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Abstract. We construct an analytic self-map ¢ of the unit disk and an Orlicz
function U for which the composition operator of symbol ¢ is compact on the
Hardy-Orlicz space HY , but not on the Bergman-Orlicz space BY . For that, we
first prove a Carleson embedding theorem, and then characterize the compact-
ness of composition operators on Bergman-Orlicz spaces, in terms of Carleson
function (of order 2). We show that this Carleson function is equivalent to the
Nevanlinna counting function of order 2.
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1 Introduction and notation

1.1 Introduction

Due to the Littlewood subordination principle, the boundedness of composi-
tion operators C,, defined by Cy,(f) = f o ¢, on Hardy spaces H?, as well as on
Bergman spaces 87, 1 < p < 00, is automatic. Their compactness is something
much more subtle, but is well understood now, and there are two well-separated
cases. First, the case p = oo, for which C,: H* — H* is compact if and only
if |plloo < 1 (note that B> = H>). Secondly, the case p < oo, for which the
compactness does not depend on p. For Hardy spaces, this fact, proved by J.
Shapiro and P. Taylor ([I6]), is not completely trivial, and is due to the good
factorization properties of functions in HP?. For the scale of Bergman spaces
BP, the factorization properties are not so good, but the independence with
respect to p follows from the following characterization ([12], Corollary 4.4): for
1<p<oo, Cp: BP = BP is compact if and only if the pull-back measure of
the area-measure A by ¢ is a vanishing 2-Carleson measure. The case p = 2
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(proved in [I]) gives then, for 1 < p < co:

(1.1) Cy: BP — BP is compact <<= lim L= leC)l =0
lz2l—-1 1 —|z]

In both cases (Hardy and Bergman), a brutal change of situation occurs
when we pass from finite values of p to the value p = oo, and the need was
felt for an intermediate scale between HP and H°°, or between 8P and 5.
This is what we did ([7]), in full detail, with Hardy-Orlicz spaces HY associated
with an Orlicz function ¥ (and began to do for Bergman-Orlicz spaces BY).
We introduced a generalization of the notion of Carleson measure, and proved a
contractivity property of those Carleson measures my, = ¢*(m), attached to an
analytic self-map ¢: D — D, which turned out to be central to obtain a necessary
and sufficient condition for the compactness of C,: HY — HY. In that paper,
we also began a study of the compactness of composition operators on BY.
We proved, in particular, but implicitly (see the comments at the beginning of
Section[]), that, if the Orlicz function ¥ grows very fast (satisfying the so-called
A? condition), then the compactness of C,: H ¥ — HY implies its compactness
as an operator Cy,: BY — BY. On the other hand, it is well-known that the
compactness on H? implies the compactness on B? because it is easy to see that
the right-hand side of (1)) is implied by the compactness on HP. One might
think that it is generally easier to achieve compactness on BY than on HY. The
main result of the present work is the existence of an analytic self-map ¢ of D
and an Orlicz function ¥ such that the composition operator Cy, is compact on
HY but not on BY. For that, we first have to characterize the compactness of
composition operators on Bergman-Orlicz spaces. More precisely, the paper is
organized as follows.

In Section Pl given two Orlicz functions ¥, and W, and a finite positive
measure 4 on the unit disk D, we investigate under which conditions the canon-
ical inclusion I,,: BY1 — LY2(p), defined by I,(f) = f, is either bounded, or
compact. In Theorem 2], we give a necessary condition and a sufficient con-
dition, in terms of the Carleson function p, of u, for the boundedness of I,,.
Analoguously, we have a similar statement (Theorem 23] for the compactness
of I,,. In general, these necessary and those sufficient conditions do not fit.

In Section Bl we prove one of the main results of this paper (Theorem BT
under the form of a contractivity principle for the pull-back measure A, of the
planar Lebesgue measure A4 on D by ¢. The proof is rather long and uses a
Calderon-Zygmund decomposition, as well as an elementary, but very useful,
inequality due to Paley and Zygmund. This contractivity principle eliminates
the absence of fitness mentioned above and allows us to have a necessary and
sufficient condition for the compactness of C,: BY — BY in terms of the same
Carleson function p4, = py2 (Theorem [3.2)).

In Subsection B2l we consider the Nevanlinna counting function Ny, o (ini-
tiated in [15]), adapted to the Bergman case, and we compare it with the 2-
Carleson function p, 2 of ¢. These two functions turn out to be equivalent, in
the sense precised in Theorem BI0 This extends to the Bergman case (and fol-



lows from) such an equivalence for the Hardy case, that we recently established
in [9], Theorem 1.1.

Finally, in Section ] we exploit the necessary and sufficient conditions that
we established, either on H¥ and on BY, to give (TheoremE2)) an example of an
analytic self-map ¢: D — D and of a fairly irregularly varying Orlicz function ¥
such that, contrary to the general intuition, C,: H ¥ — HY is compact, whereas
Cy: BY - BY is not compact. This is due to the fact that we can evaluate, in
an accurate way, the two Carleson functions p, and p, 2 of ¢.

Acknowledgement. The fourth-named author is partially supported by a
Spanish research project MTM2006-05622.

1.2 Notation

We shall denote by D the open unit disk {z € C; |z| < 1} of the complex
plane, and its boundary, the unit circle, by T. The normalized area measure
dA = dx dy/7 on D will be denoted by A.

For any ¢ € T, we define, for 0 < h < 1, the Carleson window W (¢, h) by
W h) ={2€D; |2 >1—h and |arg(zf)| < mh}.

We shall also use the “circular” Carleson windows S(&, h) defined by S(&,h) =
{z € D; |z =& < h}. Since S(&,h) € W(E h) C S(&5h), the measures of
W (&, h) and of S(&, h) are equivalent, up to constants.

For any finite positive measure p on D, we define, for 0 < h < 1, the Carleson
Sfunction of p by:

(1.2) pu(h) = EFPlu(W@’ h)),

and we set:

(1.3) K, 2(h) = sup p“gt)
o<t<h U

When p,(h) = O (h?), one says that u is a 2-Carleson measure; we also say
that p is a Bergman-Carleson measure, to insist that the order 2 is adapted
to the Bergman spaces. When p = Ay, is the pull-back measure of A by an
analytic self-map ¢: D — I, we shall simply write p,2 and K, o instead of
pa, and K 4, 2 respectively. We shall say that p, 2 the 2-dimensional Carleson
Sfunction of .

The Hastings-Luecking sets of size 27" are defined by:

1 (25 —1)
i1 and on

(2j+1)7r},

T <
Sargz < on

1
Ak:{ze]D); 1—2—n§|z|<1—

where k =2"4+j—1,n>0,0<j <2" —1 (note that Ag = D(0,1/2)).



An Orlicz function ¥ is a positive increasing convex function ¥: [0, 00) —
[0, 00) such that U(0) = 0 (and ¥(oc0) = 00). If i is a positive measure on D, the
Orlicz space LY (p) is the space of (classes of) measurable functions f: D — C
such that [ ¥(|f|/C)dA < oo, for some constant C' > 0, and the norm || f ||y
is defined as the infimum of all constants C' > 0 for which [, ¥(|f|/C)dA < 1.
The Bergman-Orlicz space is the subspace of LY (A) whose members are analytic
in D.

The Hardy-Orlicz space HY is the subspace of H! whose boundary values
are in the Orlicz space LY (T, m).

We refer to [3] (see also [5], and [I7]) for the theory of Bergman spaces and
to [I4] for more information about Orlicz spaces.

2 Carleson embeddings

We consider in this Section the “embedding” map I,: BY1 — LY2(u), de-
fined by I,,(f) = f, where p is an arbitrary finite positive Borel measure on D
and ¥ and Wy are two Orlicz functions.

2.1 Boundedness

Theorem 2.1 Given u a finite positive Borel measure on D and Vi and Vo
two Orlicz functions, let I,: BV — LY2(u) be the canonical map defined by
I.(f) = f. One has:

1) If 1, is bounded, then there is a constant A > 0 such that:

1

<— . foradlO<h<l.
Wo[AW;(1/h2)]

(2.1) pu(h)

2) In order that I, is bounded, it suffices that there is a constant A > 0 such
that:

1/h2
(2.2) K,a(h) < RTINS

) for all0 < h < 1.
WAk
U5 (1/pu(h)

is bounded.

Note that condition (2] reads as is bounded (by 1/A) and

vy t(1/h%)
Uy (1/h2K . 2(h))

When ¥, = Uy = ¥ and the Orlicz function ¥ satisfies the usual condition
Ag: ¥(2z) < CU(x) for some constant C' > 1 and x large enough, it is clear
that conditions (2.1) and ([2.2)) are equivalent. However, they are not equivalent
in general; and even condition (1)) is not sufficient and condition ([22]) is not
necessary: the examples 1.b and 2. of [7], Chapter 4, §3, given in the Hardy
case, work also for the Bergman case. For the sake of completeness, we are going
to sketch them.

condition (2.2)) as



Example 1. For every Orlicz function which does not satisfy the Ao condition,
there exists a finite positive measure u on D such that I,,: BY — LY(u) is
continuous, though i is not a 2-Carleson measure, and a fortiori does not verify
2.

Proof. Since ¥ does not satisfy Ag, there exists an increasing sequence (an )n>1
such that ¥(2a,,)/n is increasing and ¥(2a,,)/¥(a,) > n2™. Define the discrete

measure fi:
> n n+1 >
'LL = - 6mn,
; <\If(2an) U (2a,+1)

where 2, = 1 — 1/1/W¥(2a,). As p(lzn,1]) = N/¥(2an), pt is not a 2-Carleson
measure. On the other hand, for every f in the umit ball of BY, one has
(7], Lemma 5.2) |f(2)] < 8 U=1[1/(1 — |2])?] and it is easy to check that, if
g(z) = U H1/(1 = |2])?], then ||g|| v () < 2,50 ||f] v < 16, proving that I,
is bounded. O

Example 2. Let W(x) = e* — 1; there exists a finite positive measure p on D
such that 1) holds but I,,: BY — LY (p) is not bounded.

Proof. Let v be a probability measure on T, supported by a compact set L
of Lebesgue measure zero, such that v(I) < |I|'/2, for each interval I. We
can associate to v the measure on D defined by #(E) = v(E N T). By Rudin-
Carleson’s Theorem, for every integer n, there exists a function g, in the unit
ball of the disk algebra such that |g,] = 1 on L and ||gn||gev < 47" As L is
compact, there exists some 7, € (1/2,1) such that |g,(r,z)| > 1/2 for every
z € L. Now, define the measure u by:

W(B) =Y gov(E),

where:

vn(E)=v({z€T; rnz € E}).
If W is a Carleson window of size h then, for each n > 1, we have:
v({z€T; rpze W}) <v(WNT) < (2R)/2.

Hence, n(W) < (2h)/? < 1/U[2W~1(1/h?)], and the condition ZI) is fulfilled.

Nevertheless, the identity from BY to L'(u) is not continuous since this
would imply that the identity from HY to L' () were continuous as well, which
is not the case: [gnllr1(, > 1/2" O

In order to prove Theorem 2.1l we shall need some results. They are analo-
gous to Proposition 4.9, Theorem 4.13 and Lemma 4.14 of [7], but their proofs
require different arguments.

1 By the way, we seize the opportunity to correct here the proof of Theorem 4.13 given
in [7], where some argument had been put awkwardly. In that proof, we first had to set
M={2€D; |z >1—h and |f(z)| > t}. Then, M; being the non-tangential maximal
function of f € H!, the open set {M; >t} is the disjoint union of a countable family of open
arcs I; C T, and we had to say that every z such that |f(z)| > t belongs to some window
W (I;) (see [2], page 39).



We first introduce the following maximal function:

(2.3) Ap= i (supl71) La,

k=0 k
One has:

Lemma 2.2 For every Orlicz function U, the map f € BY — Ay € LY(D) is
bounded.

Proof. Fix f € BY. Set ¢, = supp, | f| for every k > 1, and let oy, € Ay, be
such that | f(ak)| > 3 supa, |f| = cx/2. With C = || f||sw > 0, one has:

[ w720y a4 = 3 wiaj20) A8 < [ w(111/C) dp.

k>0

where p1 =3, 5 A(Ag) Sy -
But, for every Carleson window W, we can write:

uw)= 3 Aan < Y Ad)=4A( U A,

areW AW D ANW#D

and, since A2 Ok is contained in the window W with the same center as

W, but with size two times that of T, one has (W) < A(W) = 4 A(W). Hence
i is a Bergman-Carleson measure. By [4], it follows that, for some constant
Co > 0, which does not depend on f, one has, using the subharmonicity of

w(|f]/C):
/ W(|1/C) dp < Co / W(If1/C)dA < Cy.
D D

We shall, as we may, assume that Cy > 1. Now, by convexity of ¥, we get:

Ay / 1 Ay
U(—"L —)dA< | =—T(—~1—)dA< 1,
/D (200 ||f||w) p Co (2||f||w/)
meaning that [|[As| v m) < 2Co || fllpw- O

Lemma 2.3 For every f € B! and every finite positive Borel measure i on DD,
one has, for 0 < h <1/2 andt > 0:

u{zebD; |z|>1—h and |f(2)] >t}) <4K,22h) A({Af > t}).
Proof. Remark that when z € Ay, and |z| > 1 — h, we must have 1 —27"~! >

|z2| > 1 —h, hence h > 27"7L; since k = 2" +j — 1 > 2"~ we must have
k>1/4h. Let I = {k > 1; supp, |f| >t} and I}, = {k > 1/4h; supy, |f| > t}.



If Wy is the smallest Carleson window containing Ay, we have:

p({z €D |2 >1—h and [f(z)] > t})
<> ud) < > (W)

kel k€I, k>1/4h
S Kua(2h) AWi) < 4> Kpua(2h) A(Ag)
kel kel
<4K,2(2h) Y A(AR) = 4K, 5(2h) A({Af > 1}).
kel
and Lemma is proved. O

Lemma 2.4 Let pu be a finite Borel measure on D and V1 and Vo two Orlicz
functions.
We suppose that, for some positive constant A, there is 0 < hy < 1/2 such
that 2
1
Kpua(h) < +2
U [AWy (1/h2)]
Then, for every f € BY' such that || f||lgw, < 1 and every Borel subset E of D,
one has, with x4 = (A/8)0 ' (4/h%):

; for 0< h<ha.

[ waal51/60 du < u(BYa(an) + 5 [ i85,
E D

Proof. For every s > 0, the inequality |f(z)| > s implies that the norm of
the evaluation ¢, at z is greater than s. But this norm is (|7], Lemma 5.2)
Wy (1/(1 = |2])?), up to constants; more precisely:

Io.1 < 897 (=)

Hence, we have:
1
5<8 \1171(7) )
P2
so: )
2] >1 - —-
VP1(s/8)
Lemma 23] gives, when ¥y (s/8) > 2:
1

plf(2)] > s}) = p({lz] > 1 - TG and |f(z)| > s}

Vﬁ) A({A; > s}).

< 41@,2(



But, by our assumption, if W1 (s/8) > 4/h%,

PNV O(/8) T oAU (Wa(s/8)/4))
Uy (s/8)/4
T U[(A/4) T (W1 (s/8))]
T4 Wy(As/32)

(by convexity)

hence:
n({lf(z)] > s}) < %A({Af > s}).

We get therefore:
+oo
[ waissadu= [ w0 ulf] > sat/ay0 By

< [ o

+oo
+ /w ) Wh(t) ‘I’&ji;/t ’)4) A({As > 64t/A}) dt

< Wy(wa)u(E)

—+oo /
+/“ \Iiz’(gt)) Wy (8t/A) A({As > 64t/A}) dt .

But, as ¥; and Uy are Orlicz functions, one has tW,(t) < Wy(2t) and
Uy (8t/A) < (8t/A)T}(8t/A); hence:

/m - ;fgg) Uy (8t/A) A({As > 64t/A}) dt

A

< / A A({A; > 64t/A}) dt
0 t

g [t
< Z/0 U (8t/A) A({Af > 64t/A}) dt
+oo
_ /O W (2) A({A; > 8a}) do
1
:/Dklll(Af/S)dAS g/D\m(AfmA,

and the proof of Lemma [2.4] is finished. O

Proof of Theorem 2.3} 1) Consider, for every a € D, the Berezin kernel:

(2.4) H,(z) = (Ill_—|;»|2|2* :

8



One has ||Hy||s: =1 and
(1 —lal*)? _ (A+]al)? 4

Ha 0o — = S ;
WHelloe = "Gyt = T=Tah2 < T=Tal?
hence ([7], Lemma 3.9):
4/h2
(2.5) [Hallgv: < 71/727 h=1-]al.
Uy (4/h%)

It follows that the function f, = 2 h2¥; ' (4/h%) H, is in the unit ball of BY:.

Now, let £ € T and 0 < h < 1. When z € W (&, h), one has easily (see [7],
proof of Theorem 4.10, with a slightly different definition of W (&, h)): |1 —az| <
5h, where a = (1 — h)¢. Tt follows that then |fa(z)| > (1/2500)W ' (4/h?).
Hence:

|fal 1 -
1> /]I))\Ilz('IM”) dp > Wg(m‘IH 1(4/h2)) u(W(Eh),
which is @21]).

2) By Lemma [2:2] there is a constant C' > 0, that we may, and shall do,
assume > 1, such that [[Af| v, (,) < C|fllgv, for every f € BY1. Let g be
in the unit ball of BY1, and apply Lemma B4 to f = g/C (whose norm is < 1
yet), E =D, with hy = 1/2; we get, with C' = max(1, u(D)Wy(x4) + 1)

[ vz o) dn= 2 [ wa(giglal) de

< [um)%(m v5

D

Uy (A;/C) dA]

Qil = Qf = Qi =

< [M(D)%(“H%} <1,

which means that ||g[| v, (,) < 64CC/A. O

2.2 Compactness

Theorem 2.5 Let u be a finite positive Borel measure on D, U1 and ¥y two
Orlicz functions, and let I,,: BY* — LY2(u) be the canonical map defined by
I.(f) = f. One has:
1) If I, is compact, then:
Url(1/m?
(2.6) lim # =0
w50 0y (1 p,(h)

2) In order that I,, is compact, it suffices that

vt(/n?)

I —0.
W50 U5 T (1/h2K , 5(h))

(2.7)



As for the boundedness case, conditions (2.6) and (Z7) are equivalent if
U, = Uy, = U is sufficiently regular, but not in general. We shall give examples
after the proof of the theorem, at the end of the section.

To prove the first part of this theorem, we shall need the following lemma.

Lemma 2.6 I,: BY' — LY2(u) is compact if and only if for every bounded
sequence (fn)n in BY1 converging to 0 uniformly on compact subsets of D, the
sequence (I#(fn))n converges to 0 in the norm of LY2(u).

Proof of Lemma 2.6l Assume that I, is compact, and let (f,,),, be a bounded
sequence in BY! which converges to 0 uniformly on compact subsets of ID. Since
I,, is compact and (fy,), is bounded, we have a subsequence (g,), such that
gn = 1,,(gn) converges to some g € L¥2(u). Then some subsequence of (g, )n
converges ji-a.e. to g. Since (gyp,), converges to 0 uniformly on compact subsets
of D, we must have g = 0 p-a.e., that is g = 0 as an element of LY2(u). Now,
the compactness of [, implies that || f,,|| v, (,) tends to 0.

Conversely, assume that the condition of the lemma is satisfied, and let (f,)n
be an arbitrary bounded sequence in BY¥1. Since the evaluation map is contin-
uous on BY1 ([7], Lemma 5.2), (f,), is a normal family, and Montel’s Theorem
gives a subsequence (gy), which converges uniformly on compact subsets, to
some holomorphic function g. By Fatou’s lemma, g belongs to BY1. Now,
(gn — 9)n is a bounded sequence of BY¥1 which converges to 0 uniformly on
compact subsets of D. By hypothesis, ||g, — g2, tends to 0, and it follows
that I, is compact. 0

Proof of Theorem 1) Assume that the map [,: BY* — LY2(u) is
compact. Consider, for every a € D, the Berezin kernel ([24]). It follows from
E4) and (Z3) that H,/||Hgllgsw, converges uniformly to 0 on compact subsets
of D as |a| goes to 1; hence, by Lemma [2.6] the compactness of I, implies that
[(Ha/l|Hallgw: )|l Lv2(, tends to 0. That means that, for every e > 0, one has:

| Ha|
wa( el Y
/g el Hallg o

for |a| close enough to 1, depending on e.
Now, let £ € T and 0 < h < 1 with a = (1 — h)€. As already said in the
proof of Theorem 211 z € W (&, h) implies that |H,(z)| > 1/625h2. Therefore:

|Ha| 1/625h>
) = % ey ) HO0V € )

We get, for h > 0 small enough:

1
#W(ER) < G aso0m w1 me))

Since ¢ € T is arbitrary, it follows that, for A > 0 small enough:
() < :
P = 0, ((1/25000) W, T(4/12))

10



which reads:

U (4/h2
# < 2500¢.
T, (1)
Since Wy ' (4/h?) > ¥ (1/h?), we have obtained (Z.5). O

2) Assume now that ([Z7) is satisfied. By Lemma 2:6] we have to show that
for every sequence (f,), in the unit ball of B%! which converges uniformly to
0 on compacts subsets of D, (I, (f"))n converges to 0 for the norm of LY2(u).
So, let (f)n be such a sequence, and let € > 0.

By Lemma 22 there is a constant C' > 1 such that [[Ag[|Le: () < O flleges
for every f € BY1. Set A = 64C/e. By ([2), there is an ha < 1 such that, for
0 < h < ha, one has U=1(1/h?) < (1/4) U5 (1/h2K,, 5(h)), i.e.

1/h?
Rualh) < G g @ m)

For 0 < r < 1, we may therefore apply, for every n > 1, Lemma 24l to f,/C
(which is in the unit ball of BY!), with E =D\ rD; we get:

/_‘I’z(lfnl/s)duz/ _Uy(Alf,|/64C) dp
D\rD D\rD

< D\ D) Wa(on) + 5 [ W1(4y,/C)dA

< 1D\ D)W (aa) + 5

But this last quantity is < 1/2 for r small enough.

Fix such an r < 1. Since (f,,)n converges uniformly to 0 on compacts subsets
of D, one has [ = Ws(|fn|/) du < 1/2 for n large enough.

It follows that [ Wo(|fn|/e)dpu < 1, and hence || fu pvs00 < €, for n large
enough.

That ends the proof of Theorem 2.5 O

As we said, in general, condition (Z.0) is not sufficient to ensure compactness,
and condition (27) is not necessary. They are equivalent (and hence necessary
and sufficient for compactness) if U3 = Uy = ¥ and VU is a regular Orlicz
function. Here, regular means that U satisfies the condition we called Vj: for
some zo > 0 and some C' > 1, one has % < % for zg <z < y (see [1],
Theorem 4.11, whose proof works as well in the Bergman case). However, we
gave in [7], examples showing, in the Hardy case, that this is not always the case
(examples 3 and 4 in [7], Chapter 4, §3). These examples work in the Bergman

case and we are going to recall them sketchily.

Example 1. For every Orlicz function ¥ not satisfying Vo, there exists a
measure pu such that I,: BY — LY (u) is compact but for which &T) is not
satisfied.

11



Proof. Since ¥ ¢ V,, we can select two increasing sequences (,)n>1 and
(Yn)n>1, with 1 < x,, <y, < 241 and ¥(z,,) > 1, such that lim x,, = +oo and
U (2"y,,) .

W (yn)

U (2x,)

>

Define the discrete measure

- 1
=D o Orus
nz::l U (2"yn)

where 7, =1 — 1/4/%(y,,). The series converge since W (2"y,,) > 2™.
The same proof as in [7] shows that I, is compact, but, writing h, =

1//¥(x,) and t,, = 1//¥(y,), we have:

1—-t,,1 W (yp, U(z, 1/h?
Koy > ML=t l) o W) | B 1R

’ t2 U(2nyn) — U(2x,)  U(2U-1(1/h2))
showing that (Z7) is not satisfied. O

This actually shows that condition ¥ € V| is necessary and sufficient in
order to ensure that the identity from BY to LY (u) is compact if and only if x4
satisfies (2.7).

Example 2. There exist an Orlicz function ¥ and a measure p on D such that
&8 holds, but for which I,,: BY — LY (u) is not compact.

Proof. We shall use the Orlicz function ¥ introduced in [6]. The key properties
of this function are:

1) W(x) > 23/3 for every x > 0;

2) W(k!) < (k)3 for every integer k > 1;

3) W(3(k!)) > k.(k!)? for every integer k > 1.
Define xy = k!, yx = (k+1)1/EY3 rp = 1-1//U(yx) and p, = 1 —1//U(zy,).

Of course, o < y2 < w3 < ---. Let v be the discrete measure defined by:

3]
v = E Vi ,
k=2

where:

Vi = k—|—1 Z 5rka-

In order to show that (2.0) is satisfied, it is clearly sufficient to prove that,

when 1/4/%(yx) < h < 1/y/¥(yr—1) (with k& > 3), we have:

1

o) S Gy

12



But, for such h, we have ¥~1(1/h?) <y so
(LE3e(1/h%) < % U((k+1)).
Hence, the conclusion follows from the fact that p, (k) < 2/¥((k 4 1)!) (see [7]
for more details). So, condition (2.6]) is fulfilled.
We now introduce fi(z) = xx (%)4. By 3, || fxllsw < 1. An easy

computation gives 7",32 > pk, for every k > 2; so, for every a € T with at = 1,

we have:

filary) = xk(}jg’g)“ > Lo
Hence:
2
/D\Tle\I](48 |f/€|)d1/ > /]D\rkl]D)\I](48 |fk|)d7/k > W\P(&%)
k2
> m(k-(kﬂ)?’) > 1.

Therefore, we conclude that supy ., <1 Il L \ryD,py > 1/48, though ry — 1.
Hence (see the above proof of Theorem 2.5)), I,, is not compact. O

3 Compactness for composition operators

3.1 Carleson function

We know ([7], Proposition 5.4), that every analytic self-map ¢: D — D
induces a bounded composition operator C,: BY — BY. The main result of
this section is that, for the pull-back measure A, of A by ¢, the necessary and
the sufficient conditions of Theorem 2.5] are equivalent. The same kind of result
occurs for Hardy-Orlicz spaces ([7], Theorem 4.18 and Theorem 4.19), but the
proofs must be different (because we use the analytic functions themselves, and
not their boundary values).

We have the following contractivity (or homogeneity) result, which can be
viewed as a “multi-scaled” fact that A, is a 2-Carleson measure.

Theorem 3.1 There exists a constant Cy > 0 such that, for every analytic
self-map p: D — D, one has:

(3.1) A(lp € S ch)}) < Coe® A({p € S(E h)))
for every € T, 0 <h < (1—|¢(0)]), and 0 <e < 1.

As a consequence, one has py, 2(ch) < Ce? py2(h), for h > 0 small enough,
and hence:

pe.2(h) < pe.2(€h) pe.2(h)
K, o(h <C, .
Bz = n2(h) 0cec1 2R h2




Therefore:

Theorem 3.2 For every analytic self-map ¢: D — D and every Orlicz function
W, the composition operator C,: BY — BY is compact if and only if

_wla/ety
32 o T Wpea(n)

Proof of Theorem Bl It suffices, even if it means enlarging Cj, to show (B
for 0 < h < hg = ap(l—|p(0)]) and 0 < & < gp forsome 0 < ap < land 0 < g <
1. Indeed, if 0 < h < hg and g9 < € < 1, one has A(S({,Eh)) < A(S({,h)) <
(1/e3)e*A(S(&,h)). Now, for hg < h < 1 —|¢(0)], one has, on the one hand,
for 0 < ¢ < ay, A(S(ﬁ,ah)) < A(S({, (E/Oto)ho)) < 00(62/04(2))A(S(§,h0)) <
(Co/od)e2A(S(&,h)); and, on the other hand, for ag < e < 1, A(S(§,eh)) <
A(S({,h)) < (1/04(2))62A(S(§,h)).

Since, moreover, it suffices to make the proof for £ = 1, Theorem B.] will
result from the following theorem.

Theorem 3.3 There exist a constant K > 0, ag > 0 and \g > 1 such that
every analytic function f: D — I with |f(0)| < ag satisfies, for every X > Ag:

AU > A < 35 AL > 1),

where ITT is the right-half plane IIt = {z € C; Rez > 0}.

Indeed, let f = h/(1—¢). Then Re f > 0 and |f(0)| < h/(1—]|p(0)]) < ap. We
may apply Theorem B3] and we get, for 0 < e < 1/\g:

Ay (S(1,eh)) = A({le — 1l <ehl}) = A({If] > 1/e})
< KePA({If] > 1}) = Ke*A({|1 — ¢l < h}) = Ke* A, (S(1, 1)),

which proves Theorem [311 O

3.1.1 Some lemmas

Lemma 3.4 There is some constant Cv > 0 such that

(3.3 AT > ) < SHFOP

for every analytic function f: D — I and for every A > 0.
In particular, there is a constant K1 > 0 such that || f| L1y < K1|f(0)| for
every such a function.

Proof. We may assume that |f(0)] = 1.

14



The second assertion follows from the first one:

—+o00 1 JrOOCl
/|f|dA:/ A({|f|>)\})d/\§/d/\+/ S0 =Ky
D 0 0 1 A

To prove the first assertion, remark first that the left-hand side of inequality (B3]
is < 1, so (B3) is obvious for A < 2 (with C; > 4). Assume that A > 2, and

set p(z) = FELE . Then |£(2)| > A implies [¢(2) — 1] = 2|%e £(0)|/|f(2) +

F(0)] <2/(A=1) < 4/X. But ¢ maps D into itself and hence induces a bounded
composition operator C,: B2 — B2. It follows from [4] that A, is a Bergman-
Carleson measure, and hence (see the proof of Theorem [ZT] 1), with ¥y (z) =
Uy(x) = 2?):

AU > A)) < Ap(S(L,4/N) < Ap(W(1,20/)
< OO CulP/(3/20)% = Ch |, 2/,

for some constant Cy < 25002/4. But [|C,|| < L] — 1 ([17], Theorem 11.6,

1=[e(0)]
page 308), and the result follows. 0
Let:
(3.4) G={z€C; |argz| < 7/4}.

By applying Lemma B4 to f2, we get:

Lemma 3.5 There exists a constant Cy > 0 such that for every analytic func-
tion f: D — G, one has, for every A > 0

(35) AT > ) < PO

In particular there is a constant Kz > 0 such that || f||2m) < Kol f(0)] for
every such a function.

Now, we shall have to replace D by some conformal copies of D. This will
be possible by the following version of Lemma

Lemma 3.6 Let Q be a bounded Jordan domain bounded by a C* Jordan curve
J and let h: D — Q be a Riemann map which extends to a bi-Lipschitz homeo-
morphism h of D to Q such that:

a<|h(z)] <b, VzeD.

Then, there exists a constant C' > 0, depending only on b/a, such that, for any
A > 0 and any analytic function f: Q — G, one has:

(3.6 AT > W) < 5 A@) @1,

15



where ¢ = h(0).

In particular, there is a constant K = K(Q,¢) > 0 such that ||f]l2 <
K A(Q) |f(e)| for all such functions.

Moreover C' > 0 can be taken so that, for every positive harmonic function
u: Q = Ry, one has:

(3.7) éu(c) < ﬁ/ﬂud/l < Culc).

Proof. By the change-of-variable formula, we have, setting F = f o h and
w = h(z):

AU > 2D = [ T () dA@) = [ Teon (I )R AAC)
<8 [ Lypon (2)dAG) = PAIF]) > A <8 21O
D

We implicitly used the fact that F' maps D to G and that |F(0)| = |f(c)]|, so we
were allowed to use the previous lemma. Moreover, we have

A() = /Q dA(w) = /D W (2)|? dA(2) > a> A(D) = a?;

so that finally:

b 1
a2 M

AT > 0) < O oy 2 A@) [F S 5 A@) 7

This ends the proof of the first part of Lemma [B.6] for 2, with C = Cyb?/a>.

Finally, one has:
u(c) = (uwo h)(0) = /D(u oh)(z)dA(2)
> 5 [l WP AAR) = i [ atw) dw),

Q

which gives the right-hand side of 1), since A(Q) > a?. The left-hand side is
proved in the same way, since A(£2) < b2. O

The last lemma is of a different kind.

Lemma 3.7 For every analytic function f: D(z9,7) = G, one has:

A{Re f > Re f(20)/2}) A(D(z0,7)) ,

>
= 3K2

where Ko is the constant given by Lemma 33

16



Proof. Recall Paley-Zygmund’s inequality (see [I1], Proposition II1.3), usually
stated in probabilistic language: for any positive random variable X on some
probability space, one has, for 0 < a < 1:

(3.8) P(X >aE(X)) > (1—a)

where E stands for expectation.

For our problem, we will take as probability space the disk D(zg, r) equipped
with the probability measure d.A/r?, and as a random variable X = Re f := u.
We get from ([E8) that, since u(zg) = E(X) by the mean value property of
harmonic functions:

A({u > au(z)}) > (1 — a)? [u(z0)]* r2.

Now, observe that v/2%Rew > |w| when w € G; hence the function g(z) =
f(z —20)/[V2u(20)], which maps D into G, satisfies |¢(0)| < 1 and Lemma 3.7
gives E(u®) <E(|f[*) = [[f]13 < 2K3[u(20)]>. We get:

(1 —a)2 2

A({u > au(z)}) > 27[(,227“ ,

which gives the desired result by taking a = 1/2. O

3.1.2 Proof of Theorem

For technical reasons, we are going to work with functions with range in the
set G. Proving Theorem amounts to prove:

Proposition 3.8 There exist constants K' > 0, ay > 0 and A1 > 1 such that
every analytic function f: 1D — G with |f(0)] < ay satisfies, for X > A1 :

AU > M) < S5 A1 > 1)

It will be useful to note that v29Rew > |w| when w € G.

Proof. The idea of the proof is to split Fy = {|f| > A} (actually, F\ will
be conditionned by the more regular set {Myf > 1}) in parts on which we
shall be able to apply Lemma In order to construct these parts, we shall
use a Calderén-Zygmund type decomposition adapted to the geometry of the
unit disk. We are going to recall the principle of this decomposition for the
convenience of the reader.

Before that, we have to say that we shall begin to work not with the function
f as is the statement of Proposition B.8 but with this function multiplied by
a constant (as we shall specify at the end of the proof). Nevertheless, we shall
denote this new function by f yet.

17



Now, remark that for f: D — G with | f(0)] < @ < 1, one has:

(3.9) lf)>1 = [z > 8,
for 8 = (1—a?)/(1+a?). In fact, setting a = f(0), the function g = jﬁ%;ﬁ maps
D into itself and vanishes at 0. By Schwarz’s lemma, |z| < 5 implies |g(2)| < B,
and since f2 = %, we get:
2 2 2
F()2 < JEB el Jal”

1-3 a? ~

The goal of the remark (3.9) is that, in order to make the Calderén-Zygmund
decomposition, we have to avoid the center 0 of I, which is not covered by the
sets S € S defined below.

For convenience, we shall take 3 = 1/2 (i.e. a = 1/+/3), so we shall be only
concerned by the annulus I' = {z e D; 1/2 < |z| < 1}.

In order to perform the Calderén-Zygmund decomposition, we have to make
a splitting of the annulus I'. For that, consider the rectangle

Ry ={z+iy; log(1/2) <x<0and 0 <y < 27}

and the family R = |
the family of sets

nen R of all dyadic half-open rectangles, where R,, is

R={r+iyeC; vj <wx <wjp1 and yr <y <yrt1},

where z; = (1 — j27™)log(1/2) and yi = 2kn/2", 0 < j,k <2" —1,n > 0.

We now maps the annulus I' onto the unit disk D, using the exponential map
x4 iy — z ="t We get a family S =, oy Sn-

Note that the jacobian e2* of the transformation is between 52 = 1/4 and
1; hence the area of a set in S,,_1 is less than 16 times that of a set in S,,.

Recall now the Calderon-Zygmund decomposition. Consider the conditional
expectation E, | f| of | f|, given the o-algebra generated by S, namely:

EA1G) = 3 (755 L 1104) Ts(2).

SeS,

The dyadic maximal function Myf is defined by:
Maf(z) = sup(En|f])(2) .

Note that: )
Maf(2) = e [ 15144,

where the supremum is taken over all S, € S containing z.

18



By Lebesgue’s differentiation Theorem (or by the martingale convergence
Theorem), we know that (E,|f|)(z) converges to |f(z)], A-almost everywhere,
so Myf(z) <1 implies | f(z)] <1 for almost all z € D, and we can write:

(3.10) Fr={|f|>1} S{Maf >1}UN,

where N is a negligible set. Hence F C {Myf > 1}UN for A > 1. Now, the set
{Mgyf > 1} can be decomposed in a disjoint union {Myf > 1} =| |, E,, where

E,={zeD; (E,|f])(2) >1and (E;|f|)(z) <1ifj<n}.

Since E,,|f]| is constant on the sets S € S,, each E,, can be in its turn decom-
posed into a disjoint union F,, = | |, Sp i, where S, 1 € S,,.
By definition, for z € E,,, one has (E,|f])(z) > 1 and hence
1

_— dA > 1 for z € Sp.
. UEZE .

But, on the other hand, (E,_1|f|)(z) < 1, and we have, if z € Sy, j:

(Enlf)(z) = ﬁ /S f]dA

1 1
< 1 dA§167/ dA< 16,
A(Snk) /snl,j i A(Sn-14) Js._., 7

where 5,1 ; is the set of rank (n — 1) containing S, j.

n,k

Finally, reindexing the sets Sy, we can write {Myf > 1} as a disjoint union

(3.11) {(Maf > 1} =] |51,
1>1
for which:
1
3.12 1< —— dA < 16,
(3.12) < a5 L 11144 <

Equations (BI0), (311) and [BI2)) define the Calderon-Zygmund decompo-
sition of the function f.

In order to apply Lemma B, we have to control (from above and from
below) the values of |f| at the “center” of the sets S;. One might think of doing
this by using ([BI2), but it is not always possible (for example, the function with
positive real part 1/z2 is not integrable on the square of vertices 0, 1+, 1 — i,
2). Nevertheless, since our function is holomorphic on a domain bigger than Sj,
we may enlarge S in order to use (B12]).

Let R, € R be the rectangle which is mapped onto S; by the exponential,
and let us round R; in R;, by adding half-disks, as indicated in Figure [ Let
St = exp(Ly).
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A4

A\ 4

Figure 1: Round set Ry Figure 2: Round set S

It is essential, when using Lemma B.@] for 2 = Sy, that the constant C given
by this lemma does not depend on [. This will be checked in the following way.
The sets R; can be performed by making similarities from R, where

Ry ={z+iy; log(1/2) <ax<0and 0 <y < 27}.

The boundary of Ry is C! and it follows from [13], Theorem 3.5, for example,
that Ry is conformally and bi-Lipschitz equivalent to D; therefore, we are able
to apply Lemma B0 (with ¢ = —1 log 2 + im). But if Ti(Ro) = Ry, with Tj(z) =
aiz + B, ag # 0, we have, if by = Ty o h, |h)/| = |ag||h'| < |ay|b, as well as
|hi'| > |ag| a, so that a and b are respectively changed into a; = |ay|a and b; =
|oy|b, and the quotient b;/a; = b/a remains unchanged. Now, S; = exp(R;) and
1/2 < |exp(x + iy)| = e” < 1 for = + iy € Ry; hence the constant C' = Cyb?/a?
of Lemma for Q = Ry becomes C' < 4Cob?% /a? for Q = ).

Therefore, one has, for every [ > 1, if 7; is the center (defined in an obvious
way) of S; (and hence of Sy):

(313) A= € 55 £ > M) < G 1Tl AS)

Now, let D; be the greatest open disk with center -; and contained in S (see
Figure[3). We have, by the last part of Lemma 3.6t

el el »
B4 15001 < gpy [ A< gy [ nlaas2e.
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E 5,

Figure 3: Disk D;
Using the fact that A(S;) < 4.A(S;) and that F\ C {Myf > 1} U N when
A > 1, we get:

(3.15) A(Fy) = A(Fxn{Maf >1}) <> A({z € Si; [£(2)| > A})

1>1

C 12 4 R 25205
<% (27°0) S AS) < v > A(S)
1>1 >1
25205
= TA({Mdf >1}).

It remains to control A({Myf > 1}) by A({|f| > 0}), for some numerical
6 > 0.
For that, we shall use Lemma [3.71 By harmonicity and Lemma [3.6] one has,

with u = Re f:
u(y) > 1/?/udA> ! L udA
Si

A(S) ~16C A(S)) Jg,

1 1 1
> dA > ——— .
T 16v2C A(S1) Jg, Flad 2 16v2C

We now apply Lemma B.7 and we get:
A{|f] >1/64C}y N Dy) > A({u > 1/32v2CY N D) > A({u > u(v)/2} 0 Dy)

1
> @ A(Dy).
We obtain hence:
(3.16)
A{Maf > 1}) = A(S) <16 A(Dy) < 128K3 A({|f| > 1/64C}).
>1 1>1

The proof of Theorem [B3]is now finished, because (BIH) and [B.I6) give, for
A > 1

.17 (111> 2 < S8 a > ey
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and if f is as in the statement of Proposition 3.8 we can apply BI7) to f1 =
64C f and we get, for A > A\ = 64C"

38 4 M52
Al > < ZOCES g5y,

when |f(0)] < 1/64C. O

3.2 Nevanlinna counting function

The Nevanlinna counting function is defined, for every analytic function
w: D — D, and for every w € (D) \ {¢(0)}, by:

1
(3.18) Ny (w) = (; log =R
w(z)=w

where each term log ﬁ is repeated according to the multiplicity of z, and by
Ny(w) = 0 for the other w € D.

Recall (see [9]) that, if m is the normalized Lebesgue measure on T, then the
Carleson function of ¢ is the Carleson function of the pull-back measure m,, of
m by ¢. We proved in [9] (Theorem 3.1 and Theorem 3.7) that the behaviour
of N, is equivalent to that of the Carleson function p, in the following way.

Theorem 3.9 (|9]) There exist two universal constants C,c > 1, such that,
for every analytic self-map p: D — D, one has:

(3.19) sup  Ny(w) < C my[W(E, ch)],
weW (£,h)ND
and
(3.20) me(W (& h)) < o — / Ny (z) dA(2)
PR E T AW b)) Jwieen 7

for 0 < h <1 small enough.

We are going to deduce from Theorem the same result in the 2-dim-
ensional case. The Nevanlinna counting function of order 2 is defined (see [15],
§ 6.2), for w e D\ {p(0)}, by:

(3.21) Npo(w) = Y (log(1/]2])’,
e(z)=w

where each preimage z of w appears as often as its multiplicity. The partial
Nevanlinna counting function is defined, for 0 < r <1 by:

No(rowy= Y log(r/|z])

o(2)=w,|z|<r
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and we have ([I5], Proposition 6.6, where a misprint occurs):

(3.22) No,2(w) = 2/0 Ny (1, w) d—:-

One has:

Theorem 3.10 There exists a universal constant C > 1, such that, for every
analytic self-map ¢: D — D, one has:

(3.23) (1/C)psalh/C) <. sup Nialw) < Cpoa(Ch),

for 0 < h <1 small enough.
Proof. Let wy = ¢(0) and set:

_ wo — o(2)
u(z) = 1 —wop(z)

Since u(0) = 0, Schwarz’s lemma gives |u(z)| < |z|. Hence there is no z with
|z| <t such that p(z) = w when ¢ < |wg — w|/|1 — Wow| := |ug(w)|. Tt follows
that (B22) actually writes:

(3.24) No,2(w) = 2/ N (r,w) g-

o (w)]

1) Tt follows from ([B:24)) that:

2 1
Nkpﬁg(w) S W/O N‘P(T’ ’ll,))’rd'l".

But (see [9], Lemma 3.4) 1/|ug(w)| = |w — wp|/|1 — Wwg| > 1/3 when 1 — |w| <
(1 — |wo|)/4; therefore, for 1 — |w| < (1 — |wo|)/4, we have:

1
Ny o(w) < 18/ Ny(r,w)rdr.
0

Now, Ny (r,w) = Ny, (w), where ¢,(z) = ¢(rz), and it follows from (BI9)
that, for w € W (&, h), with £ € T and h > 0 small enough, one has:

1
Ny o(w) < 18/0 Cmy, [W (&, ch)]rdr

1
= 180/ m({e”; p(re®) e W(¢, ch)}) rdr
0
=9CA({z €D; p(z) e W(&, ch)}).
2) Conversely, it follows from ([322)) that:

1
Ny o(w) > 2/ Ny(r,w)rdr;
0
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hence:

1
AW E )] /W,ch) e2(2) dA(2)

> 2/1 {7.’4[ (1§,ch)] /W(&Ch) Ny (r,z)dA(z) | rdr

[\]

6 W&, h)|rdr
2
6 ; ey e W(E, h)}) rdr

— 6,4({2 eD; ¢(z) e W(E h)}),

and that finishes the proof of Theorem O

Remark. Actually, the proof shows that for some constant C' > 1, one has:

(325 (C)AWER/C) S swp  Npa(w) < CALW(ECH),
weW (&,h)

for every £ € T and 0 < h < 1 small enough. Since the fo-norm is less than the
¢1-norm, one has Ny o(w) < [N, (w)]?, it follows hence from Theorem B3 and
Theorem 310 (actually [B25])) that, for some constant C' > 1, one has:

(3:26) A({z €D; p(2) € W(E,h)}) < C [m({u € T; ¢*(u) € W(,Ch)})]*

for every £ € T and every 0 < i < 1 small enough, a fact which does not seem
easy to proved in a straightforward way. In particular, for some constant C' > 0,
one has, for h > 0 small enough:

pe2(h) < Clpy(Ch).

Corollary 3.11 For every analytic self-map ¢: D — D and for every Orlicz
function W, the composition operator Cy,: BY — BY is compact if and only if:

N VL5
h=0 U1 (1 /v, 2(h))

where Vg 2(h) = sup|,>1_p Ne,2(w).

(3.27) =0,

Proof. If C, is compact, Theorem B.2 gives, for every A > 0, an hy > 0 such
that, for 0 < h < h4:

1 _
(1/h2) Z 1(1/Pw,2(h)) .
Then Theorem gives:
Vpa(h) < C ppa(Ch) < C/UIAD~(1/C?h2)]
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i.e. AUTH(1/C%h?) < U1[C /v, 2(h)]; and then, by concavity, since C' > 1:

% T (1/h?) < UH(1/C?h?) < %\I!_l(C/V%g(h)) < %\11—1(1/1/%2(11)) ,
which implies ([B.27).
The converse follows the same lines. O

Corollary 3.12 The compactness of the composition operator C,: BY — BY

implies that:
U1/ = Je(2))1?)

e UL (1/(1— [2))2) =0

This corollary was proved in [7], Theorem 5.7, by a more direct method;
and we also showed that the condition is sufficient when ¥ grows fast enough
(namely, satisfies the condition A?). However, we do not know whether it is not
sufficient for some symbol ¢ and some Orlicz function ¥ (see the remark at the
end of the paper). Nevertheless, it follows easily from Corollary BIT] that this
condition is sufficient when ¢ is finitely-valent (see [9], proof of Theorem 5.3).

Proof. Since N, 2(p(2)) > (10g(1/|z|))2 > (1 — |2])?, it follows from Corol-
lary B.IT] that, for every A > 0, one has:

, 1 .
=D < ST a — e
that is: U1/ (1 - |p(2)])?)
— oz
- S
and that proves Corollary B.12 i

4 Comparison of the compactness of composi-
tion operators on Hardy-Orlicz spaces and on
Bergman-Orlicz spaces

In the classical case (¥(z) = 2P, 1 < p < o0), it is known ([I2], The-
orem 3.5, with Proposition 2.7) that the compactness of Cy,: HP — H? im-
plies the compactness of C,: BP — BP. On the other hand, we implicitly
proved in [7], Theorem 5.7, that when ¥ grows very fast (namely, satisfies the
so-called A? condition), then the compactness of C,: HY — HY implies the
compactness of Cy,: BY — BY. Let us write why: it is easy to show (see [9],
proof of Theorem 4.3) that the compactness of C,,: H Y — HY implies that
U1/1 = |¢(2)])]/®11/(1 — |2])] tends to 0 as |z| goes to 1, and we actually
proved in [7], Theorem 5.7, that, when W € A2, this last condition implies the
compactness of Cy: BY — BY. The next proposition gives a condition on ¥
which, though not very satisfactory, includes the cases ¥(x) = 2P and ¥ € A2
and for which compactness on HY implies compactness on BY.
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Proposition 4.1 Assume that the Orlicz function ¥ satisfies the following con-
dition: for every A > 0, there exist x4 >0 and B > A such that:

(4.1) WAV (@?)] < (V[BY(2)])”
for every x > x 4. Then every analytic map @: D — D defining a compact com-
position operator C: HY — HY also defines a compact composition operator

Cy: BY - BY.

It is clear that U satisfies (A1) if ¥(z) = 2P. Recall that condition A% means
that there exists some o > 1 such that [¥(¢)]*> < U(at) for t large enough.
For such a function, one has ¥~1(22) < a¥~!(z), and hence W[A¥ ! (z?)] <
V[ AW~ (z)], which is < (\I/[oaA\IJ_l(ar:)])2 for = large enough, since it tends
to infinity. Therefore, @) holds if ¥ has A2. Classical examples of Orlicz
functions with A? are ¥(z) = e’ — 1, where ¢ > 1.

Another example, which does not have A%, but satisfies {@1)), is ¥(z) =
exp ([log(z 4+ 1)]?) — 1.

Proof of Proposition @Il One has N, »(w) < [N,(w)]? since the f5-norm

is less than the ¢;-norm. Let A > 0 be arbitrary. If Cy, is compact on H ¥ we
know, by [9], Theorem 4.2, that:

1
\w‘S;F_th(w) =0 <m> , as h—0.

By (1), we get:

1
e Noaw) = o (ww—l(l/h%]) |

Corollary BT ensures that C, is compact on BY. O

However, we are going to see that the conclusion of Proposition 1] does not
hold for an arbitrary Orlicz function, by proving the following theorem.

Theorem 4.2 There exist an analytic self-map ¢: D — D and an Orlicz func-
tion U such that C,: HY — HY is compact whereas Cyp: BY — BY is not
compact.

In order to prove it, we shall show and use the following result.

Theorem 4.3 There exists an analytic self-map ¢: D — D such that, for some
constants co > m and w/4 > ¢1 > 0, one has, for some constant C > 0 and for
h > 0 small enough:

pe(h) < Ce e/l
(13) poalh) = (1/C)eex/h
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Proof of Theorem We know ([7], Theorem 4.18) that C,,: HY — HY is
compact if and only if

lim vl(1/h)
h=0 U1(1/py(h))

and (by Theorem B.2)) that the compactness of C,,: BY — BY is equivalent to

(4.4)

R A
@3 o T W peat)

Hence, it suffices to construct an Orlicz function ¥ such that:

v
(4.6) mlirgo FTean) ~
and
\I/_l 2
(4.7) lim sup — (=) >0.

R s 1(6 czm>

We shall actually construct an increasing concave function f: [0,00) — Ry
such that f(0) = 0 and f(oc0) = oo which satisfies ([@6]) and (Z1) (with f instead
of U=1) and we shall then take ¥ = f~1,

1) For that, we set ap = 0 and we define an increasing sequence of positive
numbers oy = 1, g, ... by:

(4.8) Qg1 = €19 n>0

)

and we take f affine on each interval [a,, a41], n > 0. More precisely, we set
(4.9) flt)=A,t+ B, , for a,_1<t<a,, n>1,
where A1 =1, B; =0, and for n > 1:

(4.10) Bui1— Bn = (Ap — Ans1) an -

and, for n > 0:

B, 1
(4.11) Zndl 2

Vo — 3a,).
A 2 (e an)

Condition ([@I0O) ensures that f is continuous. It is clear that f is increasing
and that f(oo0) = oc.

Now, since ca > /6, the function u defined by u(z) = e®2* — 322 is positive
and increasing for x > 0; hence, if one sets

(4.12) Bn = (e2Vo" —3a,)/2, n>0,
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(Bn)n is an increasing sequence of positive numbers. But 8, = Bpi1/Ant1;
hence @I0) gives, for n > 1:

" Qp +ﬂn71 i

Since 5, > (-1, it follows that A,, > A, 11, and so the function f is concave.
2) For n large enough, one has «,, < eV < e%% = q, 1; hence, for

these n,

f(Oén) AnJrlan + Bn+1 o Qpn + ﬂn

1
f(eCQM) An_,_leC?M + Bn-i-l B ec2van + ﬁn B §

3

and it follows that

lim sup /(%)

PSP f ey =

1
3
Condition (@) is satisfied.

3) It remains to check condition (6]).

For that, we shall fix a number M > c3/c¢q and take ng large enough to have
an_1 < M,/a, < oy, for n > ny.

Let xg be such that x > x¢ if and only if a,—1 < x < a, with n > ng.
Choose such an . We have:

O = €C1On=1 < 1T L OO — o 1y

We shall separate two cases. For convenience, we set &, = 1//3,,.
a) Case 1: -1 < < M,/ay,. Then:

fl@) A,z + B, - A, M /o, + By,
flear®) — A,i1e9% 4+ By~ Apiiam + Baga
_ A,M\/a,, + B,

S il Sl LA Sl L by (£10)
A, o, + B, Y

B EnflMa/Oén—i-l M
N En—10pn + 1 VOn

)

since

eclan,1/2

—1Van =2
En—1 n 602\/(17171

C1
~ 2ex (—oz, —c./oe,)—>+oo.
~ 3a, 1 p 5 An 1 2 n—1) —=

b) Case 2: M\/a,, < x < ay. Then:

f(z) < flow)  Apjion+ By Epap 1
f(eclm) — f(eclM\/E) An-i—lecle + Bn+1 Enecﬂw\/a_n +1
20 +1
eV — 3qy,
T T geaMyan ) ~exp ((e2 = Men)v/an) =0
- @ +
e2Von — 3,
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since Mcy > cs.

f(x)

Putting the two cases together, we get that zgl}rloo o) = 0, so [0 is
satisfied, and Theorem is fully proved. O

Proof of Theorem The analytic map ¢ will be a conformal mapping
from D to the domain G, edged by three circular arcs of radii 1/2, and which is
represented in Figure

More precisely, let Go = DN{Rez > 0} and let f: D — Gy be the conformal
map such that

We define successively ¢1(z) = log f(z), which maps D onto the half-strip
{Rew < 0 [Imw| < 7/2}, p2(2) = —2¢1(2) + 1, @3(2) = Sa%(z), and finally

©(z) = p3(2) — 1.

Figure 4: Domain G

1) When W (&, h) NG # 0, we must have W (&, h) NG C S(—1,2h), for h
small enough. Hence:

m
m
=m
<K

for small h > 0.



2) On the other hand, S(—1,h) NG C W(—1, h), so:

pp2(h) = A({z € D; p(z) € W(=1,h)})
> A({z €D; |ps(2)] <h}) = A({z € D; |p2(2)] > 1/h})
> A({z€D; Repr(z) < 2(1 - 1))
= A({z e D; |f(2)] <e™/2e7™/2hY)
>cA({zeD; |z] < /2672y = ¢ eme /|

for h > 0 small enough.
The proof of Theorem is completed. O

Remarks.

1) In Theorem 3] we have in particular p,(h) = O (h*) (i.e. m,, is an a-
Carleson measure) for every a > 1; hence ([8], Proposition 3.2), the composition
operator C,: H? — H? is in all the Schatten classes S,(H?), p > 0.

2) In the opposite direction of Theorem 2] it would be interesting to have,
for every Orlicz function W, a composition operator which is compact on BY
but not compact on HY. This is the case for ¥(z) = ¢*” —1 ([7], Theorem 5.8).
Theorem 3.1 of [10] could give such an example. It could also give an example
where the condition of is not sufficient to have compactness.

However, we may remark that the compactness of Cy,: H Yo HY im-
plies the compactness of C,: BT 5 BY since, if U(z) = [U(x)]?, then
UI(12) = W), so ML)/ T(Lwpa(h)) < N (L/B)/ U (1/vg(R)).
since v, 9(h) < [V (h)]?, where vy, (h) = sup, s1_j, Nop(w).
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