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:

∂u

∂t
−△u = f(u) + h(t), in Ω × (τ, +∞),

u = 0, on ∂Ω × (τ, +∞),
u(x, τ ) = uτ (x), x ∈ Ω, (1)is proved in this paper, when the domain Ω is not ne
essarily bounded butsatisfying the Poin
aré inequality, and h ∈ L2

loc(R; H−1 (Ω)). The main
on
ept used in the proof is the asymptoti
 
ompa
tness of the pro
essgenerated by the problem.Key words: pullba
k attra
tor, asymptoti
 
ompa
tness, evolution pro
ess,non-autonomous rea
tion-di�usion equation.AMS subje
t 
lassi�
ations: 35B41, 35Q35, 35Q30, 35K90, 37L30.1 Introdu
tion and setting of the problemLet Ω ⊂ R
N be an open set, not ne
essarily bounded and suppose that Ωsatis�es the Poin
aré inequality, i.e., there exists a 
onstant λ1 > 0 su
h that
∫

Ω

|u(x)|2 dx ≤ λ−1
1

∫

Ω

|∇u(x)|2 dx, ∀u ∈ H1
0 (Ω) . (2)Let us 
onsider the following problem for a non-autonomous rea
tion-di�usion equation with zero Diri
hlet boundary 
ondition in Ω,





∂u

∂t
−△u = f(u) + h(t), in Ω × (τ,+∞),

u = 0, on ∂Ω × (τ,+∞),
u(x, τ) = uτ (x), x ∈ Ω, (3)9



10 M. Anguianowhere τ ∈ R, uτ ∈ L2 (Ω), h ∈ L2
loc(R;H−1 (Ω)) and f ∈ C(R) satis�es thatthere exist 
onstants α1 > 0, α2 > 0, l ≥ 0, and p > 2 su
h that

−α1 |s|p ≤ f(s)s ≤ −α2 |s|p , (4)
(f(s) − f(r))(s − r) ≤ l(s− r)2 ∀r, s ∈ R. (5)The aim of this paper is to show the existen
e of a pullba
k attra
tor in the phasespa
e L2(Ω) for the problem (3) in the 
ase of open domains not ne
essarilybounded but satisfying the Poin
aré inequality. This, and the fa
t that the non-autonomous h belongs to the spa
e L2

loc(R;H−1 (Ω)), are the main novelties ofour problem.The la
k of 
ompa
tness of the inje
tion H1
0 (Ω) ⊂ L2(Ω) (in the 
ase ofunbounded domains) implies that the standard te
hniques previously used,parti
ularly the one involving the so-
alled �atenning property (see [6℄, [7℄, [12℄,[14℄, amongst others), whi
h have been su

essfully used when Ω is boundedand h ∈ L2

loc(R;L2(Ω)), do not work in our 
ase.Instead, we will use the asymptoti
 
ompa
tness already used in the 
ase ofnon-autonomous 2D-Navier-Stokes (see [1℄ and [2℄, see also [5℄ for a 
lose result),and whi
h was previously used in [11℄ for the autonomous 
ase. We would liketo emphasize that this te
hnique seems to be the only one whi
h allows to provethe main result of this paper (namely Theorem 4) 
on
erning the existen
e ofpullba
k attra
tor for our problem.It is also worth mentioning that our problem has re
eived mu
h attentionover the last years in the 
ase of a bounded domain or for a less general term h(see [3℄, [7℄, [12℄, [14℄).Finally, the reader 
an �nd similar results for several variants of our model inthe referen
es [9℄, [10℄, among others.2 Existen
e and uniqueness of solutionWe state in this se
tion a result on the existen
e and uniqueness of solution ofproblem (3). By |·| we denote the norm in L2 (Ω), by |∇·| the norm in H1
0 (Ω)and by ‖·‖∗ the norm in H−1 (Ω). We will use (·, ·) to denote the s
alar produ
tin L2 (Ω) and we will use 〈·, ·〉 to denote the duality produ
t between H−1 (Ω)and H1

0 (Ω).Theorem 1 Suppose that Ω satis�es (2). Assume that f ∈ C(R) satis�es (4)and (5), and h ∈ L2
loc(R;H−1 (Ω)). Then, for all τ ∈ R, uτ ∈ L2 (Ω), thereexists a unique solution u(t) = u(t; τ, uτ ) of (3) su
h that

u ∈ L2(τ, T ;H1
0 (Ω)) ∩ Lp(τ, T ;Lp (Ω)) ∀T > τ,

d

dt
(u(t), v) − 〈∆u(t), v〉 = 〈f(u(t)), v〉
+ 〈h(t), v〉, in D′(τ,∞), ∀ v ∈ H1

0 (Ω) ∩ Lp (Ω) ,

u(τ) = uτ .
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tion-di�usion equation in some unbounded domains 11Moreover,
u ∈ C([τ,∞);L2 (Ω)),and u satis�es the energy equation,

1

2

d

dt
|u(t)|2 + |∇u(t)|2 = 〈f(u(t)), u(t)〉
+〈h(t), u(t)〉 in D′(τ,∞). (6)Proof . The proof of this Theorem 
an be done by the method of monotony(see [8℄). �3 Preliminaries on the theory of pullba
k attra
torsNow, we will re
all the main points from the theory of pullba
k attra
tors whi
hwill be needed to prove our obje
tive (see [1℄ and [2℄ for more details).Let us 
onsider a pro
ess (also 
alled a two-parameter semigroup) U on ametri
 spa
e X , i.e., a family {U(t, τ); −∞ < τ ≤ t < +∞} of 
ontinuousmappings U(t, τ) : X → X , su
h that U(τ, τ)x = x, and

U(t, τ) = U(t, r)U(r, τ) for all τ ≤ r ≤ t. (7)Suppose that D is a nonempty 
lass of parameterized sets D̂ = {D(t); t ∈ R} ⊂
P(X), where P(X) denotes the family of all nonempty subsets of X .De�nition 1 The pro
ess U(·, ·) is said to be pullba
k D-asymptoti
ally
ompa
t if for any t ∈ R, any D̂ ∈ D, any sequen
e τn → −∞, and any sequen
e
xn ∈ D(τn), the sequen
e {U(t, τn)xn} is relatively 
ompa
t (i.e. pre-
ompa
t)in X.De�nition 2 It is said that B̂ ∈ D is pullba
k D-absorbing for the pro
ess
U(·, ·) if for any t ∈ R and any D̂ ∈ D, there exists a τ0(t, D̂) ≤ t su
h that

U(t, τ)D(τ) ⊂ B(t) for all τ ≤ τ0(t, D̂).De�nition 3 The family Â = {A(t); t ∈ R} ⊂ P(X) is said to be a pullba
k
D-attra
tor for U(·, ·) if1. A(t) is 
ompa
t for all t ∈ R,2. Â is pullba
k D-attra
ting, i.e.,

lim
τ→−∞

dist(U(t, τ)D(τ), A(t)) = 0,for all D̂ ∈ D, and all t ∈ R,3. Â is invariant, i.e.,
U(t, τ)A(τ) = A(t), for −∞ < τ ≤ t < +∞.



12 M. AnguianoWe have the following result (see [2℄ for more details).Theorem 2 Suppose that the pro
ess U(·, ·) is pullba
k D-asymptoti
ally
ompa
t and that B̂ ∈ D is a family of pullba
k D-absorbing sets for U(·, ·).Then, the family Â = {A(t); t ∈ R} ⊂ P(X) de�ned by A(t) = Λ(B̂, t), t ∈
R, where for ea
h D̂ ∈ D

Λ(D̂, t) =
⋂

s≤t



⋃

τ≤s

U(t, τ)D(τ)


 ,is a pullba
k D-attra
tor for U(·, ·) whi
h satis�es in addition that A(t) =

⋃
bD∈D Λ(D̂, t), for t ∈ R. Furthemore, Â is minimal in the sense thatif Ĉ = {C(t); t ∈ R} ⊂ P(X) is a family of 
losed sets su
h that

limτ→−∞ dist(U(t, τ)B(τ), C(t)) = 0, then A(t) ⊂ C(t).4 Existen
e of the pullba
k attra
torNow, we 
an prove our main result in this paper. First, we need a 
ontinuityresult whi
h is established in the next subse
tion.4.1 Weak ContinuityAssume that the fun
tion f ∈ C(R) satis�es (4) and (5), and that h ∈
L2

loc(R;H−1 (Ω)).Thanks to Theorem 1, we 
an de�ne a pro
ess {U(t, τ), τ ≤ t} in L2 (Ω),as
U(t, τ)uτ = u(t; τ, uτ ) ∀uτ ∈ L2 (Ω) , ∀τ ≤ t. (8)From the uniqueness of solution to problem (3), it follows that (8) de�nes apro
ess in L2 (Ω). In addition, it 
an be proved that the pro
ess de�ned by (8)is 
ontinuous in L2 (Ω).Moreover, U is weakly 
ontinuous, and more exa
tly the following resultholds true. We will denote by �⇀� the weak 
onvergen
e in the 
orrespondingindi
ated spa
e, while �→� will denote the strong 
onvergen
e, as usual.Proposition 3 Let {uτn

} ⊂ L2 (Ω) be a sequen
e 
onverging weakly in L2 (Ω)to an element uτ ∈ L2 (Ω). Then, for all T > τ , it follows
U (t, τ) uτn

⇀ U (t, τ)uτ in L2 (Ω) ∀t ≥ τ , (9)
U (·, τ) uτn

⇀ U (·, τ) uτ in L2(τ, T ;H1
0 (Ω)), (10)

U (·, τ) uτn
⇀ U (·, τ) uτ in Lp(τ, T ;Lp (Ω)), (11)

f (U (·, τ)uτn
) ⇀ f (U (·, τ) uτ ) in Lp′(τ, T ;Lp′

(Ω)). (12)If Ω is a bounded set, then
U (·, τ) uτn

−→ U (·, τ) uτ in L2(τ, T ;L2 (Ω)). (13)



A rea
tion-di�usion equation in some unbounded domains 13Proof . This result may be proved in mu
h the same way as Theorem 1, andusing similar arguments to [11℄. �4.2 The existen
e of the global pullba
k attra
torLet Rλ1 be the set of all fun
tions r : R → (0,+∞) su
h that
lim

t→−∞
eλ1tr2(t) = 0,and denote by Dλ1 the 
lass of all families D̂={D(t) : t ∈ R} ⊂ P(L2 (Ω) ) su
hthat D(t) ⊂ B(0, r

bD(t)), for some r
bD ∈ Rλ1 , where B(0, r

bD(t)) denotes the
losed ball in L2 (Ω) 
entered at zero with radius r
bD(t).Now, we 
an prove the following result.Theorem 4 Suppose that Ω satis�es (2), and suppose that f ∈ C(R) satis�es(4) and (5) with l = 0. Let h ∈ L2

loc(R;H−1 (Ω)) be su
h that
∫ t

−∞
eλ1s ‖h(s)‖2

H−1(Ω) ds < +∞ ∀t ∈ R.Then, there exists a unique global pullba
k Dλ1-attra
tor for the pro
ess U , whi
hbelongs to Dλ1 , and is de�ned by (8).Proof. We only give the main ideas of the proof. Let τ ∈ R, and uτ ∈ L2 (Ω)be �xed, and denote
u(t) = u(t; τ, uτ) = U(t, τ)uτ ∀t ≥ τ .Let D̂ ∈ Dλ1 be given. Taking into a

ount (2), (4), the energy equality andintegrating between τ and t,

|U(t, τ)uτ |2 ≤ e−λ1t

∫ t

−∞
eλ1s ‖h(s)‖2

H−1(Ω) ds

+eλ1(τ−t)r2D(τ), (14)for all uτ ∈ D(τ) and for all t ≥ τ .Denote by Rλ1(t) the nonnegative number given for ea
h t ∈ R by
R2

λ1
(t) = e−λ1t

∫ t

−∞
eλ1s ‖h(s)‖2

H−1(Ω) ds+ 1. (15)Observe that Rλ1 ∈ Rλ1 . Now, 
onsider the family B̂λ1 of 
losed balls in L2 (Ω),
B̂λ1 = {Bλ1(t) : t ∈ R} , de�ned by Bλ1(t) =

{
v ∈ L2 (Ω) : |v| ≤ Rλ1(t)

} . It isstraightforward to 
he
k that B̂λ1 ∈ Dλ1 , and moreover, by (14), the family B̂λ1is pullba
k Dλ1 -absorbing for the pro
ess U .A

ording to Theorem 2, to �nish the proof of the theorem we only have toprove that U is pullba
k Dλ1-asymptoti
ally 
ompa
t.



14 M. AnguianoLet us �x D̂ ∈ Dλ1 , a sequen
e τn → −∞, a sequen
e uτn
∈ D(τn), and

t ∈ R. We have to prove that from the sequen
e {U(t, τn)uτn
} we 
an extra
t asubsequen
e that 
onverges in L2 (Ω).As the family B̂λ1 is pullba
k Dλ1 -absorbing, by a diagonal pro
edure, it is notdi�
ult to 
on
lude that there exist a subsequen
e {(τn′ , uτn′

)}
⊂ {(τn, uτn

)},and a sequen
e {wk; k ≥ 0} ⊂ L2 (Ω) su
h that for all k ≥ 0, and wk ∈
Bλ1(t− k),

U(t− k, τn′)uτn′ ⇀ wk in L2 (Ω) , (16)and
|w0| ≤ lim inf

n′→∞

∣∣U(t, τn′)uτn′

∣∣ . (17)If we now prove that also
lim sup
n′→∞

∣∣U(t, τn′)uτn′

∣∣ ≤ |w0| , (18)then we will have
lim

n′→∞

∣∣U(t, τn′)uτn′

∣∣ = |w0| .And this, together with the weak 
onvergen
e, will imply the strong 
onvergen
ein L2 (Ω) of U(t, τn′)uτn′ to w0.In order to prove (18), 
onsider [u] := |∇u|2 − λ1

2 |u|2 − 〈f(u), u〉 . Taking intoa

ount (2), (4), the energy equality and integrating between τ and t, it isimmediate that for all k ≥ 0 and all τn′ ≤ t− k,
∣∣U(t, τn′)uτn′

∣∣2 (19)
=
∣∣U(t− k, τn′)uτn′

∣∣2 e−λ1k

+ 2

∫ t

t−k

eλ1(s−t)
〈
h(s), U(s, t− k)U(t− k, τn′)uτn′

〉
ds

− 2

∫ t

t−k

eλ1(s−t)
[
U(s, t− k)U(t− k, τn′)uτn′

]
ds.Now we will prove that

∫ t

t−k

eλ1(s−t) [U(s, t− k)wk] ds (20)
≤ lim inf

n′→∞

∫ t

t−k

eλ1(s−t)
[
U(s, t− k)U(t− k, τn′)uτn′

]
ds.Denote

Jk(v) = J
(1)
k (v) + J

(2)
k (v),where

J
(1)
k (v) =

∫ t

t−k

eλ1(s−t)

(
|∇v(s)|2 − λ1

2
|v(s)|2

)
ds,
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tion-di�usion equation in some unbounded domains 15and
J

(2)
k (v) = −

∫ t

t−k

eλ1(s−t) 〈f(v), v〉 ds,for all v ∈ L2(t− k, t;H1
0 (Ω)) ∩ Lp(t− k, t;Lp (Ω)).We also obtain from (16) and using Proposition 3

lim inf
n′→∞

(J
(1)
k (U(·, t− k)U(t− k, τn′)uτn′ )

≥ J
(1)
k (U(·, t− k)wk). (21)Using (5) with l = 0, from (16) and Proposition 3 we easily obtain

lim
n′→∞

inf
(
J

(2)
k (U(·, t− k)U(t− k, τn′)uτn′ )

)

≥ J
(2)
k (U(·, t− k)wk).Therefore (20) is easily obtained from the last inequality and (21).Then, taking into a

ount that the family B̂λ1 is pullba
k Dλ1 -absorbing, from(16), using Proposition 3 and thanks to (19) and (20), we obtain
lim

n′→∞
sup

∣∣U(t, τn′)uτn′

∣∣2

≤ R2
λ1

(t− k)e−λ1k + |w0|2 ,for all k ≥ 1. Taking into a

ount (15), we easily obtain
lim

n′→∞
sup

∣∣U(t, τn′)uτn′

∣∣2 ≤ |w0|2 .
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