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Abstract

In this paper we study the existence, uniqueness, multiplicity and stability of pos-
itive solution of a non-linear elliptic problem that combines local and non-local terms
taking the form of an integral in space. The proofs are mainly based on fixed point
theorems, bifurcation techniques, sub-supersolutions and continuation arguments.
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1 Introduction

Throughout this work we consider the following problem

—Au = AuP + / v’ in Q,
Q (1.1)
u=20 on 0f),

where Q C RY is a bounded regular domain, A € R and p, 8 > 0.

During recent years the so called non-local elliptic problems have attracted the at-
tention of a lot of researchers due two main aspects: Firstly due to their mathematical
importance. The presence of non-local terms provokes some difficulties which, sometimes,
do not appear in the local ones. So, the behaviour of these problems may be, in general,
distinct of their local counterpart. Secondly, these problems arise from practical moti-
vations from Biology, Physics, Heat Transfer, Mechanics and so on, which makes their
studies particularly interesting. See, for instance, the review paper [8].

In particular, in problem (1.1) there exists a combination of a local and a non-local
terms in additive way. Observe that while for A = 0 equation (1.1) is a non-local elliptic
equation, when A < 0 there is a competition between both terms. It is interesting to study

1 AS have been supported by the Spanish Ministry of Science and Technology under Grant MTM2009-
12367.
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the behaviour of the set of positive solutions of (1.1) depending of the size of p and 3 and
of course of the sign of A.

Problem (1.1) has been previously analyzed in [14] and [12], at least to our knowledge,
only the case A < 0, 8 > 1 and p > 1. In both works, the parabolic problem related to
(1.1) was studied. In particular, both works showed the value p = (3 represents a critical
blow-up exponent. Indeed, they proved that if 5 > p or § = p and A\ > —|Q|, the blow-up
can occur in finite time. However, when < p or § = p and A < —|Q| all the solutions
are global and bounded.

With respect to the elliptic problem (1.1), the authors proved the existence of positive
solution for A\ small in the particular case A < 0, p > 8 > 1. In this paper, we complete
this study, and give results for all the values of p and S.

Before proceeding to the statement of the main results, we need to introduce some
notation. Given regular, non-negative and non-trivial functions a,b and m, we denote by
A (—A + m;a,b) the principal eigenvalue of the following integro-differential eigenvalue
problem

—Au+m(z)u — a(ac)/ b(x)u=Au in Q, u=0 on 99, (1.2)
Q

(see Section 2 for a detailed study of this problem). Denote also
A= A(—A;0,0) and o7 := A (—A;1,1).

We use the principal eigenvalues of (1.2) to characterize the stability of the solutions with
respect to the parabolic counterpart problem. We say that a positive solution ug of (1.1)
is stable (resp. unstable) if the principal eigenvalue of the linearization of (1.1) around ug
is positive (resp. negative), i.e.,

A(—A— )\pugfl;ﬁ; ugfl) >0 (resp. <0.)

We also say that ug is neutrally stable if it is zero. Observe that p and § can be less than
one, and so the eigenvalue problem (1.2) can have singular terms.

We can now state our main results, which depend on the size of p and 3.

First, it is clear that if (p,3) = (1,1) then (1.1) is an eigenvalue problem and it
possesses positive solution if A = o7. So, we assume that (p, ) # (1,1).

In the case p = 1 we can obtain:

Theorem 1.1. Assume that p = 1. Then, there exists a unique positive solution of (1.1)
for A < A1, and no positive solutions for X > A1. Moreover, the solution is stable for 3 < 1
and unstable for 8 > 1. Finally,

. 0 when B> 1, . 400 when B> 1,
lim ||u]|eo = and  lim |julle =
A=A 400 when B < 1. A——00 0 when B < 1.

In Figure 1 we have represented the bifurcation diagrams corresponding to the case
p = 1. Case 1 represents the solutions of (1.1) when § < 1 and and Case 2 shows the case
B > 1. Observe that we have a bifurcation from zero when (3 > 1 and a bifurcation from
infinity when 8 <1 at A = A;.

In the case p < 1, we get:

Theorem 1.2. Assume that p < 1.
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Figure 1: Bifurcation diagrams for equation (1.1) for p = 1.

a) Assume also that § = 1.

(a) If o1 > 0 there exists a positive solution of (1.1) if, and only if, X > 0. The
solution is unique and stable. Moreover,

lim furlloe =0, lim fJuz]loc = o0,

(b) If o1 = 0 there exists a positive solution of (1.1) if, and only if, A\ = 0. There
are infinite positive solutions and they are neutrally stable.

(c) If o1 < O there exists a positive solution of (1.1) if, and only if, A < 0. The
solution is unique and unstable. Moreover,

/l\li% uxlle =0, /\EIPOO ur|loo = 0.

b) Assume also that 3 > 1. There exists a value X\ > 0 such that there exists a positive
solution of (1.1) if and only if X < \. There is a unique and unstable positive solution
for A <0 and at least two solutions, uy < uj, for A\ > 0 and small, uy is stable and

u) unstable. Moreover,

li = d i Mls = 0.
A;rjlw\\uxllm oo an )\%Hul”oo

¢) Assume now that § < 1.

(a) If B < p there exists a positive solution of (1.1) for all X € R. The solution is
unique and stable. Moreover,

Iim [Jurlloo =0 and lm [Juy|e = o0
A——00 A—00
(b) If B = p there exists Ao < 0 such that there exists positive solution if and only if
A > Xo. In fact, Mg € (=], — [, 7). being o1 > 0 the eigenfunction associated
to A1 such that ||¢1]|coc = 1. Furthermore, the solution is unique and stable and

lim sl =0 and  Jim fun o = ox.
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(c) If p < [ there exists A\g < 0 such that there exists positive solution if and only
if A > Xo. Moreover, for A > 0 the solution is unique and stable, and for A
negative and small there exist at least two positive solutions, uy < uj, ul is
unstable and uj stable. Moreover,

li Mo =0 d 1 = 0.
Algg)lleoo an Agqgolleoo 00

In Figure 2 we have drawn the bifurcation diagrams of (1.1) corresponding to the case
p < 1. Cases 1, 2 and 3 represent the solutions when f = 1 and o1 > 0, 07 = 0 and
o1 < 0, respectively. Case 4 shows the case 0 > 1, and when 3 < 1 we have the Cases 5,
6 and 7 when 8 > p, 8 =p and 3 < p, redspectively. m
X

I u, A
A Uy
(B \
— >
A A >
A
Case 1 Case 2 Case 3
4. A
u, u

A

/ > >
0 A A

Case 6 Case 7

Figure 2: Bifurcation diagrams for equation (1.1) for p < 1.

Let us compare some of our results with the well-known ones of the local equation
—Au = M + .

In the case p = 1 the existence results are rather similar to the local case. However, for the
case > 1 in the non-local case we do not need impose the condition § < (N +2)/(N —2)
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to obtain the existence of a priori bounds. Moreover, in this case we show that the solution
is unstable (similar to the local case) but the solution is unique, unlike the local case.

With respect to the case p < 1 we would like to point out that in the non-local case
any non-negative and non-trivial solution is positive in all . This contrasts with the
local case in which for A negative could exist non-negative and non-trivial solutions that
vanishes in a part of €2, the dead core.

Observe that in the case p < 1 < (8 the result obtained is rather similar to the case of
the local equation studied in [1]. However, again in our case we do not need to impose the
condition 8 < (N +2)/(N — 2). Also, the result obtained in the case p < # < 1 is similar
to the local equation analyzed in [7].

Let us remark that to obtain the existence results in the previous results, we can not
use the variational methods due to the equation (1.1) has not a variational structure. In
fact, we have used basically a fixed point argument and the sub-supersolution method to
obtain above results.

For the case p > 1 we are not able to use the fixed point argument. So, we have
introduced our equation (1.1) in a more general equation, see equation (4.18), and use
bifurcation methods and classical results from [2]. For that, we need to obtain a priori
bounds of positive solutions of (1.1). This is not a trivial problem. We distinguish two
cases. When A < 0 we obtain a priori bounds except in the case 8 = p > 1. The case
A > 0 is harder. Basically, we have used to different arguments: boot-strapping and
blow-up arguments to obtain the results. For the case A > 0 we have proved that if

p<1,V86>0 or p=1,8>1, (1.3)
’ l<p<(N+2)/(N—2), V3>0, (1.4)
p>(N+2)/(N-2), and B> (N/2)(p—1), (1.5)

then there exist a priori bounds of (1.1). Observe that (1.4) is the classical restriction in
the local case. On the other hand, (1.3) means that when p is small, we obtain a priori
bounds for all the values of 3; while (1.5) gives a priori bounds when £ is large, even when
p is greater that critical exponent (N +2)/(N — 2).

Moreover, these results are optimal in some way, because for A negative and 3 =p >
and for A positive and 8 < 1 = p we prove that there exist a bifurcation from infinity
for some A, and so a priori bounds do not exist. Moreover, we show that for p = § >
(N +2)/(N — 2) there is not positive solution for A large.

Theorem 1.3. Assume that p > 1.

a) Assume that = 1.

(a) Suppose that o1 > 0. If there exists a positive solution then A > 0. If A > 0 and
p < (N +2)/(N —2) then there exists at least a positive solution. The solution
is unstable and

lim [[uyllec =00 and lim [Juy|lec = 0. (1.6)
A—0 A—00

(b) If o1 = 0 there exists a positive solution if, and only if, A\ = 0. There are
infinite positive solutions and they are neutrally stable.
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(c) If o1 < O there exists a positive solution if, and only if, A\ < 0. The solution is
unique and stable and and

li =0 li = 0. 1.7
Jim oo =0, Tim fluy oo = o (1.7)

b) Assume also that > 1.

(a) If B > p there exists a unique and unstable positive solution for A\ < 0. If,
moreover, there exist a priori bounds, there exists positive solutions for A > 0
and it is unstable. Moreover,

lm  ||uy]|eo = 0.
——00

(b) If B = p, there exists \g < 0 such that (1.1) possesses positive solution for
A € (o, 0] and

li = . 1.8
Jin o = o0 (1)

Moreover, this solution is unique and unstable.

If, moreover, there exist a priori bounds, there exists positive solutions for A > 0
and it is unstable.

(c) If B < p, there exists \g < 0 such that (1.1) possesses positive solution for
A € [Xo, 0]. Moreover, if X is small and negative, there exist at least two positive

solutions, uy < u}, ujy is unstable and u) stable and

lim |15 || o = +00.
;%HUZHOO +00

If, moreover, there exist a priori bounds, there exists positive solutions for A > 0
and it s unstable.

¢) Assume now that 3 < 1. There exists a unique and stable positive solution of (1.1)
Jor A < 0. Assume now the existence of a a priori bounds. There exists A > 0 such
that there exists a positive solution if, and only if, A < XA. Moreover, A\ > 0 and small

there exist at least two positive solutions u3,uy, uy is stable and

. : A
im fuaflo =40, lim flugflec = +oo.

In Figure 3 we have represented the bifurcation diagrams of (1.1) corresponding to the
case p > 1. Cases 1, 2 and 3 represent the solutions when § =1 and o1 > 0, 07 = 0 and
o1 < 0, respectively. Cases 4, 5 and 6 show the cases 8 > p, 3 = p and § < p, respectively.
Finally, Case 7 represents 8 < 1.

An outline of the paper is: in Section 2 we study the eigenvalue problem and some
preliminaries results; Section 3 is devoted to obtain a priori bounds of positive solutions
of (1.1) and in the last Section we prove Theorems 1.1, 1.2 and 1.3.
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Figure 3: Bifurcation diagrams for equation (1.1) for p > 1.

2 The eigenvalue problem and preliminaries results

In this section we study a non-local and singular eigenvalue problem, which appears
when one linearizes around a positive solution of (1.1). Specifically, we study the following
problem

—Au+ m(z)u — a(m)/ b(x)u =ou in €,
Q (2.1)
u=20 on 0,
where m € C1(2), a € C(Q2) and b € C*(Q) and verify: for some o € (—1,1) and v < 1
(Hm) |0;m|d(x,02)%>~% are bounded for all z € Q and i = 1, ..., N;
(Hb) there exists K > 0 such that b(z) < Kd(x,00Q)7,

where d(z,09) := dist(z, 92) The next result was proved in [4]:
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Theorem 2.1. Assume that m verifies (Hm), a € C*(Q) N C(Q), is a non-negative and
non-trivial function, b € C1(2) is a non-negative and non-trivial function and it verifies
(Hb). Then, there exists a principal eigenvalue of (2.1), denoted by \i(—A + m;a;b),
which has an associated positive eigenfunction ¢ € C%(Q) N Cé’(s(ﬁ) for some § € (0,1),
and

aafll <0 on09Q, (2.2)

where n denotes the outward unit normal vector. Moreover, A\i(—A + m;a;b) is simple,
and it is the unique eigenvalue having an associated eigenfunction without change of sign.

In the following result we give a criteria to ascertain the sign of A\j(—A + m;a;b), see
also [4]:

Proposition 2.2.  a) Assume that there exists a positive function u € CQ(Q)QC’&";(Q),
d € (0,1), such that

—AT +m(z)u — a(zx) /Q b(x)u >0 inQ.

Then,
A (—A+m;a;b) > 0.

b) Assume that there evists a positive function u € C?(£2) N C’é’é(ﬁ), 5 € (0,1), such
that

—Au+m(z)u — a(zx) /Q b(x)u <0 in Q.

Then,
A (—=A+m;a;b) <O0.

Along the paper, we are going to denote by
A= A1(—A;0;0) and o5 = A (—A;151).

The next result characterizes the sign of \{(—A + m;a;b) on terms of the solution of the
problem

(2.3)

—A(+m(x)¢ =b(x) inQ,
¢=0 on 0f).

Thanks to Proposition 2.5 in [11] if A\;(—=A + m;0;0) > 0 there exists a unique positive
solution ¢ € C2(Q) N Cy°(Q), § € (0,1), of (2.3).

Lemma 2.3. Assume that A\i(—A +m;0;0) > 0. Then,

sgn (A (=A + m; a; b)) = sgn (1 - /Qa(x)g) .

Proof. Denote by 1 a positive eigenfunction associated to A;(—A + m;a;b). Multiplying
(2.3) by @1, and integrating we obtain that

<1—/Qa(95)4>/ﬂb(3«")9012)\1(—A+m;a;b)/g<ﬁ1¢

This concludes the result. n
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The next result shows the monotony of the principal eigenvalue with respect to the
domain.

Lemma 2.4. Consider a sub-domain g C €2, and that the functions a,b and m verify the
conditions of Theorem 2.1. Denote by Ao and \1 the principal eigenvalues \1(—A+m;a; b)
in Qo and Q, respectively. Then, A1 < Ag.

Proof. Consider ¢ the adjoint positive eigenfunction associated to Ag, that is

A+ mi@)gh — blx) /Q a(@)oh = Nogl, i Qo @h=0 on %%,
0

Then, prolonging ¢ by zero at €2, and multiplying by ¢1, a positive eigenfunction associ-
ated to A1, we get

| ety | ) - [ bt + [ %~ [ i

whence, using (2.2), we deduce that A\; < Ap. n

With respect to the monotony on the potentials, we have:
Lemma 2.5. Assume that m1 < mag, a1 > ag and by > by. Then,
AM(=A +mr;a1;61) < Ai(—A + ma;az; ba).

Proof. Let ¢ > 0 an eigenfunction associated to A\j(—A + mq;a;;b1). Then

—Atp+m2g0—)\1(—A+m1;al;bl)cp—aQ/b2g0:(mg—ml)go—Fal/bltp—ag/bggoz(),
Q Q Q

and so, by Proposition 2.2, A\{(—A + mg — A\ (—A + mi;a1;b1);a2;b2) > 0, that is,

AL(=A 4 ma;az;b2) 2 A (—A +mi;a1;01).

Finally, the following result will be very useful during the work:

Lemma 2.6. Assume a > 0 in Q. It holds that

lim A (—A+ m;Aa;b) = —o0.

A—+400

Proof. Consider a ball B C €2 such that b > by > 0 in B and such that Af(—A+m; 0;0) >
0. By Lemma 2.4
A=A 4+ m; Aa; b) < AB(=A +m; Aasb).

We are going to prove that A?(—A—i—m; Aa;b) — —oo as A — 400. Indeed, since A?(—A—i—
m;0;0) > 0 there exists a unique positive solution, denoted by e, of the equation

—Ae+m(z)e =b(z) in B, e=0 on0dB.
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Denote by ¢ > 0 an eigenfunction associated to AP(—A + m;\a;b). Multiplying the
equation that verifies ¢ by e and integrating, we obtain

/ b(z)e
B . (2.4)

A?(—A—i—m;)\a;b)—(l—)\/ ae)
B /(pe
B
[eestel [ o=L0200 [ o< [ it
B B b

Observe that

and so

It suffices to take A — —oo in (2.4). "

Now, we prove some results concerning to the problem (1.1). First, we have the
following result about the positivity and bounds of the solutions of (1.1).

Lemma 2.7. Assume that u is a non-negative and non-trivial solution of (1.1). Then,
a) w is strictly positive.
b) It holds
Al g/ﬂuﬁ. (2.5)

Proof. a) The result is evident if A\ > 0. So, assume that A < 0 and fixed. Take a non-
negative and non-trivial solution w of (1.1). Then, if p > 1 it is clear that there exists
M > 0 such that Au? + Mu > 0. If p < 1 then

1
Mu—i—)\up—i—/ u? = Mu+ \uP + Ry > MP/(P~ 1)<)\
0 —

1/(p—1)
) /0D (1) 4 Ry > 0
taking M large. Then, in both cases
—Au+ Mu >0 in Q,

and the result concludes using the strong maximum principle.
b) By the maximum principle we obtain (2.5). "

With respect to the behaviour as A — —oco and A — oo we have:

Lemma 2.8. In the case that the solution exists

. oo if B> p, : oo ifp <1,
lim uxllee = . lim [[u oo = )
A——o00 0 if B<p, A—00 0 if l<pand B=1.

10
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Proof. From (2.5) we get that
=X < [Q[luall3.

This concludes the first limit.
For the second one, observe that —Awu > AuP and then w is supersolution of the
equation
—Aw=w? in Q, w=0 on . (2.6)

Denoting w; the unique positive of (2.6) we arrive at
uy, > APy,

On the other hand, when 8 = 1 and assuming that there exists positive solution for all
A > 0, we have that
uy) = Al/(lip)ul, (27)

where u; is a positive solution of (1.1) when A = 1. We finish the result. "

In the following result we prove the stability of a positive solution of (1.1).
Proposition 2.9. Let ug be a positive solution of (1.1). Then,
a) If 6 <1, A(1 — p) > 0 and some inequality strict, ug is stable.
b) If B > 1, X(1 — p) <0 and some inequality strict, ug is unstable.
c) If A <0, B<p<1,ugy is stable.
Proof. We have to study the sign of the eigenvalue problem
Al [ w e =0t ma
£E=0 ’ on 0f).

First, observe that by Lemma 2.7 wug is strictly positive, so there exist positive constants
C; > 0,i=1,2 such that

0 < Cid(x,00) < ug(x) < Cod(x,00),

and so the above eigenvalue problem is in the setting of (2.1).
Using Proposition 2.2 and taking now u = ug we obtain

—Au — )\pugflﬂ — B/nglu =M1 -puf+(1-7) /ng

So, if 3 < 1 and A(1 — p) > 0 and some inequality strict, ug is stable. Similarly in the
second case.
For the third paragraph, observe that using (2.5) we get

-au—m%<—xvmmm&sa—mlg€

This concludes the result. n

11
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3 A priori bounds

In this section we prove some results on a priori bounds of positive solutions of (1.1).
Firstly, we denote by e the unique positive solution of

—Ae=1 in{
e in Q, (3.1)
e=0 on 0f).
Lemma 3.1. Let u be a positive solution of (1.1). Then if A >0 (resp. A <0)
uZe/u’g (resp. uge/uﬁ.)
Q Q
Proof. Observe that if A > 0
—Au:)\up—k/uﬁz/uﬂ,
Q Q
and so,
Al 2| =1
ub
Q
Whence we conclude that
u > e/ uP.
Q
The case A < 0 is performed in a similar way. This completes the proof. ]

In the next result, we show the existence of a priori bounds of positive solutions of
(1.1) for A negative.

Proposition 3.2. Assume A € A C (—00,0), A a compact, p,3 >0 and

(p,8) € {(p,B) :p=02>1}.

Then
|lulloo < C,  for some positive constant C' > 0 independent of w.

Proof. Assume first that 3 < 1. Then, by Lemma 3.1 we get that

1/(1-B)
uge/uﬁ§e</eﬁ> .
Q Q

On the other hand, observe that by (2.5) we have that
~Alullzs? <10,

and so the result follows for p > 3.
Now, assume that § > 1 and p < . Suppose that there exists a sequence (A, uy),
An € A, Ay — Ao < 0 and u,, positive solutions of (1.1) such that ||uy||cc — 0. Denote by

tn ::/ug,
9)

12
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then u,, is the unique positive solution of the equation
—Au, = Aub +1t, in Q, u, =0 on 0. (3.2)

Observe that since A, < 0, the map s — \,sP + t,, is decreasing, and so the uniqueness
follows. By the maximum principle, we obtain that

AnllunlBe +tn >0,

and so ¢, — oo.

On the other hand, given d > 0 for n > ng € IN we get A\g — 9 < A, < A\g+ . Consider
e > 0 and ¢; > 0 a positive eigenfunction associated to A1 such that ||¢1]ec = 1, then ey
is sub-solution of (3.2) for n > ng if

EMN = ()\0 - (5)€p +1p.
Hence, since t,, — oo we have that € — oo and in fact,
t eP

1 1
ifp=1, & & = ifp>1, = ifp<l

RS W 5 W th —(ho—0) W

Now, using that ep1 < u, we get that

aﬁ/ cpf <t,.
Q

This is a contradiction for the cases 1 =p < g, 1 <p<fand p<1<f.
Finally, we consider the case p < 1 = 3. Observe first that it there exists a positive
solution for A\, < 0, then

—Aun—/un<0 in €, u, =0 on 012,
Q

and so by Proposition 2.2 it follows that ¢; < 0. Denoting by
Un

pa— 5
[[tn |l oo

Wn,

we have that
—Aw,, — / Wy, = )\nwﬁHuan_l,
Q

and so, passing to the limit, we get that w, — w in C?(Q) with
—Aw—/w:() in Q, w=0 on JN.
Q
Since o1 < 0 we conclude that w = 0, a contradiction with ||w||. = 1. "

Now we treat with the case A\ positive.

Proposition 3.3. Assume A >0, 8 > 1 and > max{p, (N/2)(p—1)} and u is a positive
solution of (1.1). Then

lulloo < C,  for some positive constant C > 0 independent of u.

13
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Proof. We are going to use a boot-strapping argument. For that we set
flu) == AP +/ uP.
Q

Thanks to Lemma 3.1, we have

() < (L)

and then f(u) is bounded in L%/P(Q) and which implies that u is bounded in W?2#/7(Q).
Consequently, if 5/p > N/2, then v is bounded in L>(2). Assume that §/p < N/2. In
this case, u is bounded in L% (Q) with

1 p 2 pN-28

f-f N BN
Then, f(u) is bounded in L#/P(Q) and so u in W2/1/P(Q). Again, if

By Ny,
p

we have the a priori bound. Assume that

N
5

p 2
Now, u is bounded in L?2(Q) where

1 P 2 pPN-2B(p+1)

B B N AN

and then f(u) is bounded in L72/P(Q). Applying this reasoning n times, we have a priori
bound if

V2

BN p
p - 2piHpni L +p+ 1
Since
: p" p—1
lim = ,
n—oopt +p"l .. +p+1  p
we conclude the result. [
Consider now the following equation
—Au=XuP +t in €,
u U i (3.3)
u=20 on 0,

where ¢t > 0.

Proposition 3.4. Consider A > 0, a sequence t, > 0 and a sequence of positive solutions
Up of (3.8) such that ||uy||cc — 00. Then, if 1 <p < (N +2)/(N —2),

[tin||oe < CYP  for some positive constant C.

14
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Proof. We are going to use a Gidas-Spruck argument, see [10]. Denote by

My, = [Jun o
and x,, € Q) such that M,, = u,(x,).

Assume that

Mt P — . (3.4)
Let )

1—-Dp
Un(Mp? y+x
wn(y) 1= M Y]
n

1-p
defined in Q,, = {y e RN : z,, + M,,? y € Q}.
Then, it is easy to show that w,, verifies

—Aw, = M + (Mpt;/P)™P in Q,,

and 0 < w, <1, w,(0) = 1.

Using the compactness of Q, we know that x, — zg € Q, while Q, — RV if zg € Q
and Q, — RY if zp € 0Q. Using the elliptic regularity w, is bounded in 0120’3(]?{]\[),
0 € (0,1). Therefore, passing to the limit through a subsequence and taking into account
(3.4) we get a solution 0 < w < 1 of

—Aw = X\w? in RN if zg € Q,

or
—Aw =P in ]Rf if xg € 092,

(for the case xg € 02 we need to straighten the boundary of €2 near xy before introducing
the scaling, see for instance [10].)

IfA>0and 1 <p< (N+2)/(N —2), we arrive at a contradiction as consequence
of [10].

Corollary 3.5. Assume 3 >1, A >0 and 1 <p < (N +2)/(N —2). Then, there exists
a priori bound of positive solutions of (1.1).

Proof. Assume that there exists a sequence of positive solutions u, such that ||u,||cc — 0.
Then, by Proposition 3.4 we get

1/p
%SMM%SCQ/ﬁ> :
Q
1/p
("<
Q

The result is also true for any 5 < p.

and by Lemma 3.1

15
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Proposition 3.6. Assume that 0 < 8 <p < (N +2)/(N —=2), p> 1, and X\ € A, with
A C Ry compact such that 0 ¢ A. Then, there exists a priori bound of positive solutions

of (1.1).

Proof. We use again a Gidas-Spruck argument. With the same notation that Proposition
3.4 we get

—Aw, = Awb + an/ u? in Q.
Q
But,
an/ upy < M0 — 0,
Q
and so passing to the limit we again obtain

—Aw = w? in RN or ]Rﬁ.

Finally, we analyze the case p < 1. Observe that when p = 1 > 3 we will show that
there exists bifurcation from infinity at A = A; > 0 (see Theorem 1.1). So, we study the
case p< 1l and 8 < 1.

Proposition 3.7. Assume thatp <1 and 8 <1, and A € A, with A C Ry compact such
that 0 ¢ A. Then, there exists a priori bound of positive solutions of (1.1).

Proof. Assume that there exists a sequence A\, — \g > 0 and positive solutions u,, of (1.1)
such that ||uy|lec — 00. Denote by

Un

B ”UnHoo

W
It is clear that w,, verifies
A = At? 21 + y|un||§o—1/ﬂw5 Q. w, =0 ond
Then, w,, — w in C?(Q) being w a solution of
“Aw=0 ifpg<l1 —Aw—/ﬂw:O if 6=1.
In the firs case, it is clear that w = 0. In the second one, since there exists positive solution

for A\, > 0 we get that o1 > 0, and then w = 0. In both cases, we arrive at contradiction
because ||w|o = 1. "

In the following result, we show that (1.1) does not possess classical positive solutions
for 6=p> (N +2)/(N —2) and X\ large.

Proposition 3.8. Assume that Q is bounded and starshaped with respect to some point
20 €Q, B=p>(N+2)/(N—2) and A > C(N), for some positive constant depending
on N. Then, (1.1) does not possess positive solution.

16
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Proof. We are going to use a Pohozaev’s argument, see for instance Chapter 1.5 in [12].

Multiplying (1.1) by « - Vu we get
A +1
n=N—— up + N
p+1

N —2 1 8
s o
and then
2
N N -2 N +2
Ou x.n:A<_)/up+l+(+>/uﬂ/u.
p+1 2 Q 2 Q Q

1
0< =

By Hélder inequality, we get (using 5 = p)

0</ / <C /uP“.

Hence
0<1/ ou|? (N N2 +C(Q)N+2 / ot
— —| x-n _ —_— U
2 o0 an - p+1 2 2 0 ’
an absurdum for A large. [

With a completely analogous argument, we can prove:

Corollary 3.9. Assume that Q is bounded and starshaped with respect to some point
20€Q, B=p<(N+2)/(N—=2) and A < —C(N), for some positive constant depending
on N. Then, (1.1) does not possess positive solution.

4 Proof of the main results

In this section we prove the main results of the paper stated in Section 1. Firstly,
observe that if (p,3) = (1,1) then (1.1) is an eigenvalue problem, and so there exist
positive solutions if, and only if|

A= g1.

Recall that sgn(o1) = sgn(1 — [, €) where e is defined in (3.1).
So, from now on we assume that (p, 3) # (1,1).
Also, for A =0 and 3 # 1 there exists a unique positive solution

1/(1-p)
u—e/uﬁ:u—e</eﬂ> .
Q Q

(the case = 1 is an eigenvalue problem). Moreover, by Proposition 2.9, u is stable for
6 < 1 and unstable for 8 > 1. So, we assume A # 0.

4.1 Some useful results

A first attempt to study (1.1) is consider

R:/uﬁ,
Q

17
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and then we have to study the equation

—Au= X P+ R in Q, (4.1)
u=0 on 012,
and after that, to find a point fixed of
_ B _ B =
R—/uR<:>1—/wR = h(R) (4.2)
Q Q
being up a positive solution of (4.1) and wr = ur/RY? and so positive solution of
—Aw = ARP1/Byp + RB-D/B  in 3
w=0 on 0f2. (4.3)

In the following result we study in detail the map R — h(R).
Proposition 4.1. Assume R > 0.

a) Assume p =1. Then (4.8) possesses a positive solution, denoted by wg, if, and only
if, A < A1. The solution is unique. Moreover,

B-1
wr =¢e)xR 8, (4.4)

being ey the unique positive solution of

(4.5)

(—A—=XNex=1 inQQ,
ex=20 on Of2.

b) Assume p < 1. Then (4.3) possesses a unique positive solution, denoted by wg, for
all X € R. Moreover, the map R € (0,00) — h(R) is continuous and derivable. For
A>0

lim A(R) = co.
R—0
(a) When = 1.

i. If x>0, R~ h(R) is decreasing and

lim A = .

Rgnoo (R) /Q €

it. If A <0, R~ h(R) is increasing and
lim A = lim A = .
i h(R) =0, tim h(R) = [ e

(b) When > 1,

i. If A>0
lim h(R) = co.

R—o0

18
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it. If A <0, R+ h(R) is increasing and

lim h(R) = lim h(R) = oo.
RO =0 i U = o

(¢) When 8 <1 and A >0, R+ h(R) is decreasing, and for all \

lim h(R) = 0.

R—o0
Moreover,

i. If B<pand A <0, R— h(R) is decreasing, and for all \

lim h(R) = 0.
R—0

ii. If B = p, the map R+ h(R) is decreasing and

hmhmy:{m A0,
R—0 po(A) if A <0,
where
() € ((—1/» [ (—1/A>|ﬂr> | (4.6)

1 s the positive eigenfunction associated to \1 such that ||¢1]leco = 1, and
po(A) is a non-decreasing function in A for A < 0.

iii. If B > p,

lim h =
fm ()

oo if A>0,
0 ifA<O.

c) Assume p > 1 and A < 0, then there exists a unique positive solution, denoted by
wr, of (4.3). Moreover, the map R € (0,00) — h(R) is continuous and derivable.

(a) When 3 =1. The map R+ h(R) is decreasing and

li = li = 0.
Rlin%)h(R) /Qe, Rgréoh(R) 0

(b) When g > 1.
i. If 6> p, R+ h(R) is increasing and

lim h(R) =0, lim h(R) = +4o0.
R—0 R—o0

it. If B = p, the map R +— h(R) is increasing

li = li =
lim h(R) =0, lim h(R) = po(A),

with po(X) as in (4.6).
i, If B < p
lim h(R) =0, lim A(R) = 0.
R—0 R—o0

19



August 14, 2010 F. J S. A. Corréa and A. Sudrez

(¢c) When 3 < 1. The map R — h(R) is decreasing and

lim h(R) = 400 lim h(R) = 0.
R—0 R—oo

Proof. a) Assume that p = 1, then wp verifies
(=A = Nwp = R-1/8

and the result of paragraph a) is obtained easily.

For the other cases, it is clear that (w,w) = (0, Ke) is a pair of sub-supersolution of

(4.3) for K verifying
K > AKPePRP-1/B - R(B-1)/5

It is enough to take K large in any case.

(4.7)

On the other hand, for A > 0 and p < 1 the uniqueness follows by [3] and for A < 0

thanks to AR®~1/ByP is a decreasing map in R.
The continuity and derivability of the map R — wg is standard.
If A > 0 we have that —Aw > RB-1/F and so

wp > RB-1/Be¢.
Analogously, if A < 0 we have that
wr < RB-1/B,.
Moreover, if A > 0 and p < 1 we have that —Aw > AwP R®=1/8 and then

where w; is the unique positive solution of (2.6).

Also, by the maximum principle for A < 0 we get
R(B-P)/B
w3 < -

Finally, ep; is subsolution of (4.3), ||¢1]|cc = 1, if
e < AeP? RP—1/8 1 RB-1/B.
b) Assume that p < 1. Then, it is clear by (4.10) that for A > 0

lim h(R) = o0,
R—0

and for § > 1 by (4.8)
lim A(R) = +o0.

R—o00

Take now A\ < 0, then it is clear by (4.9) that

20
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Now, consider 8 > 1 and A < 0. Observe that the map R — AR®1/8 4 R(B-1/B ig

increasing, and so R — wpg also. In this case, for (4.12) is enough

e\ — A\ePRP-1/B — R(B-1)/8

From this equality we deduce that ¢(R) — oo as R — oo, and then h(R) — oc.

(4.13)

For B < 1 we have to distinguish several cases. If § < p and A < 0 then again by

(4.13), we get that e(R) — oo as R — 0. For the case = p we have that
1
eP(R) — -y & R —0.

Moreover, by (4.11) we deduce that h(R) < 2|Q|.
For A > 0, for (4.7) is enough

K — Me||p, KPRP~1/8 = RB-D/5,

If p, 8 < 11itis clear that K(R) — 0 as R — oc.
Finally, for 8 =1 and A > 0 observe that

e<wgp < K(R)e

and K(R) — 1 as R — oo by (4.14).
For A < 0, wg < e and e(R)e is subsolution if

e — \ePCRP = 1.

It is clear that e(R) — 1 as R — 0.
Observe also that in the particular case 3 = p, wg verifies

—Aw = RODB(\wP + 1)
and then, by the maximum principle
AP (z)+1>0 forall x € Q.
Indeed, if A > 0 then (4.16) is clear . If A < 0 observe that

AwP(z) +1 > Aw|Z, +1 > 0.

(4.14)

(4.15)

(4.16)

Then, if Ry < Rz and [ < 1, we get that wg, is sub-solution of (4.3) for R = R;, and

then wg, < wg,. This proves that R — h(R) is decreasing.
Hence, there exists the following limit

lim h(R) = po(A).

Moreover, if Ay < Ay < 0, wy, g is subsolution of the equation (4.3) with A = A2, and so

Wy, R < W, g- Taking limit we have that
po(A1) < po(A2).
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Finally, assume that 3 < p. Observe that wgr verifies
—Aw = ROD/IBNRP=B/Byyp 4 1),
Observe that by the maximum principle and since A < 0 we get
ARP=AByP () + 1 > ARPP/O|jw][2_ (z) +1 > 0.
Take R; < Ro, then
Rgﬂ_l)/ﬂ()\Rgp_ﬁ)/ﬁwlél +1)> Rgﬁ_l)/ﬁ(ARgﬁ_p)/ﬂw%I +1),

and then wg, is a supersolution of the equation (4.3) with R = Rs. We conclude that
WR, = WRy-
c¢) Assume that p > 1 and A < 0. From (4.9) we have that h(R) - 0as R —0if g > 1
and h(R) - 0 as R — oo if f < 1.

In this case if # < 1 it is clear that e(R) — oo as R — 0 from (4.13).

Now, assume 3 > 1. If p < 8 then ¢(R) — oo as R — oo, if p= 3, e?(R) — —1/\ and
for p > B we have that K(R) — 0.

Finally, for 3 =1, and using again (4.15), we have that h(R) — [, e if R — 0.

|
In the following result we prove a stability result of a positive solution ugy of (1.1),
obtained such that ug = ug, for some Ry > 0, in function on the map h defined in (4.2).

Proposition 4.2. Let ug be a positive solution of (1.1) obtained such that ug = ug, for
some Ry > 0. Then, if

h'(Rp) <0 (resp. W' (Ro) > 0) then ug is stable (resp. ug is unstable).

Proof. Let up = upg, a positive solution of (1.1). Assume that h'(Ry) < 0, we want to
show that
A (—A— )\pug_l;ﬂ; ug_l) > 0, (4.17)

(analogous argument in the case h'(Ry) > 0).
First, observe that the map R — wup is increasing (ur defined in (4.1)), and so its
derivative uy > 0 in §, being u/, the unique solution of

_AU/R — )\pu%_lu;% +1 in Q, ujR =0 on 0f.

On the other hand, observe that since h'(Ry) < 0 and using that h(R) = (l/R)/ u%, we
Q
get

T Ty
I6] QuRO up, < R (Ro) = 1.

To prove (4.17) we use Proposition 2.2 with @ = u; > 0. Indeed, observe that

1 1 1
—Au}%—/\pug ui%—ﬁ/ﬂug u}%:l—ﬁ/ﬂug uj% > 0,

and then the stability follows. [
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For the case p > 1 and A > 0 we work with the original equation. In fact, assume
B > 1 and consider the following auxiliar problem:

—Au = u—l—)\up—i—/ v’ inQ,
a o (4.18)

u=20 on Of).

Lemma 4.3. Assume p > 1, 8 > 1 and A\ > 0. Then, for p = Ay when f > 1 and
u = o1 when B = 1 bifurcates from the trivial solution a non-bounded continuum C of
positive solutions of (4.18). Moreover, assuming the existence of a priori bound of (4.18)
for uwe A, A a compact subset of R, there exists a positive solution if, and only if, u < Aq
ifB>1and p <oy for g =1.

Proof. First, observe that if u is a positive solution of (4.18) we have
f=A(—A = X e < M (A e,

that is, u < A1 if 8> 1 and u < o1 in the case § = 1.

That 4 = Ay for 8 > 1 and p = o1 for § = 1 is a bifurcation point from the trivial
solution is consequence of the Crandall-Rabinowitz Theorem [5], see also [6].

The existence of an unbounded continuum C follows by the classical Rabinowitz The-
orem [13]. n

4.2 Proof of Theorem 1.1

Assume that p = 1. It is clear that (1.1) does not possess positive solution for A > A;.
By Proposition 4.1 a) there exists a unique positive solution for A\ < A;. The stability
results follow by Proposition 2.9 a) and b).

We study now the behaviour with respect to A. Observe that if u is a positive solution

of (1.1) we have
(A = XNu= / uP,
Q

1/(1-8)
U =e) </ ef) ,
Q

and so taking into account that for ¢1 > 0 with |1/l = 1, ¢1 eigenfunction associated
to )\1,

and so,

1
Al _)\@1

1 S\ Y0P
o gy (/)

and so [u]lcc — 00 as A — Ay,

Assume that 8 > 1 and consider a sequence A\, < A1, A\, — A1 and u, the positive
solution of (4.18) for A = \,,. We know by Proposition 3.3 that ||u,|/~ is bounded, and so
passing to the limit we get that u, — ug in C%(Q) as A\, — A1, with ug positive solution
for A = Ay. Then, ug = 0.

Finally, the behaviour as A\ — —oo follows by Lemma 2.8.

<ey in €,

we get that for g < 1,
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4.3 Proof of Theorem 1.2

a) Assume p < 1 = 3. Assume that o1 > 0, then it is clear that A\ > 0. Observe that
since o1 > 0, applying Lemma 2.3 with a = b = 1 and m = 0 we get that er < 1.
Now, the existence and uniqueness follow by Proposition 4.1 b). The stability follows by
Proposition 2.9. Finally, observe that (see (2.7))

being u; the unique solution of (1.1) for A = 1. From here, we can deduce the behaviour
as A — 0 and A — oo. The other cases can be treated similarly.

b) Assume p < 1 < (. The existence and uniqueness in the case A\ < 0 follow by
Proposition 4.1. Also, the stability follows by Proposition 2.9. Now consider A > 0.
Denote

/e%O:Rgl/eﬁ<1.
Q Q

Fix such Ry > 0. Now, it is clear wg, — egr, in L>(2) as A\ — 0, hence h(Ry) < 1 for
A < Ag, with Ag small. So, since

Take Ry > 0 small such that

lim A(R) = lim h(R) = +o0,
R—0 R—o0

there exist at least two positive values R} < Ry < R3 such that h(R}) =1, i = 1,2, and

so two positive solutions u} = upi of (1.1) for A < A\ with u; < ug, and

R'(R}) < 0 < I (R2).

Thank to Proposition 4.2 we have that u} is stable and u3 unstable.
Now, we show that there does not exist positive solutions of (1.1) for A large. Observe
that
uw > APy (4.19)

where w; is defined in (2.6), and then

“Au> Al/(lp)wll)_i_)\(ﬂ1)/(1p)/ﬂwf—1u

and so
(=4 A(ﬁ_l)/(l_p);wffl) > 0.

This is an absurdum because by Lemma 2.6
Al(—A;A(ﬁ_l)/(l_p);wlﬁ_l) — —00 as A — o0.
Then, we can define

A = {)\ € R : there exists at least a positive solution of (1.1)}.
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We have proved that 0 < A := supA < oco. Thanks to the bounds by Proposition 3.3,
there exists positive solution for A = X. Now, it is clear that if A € (0, ) then (sws,uy)
is a pair of sub-supersolution of (1.1) with e small and uy a positive solution of (1.1) for
A = A. Observe that this method works for non-local equation, see for instance [9].
On the other hand, consider u7 for A € (0, \g). Since for A = 0 the solution is unstable,
we can assure that
tim [fu} o = 1.

Finally, the behaviour of the solution as A — —oo follows by Lemma 2.8.

c) Assume p,3 < 1. In this case, it is clear by Propositions 4.1 and 4.2 the existence,
uniqueness and stability for A > 0.

(a) Suppose that § < p. In this case we have again by Proposition 4.1 the existence and
uniqueness for all A € R and the stability follows by Proposition 2.9.

(b) Suppose (3 = p. Observe that since the map h(R) is decreasing, in case of existence of
positive solution, it is unique. Moreover, by (4.6) and since pg(A) is non-decreasing, there
exists a unique value Ao < 0 such that

po(A) <1 for A < g and pp(A) > 1 for A € (N, 0).
Hence, there exists a positive solution of (1.1) if, and only if, A > X\g. Then,

lim A(R) <1 for A < Ay, lim A(R) >1 for A > A,
R—0 R—0

and
lim =0.
)\1 " ”u)\Hoo

Again, thanks to Proposition 4.2 we know that the solution is stable.
(c) Suppose 3 > p. With a similar argument to the used in the paragraph b) we can show
the existence of two positive solutions for A negative and small. Indeed, in this case

li = li =
HpPUR) = i W) =0,

and there exist at least two positive values R} < Rg < R3 such that h(R}) =1, i = 1,2,

and so two positive solutions u} = u i of (1.1) for A < A with up < uj, and

R (RY) >0 > K (R2),

and then w7 is unstable and 3 stable.
We prove now the non-existence of positive solutions for A very negative. Indeed,
observe that by (2.5) we have
A< Clu)iP<cC (4.20)
this last inequality by Lemma 3.1. Then, if there exists a positive solution of (1.1) we get
that A > —C.
Again, we can define

A :={X € R : there exists at least a positive solution of (1.1)}.

We know that A := inf A > —oo and A < 0, and using as sub-supersolution the pair
(uy, Ke) for K large, we prove the existence of positive solution for all A € (), 0). Finally,
by (4.20) it can not occur that for a sequence (A, u,) we have A\, — Ao < 0 and ||uy||co —
0. Moreover, since the solution for A = 0 we can conclude that

li Moo = 0.
)\li% Hulnoo
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4.4 Proof of Theorem 1.3

a) Assume =1 < p. If o1 > 0 and there exists a positive solution of (1.1) then A > 0.
Now, suppose that A > 0. Then, thanks to that 1 < p < (N +2)/(N —2) we have a priori
bounds for the positive solutions of (4.18) by Proposition 3.6, and then applying Lemma
4.3 there exists at least a positive solution w, for all i < o1. Since o1 > 0, there exists a
positive solution wug for p = 0, that is, ug is solution of (1.1). Finally, by (2.7) we conclude
the behaviour as A — 0 and A — +o0.

If 01 = 0 then A = 0, and so there exist infinite positive solutions of (1.1).

Finally, if 01 < 0 then A < 0, and by Lemma 2.3 we have that

/6>1,
Q

and then the result follows by Proposition 4.1. By Lemma 2.8 we know the limit as
A — —o0. .

Finally, again it can be proved that uy = (=\)T-Pu_; being u_; a positive solution of
(1.1) for A = —1. We conclude (1.7).
b) Assume that p, 3 > 1. If B > p there exists a unique and unstable positive solution for
A < 0 by Proposition 4.1.

Consider now the case # = p. In this case the map h(R) is increasing, limr_,g h(R) = 0
and limp_,oc h(R) = po(A). Moreover, by (4.6) and since pg(\) is non-decreasing, there
exists a unique value Ao < 0 such that

po(A) <1 for A < Xgand pg(A) > 1 for A € (Ao, 0).

Hence, there exists a positive solution of (1.1) if, and only if, A > Ag. The solution is
unique and, by Proposition 4.2, it is unstable. Finally, we get that

I = +c0.
A [ux]loo = +o0

For the case 3 < p, first we show that wr — R®~1/Be as X 1 0. Indeed, we can prove
that
wr < K(R)e for A <0,

for some constant K (R) > 0 independent of A. Take now Ry > 0 such that

Réﬁ_l)/eﬁ> 1
9]

and then for A is small, h(Ry) > 1. Hence, since
lim h(R) = lim h(R) =0
) = U =0
there exist two values R(l) < Ry < R% such that
h(RY) =1,  RK(R]) <0< N(Rp).
This proves the existence of two positive solutions ui\ < u%‘ for A small and negative, with

A 1 2
U; = UR;, RO <R0,
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and uy unstable and u) stable. Observe also that since there exist a priori bounds for
A < 0 and for A = 0 the solution is unstable, the sequence ||u3[|oc — 00 as A — 0.

Also, observe that by (2.5) we get —A < [|u[*~?|Q| and then [jullc — 0 as A — —o0
and then fQ u? — 0, a contradiction with Lema 3.1. That is, there does not exist positive
solution of (1.1) for A very negative. Hence, we can define the set

A = {) € R : there exists at least a positive solution of (1.1)}.

We have proved that —oco < inf A := X\ < 0 and it can shown similarly to the other cases
the existence of solution for all A € [X,0).

Lemma 2.8 provides us with the behaviour as A — —oo and A\ — oo.

In all the cases, when G,p > 1, A > 0 and assuming a priori bounds, we have solutions
of (4.18) for all u < A1, and then for p = 0.
c¢) Assume now that § < 1 < p. Again, the existence, uniqueness and stability of positive
solution for A < 0 follow by Proposition 4.1. We prove the non-existence for \ large.

Observe that for A > 0 we have by Lemma 3.1 that

u > Ke,
for
1/(1-8)
K= </ eﬁ) .
Q
Then,
—Au> NKe)P lu+ / u?,
Q

and hence

M(—=A = X(Ke)P71;0;0) > 0,

an absurdum for A\ large.
We can define

A :={) € R : there exists at least a positive solution of (1.1)}.

We know that A :=sup A < co. Moreover, since there exists a unique and stable positive
solution for A\ = 0, say ug, using again Proposition 20.6 in [2] we can conclude that in a
neighborhood N' C R x L>®(Q) of (A\,u) = (0,up) there exists a unique stable positive
solution. Then, A > 0. Again, using the sub-supersolution method with (u, %) = (g1, uy)
and € > 0 small, it can be proven that there exists at least a positive solution for all A < \.

Finally, since for A = 0 there exists a unique positive solution of (1.1), ug, and it is
stable, by Theorem 17.1 in [2], then there exists an unbounded subcontinuum ¥ containing
(0,up). Fix our attention in the case A positive. Since there does not exist positive solution
for A\ large, we get that Projg(X) is bounded. On the other hand, observe that since for
A € (0, \g), for Ag small, we have stable positive solutions uy, for all A € (0, \g) there exists
at least another positive solution wy € X with w)y # u). Moreover, since X is unbounded,
and for A = 0 the solution is stable, we have that ||wy|ec — +00 as A | 0.
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