoration depending on the radial behaviour of ¢
We are using Theorem 2 to give, as in [11], Theorem 3.2, a lower bound for a.(Cy) which depends on the
behaviour of ¢ near oD.

We recall first (see [11], Section 3) that an analytic self-map ¢@: D — D is said to be real if it takes real
valueson|-1, 1[. Ifw: [0, 1] — [0, 2] is a modulus of continuity (meaning that w is continuous, increasing,
sub-additive, vanishing at 0, and concave), ¢ is said to be an w-radial symbol if it is real and:

1-p(M=<w(l-r), O0=sr<l1. (2.22)
We have the following result.

Theorem 3. Let ¢ be an w-radial symbol. Then, for 1 < p < oo, the approximation numbers of the composition
operator Cy: HP — HP satisfy:

4 w_l(a ") Lp 1/ max(p”,2) 5
an(Cy) = cp 03(1;91 [(7> (1-0) exp (— m)] , (2.23)

where c;, is a constant depending only on p, p" is the conjugate exponent of p, and a = 1 - ¢(0) > 0.

Proof. Asin [11], p. 556, we fix O < ¢ < 1 and define inductively u; € [0, 1) by up = 0 and, using the interme-
diate value theorem:
1-¢Wj)=0[1-9)], withl>uj, >uy;.

We set vj = @(u;). We have -1 < v; < 1and 1 - v, = a ¢". We proved in [11], p. 556, that:

2
1 -yl

1 wl(adh)
> = . 2.2
-2~ 2 aon (2.24)
Moreover, we proved in [11], p. 557, that the uniform separation constant of v = (vq, ..., vn) is such that:
Sv=exp| - > . (2.25)
1-0

Since 6, > 6y, we get, from (2.17), that:

6-0 5 1 5
Ky < 12 (m) exp (m) < 60 (m) exp (m) . (2.26)

Using now (2.4) of Theorem 2 and combining (2.24), (2.25) and (2.26), we get Theorem 3. O



106 —— Daniel Li, Hervé Queffélec, and Luis Rodriguez-Piazza DE GRUYTER OPEN

Example 1: lens maps. Let us come back to the lens maps A, for testing Theorem 3. We have w™'(h) ~ h'/?

(see[8], Lemma2.5)and a = 1-Ay(0) = 1. Setting K = ﬁ i /1%9 and taking, for n large enough, 0 = 1- K%,

we have, using thate™ <1 - %s for s > 0 small enough, o" > exp ( - %K \/ﬁ) and hence:

5 /1-6
- = vnl|.
VD 0
Note that the coefficient of \/n in the exponential is slightly different of that in (2.21), but of the same
order.

-1
an(Cy,) 2 cgpn 2m=x’.2) exp

Example 2: cusp map. We refer to [11], Section 4, for its definition and properties. It is the conformal mapping
x from D onto the domain represented on Fig. 1 such that y(1) = 1, y(-1) = 0, x(i) = (1 + i)/2 and y(-i) =
(1 -1)/2. We proved in [11], Lemma 4.2, that, for O < r < 1, one has:

'S

v

N
\J

Figure 1: Cusp map domain

1
1+ 2 log [1/2 arctan (:2)]

1-x(n)=

Since 1 - 21og2 > 0 and arctan x < x for x > 0, we get that:
1

log (137)
log n

Hence y is an w-radial symbol with w(x) = 2/log(1/x). Then w™t(h) = e 2/, By choosing 0 = 1 - 557 in
(2.23), we get, using that log(1 - x) > —2x for x > 0 small enough, that, for n large enough, ¢" > 1/+/n; hence:

1/ max(p”,2)
an(Cx)zc;(\/ﬁexp[—(Za)\/ﬁ})l/l’ (10%> exp(— 20n>_

logn

1 1
T < 2 T
log (1%7) log (1)

In
NI

b4
1—)((r)sj

It follows that, for some constant C, > 0 depending only on p, we have:

25
an(Cx) > Cp exp (- ]og':z) . (2.27)

It has to be stressed that the term in the exponential does not depend on p.

Example 3: Shapiro-Taylor’s maps. These maps ¢y, for 8 > 0, were defined in [20]. Let us recall their def-

inition. For € > 0, we set Ve = {z € C; Rz > Oand |z| < €}. For € = £y > 0 small enough, one can define
fo(z) = z(-log 2)°, (2.28)

for z € Ve, where log z will be the principal determination of the logarithm. Let now gy be the conformal
mapping from D onto V¢, which maps T = 0D onto 0V, defined by gg(z) = € o (z), where ¢y is the conformal
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map from D onto V;, given by:

—_iN1/2
(5=7) -
Polz) = —1Z=~ . (2.29)
(22
iz-1
Then, we define:
6o = exp(~fp o gp)- (2.30)

We saw in [11], p. 560, that w™(h) = K, h(log(l/h))fe. Hence, choosing 0 = 1/(e aé/”), where ay =
1 - ¢4(0), we get that:

(2.31)

1
an(Cge) = Cp’e.nGTp .

However, we already remarked in [11], Section 4.2, that, even for p = 2, this result is not optimal.

3 Upper bound

For upper bounds, there is essentially no change with regard to the case p = 2. Hence we essentially only
state some results.

We have the following upper bound, which can be obtained with the same proof as in [8].

Theorem 4. Let Cy: H? — HP, 1 < p < oo, a composition operator, and n = 1. Then, for every Blaschke product
B with (strictly) less than n zeros, each counted with its multiplicity, one has, for some universal constant C:

1/p
an(Cyp) < C\/ﬁ< sup % / |BIP dm(p> ,
Oo<h<1 't J

§eT  S@E,n)

where my, is the pullback measure of m, the normalized Lebesgue measure on T, under ¢ and S(¢,h) = D N
D(¢&, h) is the Carleson window of size h centered at & € T.

Proof. We first estimate the Gelfand number c,(Cyp) by restricting to the subspace BHP which is of codimen-

sion < n. Asin [8], Lemma 2.4:
1 1/p
cn(Cy) < (sup n / |BP qu,) .
0O<h<1

§eT  S(E.n)
Now (see [2], Proposition 2.4.3), one has an(Cy) < v2n cn(Cy), hence the result. O

Recall ([11], Definition 2.2) that a symbol ¢ € A(D) (i.e. ¢ : D — D is continuous and analytic in D) is said
to be globally regular if (D)NoD = {&1, ..., &} and there exists a modulus of continuity w (i.e. a continuous,
increasing and sub-additive function w: [0, A] — R*, which vanishes at zero, and that we may assume to be
concave), such that, writing Eg = {t; v(t) = ¢}, onehas T = U]l.=1 (Ef; +[-1j, r,-]) forsomery,...,r; >0, and
for some positive constants C, ¢ > 0:

() - v(t)| < C(1 - [y(0)]) (.1)
c w(t - t]) < [y() - v(t))] (3.2

forj=1,...,l,a11t]-GE%With\t—tﬂsrj.
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We can then deduce of Theorem 4 the following version of [11], Theorem 2.3, with the same proof.

Theorem 5. Let ¢ be a symbol in A(D) whose image touches oD exactly at the points &1, . .., & and which is

globally-regular. Then there are constants k, K, L > 0, depending only on ¢, such that, for every k = 1:
-1(,. -Niy71/P
M] , (3.3)

ay(Cyp) <K { e

where Ny is the largest integer such that INdy < k and dy is the integer part of [log #:,N) / log()("’)} +1,

with 0 < y < 1 an absolute constant.

As a corollary, we get for lens maps A, (as well as for polygonal maps), in the same way as Theorem 2.4 in [11],
p. 550 (recall that then w(h) ~ h?), the following upper bound.

Theorem 6. Let ¢ = Aq be the lens map of parameter 0 acting on HP, 1 < p < oc. Then, for positive constants
b and c depending only on 6 and p:
an(Cy,) < cebvn,

For the cusp map, we also have as in [11], Theorem 4.3 (here, w(h) =~ 1/log(1/h)).

Theorem 7. Let ¢ = x be the cusp map. For some positive constants b and c depending only on p, one has:

an(Cy) < ¢ g bn/logn
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