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Abstract

The existence of a pullback attractor in L?*() for the following non-
autonomous reaction-diffusion equation

% — Au= f(u) + h(t), in Q x (7, +00),

u=0, on 9N X (1,+00), (1)
u(z,7) = ur(x), x€Q,
is proved in this paper, when the domain {2 is not necessarily bounded but
satisfying the Poincaré inequality, and h € L}, .(R; H ™' (Q)). The main
concept used in the proof is the asymptotic compactness of the process
generated by the problem.

Key words: pullback attractor, asymptotic compactness, evolution process,

non-autonomous reaction-diffusion equation.
AMS subject classifications: 35B41, 35Q85, 35Q30, 35K90, 37L30.

1 Introduction and setting of the problem

Let Q C RY be an open set, not necessarily bounded and suppose that €2
satisfies the Poincaré inequality, i.e., there exists a constant A\; > 0 such that

/ ()2 dz < /\1‘1/ V(o) de, Vu e HL(Q). @)
Q Q

Let us consider the following problem for a non-autonomous reaction-
diffusion equation with zero Dirichlet boundary condition in €2,

% — A= f(u)+ h(t), in Q x (7, +00),

u=0, on 9N x (1,+00), (3)
U,(JZ,T) = UT(x)v z €1,
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where 7 € R, u, € L?(Q), h € L2 (R;H () and f € C(R) satisfies that

loc

there exist constants a; > 0, as > 0,1 > 0, and p > 2 such that
—ay[s[” < f(s)s < —az|s|”, (4)

(f(s) = f(r)(s —7) <I(s—71)* Vr,s €R. (5)

The aim of this paper is to show the existence of a pullback attractor in the phase
space L2(2) for the problem (3) in the case of open domains not necessarily
bounded but satisfying the Poincaré inequality. This, and the fact that the non-
autonomous h belongs to the space L? (R; H~' (£2)), are the main novelties of
our problem.

The lack of compactness of the injection Hi(Q) < L%*(Q) (in the case of
unbounded domains) implies that the standard techniques previously used,
particularly the one involving the so-called flatenning property (see [6], [7], [12],
[14], amongst others), which have been successfully used when 2 is bounded
and h € L} (R; L?(Q)), do not work in our case.

Instead, we will use the asymptotic compactness already used in the case of
non-autonomous 2D-Navier-Stokes (see [1] and [2], see also [5] for a close result),
and which was previously used in [11] for the autonomous case. We would like
to emphasize that this technique seems to be the only one which allows to prove
the main result of this paper (namely Theorem 4) concerning the existence of
pullback attractor for our problem.

It is also worth mentioning that our problem has received much attention
over the last years in the case of a bounded domain or for a less general term h
(see [3], [7], [12], [14]).

Finally, the reader can find similar results for several variants of our model in
the references [9], [10], among others.

2 Existence and uniqueness of solution

We state in this section a result on the existence and uniqueness of solution of
problem (3). By || we denote the norm in L? (Q), by |V:| the norm in H} (Q)
and by ||-||, the norm in H~1 (Q). We will use (-, -) to denote the scalar product
in L2 (Q) and we will use (-,-) to denote the duality product between H ! (£2)
and H{ (Q).

Theorem 1 Suppose that Q) satisfies (2). Assume that f € C(R) satisfies (4)
and (5), and h € L? (R;H=*(Q)). Then, for all 7 € R, u, € L?(Q), there

loc
exists a unique solution u(t) = u(t; 7,u,) of (8) such that

w e L*(1,T; HY (Q) N LP (7, T; LP (Q)) VT >,

L (ut), v) ~ (But), ) = (F(u(), v)
+ (h(t),v), in D'(1,00), Yv € HE ()N LP(Q),
)

= U,.

—_—

u(
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Moreover,
u € C([r,00); L? (),

and u satisfies the energy equation,

S—[u()? + [Vu) > = (f(u(t)), u(t))
+(h(t),u(t)) in D'(T,00). (6)

Proof. The proof of this Theorem can be done by the method of monotony
(see [8])- 0

3 Preliminaries on the theory of pullback attractors

Now, we will recall the main points from the theory of pullback attractors which
will be needed to prove our objective (see [1] and [2] for more details).

Let us consider a process (also called a two-parameter semigroup) U on a
metric space X, i.e., a family {U(¢,7); —oco < 7 < t < +oo} of continuous
mappings U(t,7) : X — X, such that U(r,7)z = =, and

Ut,7)=U(t,r)U(r,7) forallT <r <t. (7)

Suppose that D is a nonempty class of parameterized sets D= {D(t); te R} C
P(X), where P(X) denotes the family of all nonempty subsets of X.

Definition 1 The process U(-,-) is said to be pullback D-asymptotically
compact if for anyt € R, any D € D, any sequence T, — —00, and any sequence
Ty, € D(73,), the sequence {U(t,T,)xy,} is relatively compact (i.e. pre-compact)
n X.

Definition 2 It is said that EAE D s pullback D-absorbing for the process
U(-,-) if for any t € R and any D € D, there ezists a To(t, D) <t such that

U(t,7)D(t) C B(t) for all 7 < 1o(t, D).

Definition 3 The family A = {A(t); t € R} C P(X) is said to be a pullback
D-attractor for U(-,-) if

1. A(t) is compact for all t € R,
2. A is pullback D-attracting, i.e.,
lim dist(U(¢,7)D(1), A(t)) = 0,

for all De D, and all t € R,
3. A s nvariant, i.e.,

U(t,7)A(T) = A(t), for —oo <7 <t < +00.
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We have the following result (see [2] for more details).

Theorem 2 Suppose that the process U(-,-) is pullback D-asymptotically
compact and that BeDisa family of pullback D-absorbing sets for U(-,-).

Then, the family A = {A(t); t e R} C P(X) defined by A(t) = A(B,t), te
R, where for each DeD

AD. )= | JUtrDE) |,

s<t \7<s

is a pullback D-attractor for U(-,-) which satisfies in addition that A(t) =
UEGDA(ZA),t), fort € R. Furthemore, A is minimal in the semse that
if C = {Ct); t € R} € P(X) is a family of closed sets such that
lim,_, o dist(U(t, 7)B(7),C(t)) =0, then A(t) C C(t).

4 Existence of the pullback attractor

Now, we can prove our main result in this paper. First, we need a continuity
result which is established in the next subsection.

4.1 Weak Continuity

Assume that the function f € C(R) satisfies (4) and (5), and that h €
L7, (R H (Q)).

Thanks to Theorem 1, we can define a process {U(t,7), 7 <t} in L?(Q),
as

Ut, 7)ur = u(t;7,ur) Yur € L*(Q), Vr < t. (8)

From the uniqueness of solution to problem (3), it follows that (8) defines a
process in L? (). In addition, it can be proved that the process defined by (8)
is continuous in L? (Q2).

Moreover, U is weakly continuous, and more exactly the following result
holds true. We will denote by “—” the weak convergence in the corresponding
indicated space, while “—” will denote the strong convergence, as usual.

Proposition 3 Let {u,,} C L?(Q) be a sequence converging weakly in L* (Q)
to an element u, € L*(Q). Then, for all T > 7, it follows

Ut,7)u,, —U(t,7)u, in L*(Q) Vt >, (9)
U, u,, —U(7)ur in L*(7,T; H} (Q)), (10)
U(,m)ur, =U(,T)ur in LP(7,T; L7 (Q)), (11)

fU ) ur,) = f(U ) ur) in LV (7, T5 LV (Q). (12)

If Q is a bounded set, then
U(yT)ur, — U (5, T)ur in L*(1,T; L* (Q)). (13)
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Proof. This result may be proved in much the same way as Theorem 1, and
using similar arguments to [11]. O

4.2 The existence of the global pullback attractor
Let Ry, be the set of all functions r : R — (0, +-00) such that

tli{n eMirl(t) =0,
and denote by Dy, the class of all families ﬁ:{D(t) :t € R} C P(L?(Q) ) such
that D(t) € B(0,rp(t)), for some r5 € Ry,, where B(0,75(f)) denotes the
closed ball in L? (Q) centered at zero with radius 5 (¢).
Now, we can prove the following result.

Theorem 4 Suppose that Q) satisfies (2), and suppose that f € C(R) satisfies
(4) and (5) with 1 =0. Let h € L} (R; H=1(Q)) be such that

loc

t
[ Iy ds < b Ve R

— 00

Then, there exists a unique global pullback Dy, -attractor for the process U, which
belongs to Dy, , and is defined by (8).

Proof. We only give the main ideas of the proof. Let 7 € R, and u, € L? (Q)
be fixed, and denote

U(t) = ’U/(t;T, U-,—) - U(t,T)UT YVt Z T.

Let D € Dy, be given. Taking into account (2), (4), the energy equality and
integrating between 7 and t,

t
U(t, T)u.)® < e**”/ M [ h(s) |71 s

— 00

(), (14)

for all ur € D(7) and for all t > 7.
Denote by Ry, (t) the nonnegative number given for each ¢ € R by

t
RE () =™ [ )|y ds 1. (15)

— 00

Observe that Ry, € Ry, . Now, consider the family By, of closed balls in L2 (),
By, = {By,(t) : t € R}, defined by By, (t) = {v e L2(Q) : [u| < Ry, ()} . It is
straightforward to check that EM € D,,, and moreover, by (14), the family EM
is pullback Dy, -absorbing for the process U.

According to Theorem 2, to finish the proof of the theorem we only have to
prove that U is pullback Dy,-asymptotically compact.
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Let us fix D € Dy,, a sequence 7, — —o00, a sequence u,, € D(7,), and
t € R. We have to prove that from the sequence {U(t, 7,)ur, } we can extract a
subsequence that converges in L2 (Q).

As the family B A, is pullback Dy, -absorbing, by a diagonal procedure, it is not
difficult to conclude that there exist a subsequence {(Tn/, uTn,)} C {(mn,ur,)},
and a sequence {wy;k >0} C L?(Q) such that for all k& > 0, and wy €
By, (t - kl):

Ut —k, 7 )ur, = wy in L?(Q), (16)
and
[wol < lim inf |U(t, 70 )ur,,| - (17)
If we now prove that also
lim sup |U(t, T )z, , | < |wol, (18)

n’—oo

then we will have
lim |U(t, 7 ur,,

n’—oo

= |U}Q| .

And this, together with the weak convergence, will imply the strong convergence
in L? () of U(t, 7w )ur,, to wo.

In order to prove (18), consider [u] := |Vu|* — A lul> = (f(u),u) . Taking into

account (2), (4), the energy equality and integrating between 7 and ¢, it is
immediate that for all £ > 0 and all 7, <t —k,

|U(t, TTL/)UT"/ ?
= U@t -k, r)ur, |

(19)
“Aik

e
t
n 2/ eri(s—1) (h(s),U(s,t —k)U(t — k, 7w )ur,, )ds
t—k
t
_ 2/ MU (s,t — k)U(t — b, s usr,, ] ds.
t—k
Now we will prove that
t
/ eri(s—t) [U(s,t — k)wy] ds (20)
t

—k

t
<liminf [ eMED [U(s,t — K)U(t— k7 )ur,, ] ds.

n'—oo Ji

Denote
Te(w) = I () + TP (v),

where

t
KO0 = [ A (9o = 3 o) ds,
t—
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and

D () =~ / M0 (f(v),0) ds,

—k
for all v € L?(t — k,t; H} () N LP(t — k, t; LP (Q)).
We also obtain from (16) and using Proposition 3

li@&f(J,gl)(U(-, t— KU (t — kT Jur )
> IV WUt - k). (21)
Using (5) with { = 0, from (16) and Proposition 3 we easily obtain
Jiminf (SO WUt = WU k7))
> JP Ut — k)wg).

Therefore (20) is easily obtained from the last inequality and (21).
Then, taking into account that the family Bj, is pullback Dy, -absorbing, from
(16), using Proposition 3 and thanks to (19) and (20), we obtain

lim sup |U(t, Tt )Ur, 2
2 —Aik 2
<R3, (E=k)e™ ™" + wol”,
for all k& > 1. Taking into account (15), we easily obtain

? < ).

lim sup |U(t, 7w )ur,,
n’—o0 "

O
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