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Abstract
We consider the problem of the evolution of the interface given by two incompressible fluids
through a porous medium, which is known as the Muskat problem and in two dimensions it is
mathematically analogous to the two-phase Hele-Shaw cell. We focus on a fluid interface given
by a jump of densities, being the equation of the evolution obtained using Darcy’s law. We prove
local well-posedness when the smaller density is above (stable case) and in the unstable case we
show ill-posedness.

1 Introduction

The evolution of a fluid in a porous medium is an important and interesting topic of fluid mechanics
(see [3]). This phenomena is based on an experimental physical principle given by H. Darcy in 1856.
Darcy’s law for a 3-D fluid is given by the momentum equation

%’U = 7vp - (anagp)7
where v is the incompressible velocity, p is the pressure, p is the dynamic viscosity, « is the permeability
of the medium, p is the liquid density and g is the acceleration due to gravity.

A different problem is the motion of a 2-D fluid in a Hele-Shaw cell (see [12]). In this case the
fluid is set between two fixed parallel plates. These plates are close enough in such a way that the
mean velocity is described by 9

va =—-Vp—(0,8p),
where b denotes the distance between the plates.

Considering that the fluid in the porous medium only moves in two directions suppressing one
of the variables in the horizontal plane, these two different physical phenomena of fluid dynamics
become nevertheless mathematically analogous if we identify the permeability of the medium « and
the constant b2 /12.

The Muskat problem (see [14]) and the two-phase Hele-Shaw flow (see [17]) model the evolution
of an interface between two fluids (in a porous medium and in a Hele-Shaw cell respectively) with
different viscosities and densities. A lot of information can be found in the literature about both
problems (see references in [9] and [13]). These free boundary problems are considered with surface
tension using the Laplace—Young condition and also without surface tension in which case the pressures
are equal on the interface. With surface tension, in the two dimensional case has been proven that the
problems have classical solutions (see [11]). Without surface tension, Siegel, Caflisch and Howison [18]
proved ill-posedness in an unstable 2-D case, namely when the higher-viscosity fluid contracts, and
they show global-in-time existence of small initial data in the stable case when the higher-viscosity
fluid expands. The results rely on the assumption that the Atwood number

1 — M2

P+ e



7
///7/7,77,// 4
«»’@W/

is nonzero where g1 and pg are the viscosities of the fluids. In the same year, Ambrose [1] treated the
2-D problem with an initial data fulfilling

(p2 — p1)g cos(6(a, 0)) + 24,U (@, 0) > 0,
and the following condition

(z(a,0) = z(e’,0))* + (y(e,0) — y(/,0))?
(a—a/)?

> 0, (1)

where the interface is the curve (z(a, t), y(e, t)), p1 and ps are the densities of the fluids, 6 is the angle
that the tangent to the curve forms with the horizontal and U is the normal velocity (given by the
Birkhoff-Rott integral).

We are interested in the case A, = 0 that presents the evolution of the interface for different
densities. This case, for example, models moist and dry regions in a porous medium. Meanwhile the
work of Ambrose is based on the arclength and the tangent angle formulation used by Hou, Lowengrub
and Shelley [13], due to the particular form of the vorticity in the case A4, = 0, we get to parameterize
the curve in the two dimensional problem getting the condition (1) for any time (see equation (16)).

The free boundary problems given by fluids with different densities are been intensely studied.
Notice the classical paper of Taylor [22] and the works of Wu [23] and [24] where the full water wave
problem is solved considering the water with positive density and the air with zero density. A study
of the two-dimensional case can be found in [2] due to Ambrose and Masmoudi.

In order to simplify the notation, we consider u/k = 12u/b%> = 1 and g = 1. Thus, the 3-D system
is written as

v(xy, X9, x3,t) = —Vp(21, 22, 23,t) — (0,0, p(21, 22, T3, 1)), (2)

where (11,72, 23) € R? are the spatial variables and ¢t > 0 denotes the time. Here p is defined by

p1 in Qq(%)
t) = .
p(x1, x2,23,1) { po in Qa(t),
with p1, p2 > 0 constants and p; # po.

We show in section 2 that in this case it is not necessary to assume any condition on the pressure
along the interface to obtain the contour equation. Furthermore, we illustrate below that the solutions
to this model are weak solutions to the following conservation of mass equation

Dp

Ft:pt—i—v-Vp:O, (3)



where divv = 0.

We notice the similarity with the 2-D vortex patch problem given by the two-dimensional Euler
equation where the vorticity is conserved along trajectories in a weak sense. The vorticity is consid-
ered to be a characteristic function of a domain. Chemin [8] proved global-in-time existence using
paradifferential calculus. A simpler proof can be found in [4] due to Bertozzi and Constantin.

In section 2 we show that due to (2) the velocity can be determined from the density by singular
integral operators (see [21]). It makes the equation more singular than the 2-D vortex patch problem
where the velocity is given by the Biot-Savart law.

A singular problem, more analogous to (3), is the evolution of the 2-D quasi-geostrophic (QG)
equation for sharp fronts. The QG equation models the dynamics of cold and hot air and the formation
of fronts. Here the temperature 6 is conserved along particle trajectories and the velocity is given by
singular integral operators in the following form

v = (7R20, R19),

where Ry and Rs are the Riesz transforms (see [10] for more details of the QG equation). Rodrigo
[19] proposed the contour equation of the sharp fronts where the temperature is concentrated in a
domain and proved local existence and uniqueness.

The paper is organized as follows. In section 2 we derive the contour equation. We show that this
equation fulfills the conservation of mass equation in section 3. In section 4 we prove local existence
and uniqueness of the stable case. In section 5 we get a family of global solutions of the 2-D stable case
with small initial data. Finally, as a consequence of the previous section, in 6 we prove ill-posedness
for the 3-D unstable case.

2 The Contour Equation

We consider the equation with (21,22, 23) € R3 where the fluid has different densities, that is p is
represented by

p(z1,x2,x3,t) = { Z;: %zz z ;Ez;ﬁz:%, W

being f the interface. Using Darcy’s Law we get
curl curlv = (—0y, Oy p, — 02, 0y p, (92, + 02,)p).
Since divwv = 0 we have curl curl v = —Aw, therefore it follows
0= (00, A 0y p, 0y A Oy p, — (07, + 02,) A1 p). (5)
The integral operators 9,, A~! and 9., A~! are given by the kernels

1 I K( ) 1 i)
— T1,%2,%3) = —
Am (@3 +ad +23)32 TRV T g (0 a3 + 22)32

Ky(21, 29, 23) =
respectively, thus the velocity can be expressed by
v = (Kl*aﬂﬂsva?*aﬂﬂspv 7K1*am1p7K2*812p)' (6)
Since p satisfies (4) we have

Vp = (P2 - pl)(axlf(xl,xg,t)7am2f(w17$2,t), _1)6(‘T3 - f(xla $27t))7 (7)



where ¢ is the Dirac distribution. Using (6) we obtain

P2 — P1 (y1,y2, Vf(z —y,t)-y)
471' PV/]R2 Hy|2 + (xg 7f(x7y7t))2}3/2dyﬂ

where we note = (21,22), ¥y = (y1,y2) and Vf(z — y,t) -y = Op, f(x — y, )11 + O, f(x — y, t)y2.
In (8) x3 # f(x,t) and the principal value is taken at infinity (see [21]). When x3 approaches f(z,t)
in the normal direction, we get a discontinuity on the velocity due to the fact that the vorticity is
concentrated on the interface. Thus, for € > 0 we define

U($1,$27.’I/'3,t) = -

(8)

vl (x, f(2,t),t) = 12% v(xy — €0y, fx,t), 22 — €0y, f (2, 1), f(z,t) + £,1),
and
v (x, f(2,t),t) = H_I% v(xy + €0y, fx,t), 20 + €04, f (2, 1), f(, 1) —&,t).

It follows

1 _ PP (y1, 92, Vf(z —y,t) - y)
o' (e, fla, ). 1) = /

Ir B+ (Fat) — fla— gty ™
P2 — P1 89:1f($7t>(1707811f($7t))
T 14 (@0 (@ + Oy F@, D)
P2 p1 Oy f(x.1)(0.1,0,,f(x,1))
2 1+ (On, f(2,1)2 + (O, f (2, 1))

+

+

_ P2 (y1,y2, Vf(z —y,t) - y)
Vo (), t) = == PV / 0P + (1) — f(z — g0 32 ™

P2 M 811f(m7t)(17078171f(m7t))

2 14 (00, f(@,1))* + (02, f (2, 1))
_ P2 — P1 6$2f($,t)(0,1,6x2f(.73,t))

2 14 (00, f(2,1))% + (Oay f(2,1))*

(10)

The velocity in the tangential directions only moves the particles on the surface f(z,t); i.e., if we
rewrite the velocity in the tangential directions, we only make a change on the parametrization and
do not alter the shape of the interface. Thus, it follows that

p2 — p1 / (y1,y2, Vf(z —y,t) - y)
dm r2 (U2 + (f(z,t) = flz —y,1))?]3/2

U(%,f(iﬁ,t),t) == dy, (1]_)

due to the fact that the terms

:th —p1 awlf(x7t)(170=az1f(x>t))
2 1+ (0, f(@,1) + (On, f(,1))*

P2 — pP1 afo(a:,t)(O,l,ﬁxzf(:z:,t))
2 1+ O, f(2,)? + (Ony f (=, 1))

are in the tangential directions. Moreover, if we add the following tangential terms to (11)

+

P2 — P Y1
4m V/]R2 (Y2 + (f(z,t) — flz —y,1))2]3/2 dy(1,0,04, f(z,t)),
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P2 — P Y2
A v /]R? lyl2 + (f(z,t) — f(z — y7t))2}3/2dy(0, 1, Oz, f(, 1)),

we obtain
(Vi@ t)=Vx—yt)y
w2+ (F (1) = f (o — 9, )2

e S 008) = 2P 0.0.PV [ ML)

47

Finally we have the contour equation given by
dt 47 R2 [
f(z,0) = fo(x).

In the periodic case, we can obtain an equivalent equation to (13) due to the integral operators
Oz, A1 and 9,, A~ can be presented by the kernels

v
>+ (f(2,t) = flz =y, )22 (13)

1 Tq
K¥(z1,m9,23) = E((x% e +x§)3/2L($1,x2,x3) + M (xq,72,23)),
P 1 T
K2 (x1,$2,a,‘3) = E((qﬁ —|—x§ +x§)3/2L($1,J)2,I3) +M(1‘1,$2,$3)),

respectively for (xq,22,73) € T? x R with T? = [—7,7]? and the functions L, M € C*°(T? x R)
(see [20] for the kernel of the Riesz potentials on the n-torus). Adding an appropiate function to the
singular part of K¥ and KZ', we can choose

LeCX(T*xR), L>0, suppLC {af+a3+a3 <4},

4
f(2,0) =fo().

(14)
L=1in{z}+23+23<1} and L(—z1,—22,—23) = L(z1, 72, 73).
The function M belongs to C°(T? x R) and M (0,0,0) = 0. The velocity can be expressed by
v= (Kf * aﬁce,pv Kg * 833310’ _K{) * 81‘110 - Kg * 81‘210)’
and due to (7) it follows (suppressing the dependence on t)
p2 = p1 W92, Vi —y) - y)
) ) = - P L ) - - d
’U(ml T2 ,133) A /E2 [|y|2 + (1‘3 — f(l‘ _y))2]3/2 (y Zs3 f(ZE y)) Y
S22 [ LS ) (L D)M (g S =)
T2
if 23 # f(z). Adding a term in the tangential direction we obtain
P2 — P (Vf(@) =Vflz—y))y
’Ul',f.T = 0507/ Ly,f,f—fl'—y dy
I =2 O o Tl + (@) - 16—y @)~ @ =)
+ [ (V@) = V@ =) (LDIM ., Fla) = £~ 9)dy).
T2
Finally we have the contour equation in the periodic case given by
df P2_,01/ (Vf(xat)_vf(l‘_:%t))y
—(z,t) = Ly,fﬁE,t —fZC—y,t dy
a" =g Jo TP+ (it - Fa—goppe 0 = fe=wb)
_ 15
+ 2 [ (95 = Vi@ .0) - ()M S = = ydy, )



We use both formulations throughout the paper. Suppose that the function f(z) only depends on z;
in equation (13). Then the contour equation in the 2-D case (with a 1-D interface) follows

ﬁ P2 — pP1 (0nf(2,t) = O f(x — 1)) a
dt 27 PV/Ra2—|—(f(:£,t)—f(x—oz,t))2d ’ (16)
f(x,0) = fo(x); z€R.

(l',t) =

This equation can be obtained in a similar way that (13) using the stream function. Performing a
two-dimensional analysis using the stream function, we obtain an equivalent equation to (16) in the
two dimensional periodic case as follows

df oy _pr=p [ (Def(z,t) = 0uf(x — ast))a
dt( ) = 2m /quZQ-l-(f(x,t)—f(x—a,t))?

,022—7,01 /(&gf(a:,t) — 0o f(x — o, 1)Q(a, f(x,t) — f(z — a,t))da,
s T
f(x,0) =fo(z),

P(a, f(z,t) — f(z — a,t))da
(17)

with
P(r1,22) € CX(T xR), P >0, supp PC {zf+a3 <4},

P=1in{2?+22<1} and P(—z1,—x2)= P(x1,72).

The function Q(z1,x2) belongs to Cy°(T x R) and Q(0,0) = 0.

If we consider the linearized equation of the motion, we obtain a dissipative equation when p; < ps
(the greater density is below) and an unstable equation when p; > ps. The unstable linearized equation
presents an instability similar to the Kelvin-Helmholtz’s (see [6]).

As usual, we note the Riesz transforms in R? (see [21])

1 Y1

1 Yo
R = —PV. = —y)d
2f(x) = o /RQ PE (z —y)dy,
and the operator A®f defined by the fourier transform /E\f &) =1¢ |Sf(§)
Suppose that f(z) is uniformly small and we can neglect the terms of order grater than one in

(13), then it reduces to the following linear equation

P1 — P2 P1— P2
= R 8(131 R 8I2 = A )
Jo =BG P2 (R0, [ + Rodonf) = B2 AT 18)

f(2,0) = folx).

Applying the fourier transform we get

£(&) = fo(e)e™ =216l

and therefore (18) is a dissipative equation when p; < py and an ill posed problem in the case p; > po
with a general initial data in the Schwartz class. We need an analytic initial data in order to get a
well posed problem for p; > ps.



3 The conservation of mass equation

We show that if p is defined by (4) and f(z,t) is convected by the velocity (12) then p is a weak
solution of the conservation of mass equation (3) and conversely. From now on, €2 is equal to R? or
T? and T = (1, T2, 73).

Definition 3.1 The density p is a weak solution of the conservation of mass equation if for any
p € C®(Q xR x(0,T)), ¢ with compact support in the real case and periodic in (x1,x2) otherwise,
we have

T
|| [6@ 00660 + (@00 096 O)dzd =0, (19)
o JaJr
where the incompressible velocity v is given by Darcy’s law.

Then

Proposition 3.2 If f(z,t) satisfies (13) and p(Z,t) is defined by (4), then p is a weak solution of
the conservation of mass equation. Furthermore, if p is a weak solution of the conservation of mass
equation given by (4), then f(x,t) satisfies (13).

Proof: Let p be a weak solution of (3) defined by (4). Integrating by parts we have

T T T
1= / / / pOppdzdt = py / / OppdZdt + po / / Oppdxdt
0 QJR 0 {z5>f} 0 {z3<f}

T
~(r=p) [ [ ol sl 004, )dadr

On the other hand, due to (9) and (10) we obtain

T T T
J:/ //vagpdidtzpl/ / vV@dﬂ?dt—&—pg/ / vV pdzdt
0 J{as>f} 0 J{xsz<f}

/ / (pl’U (‘Tv f(:l),t),t) - pg’UZ(z, f(x7t)’t))'(aﬂmf(x’t)76w2f(xvt)a —1)d£l?dt

= (Pl - P2)/0 /Q(p(1‘7f(x,t),t)v(x,f(:(:,t),t) : (azlf(xvt)aamzf(x7t)7 —1)d:rdt,

where v(z, f(x,t),t) is given by (11). We get

_ ooy (Viet) Vi -yt) v
= / / )PV/RQ T2 + (.8 = f @ = g, oy wdedt

Then I + J = 0 due to (19). Thus, if we choose ¢(Z,t) = p(z,t) for x5 € [—||fllre, || f|lz=] follows
that f(z,t) fulfils (13).

Following the same arguments it is easy to check that if f(z,t) satisfies (13), then p is a weak
solution given by (4).O

Remark 3.3 Note that due to (5), the velocity satisfies
v = (Ri(R3p), Ra(Rap), —(R} + R3)(p)),

where the operators Ry, Ro and Rs3 are the Riesz transforms in three dimensions (see [21]). Since
p € L=(Q x R) then v belongs to BMO (bounded mean oscillation) and therefore v is in L?(Q x R)
locally (see [21] for the definitions and properties of the BMO space).



4 Local well-posedness for the stable case

In this section we prove local existence and uniqueness for the stable case using energy estimates.
First we study the case Q = R? and at the end of the section we give the main differences with the
periodic domain. Denote the Sobolev spaces by H¥, the Holder spaces by C*9 with 0 < § < 1 the
Holder continuity and the hessian matrix of a function f(x) by V2f(z). The norms of H* and C*»
are defined as follows
k
£ = IFNZ + AR FIIZ,
105,04, f(x) — 03,94, F ()]
|z —yl°

5= 4+ max max
1Fllers = lIfllex + max max

4.1 Case ) = R?

The main theorem in this section is the following

Theorem 4.1 Let fo(z) € H*(R?) for k > 4 and ps > p1. Then there exists a time T > 0 so that
there is a unique solution to (13) in C*([0,T]; H*(R?)) with f(x,0) = fo(x).

We choose py — p1 = 4w without loss of generality, then

i, (Vi(e.t) V(e —y.0) -y
e =rv [ W+ (el =7 = 5.0
f(z,0) = fo(x).

We show the proof with k& = 4 being analogous for k > 4. We apply energy methods (see [5] for more
details). Then

(20)

‘f||L2 / [ (Vf(@) =Vfx-y)y dyda:

Yl + (f(z) = fz —y))? }"/2

- [
[ on / Vi),
.

th‘

W2+ (F() — Flo — )22

Vi) -y
v /|y>1 [lyl2 + (f(z) — f(x —y))2]3/2 dydx
Vi—y)y .
PV/I [>1 [y]2 + (f(z) — f(z —y))2]3/2 dyd

=5+ 12 + Is.
The identity

1
O, (&) — O, f & — y) = / Vo, fla+ (s — 1)y) - yds,

yields

: L @I+ (s — )
nee ds/y|<1'y' LT G ey et

<c / ds / =yl flze 3 102,09, fllze < ClIF e

1+j=2



Integrating by parts, the term I is written
U@ — @) (V@) V=) oy,
=3 o e P o o e

» ) = 1o = Dl V@) = Vit
=€ / PO - f@ = 92 2P

) dxdy

<Ol fllz= 17
Integrating by parts in I3, it follows
yl* —2(f(2) — flz —y))?
I, = _
s /y>1 @I =) o R e g1

(@)~ fla— )V f(a—) -y
+3/|y|>1 o T fa - g

|y|?
/y| @I D Y e
< O fllie + DIf12

Using Sobolev inequalities, we get finally

dxdy

L1713 < I () + 1), (21)

We consider the quantity

**H Sl (t) = Io+ Is + I + I7 + I,

2.dt
where
/ (V02 f(e) = VOLf =) -y,
TP + (F@) — f@— )P Y
Iy = 4/ / V83 f@) =V f(x—y)) -y 0. Az, y)dydz,
Iy =6 / / (V02 f(x) — V2, f(x — y)) - y 02, A(w, y)dyda,
=4[ 01 [ (Vo (@) = V., 1o =) -0k, Alw.y)dyde.
= [ 041@) [ (V4@) = Vi) 04 Al y)dyde,
RQ R2
and

Alz,y) = [lyl* + (f(2) = fla —y)?] 72

The most singular term is I;. In order to estimate it

Va;llf(x’t) -y i
/ azlf r2 [[yI2 + (f(x,t) — f(x —y,t))2]3/2 dyd
/ / VoS0 @y) g,
r2 [z —y]2 + (f(z,t) — f(y,t))2]3/2

=Ji1 + Jo.



Integrating by parts

)2 (f(x) = flx—y)(Vf(z) = Vflx—y)) -y
=5 Lty [
=5 /Rz 05, f(z) /y|>1 dy + PV et dy)dx (22)

3
< S fller 10z, fIIZ: + M( M0z, £IIZ,

where
M(f) = max

x

(f(2) = flz =) (Vf(z) = VI(x —y) y
o /y|<1 [ly|2 + ((f(x) — f(z —1y))2]>/? dy‘~

We estimate this maximum in the following form

1 @)~ = y) - V@) ) (V) - Vi) -y
M) = mg /| 9P+ (f(2) — flz — )PP )
(Vi) - y)(Vf(@)—Vf@—y) y—y-Vif(z)- y)
e /| (9P + (f@) — Flz — )22 Z

smax| [ (95 0 V@) 0B - Ce )i

(vf(x) . y)(y . VQf(gj) ) y) "
<1 [|y1? + (Vf(z)-y)?5/? ;

+ max | PV
x

where

B(z,y) = [lyl® + ((f(2) = fle =) 7>, Clay) =y + (V@) -9)°] 2

Making the change of variables y = —z, we obtain that the last integral in (23) is null, then we can
estimate M(f) by

v~
M < x| | sty

/ Iy\‘ldy‘
lyl<1

+ I fller 1 fll 2o /|| 1Iy\‘mdy + I AIE £ 1E
y|<

< CUIFIZ + Ifller I flezs + IFIEIFINE),

with 0 < § < 1, having finally

T < C(I1f s + 1105, fll72- (24)
In order to estimate J5, we integrate by parts getting
y(02,f(x) = 05, f(y)) - (x —y)
Jo = ! L dydz
T / / [l = o2+ () = F)TF
- Kl + K27
i 01, /(@) — 04, 1)
— Yz Yy
(9 ! dydzx,
/ / [z = P + (F@) - F)P

10



and

Lot [t pn ot ro 3@~ )G ~ ) Vi) )
Ko =[98, 1(0) [ (08, 7t0) — 08, i) L= SOV 2T = I 2 =00 gy,

Making a change of variables we can obtain

o . 01 f(z) — % f(y) )
Ki==rv i, Rza@’ f= )nx—yP g <> 7o)
_ S@) =0z, fly) .
=ev [ [ s y|2 Tic ) O)EECka

1 64 SO
- / / |x—y|2 o Bk

Here we observe the main difference with the unstable case in which we obtain the opposite sign. Now
we consider
Ky=1Ly+ Ly+ L3,

flx)—fly) = Vi) (x—y)
L= 3/ O, )P V/ |x = y|2 (@) — Fw)2 dydz,

3 ¢ gt ooy L) @)@ —y) (V@) + V) - =),
L=yP V// Or, /()02 19) Iz — 9P + (@) — f@)72 dydz,

La==3 [ [ 9 1@k F) (@) ~ F) Dl )y,

being

with

(fx) = fy) = Vi) (@—y) —3x—y) - (V2f(z)+ V[ (y) (z—y))
[z —y2 4+ (f(z) — f(y))?]>/? '

The term L; can be estimated like J; in (22) and one finds that
Ly < O+ [ fllg2s) 102, £IIZ--

Exchanging = for y we obtain that Lo = 0.
For the last term L3, it follows

D(I,y) =

La<C [ 0L 1@F [ 1) = J0)IDG.y)lduda
o[ o s |2/ (@) — FW)IID(a,y)ldady
<c [ sP [ 116 WIID(e, o - y)ldyda
o[ ok |2/ (@ +y) — F@) D@ + y, )| dady

<c/\ 2dx/ dy+/ /| 2dy/ d:ch/ dz)
lyl<1 ly|>1 |z|<1 |z|>1

< Cllfllerllfllezs110z, flZ--

11



Finally
Jy =K+ Ko< Ky=Li+Ly+Ls=Li + Ly < O(|| f[| 25 + 1)]| 02, fI|32,

and due to (24) we obtain
L < C(Ifllezs + D0z, fl1Z-- (25)
Now we estimate the integral I5. We have I5 = J3 + J; where

e . (F@) ~ Flo — 9)Ouf(x) = D S —w)
ss=a [ ok s@val ) PV [ WP+ U@ - fa—g)eFr v

and

= y|2 (f( Y= )
Oy, f(x) — Osy
:““DV/RZ/ 020, f >(°””2‘y2)(f[(|x)—y|§ ))<( I {( : y)m;”/(g Dy

The way to estimate J3 is similar to the term J; in (22), and we find that

J3 < C(L+ ([ fllcea)ll fll7a-

We decompose the term Jy = K3 + K4 + K5 + K¢ as follows
K3 = —4PV/2 /2 8;11]”(96)8952851]”(:3 — )y E(z,y)dydz,
R2 JR
K, = —4PV /]Rz /R2 3;11]” ) O, Ilf(;v — )y F(z,y)dydz,

Ks==1PV [ [ 0L {0002, (@~ y)ualV (2) - 9)(V0u, £(2) - 0)(Blay) — Cla)dyda
R2 \y\<1

and
=— 3 (Vf(z) y) (VO f(x) - y) ..
K¢ = 4PV/ /|u|<1 2)0,, 0y, f(x — Y)y2 0P £ (V@) - )2 dyd
where
B(z,y) = (f(z) = flz—y) = V(@) y) (0, f(x) — Ou, f(z — )
’ [yl + (@) — fz — )2 )
and

Fla,y) = 2 215/2 :
[lyl? + (f(z) = f(z —y))2]*/
The terms K3, K4, and K5 are estimated as J;. Then we find that

K3 < CA+ 121 f 17,

Ky <CQA+[fller Izl £

and
K5 < CA+ 1 FIZ N FIZNF N s

We rewrite Kg and we get

:_4pv/ )5(02, 03 f)(x)da,
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with the operator S defined by

X(z,y)
|yl

S(g)(x) = PV / . gz — y)dy,

and

v (VI@) - (V0 f(2) - 2)
] 14+ (Vf(x)- |ZT)2]5/2 :

S(e,y) = (26)
The function X(z,y) satisfies that

(1) X(z,A\y) =2(z,y), VA>0,
(”) Z(CL‘, _y) = —E(x,y)7
(idi) Sl;p|2(ff,y)| < IV, fliLe,

and therefore S is a bounded linear map on LP(R?) for 1 < p < oo and ||S||, < C||VOy, f|lL= (see [21]
and references therein for more details). Then K¢ < C||f||c2||0z, fll1202,03, f||2. We obtain finally

I < COLA+ | fllcza) | 1.

In order to estimate the term Ig we take

Is = 6/ ds /R dy/ (V202 fla+ (s — 1)y)) -y 02, A(x,y)dx

/0 ds</yl<1dy+ / / 108, F@)IV202, £z + (5 — D)y)102, Az, y)l |y da

<o Wy [l ) e
lyl<1 ly|>1

The most singular term of I7 is K7

=12 [ [ 04 F@)(00 1 @) = V0, @ =) -y o)y
where
(f(@) = fl& = y) (02, f (&) = 03, flx — y))
lyl? + (f () = flz —y))?2 '
Due to |V,, f(x) — V0., f(x —y)| < || fllc2s|yl® and writing

G(x’y) =

1
B f(x) - 8 f(x—y) = / VO3 [z + (s — 1)y) - yds,

we obtain K7 < C(|[fl|zas + DI fIF and Iz < O+ || £l G20 1f [ s
The most singular term of Ig is Kg

Ke==12 [ [ 0 )02 £(a) = 0%, o =) Hla.u)dyda,

where
(f(@) = fle —y)(Vf(z) =V Iz —y))-y

Hw) = e T ) — S 92

13



Then

N e (@)~ £z~ )(VF@) -V —v) v,
Ky = 12/1@2'6““ i V/RQ WP+ (@) flo gz Wi

is controlled as before. We obtain Kg < C(1+ || f||¢.2.5)102, fl172 and Is < C(L+ || fllge.s ) fl|F4-
Finally, we have

d
102, FIIZ2 (8) < CO A+ [ flles O)F 174 (®),

and using Sobolev inequalities we get

d

192 F172(0) < CUIF 15 () + 1). (27)
In a similar way we obtain

d

195, FlIZ2 (8) < CUIF 5+ () + 1), (28)

and since we can define || f[|3,. = [|f[17 + 10z, 17> + [0z, f[172, due to (21), (27) and (28) it follows

Sl (0) < OO () + ).

Using Gronwall’s inequality we get that the quantity || f|| g4+ is bounded up to a time T' = T'(|| fo|| z4)-
Then, applying energy methods the local existence result follows.

Let the functions f1(z,t), fa(x,t) be two solutions of equation (13) with fi(x,0) = fa(z,0) = fo(x),
and f = fl — fg. Then

d
aﬂf”%2 (t) = Iy + 1o + I11,

with
b= [ £@9 1PV [l + (o) = e =) dyda,
fo=— [ F@PV [ V1.6 @ = lle ol + (@) = fs0))) " dydo
and
fo = [ F@PV [ (Vhie) = Vhale =) -uN (@) duda,
with

N(z,y) = [ly]* + (f1(@) = fr(z = 9)*] 72 = [y + (fa(z) — falz —))?] /2

Integrating by part in Iy we have Iy < C(||f1|lga)||fl22, and L1 < C(||f1llza, [|f2llg2)|| fl|32- The
term

ho== [ J@PV [ V()= f@)- @~ llz = + (a(e) = fi0))* dydo
R2 R2

__pv / F@)(f@) = F@)lz =yl + (fu(x) — ()% 2dyda
R2 JR2

3(fi(x) — L) (fi(x) — fLly) — Vfi(2)(x — y))dydx
[z — y2+ (f1(z) — fi(y))2]5/2 :

+Pv [ ] f@r@ - )

Then we have that I1g < J5 + Jg where

_ 212 3(fi(@) — L) fi(z) — Aily) - VA @ —y) ,
s J YRRV [ TP+ (hw) - hyFer v

14



and

3(filx) = filz —y)(fi(z) = fi(z —y) — Vii(z) - y)
[y|2 + (f1(z) — f1(z —y))?]?/2

The term J5 is estimated as J; obtaining J5 < C(||f1]|g4)||f]|32. The term Jg can be expressed as
J6 = Kg + Kl() with

— [ f@PV [ fa—y) dyda.
R2 R2

) (fi(z) — fi(z —y))G(

K== [ 10 [ 16— G s e

572 dydz,

Y)
]
where the function G(z,y) is given by

Glw,y) = f1(a) ~ fale —9) = Vis(a) -y — 3y (Vi) + 9V file—y) -y

One finds that the principal value K¢ is null. Therefore, we obtain finally Js < C(|| f1||#4)| f]|2--
Applying Gronwall’s inequality we get uniqueness.

4.2 Case Q) =T?

In the periodic case we give the theorem of local well-posedness and the differences with Q = R2.

Theorem 4.2 Let fo(z) € H¥(T?) for k > 4 and pa > p1. Then there exists a time T > 0 so that
there is a unique solution to (15) in C*([0,T]; H*(T?)) with f(z,0) = fo(x).

The proof is similar to the theorem 4.1 but we must use the properties of the function L in (14).
We consider without loss of generality ps — p; = 47. In order to control the evolution of the quantity
02, fll 2, the most singular term is

LR ERL N

1= [ot | Gt
4 (v.£(x) ~ fa—9))

- [ ok svet g V/ V4 e o = T

4 VOLIG) Gy
‘/Tzaﬂf(xw/m P & ()~ TP~ @)~ Fe)id

:)’,/2 L(y, f(z) — f(x — y))dydx

=Ji + Jo.

Integrating by parts

= g/m |a§1f<$)\2PV/ Az, y)L(y, f(z) — f(z —y))dydx

_ ! Loy (y, f(@) = f@ =) (Vf(@) = VI(z—y) -y, .~ (29)
3 [Lokswrey [ W+ (F@) - T@ = )7 yd

:Kl +K27

where
(f(z) = fla—y)(Vf(x) =Vl —y)y

A =R () — o 0P

and
Ly, (21,22, 23) = Opy L(x1, 2, x3).

15



Due to |L(z1,x2,z3) — 1| < C|(21, 22, x3)| we have

4 2 4 2 (Vi) -y)y-Vf(z)-y)
K, < C(l + Hf||C2>5)||f||H4 + C”azlfHLZ In;ix ‘PV /]I‘2 [|y|2 + (Vf(l') _y))2]5/2 d
< O+ flg2a) | 1l
Using that |f(z) — f(z — y)| < ||fllct|y| and L., =0 in {z% + 23 + 23 < 4}, we have that

=-z Lay(y. f(2) = e =) (VI(@) =V —y) -y,
) / . /y|> lyl* + (f () = f(z —))*]*/ dud

TG
< C(Ifllg2s + DIF I

In order to estimates Jo, we integrate by parts getting

- [t swev [ Vf’@lf W)~ 0,7 (xf))'(“%(wy,f@)f(y))dydx
T2 T2 X

P+ 1) — )7
= K3+ Ky + K5+ K¢
with
e P S@ -OLIG)
Kg— T2 aﬁmf( )PV T2 [|x_y|2_’_(f(x)_f(y))2]3/2L( yaf( ) f(y))dyd )
K= [ o s@) / (92, 7(0) — 32, 7D Bla.y) L = v, £@) = £(0))dyd,
K= [ [ ot O N Y . S @) — ),
4 xT X
Kﬁ/w/ — 0%, £() Dl )y
and
B S ~ 1)~ Vi) )
pe) e — 9+ (7o) — F)P?
Vi) (@ - y)

C(‘Tvy) =

e =yl + (f(2) = F()?P72

Dio.y) = Ly -y, f(@) = f) (@1 —y1) + Lay (@ — y, f(2) — f(y) (22 — y2)
’ [l — I + (f(z) — [(y))2]P2 :

L, (21,29, 23) = 0y, L(z1, 22, x3), Ly, (21,29, 23) = 0y, L(z1, 22, 3).

Exchanging the variables x and y we can obtain K3 < 0. The terms K4, K5 and Kg can be estimated
in a similar way as Kj.
Therefore, we obtain

d

2102 Fle2 () < CUF () + 1),
and analogously

d

2195, flle2 (&) < C(IF 5+ () + 1),

This proves local existence.
The proof of the uniqueness is similar to the case = R2.

16



4.3 2-D case

Using the equation (16) in R and the equation (17) in the periodic case we obtain the following
theorem

Theorem 4.3 Let fo(x) € ak for k > 3 and py > p1. Then there exists a time T > 0 so that there
is a unique solution to (16) in C*([0,T]; H*) with f(x,0) = fo(x).

The proof is similar to the theorem’s 4.1 and 4.2.

5 Global solution for the 2-D stable case

In this section we obtain a family of global solutions for the 2-D stable case with a small initial data
with respect to a fixed norm. Indeed, we can get the result with an initial data with the property
|l follzrs = oo for s > 3/2.

In this section we consider x € R and

1flla =D 1F (B[,
For a > 0, if || f]la < oo, then the function f can be extended analytically on the strip [Sz| < a.
Furthermore 0]
Opflla < CHE 30
0.7l < o 11 (30)

for b > a. The main result of this section is
Theorem 5.1 Let fo(x) be a function such that [, fo(x)dx =0, |02 follo < € for e small enough and

192 follscey < e (1 + [p(B)" 1), (31)

with 0 <y <1, b(t) = a— (p2 — p1)t/2, p2 > p1 and a < (p2 — p1)t/2. Then, there exists a unique
solution of (16) with f(x,0) = fo(x) and pa > p1 satisfying

[10:fla(t) < C(e) exp((20a — (p2 — p1)t)/4), (32)

and
1027 1la(t) < C()(1 + loa — L) exp((20a — (p2 — p1)1)/4), (33)

fora < PP o =1+6 and 0 < < 1.

The condition (31) can be satisfied for example if |[A™7 follo < € and fo(0) = fo(1) = fo(=1) =0
since
102 follocey < " IAT folo ma | =7 I,

In order to prove the theorem, we use the Cauchy-Kowalewski method (see [15] and [16]) in a
similar way as Caflisch and Orellana [7] and Siegel, Caflisch and Howison [18]. We show the proof
with po — p; = 2 without loss of generality.

Let g(x,t) and h(z,t) be functions satisfying

gt = _Aga

9(z,0) = fo(),

hy = —Ah +T(g+ h),
h(z,0) =0,

17



with

S (femflee)®
[ |

T =~ a 4 (L@=tl=a)y?

Then the function f(xz,t) = g(z,t) + h(x,t) is a solution of (16).
First, we show some properties of the nonlinear operator 7.

Lemma 5.2 If ||05 flla, |029lla <1 for a >0 then

10:T(F)lla < C1llO7 fllall O flla-

and

10:T(f) = 82T (9)lla < Co(107flla + 1079lla) 102 f — Daglla
+ Co([|0:flla + 1102911102 f — 824l as

with Cy = 4(1 — [|0.f[17) 7% and Co = 4(1 = 0. f117) 72 + (1 = [|929113)

Proof of the Lemma: Due to the inequality |0, f(z)| < ||0xf]la <1 and by (35) we obtain

LYy [ )= uSla o (f(x)—i(x_a))%da,

n>1

and

) =r 0y CU [ (fe st )™y,

Thus T(f)(0) = 0. Using (39)

—_— _ e—zak
THw == [ 3 Z K)iko H Fen ="
n>1 ko,..., kon
=y (-n" > Z o (Kos ooy Ean ) iko H fkj)
n>1 ko,....kan j=0

where
1— —iak;
Mn(kOa an *7771/1_[ ¢
We get
2n
My, (Ko, ... kan) = (—1)"mp (ko, ... kan) [ %5
j=1

18
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with
1 1 1—€_iak° 2n
my (ko, ..., kon :W_l/ds .../dsn/iexp o s; — 1)k, )da
(o, s ) s [ dsan | = (;um)
1 1 2n
da
:ﬂ_l/ds.../dsnPV/expia si —1)k; | —
0 1 0 2 R ( ;(J )J)a

1 1 2n
d
_7r—1/dsl.../dSQnPV/emp<—iak0+ia E (s; —1)kj>£
0 0 R = @

1 1
= z/ dsl.../ dsop (sing A — sing B),
0 0

and
2n 2n
AZZ(Sj—l)kj, B:—]{)-FZSjk‘j.
j=1 j=1
It follows

2n 2n
T(Hk) =D > 60 kjk)ymn(ko, ... kan) [ % f (K;),
j=0 j=0

n>1ko,....kn

We have

2n

S e RITA® <233 ST e Mkis (> kyo k) T Iks11F (k)]
k =0

k n>1ko,....kn =0

2n
<23 @n+1) 3 e ol kg 2 F ko)l TT ek ksl k),
k

n>1 0500 rkn Jj=1

and therefore

3||8a;f||2 - ||8zf|‘3
0, T 0 <2/102fla E + )02 £112" = 2/|0%f]|a .
|| (f)H < 2H :Ef” (2TL 1)” f”a 2” xf” (1 ||azf|‘3)2

n>1

We get (37) for ||05f]le < 1. In a similar way we obtain (38).0]

From (34) g can be expressed as follows
g(k,t) = M fo (k),
and by the hypothesis of the initial data we have
102glla(t) < ee®, (41)
10Zglla(t) < ee®™" (1 + (t—a)™h), (42)
for t > a. We will prove the existence of h by an induction argument on the iterative equation:
Oh™ T = — AR+ T(g + B™),
Rt (2,0) =0,
n’ =o,
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or
—— t —~
Rk, 1) = / e HE3) (g + h) Tk, 5)ds,
0
ho = 0.

For h' we obtain the following estimates

t—a
10,1 /nT Vas—si(s ds_/ / LD
t—a

Using (37), (41) and (42) we get

t—a t—a
I < 6‘”/ 10T (g)[lo(s)ds < Ce“_t/ e*[107gllo(s)192gllo(s)ds
0 0

062(1 + 2’7) eaft

t—a
< Cszea*t/ e (1+ s Hds <
0

Y
By (41) and (42) we have
! 2 2,2 1 2C¢?
Ir < C/ 1029lla+s ¢ (5)10g | ats—t(s)ds < C2e* a1+ (t —a)™") < —5 ¢
t—a
due to the inequalities (ad)?’~! > (t — a)"~! and ae®~! < 6! for oa < t. Then
2
0. la(r) < 2o et
Choosingb=a+s—t+ ’5_7“ we have
11027 (9) 5 (5) "19:T(9)llw
82h / 32 s ds < Hx—d <92 e AJ/10
020 1u(0) < [ 12T (o) semelpts < [ OO g < [TIOTL

2
S(/ +/ ):I3+I47
0 5

where
205 2 20e2e st [ _
<2 [T el onglo(sds < S [T et s s
—a Jo t—a 0
2Ce? at
< E A4 (- )Y,
and
2C ¢ 202 t—a t a
L< - o2 Buglls(s)ds < a-t(p 4 (L -1yl 8
1S5 f 10 sglu(s)ds < e 0 (TG + )
2
< 3(’:; et + (t — )’ ).
Therefore
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5Ce?

|0k a(t) < =5 e, (43)
5C 2 a—1t
|02 a(t) < =5 == (14 (6 =) ™). (44)
Define r?t1 = prtl — p7
102"l N tmza
Rn - 3 ( 6a: " a x—) 3
o S 0o+ )
¢_7a<t
and 2
M, = sup (”am’hnHa + —H d ”a )6%
0<ns o L+ (t—oa)—1
oa <t

Take M7 = R; < % < £ and suppose that Mj, R; < % for any j = 2,...,n, then

t t—a t
10,0 < / 10.T(g + B™) — BT (g + 1™ lapss(s)ds = / + / — L+
0 0 t—a
Using (38) we have

t—a
I < Ce“‘t/ (102" llo () (1929 + 071" [lo(s) + 1029 + OZh" o (s))
0

t—a
et [ e (102 o(s) (0. + 0uh"o(s) + 10s + 0uh" a(s))ds
0

t—a
2C cat
< 2CeoRne“’t/ (1457 Yds < £ R,e =
0 Y

)

and

t
Is < C/ 1027 lars—t(s) (1029 + 070 | ars—i(s) + 1029 + OZh" | ars—i(s))ds
t—a
t
+ O/ (||8§Tn||a+s_t(8)(||8g;g + 0xh™ lays—e(s) + 1|0xg + awhn_lHa-&-s—t(S))dS
t—a

t
< 2050Rn/ 577 (1 4 (o(t — a) — 0s)Y " V)ds
t—a

2C t—a 6C
< =0 Rn/ e_r(1+l‘7_1)d.%‘ < eoRneaa_t.
0 t—oa 6
We obtain forb:aJrsftJrW
[0z | (t /Ila2 G+ B = T(g+ ")) |lassi(s)ds
/Ili‘? g+h”) T(g+h"Mlls(s)
—(a+s—1t)
n n—1 T (t—a) ot
<% ||8 g+h) T(g+h )\|b<( e ):19+110.
o(t—a)—0s = o
0 UJrl(t a)
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We have o(t — a) — ds > 75(t —a) for 0 < s < %5 (t — a) and therefore we obtain

a+1

(0 +1)C [75(t-)

Iy < ——— e ([10:7 () (1929 + 020" [lo(s) + (1829 + O2h"~o(s))
o+1)C (79 n n n—
+ (t% L7 10 o) (102 + 20 o(s) + g + 028 o(s))ds
0
2(0 +1 Fr(t=a) 4oC ot
< Mm/ ’ (1 4+ 87 Vds < 22O R " T (1 + (t—a) ).
t—a 0 gl
Using (38) and the induction hypothesis we get
¢ 1 —ob)r !
IlO S 40’060Rn/ egbis( + (S g ) )dS
2 (t-a) o(t—a)—4s
t s—o(t—a ]. + 70()5_(1)_68 771
<40CeoR, 65 = ( 2 ) ds
%H(t,a) O'(t - CL) —4s
40C, Fr(t=a) 80C oot
< kel Rn/ ez a7 H)de < 5((17720)]?%67(1 + (oa —t)"71).
= -

Due to the estimates for I, Ig, Iy and I1g we obtain

Coeg
< -
ot = 56—

Choosing ¢ small enough we get

1 €0
Rn+1 § iRn § ee > 2nR1 =~ 2n+1’
and
n+1
M1 < ZRn+1 < €o-
j=1

Therefore, we obtain the function h = lim A" satisfying

n—o0

|02h]a(t <ZR T <epe”T .

Taking f(z,t) = g(z,t) + h(x,t), we get (32) for ps — p1 = 2.
In order to show the uniqueness, we write the equation (13) for p2 — p1 = 2 in the following form

f(2,0) = fo(x).

Suppose that there exist two solutions f! and f? with f(x,0) = f2(x,0). Define R by

82f1 _ a2f2” i—oa
R= su (81,1—6932,14——””” - a)eT
A N
oca <t
C(E)a (e)o

It follows that R <

= )R and for ¢ small enough it yields 5 ( 7 < 1 and therefore f; = f5.
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6 Ill-posedness for the unstable case

Here we show ill-posedness for the unstable case p; > ps. We use the global solution for the 2-D stable
case f(x1,t) satisfying (32) with ||[A**7 fyllo < C and ||A*7¢ fy]lo = oo for 7, ¢ > 0. Making a change
of variables, we define fy(x1,t) = A~ f(Az1, —At + A\'/2) obtaining {f\}a>o0 a family of solutions to
the unstable case. Using (32) follows

lpa—p1ly1/2
oA

Al (0) = A2 fllzz= (AY2) < CIAP3(| £ (AY2) < O[5 e :
and , , .
Aallzzs A1) = A2 (|l (0) = [AF2C ) [RMH fo (k)] = o0,
k

for s > 3/2 and +, ¢ small enough. We obtain an ill posed problem for s > 3/2.

Theorem 6.1 Let s > 3/2, then for any € > 0 there exists a solution f of (16) with p1 > pa and
0 < § < e such that || f||gs(0) < e and || f||g:(§) = oo.

Remark 6.2 If one considers a solution of the 3-D problem satisfying f(x1,x2,t) = f(x1,t), from the
equation (13) one obtains a solution of (16). This shows that solutions of the 2-D case are solutions
of the 3-D problem and therefore, using the above theorem, one obtains ill-posedness for the 3-D case
with p1 > po.
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