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ABSTRACT. This paper is concerned with the null-exact controllability of a
cascade system formed by a semilinear heat and a semilinear wave equation in
a cylinder 2 x (0,7T"). More precisely, we intend to drive the solution of the heat
equation (resp. the wave equation) exactly to zero (resp. exactly to a prescribed
but arbitrary final state). The control acts only on the heat equation and is
supported by a set of the form w x (0,7T), where w C Q. In the wave equation,
the restriction of the solution to the heat equation to another set O x (0,T)
appears. The nonlinear terms are assumed to be globally Lipschitz-continuous.
In the main result in this paper, we show that, under appropriate assumptions
on T, w and O, the equations are simultaneously controllable.

1. Introduction. The main result. Let  C RY be a bounded domain of class
C? (N >1). Let w and O be two nonempty open subsets of Q. Let T > 0 and set
Q=0x(0,T)and ¥ = 09Qx (0,T). We will consider the following cascade system:

ytiAy*’fl(xvtath):hw in Qa

y=0 on X%, (1)
y(z,0) = y° () in Q,

are — Ag + fo(z,t;9) =y 1o in Q,

g=0 on X, (2)

q(2,0) = ¢°(z), q:(z,0)=¢'(z) inQ.

Here, 3° and (¢", ¢*) are given, h,, is a control with support in @ x [0, 7], 1o is the
characteristic function of the set O and f; and fy are appropriate Carathéodory
functions (measurable in (z,t) and continuous in the other variables).

We address the following question:
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Under which assumptions on T, w, O, f1, f2, ¥°, (¢°,q¢*) and (r°,r')
does there exist a control h,, supported by @ X [0,T] such that the corre-
sponding solution of (1)—(2) satisfies simultaneously

y(x,T) =0, q(z,T)=r") and q(z,T)=r'(z) in Q7 (3)

The physical situation described by (1)—(2) is the following. We are assuming
that € is a V-dimensional medium whose particles are heat-conducting and reacting
and, at the same time, can propagate waves. The initial temperature distribution 3°
and the initial and final vibrations (¢°,q') and (°,71) are given. We also assume
that a heat source h,, at our disposal can be applied on w x (0,7"). Finally, it
is accepted that the temperature on O behaves as a source of vibrations for all
t € (0,T). Hence, the question is whether we can choose the heat source h,, so as
to vanish the temperature and get desired vibrations (r°,r!) at time t = T..

This system and this control question can be viewed as a first step in the analysis
of other more complex and realistic situations. Thus, in forthcoming papers, we will
be concerned with

e Cascade Navier-Stokes-Lamé systems of the form

{ y+(y-V)y—vAy+Vp=h,, V-y=0,
Gt — pAg = AV(V - q) =y 1o,

again completed with initial and boundary conditions for y and gq.

o Cascade heat-wave (or Navier-Stokes-Lamé) systems in different domains. For
instance, if Q2 = G x (0, L) where G C R? is a bounded regular domain, we may
consider the system

{ Yt = Yzyzy — Yzozn — Yazazs = hw in © x (OvT)a
qit — lewl - q$2$2 = y|w3:0 ]lO in G X (07T)7

where w C Q and O C G.

Our aim is to understand and explain the control mechanisms for (1)—(2). We
believe that this will be useful to deal with similar controllability questions for the
previous systems.

Observe that, in (3), we are concerned with a null-exact controllability problem.
However, the control acts in the equation satisfied by ¢ indirectly through the
variable y and, accordingly, the question under consideration is more intricate than
in the standard situation of the exact controllability problem of the classical wave
equation. In order to deal with the controllability properties of system (1)—(2),
an additional assumption must be imposed on w N O; see (9). In particular, this
assumption implies that w N O # .

It will be convenient to introduce several functions, sets and spaces. Let 20 € RY.
We set m(z) =z — 20,

D) ={x€dQ:m(z) v(z) >0},
where v(z) denotes the unit outwards normal vector to 92 at z,

Y(z%) =T(2°) x (0,T) and R(z2°) = r;leaé(|m(x)| (4)

Let 6 > 0 be given. We will consider the sets
Bs(x) = |J B(x;6) and Gs(a) = Bs(z") NQ, (5)

z€el(z9)
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where B(x;0) is the ball centered at z of radius 0. Finally, we will use the Hilbert
space D(—A) = H%(Q) N H (), for instance endowed with the norm

1/2
1ol b = ( [+ |v|2>dm) .

For each f € H™'(£2), we will denote by us the solution to the Dirichlet problem
—Au=f in ),
u=20 on 0f).

Then, we will consider the following scalar product in H~1(Q):

(f,9) g :(uf,ug)Hé :/QVuf-Vugdx Vf g€ H Q).

Notice that the norm || - || g-: induced by (-,-)g-: is also the norm associated to
[+ Iz by duality.

We will assume that the function f1 = fi(z,t;s,7) is globally Lipschitz in the
variable (s, r) and satisfies

|fi(z, t;s,7)| < Cls| V(z,t;s,7) € Q x R? (6)
for some C' > 0. We will also assume that the function fo = fa(z,¢;7) satisfies
f2(,+30) € L*(Q) (7)
and is globally Lipschitz in the variable 7:
|[fa(x, t;7") — falx,tsr)| < Clr' —r] Y(z,t;7), (z,47") € Q x R. (8)

Our main result is the following:

Theorem 1. Assume that, for some 2° € RN and some § > 0, there exists a set
of the form Gs(x°) satisfying

Gs(z°) cwnO. (9)

Assume that T > 2R(z°) and fi and fo are globally Lipschitz-continuous and satisfy
(6)—(8). Then, for any y° € H-1(Q), (¢,q¢*) € HL(Q) x L*(Q) and (r°,7!) €
HY(Q)x L%(Q) there exist controls hy, in the space L*(0,T; D(—A)") with Supp h,, C
wx [0,T] and associated solutions (y,q) € L*(Q) x C°([0,T]; HE(Q)) to (1)—~(2) that
satisfy (3).

Remark 1. In order to prove theorem 1, a fixed point argument will be performed.
In particular, we will see that the couple (y, ) satisfies y € C°([0, T]; H=1(£2)), and
q € C°([0,T); H}(£2)) N C1([0,T]; L*(£2)) and solves the system (11)—(12) for some
appropriate h,, and a,b € L>°(Q) (which depend on y and ¢). We will see that y is
a solution by transposition of (1) (for the definition of solution by transposition, see
subsection 2.1) and the equalities in (3) are satisfied in H~(Q), H}(Q) and L?(Q),
respectively. [ ]

Remark 2. It may seem that the regularity of h,, is not satisfactory. However,
it is clear that, in order to get the exact controllability in HJ(Q2) x L2(Q2) of (2),
y1 o must not be better than L?(Q) and consequently h,, must not be better than
L2(0,T; D(—A)"). Accordingly, the previous assertion is reasonable. [ |

Remark 3. In the particular case f; = fo = 0, the controllability properties of
the cascade system (1)—(2) were analyzed in [4]. There, a result very similar to
theorem 1 was proved. [}
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Remark 4. It is well known that, under the assumptions Gs(z") C w and T >
2R(2°), the classical wave equation is exactly controllable with L? controls sup-
ported by @ x [0,7]. In other words, for any (v°,v') € H(Q) x L?(Q2), there exist
controls f € L?(w x (0,7T)) such that the solution of the associated system

v — Av = f1, n Q,
v=20 on Y, (10)
’U((E,O) :Uo(x)a Ut(l',O) :’Ul(m) in Q,

satisfies
v(z,T) =0, wv(x,T)=0.

This is a consequence of an observability estimate that will be recalled below,
see [10]. On the other hand, (10) is not exactly controllable in general. The precise
necessary and sufficient conditions on w and T that guarantee exact controllability
are given in [2] (more details will be recalled in Section 4). Therefore, the hypotheses
on w, Q and T in theorem 1 are, at first sight, appropriate. [ ]

The proof of theorem 1 is divided in two parts. We will first prove the null-exact
controllability of similar cascade linear systems with potentials a,b € L*°(Q) and
source g € L?(Q):

ye — Ay +a(z, )y = h, inQ,
y=0 on X, (11)
y(l'v O) = yO(l.) in €,
ar — Aq+b(z,t)g=ylo +g(z,t) inQ,
qg=0 on X, (12)
Q(‘T>O) = qO(x)’ qt(z, 0) = ql(x) in Q.
More precisely, the following result will be established:

Theorem 2. Leta,b € L>®°(Q) and g € L*(Q). Under the assumptions of theorem 1
there exist a positive constant C' = C(||al|oo, [|b]lso, |91l L2(0), w, O, Q, T) and controls
he, € L?(0,T; D(—=A)"), with Supp h,, C @ x [0,T] and

1hollc20.mip-ay) < C % ¢° = ¢" = @)1 xmxres (13)
such that the corresponding solutions (y,q) to (11)—=(12) satisfy (3). In (13),

(607 q‘l) = (67 dt)('a 0)7
where ¢ is the solution of the uncontrolled system

(jtt_A(j"_b(x,t)(j:g(xvt) mn Qv
Gg=0 on %, (14)
Gz, T) =7r%2), Gz, T)=r(z) inQ.

In a second step, using a fixed point argument we will obtain the desired con-
trollability result for the nonlinear system.

Remark 5. The lack of regularity of the control provided by theorem 2 introduces
some technical difficulties in our analysis. To be precise, the fixed point argument
will be formulated in L2(0,7; H=1(2) x L?(Q2)) and consequently, in order to define
a set-valued mapping we need to apply a regularization process. The fixed point
argument does not lead directly to the solution. To obtain our result, we still have
to absorb the non regular part of the limit in the control (see section 3). [
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The proof of theorem 2 is based on the existence of a positive constant C =
C(|la]loos 1Bl 0os w, O, Q, T) such that the observability inequality

T
GO pmss <C [ [ o (AP 412 dwar (15)
holds true for any solution of the adjoint system
pre —Ap+b(z,t)p=0 in Q,
p=0 on %, (16)

p(z,T) = pO(x)’ pi(z,T) :pl(x) in €,

-2zt —Az+a(z,t)z2=pley inQ,
z=0 on %, (17)
2(z,T) = 2%(x) in

associated to final data 20 € H}(Q) and (p°,p') € L*(Q) x H~Y(Q). In (15),
Pw = pu(x) is an appropriate regular approximation of the characteristic function
1.. Among other things, we will assume that p, € C'(Q), po(z) = 1 for all
z €w Cwand py(x) =0 for all z ¢ w. As we shall see in Section 4, we must
use a smooth approximation of the characteristic function of the set w in order to
guarantee the regularity of the control.

The rest of the paper is organized as follows. In Section 2, we will recall some
existence and regularity results for the solutions of the wave and the heat equations
and then we will prove theorem 2, i.e. the null-exact controllability of the linear
system (11)—(12), assuming that the observability inequality (15) holds true. Sec-
tion 3 is devoted to prove theorem 1. Finally, Section 4 is devoted to prove (15).
This relies mainly on an observability estimate for the solutions of (16), i.e. the
exact controllability of (10) with controls in L?(w x (0,7)) and a (global) Carleman
estimate for the heat equation taken from [6].

2. Preliminaries and the linear case.

2.1. Preliminaries. We begin this Section by recalling some existence and reg-
ularity results for wave and heat equations. For more complete treatises, see for
instance [1] and [8].

In the sequel, C, Cy, Cs,. .. stand for generic positive constants, depending on §2,
T, w, O and maybe the coefficients of the considered equations. We will sometimes
(but not always) indicate this dependence explicitly.

For any Banach space X considered below, the usual norm in X will be denoted
by | - |lx. In the particular cases of L%(Q), H}(f2), etc., the corresponding norms
and scalar products will be respectively denoted by || [[zz, || |z, () )z2, (-, ) m2s
etc.

Let ¢ € L*(Q), k € L*(Q) and (v°,v!) € HE(Q2) x L3(2) be given. It is well
known that the solution v of the linear problem

v — Av + c(z, t)v = k(z,t) in Q,
v=0 on X, (18)
v(z,0) =1%(z), wv(x,0) =0 (z) inQ

satisfies (v,v¢) € C°([0,T); HE (Q) x L*(Q2)) and

0,00 ooy erzy < TN (100,01 2 o+ [Kl3ag)) » (19)
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where C only depends on 2. We can also solve (18) when the data (v°,v!) € L?(Q) x
H~1(Q). For instance, when k = 0, we have (v,v;) € C°([0,T]; L*>(Q) x H~1(Q))
and

< eCTHlelloo) ]| (10 1)

H(UaUt)HQCO([O,T];L2><H*1) HL2><H 1

with C' again depending on .
In the sequel, for any couple of Banach spaces X and Y satisfying X — Y with
a continuous embedding, we will use the following notation:

W(0,T;X,Y) ={ve L*0,T;X):v; € L*(0,T;Y) },

/
lworsxr = (1013020 + lodl00m)) -

It is then well known that, for any ¢ € L>(Q), k € L*(0,T; H-*()), and v’ €
L?(Q), the solution w of the parabolic problem

—Aw+c(z,)w =k inQ,
w=0 on %, (20)
w(z,0) = w'(z) in Q,
satisfies w € W(0,T; H}(Q), H1(Q)) and consequently w € C°([0,T]; L?(2)) and
the estimate

{ ”wHW(O,T;H(%,H*l) + ||w||CO([0,T];L2) (21)

< CTUleloo) ([l 2 + ||kl L2 0,021y ) -

Let us assume that k& € L?(Q) and w® € H}(Q). Then the solution satisfies
w € L2(0,T; D(—A)) N C°([0,T); H}(2)) and w; € L?(Q) and we have
wllr2(0,m;0(-a)) + wlleoqo, ;1) + lwellz2@)

(22)
< (CTOHell) <||w0||H01 n ||k||L2(Q)) .

Of course, in (21) and (22) the constants C' depend on .

In this paper, we will also have to solve systems of the form (11) with h €
L?(0,T; D(—A)) and y° € H~1(Q2). The appropriate concept is the solution by
transposition.

Thus, assume that h is given in L?(0,T; D(—A)’), a € L*=(Q) and y° € H=}(Q).
By definition, the solution by transposition of

—Ay+a(z,t)y=h inQ,
y=0 on X, (23)
y(z,0) = y° () in Q,

is the unique function y € L?(Q) satisfying

/ / ygdo dt = / (R, 00 (1)) dE + (50, (- 0))
Vg € L*(Q).

(24)

Here, for each g € L?*(Q), we have denoted by ¢, the solution to the corresponding
adjoint system
—pt —Ap+alz,t)p=g inQ,
=0 on X, (25)
oz, T)=0 in Q.
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In (24) and also in the sequel, {(-,-)) and (-,-) stand for the usual duality pairings
associated to D(—A)" and D(—A) and H~1(Q) and H}(Q), respectively. Notice
that the solution of (25) satisfies

Py € L2(0, T3 D(=A)) N C([0, T]; Hy ()
and

leallz20,150(-a)) + l9g (-, 0)l 2 0y < eCT I gl 2.
Hence (24) makes sense, y is well defined and one has

1yl 2y < €Tl (|1n]| 20 70— )y + 190 -1 (0)- (26)

On the other hand, it is clear that y solves the partial differential equation in (23)
in the distributional sense, i.e.
y — Ay +a(z,t)y=h* in D(Q),
where h* is the distribution in L2(0,T; H~2(f2)) given by

T
)0 pi) — / (h(t), () dt Yy € D(Q).

Therefore, we also have y, € L?(0,T; H2(Q)) and y € C°([0, T]; H~1(£2)), with

(1+|Ia||oo)(

lyllcoorpr-1y < €7 2l 20,702y + 19l H-1(02))-

Observe that, for any g € L*(Q) and any ¢° € H}(Q), the solution by transpo-
sition of (23) satisfies

T T
| [ wadears w1000 = [ uo.w, 60+ 6w c0). @)
where 1), is the solution to the linear problem
— =AY +a(z,t)p=g nQ,
P =0 on X,
P(x, T) = in Q.

Let Gs(2°) and R(z") be as in the previous Section (see (4) and (5)). Let us
introduce two positive parameters x, k1 € (0,9) with k < k1 and let wp, wy be the
following open sets:

wo = Gu(2?) = B (z°)NQ and w; = Gy, (z%) = B, (%) N Q. (28)
Finally, let p,, be a function satisfying
Puw € CQ(Q)a 0<p,=1,
pu(z) =1 in wy, (29)
pu(z) =0 forall z€Q\w.
As mentioned above, the proof of theorem 2 relies on an observability inequality

for the adjoint of the linear cascade system (11)—(12). This is given in the following
result:

Proposition 1. Assume that a,b € L=(Q) and T > 2R(x°). Then there exists a
positive constant C = C(]|a|lso, ||b]|cos w, O, Q, T) such that any solution of (16)—(17)
associated to a final data (2°,p%, p*) € HJ(Q) x L*(Q) x H~1(Q) satisfies:

T
IO pmss <C [ [ o (8P +12) dodt. (30
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The proof of this result is given in Section 4.

Remark 6. Observe that any solution of (16)—(17) with (z°,p% p') € H}(Q) x
L3(Q) x H~1(Q) satisfies
(p,pe) € CO([0, T]; L2 () x H™H(2)).
We also get
z € L*(0,T; D(=A)) N CO([0, TT; Hy (%))
and, in particular, (30) makes sense. [ |

2.2. Proof of theorem 2. First of all, let us observe that it suffices to prove
theorem 2 when g = 0 and (r°,7!) = (0,0).

Indeed, let us assume that the result is true in this case and let (y°,¢% ¢') €
H7Y(Q) x H}(Q) x L?(Q), g € L*(Q) and (r°, r!) € H}(Q) x L?(Q) be given. Let
us introduce the solution ¢ of (14) and let us set (¢°,¢') = (¢, q:)(-,0). Then, by
hypothesis, there exists h,, € L2(0,T; D(—A)’) with Supp h,, C @ x [0, T] such that
(13) holds and the solution (g, ) of (11)—(12) associated to g = 0 and initial data
(¥°,¢° — @, ¢t — ¢*) satisfies §(-,T) =0, 4(-,T) = 0 and G;(-,7) = 0 in Q.

Since (y,q) = (§,4 + q) solves (11)—(12) for this h,, and satisfies

y(x,T) =0, q(z,T)=7"2) and g¢(z,T) =r"(z) in Q,

we deduce that theorem 2 also holds for general g and (r%,r!).
Thus, let us assume that g = 0 and (r°,7!) = (0,0) and let us consider the null
controllability problem for

Yt — Ay +a(x,t)y =h, inQ,

y=0 on X, (31)
y(@,0) =1°(x) in Q,

art — Ag+b(z,t)g =y lo n Q,

q=0 on %, (32)

q(x, 0) = qo(x)a Qt(xa O) = ql(x) in €,
where yo € H=1(Q) and (¢°, ¢*) € H () x L*(Q).

There are several ways to deduce the null controllability of (31)—(32) from the
observability inequality in proposition 1. We will use here a well known argument
which relies on the construction of a sequence of minimal norm controls h™ that
provide states that converge to the desired target (0,0,0) as n — +o0.

Let (y°,¢°% ¢*) € H71(Q2) x HL(Q) x L3(2) and € > 0 be given. Let us introduce
the functional J, with

T
Js(zo,po,pl):l/ /pw (|1Az]? + |21 dadt
2 0 JQ

el (20, 2,1l e (33)
+ <y0’z("0)> - <pt('70)7q0> + (p("0)7q1)L2
V(2% p°,p") € Hy () x L*(Q) x H~1(9),

where (p, z) denotes the solution to the adjoint system (16)—(17).
We then have the following result:

Proposition 2. The functional J. is continuous and strictly convex and satisfies
J ZO, O’ 1
lim inf o 60( lp r)
1020 g 21 =00 1200 PO g scpzscrr—1

>e. (34)
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Therefore, J. reaches its minimum at a unique point (20, p%, pt) € HE () x L*(Q) x
H=1(Q). One has (22,p2,p}) = (0,0,0) if and only if the solution (y,q) to (31)—(32)
associated to h, = 0 verifies

1, @) T -1 xmpxre <€

When (22,p%,pl) # (0,0,0), the following optimality condition is satisfied:

/OT/Q Pw ((Az:)(A2) + 2.2) da dt

€ 0 0,.0.0 11
RN [ </Q(VZE VEAPep ) ot (peop )H‘l> (35)
b b 0

+(3°,2(-,0)) — (pe(-,0),¢°) + (p(-,0),¢" )2 = 0
V(=% p°,p") € Hy(Q) x L*(Q) x H™(Q),

+
I

where (z,p) and (ze,pe) are, respectively, the solutions to (16)—(17) corresponding
to (2°,p°,p') and (22,p2,pl). Furthermore, one has

T
| [ oo a4 12P) dear < CIGP N (30)

where the positive constant C = C(||a||sos ||b]|oo, w, O, 2, T') is given in proposition 1.

Proof: The continuity and strict convexity of J. are straightforward, in view of the
regularity properties recalled in the previous paragraph.

Indeed, for any (p°,p') € L?(2) x H~1(f2), the corresponding solution to (16)
satisfies (p,p;) € C°([0,T]; L3(2) x H~1(2)) and consequently we have plo €
C°([0,T]; L?*(Q2)). Therefore, for any z° € H} (), the solution to (17) satisfies

z € L*(0,T; D(—A)) nC°([0,T]; Hg ().

From (30) and (33), we have:

1 /7
Jo(2%,p°%, p') > 5/ /pr (JAz* + [2]?) dxdt
0

+€||(Zoap0’p1)”Hé><L2><H*1

- H(yoaqoaq1)||H*1><H[}><L2”(zvpapt)('vO)HHé><L2><H*1
1 T
>3 [ [ o (sl 12P) dode+ )00 g
0
—C||(y07q07q1)||%7leéxL2,

whence we immediately obtain (34).
The proof of (35) is standard. Finally, in order to prove (36), let us observe that,
as a consequence of the optimality condition, one has

T
| 1852 122 dadt 202 g
0

= =% 2(-,0)) + (p,¢(-,0),¢°) — (p(-,0),¢").
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This, together with the observability inequality (30), gives

T
/ / P (1822 + 22[?) dardt + €]/ (2°, 5%, 0 s
0 Q

- 1/2
< (C/ /pr (|AZE‘2+ |Ze|2) dl‘dt) H(yovqovql)”H—leéxL?
0
which implies (36). O

We can now finish the proof of theorem 2. For each n > 1, let us introduce h™
with
T T
/ {n™ w) dt :/ / P ((Az1/0)(AW) + 21y w) da dt
0 0 Jo
Vw € L?(0,T; D(—A)), h™ € L?(0,T; D(—=A)").

Here, 2/, is, together with p;/,, the solution of (16)—(17) corresponding to the
unique initial data (z{,,,p{,,.p7,,) which minimizes J,/, in Hg(Q) x L*(Q2) x
H=1(Q).

Then, in view of (36),

T 1/2
A" L2(0,7;0(-n)y) < C / / Pw (\AZ1/n|2 + |zl/n|2) dx dt
0 JQ (37)
<O a% ) a1 xmixre

for all n > 1 (C = C(||alloo, [|blloc, |9l 22(q), w, O, 2, T') is a new positive constant).

Let us introduce the solution (y”,¢™) to (31)—(32) associated to the control h”™.
Of course, y™ is the solution to (31) in the sense of (24)-(25) and, in view of (26)
and (37), we also have

[y z2(@) < CH(yO,qO7q1)||H—1><H(}><L2

and, consequently, ||(¢", Q?)HCO([O,T];ngB) is bounded independently of n.
From (35) written for € = 1/n and the definition of A", we have

T
/ (™2 dt
0

1 (Z?/n,p(f/n,pi/n)
n ||(Z?/nap(1)/n7p%/n)HH&XL2><H*1
+(y°,2(-,0)) = (pe(+0),¢°) + (p(-,0),¢") 2 = 0
V(20 p°, pt) € Hy(Q) x L*(Q) x H~1(Q),

+ v(ZOapo’pl))HéxszH*1 (38)

where (p, z) is the solution to (16)—(17) associated to (2°,p° p!). On the other
hand, from (27) written for y = y™ and 14 = z (the solution to (17)), we also find
that

T T
/ (™, 2 dt + (4, 2(, 0)) = / / yrplodedt + (" (,T),2.  (30)
0 0 Q
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Taking into account that ¢™ solves (32) with y = y”, we see that

T
//y"p]lodxdt
0 Ja

= (p(-1), a7 (. )z2li=g — e 1), " (E)]iZg (40)
=% aq(\T))z2 — (0", ¢" (. T))
—(p(-,0),¢") 2 + (pe(+,0),¢°).

Thus, combining (38), (39) and (40), the following is found:

<yn('7T)7ZO> + (po,qf(-,T))Lz - <p17qn('7T)>

1 (z(l)/n’p(l)/n’p%/n) 0,0 1
= _7( 0 0 i 7(2 PP ))H1><L2><H*1
n ”(zl/napunvpl/n)”Hé><L2><H*1 °

V(=" 0% p') € Ho(Q) x L*(Q) x H~1(Q).

Obviously, this indicates that

n n n 1
1™ " @) D) -1 xmyxre < o Vn > 1. (41)
From (37), at least for a subsequence again denoted by n, we have

A" — h weakly in L?(0,T; D(—=A)"),
y" — § weakly in L*(Q) and weakly-+ in L>°(0,T; H (1)),
(q", q) — (4, Gs) weakly-* in L>(0,T; H} () x L*(Q)),

where (4§, ) solves (31)-(32) for h,, = h. Furthermore, from (37) we see that

2]l 20,00 ay) < Cl(°,d°, aY)l,

where C'is given in proposition 1. Since Supp A" C @ x [0,T] for all n, the support
of h is also contained in @ x [0,7]. From (41), we also see that

(g(vT)v(j(7T)v(jt(vT)) = (0707 0)

Hence, we have found a control h € L2(0,T; D(—A)") with support in @ x [0, 7]
that drives the state exactly to (0,0,0).

This proves the null controllability of system (31)-(32) and ends the proof of
theorem 2.

3. Proof of theorem 1: The fixed point argument. As mentioned above, for
the proof of theorem 1 we will use the controllability result in theorem 2 and a
fixed point argument. This strategy was introduced in [12] in the framework of the
exact controllability of the semilinear wave equation. Since then, it has been used
in several different contexts; for instance, see [13], [3] and [6] for results concerning
the approximate and null controllability of semilinear wave and heat equations with
Dirichlet or Neumann boundary conditions. Let us also mention the paper [9], where
the authors analyzed the null controllability of semilinear abstract systems (and in
particular semilinear wave equations) using a global inverse function theorem.
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3.1. The case in which f; and f; are C'. Let us introduce the functions g; with

fl(xat;&r) .
91(37775;3’7‘): S lfS?é()’
D,fi(x,t;0,7) ifs=0

and

f2(.’)37t;7”)—f2($,t;0) 1f7a7é0

r
D, fa(x,t;0) itr=0.

Under the assumptions imposed in theorem 1 on the functions f; and fs, one has

gg(l',t; T) =

lgi(z,t;8,7)| < Ly and |go(z,t;7)| < Ly ae. in Q,

where Ly and Ly are Lipschitz constants for fi; and f5 respectively.
Let us introduce the space Z = L2(0,T; H=*(Q2) x L?(2)). Let us fix e > 0. To
each (v,&) € Z, we can associate the solution v° of the linear problem

v*—eAv* =vin Q, ©v°=0on o (42)

and the functions G1 = ¢1(z,t;v%,€) and Gy = ga(x,t;€). Observe that G; and G
belong to L>(Q).

Recall that w satisfies (9) for some § > 0. Let us choose §; and dy such that
0 < & < dy < 6 and let us set w; = Gs,(2°) for i = 1 and i = 2. In view of
theorem 2, there exist controls hZ, € L?(0,T; D(—A)’) supported by w; x [0,7]
such that

I1BE, L2 0.15p(-ay) < CNE°,G° = 6" = rY) -1 a2 (43)

for some C only depending on Ly, Lo, w, O, Q and T and the associated solutions
to

y; — Ay® + g1z, 0%,y = h,,  inQ,

y* =0 on X, (44)
y*(2,0) = y°(x) in €,

a5 — A + ga(2,:6)¢" = yv* Lo + fa(2,£;0)  inQ,

¢ =0 on %, (45)

¢*(x,0) = ¢°(x), ¢;(z,0) = ¢"(2) in €.
satisfy (3). In (43), we have denoted by (¢°, ') the couple (¢, q)(-, T'), where § is
the solution of (14) with b(z,t) = g2(x,t;€) and g(z,t) = fo(x,t;0). Consequently,
we also have
||th1 ||L2(0,T;D(—A)') < C(HZ/OHHA, H(qoaql)Hngsz ||(7"07T1)||H5xL2)

for some C = C(f1, f2,w, O, Q,T).
We will denote by Uc(v,£) the set of these controls.
Let us introduce the set-valued mapping A® : Z — 2%, with

A (v,8) ={(¥°,q°) : (¥, q°) solves (44)—(45) for some h° € U.(v,§) }.
We have the following result:

Proposition 3. Under the assumptions of theorem 1, there exists a compact set
K C Z such that, for every (v,§) € Z, one has A:(v,§) C K. Furthermore, for
every (v,€), Ae(v,€) is a non-empty convex compact subset of Z and the mapping
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A, is upper hemicontinuous, that is to say, for each linear continuous form u € Z',
the real-valued function

(v,6) € Z +— sup (s (¥, 4%)) 2,z
(y5,q°)EAL(v,€)

1S upper semicontinuous.

Proof: Observe that, for each (v,€) € Z, the solution to (44)—(45) associated to a
control h € U (v, &) is such that

1%, @)l < C Uyl 1(a”, a) gz 100, ) g 2,
where C only depends on f1, fo, w, O, Q and T and W is the space
W =W(0,T; L*(), D(—=A)) x W(0,T; H} (), L*()).
Since W — Z with a compact embedding, there exists a compact set K such that
A(v,§) CK Y€ eZ.

On the other hand, from theorem 2 and the properties satisfied by w; and T', we
know that A (v,&) is non-empty. Since U, (v,§) is convex, the fact that the system
(44)—(45) is linear implies that A.(v,£) is also a convex set.

Since A¢(v,€) C K for some compact set K of Z, in order to prove that A.(v, &)
is compact, we only need to check that it is closed.

Thus, let {(y5,¢5)} be a sequence in A.(v,&) that converges in Z:

(Wns4n) = (¥°, ¢7) strongly in Z.
We have to prove that (y°,¢%) € A-(v,§). Observe that, associated to each (yZ, ¢5),
there is a control h¢ € U.(v,§) and consequently
A5 1< C Uy -1 11a®, a ) ez serzs (10 ) g 22)
for every n. This means that, at least for a subsequence, one has:
h — h® weakly in L*(0,T; D(—A)).
Let us denote by (3¢, ¢°) the solution to (44)—(45) associated to the control h°.
Then it is easy to see that
yS — §° weakly in L*(Q),
¢ — ¢° weakly in L*(Q)
and
G5 — G; weakly in L*(Q).
From the uniqueness of the weak limit, we thus have
(v ¢" ) = (97,0 G;)-
Moreover, it is not difficult to see that y,(-,T), ¢;(-,T) and g, ,(-,T) converge, at
least weakly in H~1(Q), respectively to y*(-, T), ¢°(-, T) and ¢5 (-, T). Consequently,
v (,T) =0, ¢°(-,T) = 7% and ¢; (-, T) = r'. Therefore, h® € U.(v,£) and (y°,¢°) €
Ac(v, ).

Finally, let us prove that A. is upper hemicontinuous. We have to check that the
set

Bay={(v,8): sup (i, (¥5,¢°))zr,z > '}
(y°,q°) €A (v,8)

is closed for every a € R and every u € Z'.
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Thus, let {(v,, &)} be a sequence in B, , such that (v,,&,) — (v,§) in Z. It is
clear that v5 — v strongly in L2(0,7, H}(R)). Furthermore, from the continuity
of g1 and g, we have

g1(x, t; 05, &) — g1(x, t; 0%, &) weakly-* in L°°(Q) and strongly in LP ()
and
ga(x, ;&) — ga(x, t;€) weakly-+ in L°°(Q) and strongly in LP(Q)
for all finite p > 1.

Since all the sets A (vE, &,) are compact and contained in the same compact set
K, for each n > 1 we have

sup (s (W, a)) 20,2 = (1, (Y5, 43)) 2,2 = @
(yavqs)eAE(Unvfn)

for some (y5,q5) € Ac(vn, &) C K.
From the definitions of A, and U,, for each n > 1 there exists h¢

n,w1
hS, ., € L*(0,T; D(—A)),

with support in @y x [0, 7] such that
Ynt — Byn + 91z, 0, &)y, = bW, In @,

y, =0 on X,

ye (2,0) = 3°(x) in Q,
Goe — A, + 92(2,6:60)a5, = y;, Lo + fo(2,40)  in @,
g, =0 on X,
¢ (2,0) = ¢°(x), ¢5,(2,0) = ¢'(x) in Q.

Furthermore, (y5,¢5) verifies (3) and

115, 220,750~ 2)) < C (1Y° -1, 1@ ) L mgere 10 ) ey s 22),
where C' is independent of n. Therefore, at least for a subsequence, one has

he ., — he,, weakly in L2(0,T; D(—A)')

n,wi
and -
(y5,45) — (§°,4°) weakly in W and strongly in Z,

where (3¢, ¢°) solves the system

— AP+ gi(z, 0%, )9 = h,, i Q,

=0 on X,

7¢(z,0) = y%(2) in Q,

9 (x, T) =0 in Q,
@5 — A + g2(2,:)¢° = §° Lo + fo(2,£;0)  inQ,
¢ =0 on X,
¢ (0.0) = ). (.0 = () in 0,
¢ (z,T) =), ¢ (@,7T)=r'(z) in Q.

O(x
That is, hs € U (v,€) and (9¢,¢°) € Ac(v,€). Passing to the limit, we get
(b, ("

sup
(y=,9°)EAc(v,e)

i.e. (v,€) belongs to the set By .
This ends the proof of proposition 3. O

) zz >, (9°5,0°)) 2,2 > a,
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As a consequence of proposition 3, Kakutani’s theorem can be applied for every
e > 0 and there exists a fixed point (y°, ¢°) of the mapping A.. If we denote by yZ
the solution to the linear problem (42) with v = y°, then (y¢, ¢%) verifies

yi =AY+ gi(w Gys,¢%)y" = hi,  in @,

ye=0 on X,
ye (x,0) = y°(x) in €,
4 — A + fa(z, t:¢°) = v° Lo in Q,
=0 on X,

¢ (2,0) = ¢"(2), ¢;(z,0)=q'(x) inQ.
Observe that, for a positive constant C' independent of € and which only depends
on f1, fo, w, O, Q and T, one has
185 ez 0,750~y < C (1W° a1, 16% @) gz 10 g er2)
and
1y*le2@) < C WP lla-15 1, @) | azg ez 1% ) g e 2)
for all € > 0, whence we can assume that
h,, — he, weakly in L*(0,T; D(—A)"), y° — y weakly in L*(Q)
and therefore
¢ — q strongly in L*(Q)
as e — 0.
Let us now see that, at least for a subsequence, the sequence {y°} converges
strongly in L?(0,T; L*(Q2\ W2)).
For every € > 0, let us put y* =Y + w®, where Y is the solution to
Y, —AY =0 in Q,
Y=0 on X,
Y(2,0) =4°(x) inQ,
and w® is the solution to
wi — Aw® + g1(z, 6 Y2, ¢°)w® = —qi(2, 6 Y2, ¢°)Y + g, in Q,
w® =0 on X,
we(x,0) =0 in Q.
Then we have the following:

e Y is a fixed function in L?(Q).
e On the other hand, the unique reason for the lack of regularity of w® is the
lack of regularity of hf, . For every p € [1,00), let us introduce the spaces

XP ={ue LP0,T;W*P(Q\ ©y)) : us € LP(0,T; LP(Q\ @) }

and the associated norms

1/p
[ullxr = (”“Hip(o,T;WM(Q\@)) + ”ut”iP(O,T;LP(Q\wz))) ’

Since the support of hZ, is contained in @; x [0,77], as a consequence of
the regularizing effect of the heat equation and the choice we have made of
w1 and ws, we have w® € X2 and

[wfllx2 < C Uy -1, 16 a)mg ez 10 7 g z2)

for some C' > 0 independent of € (see for instance [7]).
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Hence, it can be assumed that y* — y strongly in L% ((2\ @2) x (0,7)) and

a.e. in (2 \ W2) x (0,7, the functions g5 = g1 (z, t;yE, ¢° )y satisfy

gilos, — gi1(z.t,y,9)ylas, strongly in L*(Q)
and

g1, — gl,, weakly in L*(w x (0,T)).
By introducing the new control h with
h = hw1 - g]lw’z + gl(gj, Ly, q)y]lu27

we see that the couple (y, q) satisfies

yt_Ay+f1(x7tay7Q):h inQa

y=0 on X,
y(:r,O) = yO(l.) in Qa
y(z,T) =0 in €,
@ — Ag+ fo(z,t9) =y lo in Q,
q=0 on X,

q(2,0) =¢°(2), q(z,0)=¢'(z) nQ
q(x,T) =71l (2), qz,T)=r*(z) inQ.

T
Furthermore, h € L?(0,T, D(—A)"), Supp h C Wa x [0,T] and

1Rl z20,m:0-ayy < C Iy, 110a°, ) g sz 0%, ) arg e)

where C' only depends on f1, fo, w, 2 and T.
This ends the proof of theorem 1 when f; and fy are C'! functions.

3.2. The general case. Let us now suppose that f; and fo are globally Lipschitz-
continuous functions and satisfy (6)~(8). Let us introduce the functions p; € D(R?)
and p2 € D(R), with p; > 0, Supp p1 C B(0,1), Supp p2 C [—1,1] and

//R2p1(s7r)dsdr:/Rp2(r)dr:1.

We will consider the functions p1,n, p2.n, g1,n» and gs ,, with
pra(s,m) =npi(ns,nr) Y(s,r) € R?  pon(r) =nps(nr) VreR,

gl,n(xvt;') = P1,n * g1, g2,n(x7t;') = pP2,n * g2,
q1(z,t;s,1) = fi(z,t;s,7)/s for s # 0 and go(z, t;8,7) = (fa(z, t;7) — fo(x,t;0)) /7
for » # 0. Then it is not difficult to check that the following properties of g; and
go are satisfied:
1. Forevery n > 1, g1 n(z,t;-) € CY(R?) and go,n(2,t;-) € C°(R) a.e. (x,t) € Q.
2. If we put fi (@, t;s,7) = gia(z,t;8,7)s for (s,r) € R* and fo,(z,t;7) =
gan(z, ;1) + fa(z,t;0) for r € R, then

Jin(x,t;-) — fi(z,t;-)  (resp. fan(w,t;-) — fa(z,t;5-))

uniformly in the compact sets of R? (resp. in the compact sets of R).
3. There exists a positive constant L such that

sup |g1n(2,t;8,7)| +sup |gan(z,t57)| <L Vn > 1.
(s,r)ER? reER
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For every m we can argue as in the previous subsection and find a control h,, €
L?(0,T; D(—=A)") with Supp hy, C w2 x [0,T] such that the system

Ytn — Ayn + f17n($,t§ym Qn) = hy, in Qa
Yn =10 on X, (46)
yn(z,0) = 3°(z) in Q,

qtt,n — AQTL + f2,n(x7 ta Qn) =Yn ]lo in Qa
gn =0 on X, (47)
Qn(x; 0) = qo(z)v Qt,n(xa 0) = ql(x) in €2.
possesses at least one solution (yy,qn) € W, with W = W(0,T; L3(2), D(=A)) x
W(0,T; HE(2), L%()), satisfying
yn(sz) =0, Qn(va) = To(x) and Qn,t(sz) = Tl(x) in Q.

From the properties satisfied by g1, and g2, and thanks to the estimates ob-
tained in Section 3.1, it can be assumed that, for some positive C' independent of
n, one has

1 llz20,750(- ) + 1Y, @0l < €
for all n > 1. In view of the arguments in Section 3.1, it can also be assumed that
hyp — hy, weakly in L2(0,T; D(—A)"),
yn —y weakly in L3(Q), y, —y strongly in L2((Q\@2) x (0,7T)),
qn — q strongly in L?(Q),
FinCiYnyan) Ly, — gl,,  weakly in L?(w x (0,7)) and
SinCiym @) Lowe, — fily.9)loyg, strongly in L2((Q\ @) x (0,7)).
Thus, passing to the limit in (46)—(47), we deduce that (y, g) solves (1)—(2) and (3)
with the control h, given by
ho = huy = Lo, +g1(z, 5y, 0) Lo,
This ends the proof of theorem 1.

4. The observability inequality. This Section is devoted to prove the observ-
ability inequality (30) for the adjoint system (16)—(17).

Thus, let G5(2°) and R(2°) be as in (4) and (5), let wg and w; be given by (28)
for some k, k1 € (0,0) (k < k1) and let p,, satisfy (29). We will need an appropriate
(global) Carleman inequality for the heat equation. This is given in the following
result:

Proposition 4. Assume that c € L°°(Q). There exist a positive function ( € C?(Q)
and a positive constant Cy > 0 depending on ||c|| s, 2°, £ and T such that, for any
w® € L?(Q), the solution of (20) satisfies:

Tr acw )
//e =0 (t) | Vw|” dx dt
<Cl</ /e e t>|k‘|2d:cdt—|—// o~ TS t>¢ t)? w|2dxdt>

Here, we have used the notation ¢(t) = —t)~ L

(48)
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This result is proved in [6] (see Ch. I, lemma 1.2 for the proof in a more general
context; see also the Appendix of [5] for a simplified proof). In fact, a similar
inequality holds for any 7" > 0 (with other appropriate ¢ and Cy) if G, (z°) is
replaced in (48) by an arbitrary nonempty open set D C (). Furthermore, as
noticed in [5], the way the function ¢ and the constant Cy depend on ||c||« can be
found explicitly.

We will also need an observability inequality for the wave equation (here, the
quantity R(z") is as in Section 1):

Proposition 5. Assume that ¢ € L®(Q), a > 0, 8 > 0 and T — 2a > 2R(z?).
There exists a positive constant Cy depending on ||c||oo, 20, B, Q, a and T such
that, for any solution v of (18) with k = 0 and (v°,v') € L*(Q) x H~1(Q), the
following holds:

T—«
160 o <Ca [ [ foPdat
a Gp(z?)

The proof of proposition 5 can be found in [11]. There, the way the constant Co
depends on ||¢||« is explicitly indicated.

In this Section, we will assume that the positive parameters o and 3 have been
fixed in such a way that T—2a > 2R(2°) and 0 < 3 < k, whence G(2°) C G, (2°) C
wnO.

Let (2°,p°, p') € HH(Q)x L?(Q) x H~1(£2) be given and let (z, p) be the associated
solution to (16)—(17). We first notice that

T T
||Z('a0)|§{3§0< / /Q plof? dudt + / / B z|2dxdt> (49)

for some constant C independent of (2%, p, pt). Indeed, we have from proposition 4
that

3T/4 T 2¢(2)

/ /|VZ\2dxdt§C/ /e_7t<Tft>¢(t)\Vz|2dxdt

T/4 Q 0 JQ
T T

<c( [ [t ptoPads [ [ @ howi i) (@)
0 JQ 0 1 (20)
T T

<C //\p]lo|2dxdt+// |2|? dx dt
0 JQ 0 o (20)

On the other hand, multiplying the equation in (17) by —Az and integrating with
respect to space and time in £ x (0,t) for each ¢ € (T'/4,3T/4), we find:

f||z ||H1 +//\Az|2dwdt+//az —Az)dzdt
= 2l ||H1+//p]1(9 CA2)dedt,

T
Il 0)l13 < © <||z<~,t>||%,5 + / /Q |p]1@|2dxdt>

whence
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3T/4 T
12, 0) 12, gc(/ /|Vz|2dxdt—|—/ / pno2dxdt>. (51)
0 T/4 JQ 0o Jo

Combining (50) and (51), we obtain (49).
Also, we can apply proposition 5 to p, which gives

and

T—«
16 e <Co [ [ pP e (52)
a G (20)

for some positive Cy only depending on ||b]|so, 2°, 3, 2, « and T'. Let us introduce
the C? auxiliary functions 1 = n1(z) and 7y = n2(t), with

0<m<1, m@)=1 VeeGs@®), m@)=0 Vu¢Gu(a);
0<m <1, mt)=1 Vie (o, T—a), Suppne C[a/2,T — /2]

Then

T—a T—a/2
/ / |p|? da dt S/ / mnz Lolp|® dz dt
a Gp(z0) a/2 x(20)

T—a/2
:_/ / mnep (2 + Az — az) dz dt.
/2 G (20)

Integrating by parts and using that 7y is supported by [a/2, T — «/2], we find:

T—o/2
- / / m(x)n2(t) p(ze + Az — az) de dt
/2 o (20)

T—a/2 T—a/2
= / ni(2)na(t) p 2 dz dt + / 1n2(t) {pe,mz) dt
a/2 e (20) a/2
T—a/

2
- / m(z)ne(t) p Az dxdt
a/2 o (20)

T—a/2
Jr/ / m (z) n2(t) apz dx dt.
a/2 o (20)

Therefore, we have the following for any small € > 0:

T—a
/ / Ip|? dx dt
a Gs(20)

T—a/2

< - / mn2p (2t + Az —az)dedt
a/2 w(29)

T
< [ (Ol + Il )l d

C T—«a/2
+*/ / (1821 + |2 + [V (m2)*) da dt.
€ Jasz JG.(a0)
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In view of the energy estimate (19) written for p, we find that

T—o
/ / p|? dx dt
a G5 (20)

< Csel|(0°, p") 32 pr—1 (53)

C T—«a/2
+—/ / (A2 + V2> +|2]?) dzdt.
€ Jas2 w(20)

Let us choose € such that CoCse < 1/2. Then, from (52) and (53), we see that
1P, PZ2 s

(7 T a/2
< 202;/ / (A + V2> +|2]?) dxdt
N(TO)

T—a
/ / Ip|? dz dt
@ Gp(=°)

(7 T a/2
< (202030+5)/ / (1022 + [V + |2?) dedt.
n(xo)

In view of (49), (54) and (55), the following holds:

(54)

and

”(Z pvpt )||H1><L2><H*1

T—o/2 (56)
<C / / (|Az]* +|V2|?) dx dt +/ / |z|*dz dt | .
a/ (z9) x(29)

Finally, let us consider ¢ € C%(€2) such that 0 < ¢ <1 in Q,
¢ =1 in a neighborhood of wy and £ =0 in Q \ wy

Taking into account the properties of £ and the fact that z = 0 on X, we can easily
deduce the following;:

T T T
// |VZ\2dmdt§/ /§|Vz\2dxdt=—/ /v-(ng)zdxdt
0 JG.(x9) 0 Ja 0 Ja
1 T T
:_,/ /V{-V\z|2dazdt—/ /fAzzdmdt
2 0 JQ 0 JQ
T
<C (/ / (JAz* + [2]?) dwdt) .
0 Jwy

Combining the properties of function p,, (see (29)), the previous inequality and
the estimate (56), we readily obtain (30). This ends the proof of proposition 1.

Remark 7. From the expressions of the function ¢ and the constants C; and Co
that can be found in [6], [5] and [11], it is not difficult to deduce an estimate of the
constant C in (30) in terms of ||a|loc and ||b||so. More precisely, C' can be taken of
the form

O = MO+lallo+bl13,)

for some positive M = M (w,Q,T). [



(1]
(2]

(3]
(4]
(5]
(6]
(7]
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9

(10]
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