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Abstract

The very weak solution for the Stokes, Oseen and Navier-Stokes equations has been
studied by several authors in the last decades in domains of R™, n > 2. The authors studied
the Oseen and Navier-Stokes problems assuming a solenoidal convective velocity in a bounded
domain 2 C R3 of class C1! for v € L*(Q) for s > 3 in some previous papers. The results for
the Navier-Stokes equations were obtained by using a fixed-point argument over the Oseen
problem. These results improve those of Galdi et al. , Farwig et al. and Kim for the Navier-
Stokes equations, because a less regular domain  C R? and more general hypothesis on the
data are considered. In particular, the external forces must not be small.

In this work, existence of weak, strong, regularised and very weak solution for the Oseen
problem are proved, mainly assuming that v € L3(Q) and its divergence V - v is sufficiently
small in the W~13(Q)-norm. In this sense, one extends the analysis made by the authors
for a given solenoidal v in some previous papers. As a consequence, the existence of very
weak solution for the Navier-Stokes problem (u,7) € L3(2) x W~13(Q)/R for a non-zero

divergence condition is obtained in the 3D case.
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Solutions.
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1 Introduction

Let © be a bounded domain (an open connected set) of R? of class C1!, with boundary I'. We
want to study the regularity for the solution (u, ) for the Oseen (O) and Navier-Stokes (N.5)



equations:
(O)—Au+v-Vu+Vr=f, V-u=h inQ, u=g onl,

(NS)—Au+u-Vu+Vr=f, V-u=h inQ, u=g onl,

where u denotes the velocity and 7 the pressure and both are unknown, f the external forces, h
the compressibility condition and g the boundary condition for the velocity, the three functions
being known. In the case of the Oseen equation, the given velocity v belongs to L*(£2) (s > 3).
The vector fields and matrix fields (and the corresponding spaces) defined over € or over R3
are respectively denoted by boldface Roman and special Roman.
In the case of incompressible fluids, h = 0, it has been well-known since Leray [19] (see also

20]) that if f € W~1P(Q) and g € W'~1/PP(T) with p > 2 and for any i =0, ..., 1,
/ g-ndo =0, (1.1)
ry;

where I'; denote the connected components of the boundary I' of the open set €2, then there
exists a solution (u,7) € WHP(Q) x LP(Q) satisfying (N.S). In [26], Serre proved the existence
of weak solution (u,r) € WHP(Q) x LP(Q) for any 3 < p < 2 when h = 0 and g satisfy the
above conditions. More recently, Kim [18] improves Serre’s existence and regularity results on
weak solutions of (NS) for any 3 < p < 2 (including the case p = 3), when the boundary of
Q is connected (I = 0) provided h is small in an appropriate norm (due to the compatibility
condition between h and g, then g is also small in the corresponding appropriate norm).

As to our knowledge, the notion of very weak solutions (u,7) € LP(Q) x W~1P(Q) for Stokes
or Navier-Stokes equations, corresponding to very irregular data, has been developed in the last
years by Giga [17] (in a domain € of class C*°), Amrouche & Girault [4] (in a domain Q of class
CY1) and by Galdi et al. [16], Farwig et al. [13] (in a domain © of class C?!, see also Schumacher
[25]) and Kim [18] (in a domain of class C?). The choice of the space for the boundary condition
g is made differently: g € LP(I") (see Brown & Shen [10], Conca [11], Fabes et al. [12], Moussaoui
[22], Shen [27], Savaré [24], Marusic-Paloka [21]) or more generally g € W~1/P2(I"). For the
non-stationary case, the existence, uniqueness and regularity of very weak solutions for the
Navier-Stokes equations have been investigated (among other authors) by Amann [1, 2].

In the Navier-Stokes case, the existence of very weak solution u € L2/ (”*1)((2), n = 2,3, for
arbitrary large external forces f € H™1(2), h = 0, arbitrary large boundary condition g € L?(T")
and without assuming condition (1.1), was proved first by Marusic-Paloka in Theorem 5 of [21]
with € a bounded simply-connected open set of class C!. But the proof of such theorem
becomes correct only if either condition (1.1) or smallness condition similar to (3.95) hold. The
result of existence of very weak solution (u,7) € L4(Q) x W~14() was proved by Kim [18] in
C?-domains of R”, n = 2,3, 4, for arbitrary large external forces f € [Wé’q/ (Q) N W24 (Q)], for



small h € [WH?' (Q)]" and g € W—1/94(T) for
Ggo<g<oo, qg=n ifn>3 2<q¢gp<3 ifn=2

and where the boundary of Q is supposed connected (I = 0). Our results improve those of Kim
considering best spaces for the data f and g (see Remark 2 in [7]). Moreover, the very weak
solution u € L2(Q) for the 2-dimensional case is obtained in [9] for the solenoidal case.

Similar results on the existence of very weak solution for Stokes and Navier-Stokes equations
were obtained by Galdi et al. in [16], Farwig et al. in [14] for the n-dimensional case (n > 3) and
in [13] for the 2-dimensional case. They consider a more regular domain C%! and the hypothesis
on the data f = V- F with F € L"(Q), h € L"(Q) and g € W~1/949(9Q) for

n<qg<oo ifn>3,

¢ <r<gq,

IN

S| =
Q| =

S

2<g<oo ifn=2

and smallness assumptions for all the data f, h and g. In our case, the data are more general,
the smallness assumptions are only demanded for h and g.

In some previous papers ([7, 8, 9]), the authors studied the regularity for the Stokes, Oseen
and Navier-Stokes equations for regular and singular data in the 2-dimensional and 3-dimensional
cases (the case of the Stokes problem in a bounded domain of R™, n > 2, was treated in [8]). In
all these works, the convective velocity v and the Navier-Stokes velocity field u were considered
solenoidal.

In this work, we want to analyse the Oseen equation in the 3-dimensional case for a non-
solenoidal convective velocity v whose divergence V - v is sufficiently small in an adequate norm
(smallness condition will be necessary in order to obtain the existence of solution). The existence
of solution in this framework is not known for the authors, and generalizes the results existing
for the solenoidal case (V-v = 0). As a consequence, using a fixed point argument, the existence
of very weak solution for the Navier-Stokes equations is proved. This result was also treated in
[7], but here the estimates are improved due to the best knowledge about the Oseen equation for
the solenoidal and non-solenoidal cases. This new knowledge of the non-solenoidal case is very
interesting when studying compressible Navier-Stokes equations. In the proofs of such results,
we will use the ideas developed in [4] (for bounded domains) and in [6, 5] (for the half-space and
whole space R?) about the existence of very weak solutions for the stationary Stokes equations
and linearized Navier-Stokes equations. For questions related to the rigorous definition for the
traces of the vector functions living in subspaces of LP(€2) and the density lemmas, the reader
can consult the results appearing in [7].

The work is organised as follows: In the rest of this section, we will set the space framework,
including space definitions and trace spaces, together with compatibility conditions for the Oseen

and Navier-Stokes problems. Section 2 is devoted to the existence of solution (u, ) for the Oseen



problem in H'(Q2) x L%(Q)/R, strong solution in W2P(Q) x WHP(Q) for p > 1, generalised
solution in W1P(Q) x LP(Q) and very weak solution in LP(Q) x W~1P(Q), assuming that the
velocity » (in almost all the cases) belongs to L3(£2) and V - v belongs to W ~13(2) whose norm
in its respective spaces is sufficiently small. The Navier-Stokes case will be studied in Section 3
using a fixed point argument on the Oseen problem, correcting the proof made in [7] which was
only valid for solenoidal velocities v. As in [7], the case of small data will be considered first,

and the smallness hypothesis on f will be removed later.

1.1 Space framework

The space related to the existence of very weak solution is:
X:p(Q) = {p € W' (Q); V-0 e Wp"(Q)}, 1< p< oo,

and we set X, ,(Q) = X,(2),being X, (€2) the space appearing in [3, 4]. Their dual space
(X, ()] is characterised by the following result:

Lemma 1.1 (See [7]) Let f € [X,,(Q)]". Then, there exist Fo = (fij)1<ij<3 such that Fy €
L7 (Q), f1 € W2 (Q) and satisfying:

=V -Fo+Vfi. (1.2)
Moreover,

Il = max{ll figll ), 1 < 47 < 35 [ fillw-10 @) -

Conversely, if f satisfies (1.2), then fe€ [X,,(Q)].
In particular, we have the following embeddings:
W (Q) = (X () = W2P(Q), (1.3)

where the second embedding holds if % < % + %, for n the space dimension of R" (n = 2 or 3).
In the search of a very weak solution (primal problem), we will study the dual problem which
will need strong regularity. Concretely, we will need to handle with the space Y,/ (£2) which can

be defined in two different ways (see [4]):
Y () = {¢p € W2P'(Q); |r =0, (V- 9)|r = 0}
and (1.4)
o

Y (Q) = { € W (@); ¥l =0, 25 n| —0}.

Observe that the range space of its normal derivative v1 : Y, (Q) — WP (T') is defined by:
Zy (D) = {z € WYPP(I): z.n =0}.
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And finally, the spaces where the traces for the very weak solution belong will be defined as:
Tpr(Q) = {v € L7(Q); Av € [Xo y(Q)]'},

endowed with the topology given by the norm [|v||r, () = |[vllLr@) + [Av]x,, (@)~ Observe
that when p = r, these spaces are denoted as T, (€2) and T, ,(€2), respectively, the o-subscript
denotes the subspace of solenoidal fields. The tangential trace of functions v of T}, . »(£2) belongs

to the dual space of Z,/(I'), which is:
(Zy (1)) = { € WVPP(T); - m =0},
The proof can be seen in [7].

We treat the Stokes, Oseen and Navier-Stokes equations under the compatibility condition:

/Qh(:n) dz =(g-n, 1>W71/p,p(r)xw1/p,p/(r)- (1.5)

The results for the Stokes problem, defined in a domain 2 C R" for n > 2, were studied in
[8]. We recall that in [7, 8] we studied the case of singular data satisfying precisely the following

assumptions:

1 1 1
feXyy(Q)), he L"), g € WYPP(T), with - < >t and 7 < p.

2 The Oseen problem for a non-solenoidal given v
The Oseen problem can be described as:
(O) —Au+v-Vu+Vr=f and V-u=h inQ, wu=g on T

for some given v, f, h and g functions or distributions. In [7, 9], the study was made for a given

v belonging to the space L3 (Q2), for s > 3. Concretely (see [7]), the following result was proved:

Theorem 2.1 (Existence of solution for (O)) Let
fe H_l(Q), vE Li(Q)7 h e L2(Q) and g € Hl/Q(F)

verify the compatibility condition (1.5). Then, the problem (O) has a unique solution (u,m) €
H'(Q) x L?(Q)/R. Moreover, there exists a constant C = C(Q) > 0 such that:

lulli @) < € (Il + (1+ o) (1l 20 + gl )-

Imllza@ym < © (1+ Iolluoge) (Ifle-s@ + (1+ lolls) (1212 + gl )-



In the case of V- v = 0, the problem (O) can also be described by:
0) —-Au+V-(v®@u)+Vr=f and V-u=h inQ, u=g on I.
However, when V - v # 0, both terms V - (v ® ) and v - Vu do not coincide.
The problem (O') appears in the study of the very weak solution of problem (O), because is

the system appearing for the dual problem associated to (O). This is the reason for which the
study of problem (O’) is being done here.

Theorem 2.2 (Weak regularity for (O)) Let

FEH(Q), vel?Q), helL?*Q) and gecHY*T)

verify the compatibility condition (1.5). Then, there exists a constant 9 > 0 (defined in (2.9))

such that if |V - vlly-13q) < do, the problem (O) has a unique solution (u,7) € H'(Q) x
L?(Q)/R. Moreover, there exists a constant C > 0 depending on 0 and &y such that:

lullen o) < € (Iflle-r0) + (1 + lollzs@) (IRl + Igle ) (2.6)

(2.7)
Proof. Following the proof of Theorem 13 of [7], we lift the data by uy € H'(£2) such that

7l 22 < C (14 [|vllLaq)) (HfHH*I(Q) + (1 + ||vll 3y (1]l 2 () + H9”H1/2(r))>
V - up = h and ug|r = g, satisfying:

lwoller ) < C (I0la@) + lglles/zry) -

(2.8)
The initial problem is equivalent to finding z = u — up € H}(Q2) with V - 2 = 0 such that:

Ve € H}(Q) such that V- ¢ = 0, f

a(z, @) +b(v,z,) = <fa§0>H*1(Q)><H(1)(Q)a
with f =f 4+ Aug — (v - V)ug. The bilinear form is given by:

1
a(z,p) = /sz :Vepde — 3 (V-v,z- ¢>W7173(Q)XW&,3/2( )
Taking into account that z € H}(Q2), as V- v € W~13(Q), then:

(V- v, |Z|Q>W—1,3(Q)><W01’3/2(Q) =

IV - vllw-ra@lll2lPllwrsrzg) < ColV - vliw-ra@) V122

IN

2C C1 ||V - UHW*1»3(Q)HVZH%,2(Q)7
where Cj is the Poincaré constant associated to the Sobolev space W,

1,3/2

0 7(2) and C; is the
product of the constant of the Sobolev embedding H*(Q2) « L5(£2) and the Poincaré constant
associated to H}(2). Therefore

1
a(z,z) = Hvz|’i2(n)—§ (V-v,|z[*)

wotsypanid ) 2 (1= CoCrllV - vllw—1s0)) [V2li2(0):
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If we choose v such that:
1

2C,C,

(being dp a constant only depending on ) the bilinear form af(-,-) is then coercive. Moreover,

IV - vlly-13(0) < 40, (2.9)

the trilinear form:

0

1
b(v,z,) = /Q('U V)z - pdz + 9 (Vv z- 90>W71,3(Q)><W1’3/2(Q)’

well-defined for v € L3(Q) and z, ¢ € H}(Q), is an antisymmetric form with respect to the last
two variables.
By Lax-Milgram’s Theorem, we can deduce the existence of a unique z € H{(Q) with

V -z =0 in Q verifying the estimate:

Il < € 1F @ < € (1F sy + (1 + o llosy) (1l 22 + gl )

because of:
v - Vuolla-—1) < lvllLs@) lwollm @)

This estimate together with (2.8) implies (2.6). By De Rham’Lemma (see [23] or Lemma 6 in
[7]) there exists a pressure € L?(£2) and using that Vr = f+Au—v-Vu we obtain (2.7). O i

Theorem 2.3 (Weak regularity for (O’)) Under the assumptions of Theorem 2.2, the prob-
lem (O') has a unique solution (u,7) € HY(Q) x L%(Q)/R. Moreover, there exists a constant
C > 0 depending on Q and dy such that estimates (2.6) and (2.7) are satisfied.

Proof. The proof follows the same scheme but this time the bilinear form is defined by:
1
d(z,p) = /QVz :Vepdx + 3 (V-v,z- QO>W7L3(Q)XW01,3/2(Q),

for v € L3(Q), z, ¢ € H}(2). Taking into account that V- (v ® u) = v - Vu + (V - v) u, there

is no need to redefine the trilinear form b(-,-,-) in Theorem 2.2. On

Regularity results given for the solenoidal case (see [9]) can be generalised to the case of
v € L3(Q) with V- v # 0 and ||V - v|yy-1.3(q) sufficiently small. All those can be summarised,
making separately both problems (O) and (0’), as follows:

Theorem 2.4 (Strong solution for (O’) when p > 6/5) Let p > 6/5 and

fel?l(Q), wve L3(Q)7 h e Wl’p(Q) and g€ W2—1/p,p(r)



verify the compatibility condition (1.5) and ||V - v||y-1.3(q) being sufficiently small (in the sense
of (2.9)). If moreover V-v € L3?(Q), then there exists a unique solution (u, ) of (O') belonging
to W2P(Q) x WP(Q). Moreover, there exists a constant C > 0 satisfying the following estimate:

lllwese + I7llwio@ye < C (Wley + (1 + lolloe) (Ibllwrs) + Iglwesma) )-

(2.10)

where C = C (8, p, dp) (1 + [[vllL3) + V- ’U||L3/2(Q)). Moreover, V - (v® u) € LP(Q) is true
when p > 3.

Proof. The proof is based on Theorem 14 in [7] and Theorem 2.2 in [9]. We have the following
embeddings:

LP(Q) — H*l(Q) Wl,p(Q) N LZ(Q) and W2—1/p,p(r) o Hl/Q(F)

which, thanks to Theorem 2.3, guarantee the existence of a unique solution (u,7) of (O’) be-
longing to H(Q) x L%(Q)/R. But, this regularity is not sufficient to deduce regularity in
W?2P(Q) x WIP(Q) using the regularity for the Stokes problem. As in Theorem 2.2 in [9], the
proof assume first that v and V- v are more regular. This regularity will be removed in a second

step.
(a) The case of v € D(Q). Let (u,7) € H(Q) x L?(2)/R be the solution of (0’). Using
the Stokes regularity, we prove that (u,7) € W2P(Q) x WHP(Q)/R and we have the following

estimate:

lullwer@ + Inllwing < C (If e + Ilwin@ + I19lwa-vmoq + 19 (0 © w)lr), )
(2.11)

The bound for the term ||V - (v ® u)|Lr(q) does not coincide with [[v - Vul|psq) because:
Vi(vdu)=v-Vu+ (V-v)u.
Let € > 0 and set:
v =] +v5 where vi=v%p,p and v5=v—Vx*p. s, (2.12)

being v the extension by zero of v to R? and p, /2 the classical mollifier.

i) Estimate of the term |[v - Vu/|1»(q). Using the Holder inequality and the Sobolev embed-
ding, we have:

05 - VullLe) < 105 em@)l VL) < Cellullwer (2.13)
where W2P(Q) < Wh4(Q) for ¢ = p* with ]% == — % if p < 3, for any ¢ € (1,+00) if p =3

and ¢ = oo if p > 3, and m is defined in (2.17).

1
p

The estimate depending on v, is divided into 2 steps (similar to Theorem 14 in [7]):



e Case p < 2: Assuming zl? = %4— % and 1+ 1 = %—l—% (which implies that » > 3 and
t €[1,3/2]), we bound:

[vT-VullLro) < [villuroIVuellLz ) < lvlls@)llee2llii@s IVellL o) < Callvlluso)llvlla o)
(2.14)

for C. the constant absorbing the norm of the mollifier.

e Case p > 2: First we choose an exponent 2 < ¢ < p* such that W2P(Q) — Wh4(Q).
Therefore, for any ¢’ > 0, we know the existence of a constant C. > 0 in such a way that

the following interpolation inequality holds:

lullwra) < &'llullwer@) + Cullullaq) (2.15)

In the case of p < 3, using % =14+ % and 14+ 1 = 1 4+ 1 (which implies r €]3,00] and

T
t > 1), we obtain:

v Vulwr@) < [vilr@llVullLao) < [vllus@)lloe2llcims) | VullLaq)
(2.16)

IN

Cs”UHLS(Q) (E/HU'HW?J’(Q) + Cs’HuHHl(Q)) .

In the case of p > 3, the previous estimate is also verified using % = % + ]% for m given
by:
m =max{3,p} ifp#3 and m>3 ifp=3, (2.17)

and 1+ % = % + % (which implies that ¢ > 1), we obtain:

05 - VulLe) < [[villum@ I Valluo) < Cellvllusg) (€ lullwze@) + Collullmq)) -

(2.18)
Note that (2.15) is satisfied for g = p*.
Thus, choosing €’ > 0 small enough, we can deduce from (2.14), (2.16) or (2.18) that:
05 - VL) < Cellvllus@) (€lullwer@) + Collullmq)) - (2.19)
ii) Estimate of the term [|(V - v) u||yp(q). We consider:
V.v=w]+w; where wi= (ﬁ)*pw and w;=V-v— (ﬁ)*pe/z
being V - v the extension by zero of V - v to R3. It is easy to see that:
lwllze@ = V-0 = (V-0) % pepoll ooy < e
The influence of w5 in the bound of [|(V - v) ul|rs(q) is given by:
w5 wllLe@) < lwsllps @ llwllue ) < Cellullwer ) (2.20)
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where s is defined as:

s:max{;,p} ifp;é% and s>g ifp:%

because of W2P(Q) — L*(Q) for k = ;—’;p if p < 3/2, for k=52 if p=3/2 and k = oo if
p>3/2.

The analysis of the influence of w{ in the bound of |[(V - v) ul|pr(q) is made considering

several cases:

° Ifg < p <6, letrbedeﬁnedby%: %—{—% andtdeﬁnedbyl%—% = %—l—% Thus,
r € [3/2,00] and t € [1,3] and the following estimate holds:

[wi ulLee) < lwiller@llullos@) < CollV - oll Loz ool oees) lulla @

IA

Co C= [V - vll sz (IF sy + (4 o llpsca) (WAl zzqey + gl o) -
(2.21)
where Oy is the constant of the Sobolev embedding ef H! (2) — L¢(Q).

e If p > 6, we choose an exponent 6 < g < 400 such that for any ¢ > 0, we known that
there exists a constant Cs > 0 such that (2.15) is satisfied. Now, for % +1= % + %, t>2,

we have:
[wi wllLeie) < Cllwille@llullwrage) < ClIV - vllgszo)llee ol llwllwiag)- (2.22)
Replacing (2.15) in (2.22), we have that:

Hwi:uHLP(Q) < CHV'vHL3/2(Q)Hps/2HLt(IR{3)HUHWL‘Z(Q)
(2.23)

IN

CCe|V - vllpsr2q) (€l ullwar) + Collullm o) -

From (2.11), (2.13), (2.19), (2.20) and (2.21) or (2.23), an adequate choice of the smallness

parameters ¢ and ¢’ and the weak estimate (2.6) lead to (2.10).

(b) The case of v € L?(Q2) and V-v € L3?(Q). In order to apply step (a), we approach v by
vy € D(Q) such that vy — v in L3(Q) and V - vy, — V - v in L3?(Q). Therefore, the solution

(uy, my) of problem:
(0)) —Auyx+V-(vy®@uy)+Vmy=f and V-uy=h inQ, wuy=g on

belongs to W2P(Q) x WHP(Q) /R and satisfies (2.10). Letting A tend to 0, the limit (u,7) is the
solution of (O'), belongs to W2P(Q2) x W1P(Q)/R and satisfies the required estimate. On

10



Theorem 2.5 (Strong solution for (O) when p > 6/5) Let p > 6/5 and assume that the
hypotheses of Theorem 2.4 are verified. Then, there exists a unique solution (w,m) of (O)
belonging to W2P(Q2) x WHP(Q). Moreover, there exists a constant C > 0 satisfying estimate
(2.10) where C = C(Q,p,00) (14 ||vllLaq)) and p > 6/5. Moreover, v- Vu € LP(Q) is true
when p > 3.

Proof. Let vy € D(f) be satisfying vy — v in L3(Q) as A — 0. If A > 0 is sufficiently
small, then ||V - v)[y-13(q) is also sufficiently small. By Theorem 2.2, there exists a unique
(uy, ) € HY(Q) x L?(Q)/R satisfying the problem:

(ON) —Aupx+vy-Vur+Vm=f and V-uy=h inQ, wuy=g on I.

Using the regularity estimates for the Stokes problem, we obtain that (uy,my) € W?P(2) x
WLP(Q) and satisfies:

lurllwzr @)+ [mrllwir@r < € (HfHLP(Q) + Allwir) + lg9llwe-1/pp@y + [l V'U'/\HLP(Q)) ;

(2.24)
where the control over the last term is the main difficulty. Following the same proof of Theorem
14 and Corollary 7 of [7] (see also the improved result in [9]) the bounds of [[vy - Vuy||pr() are
given by :

Jvx - Vuyllwr) < Celluallwzr@) + Cellvllus@) lurllwzr) + Cellvliusq) Co luallm @)
(2.25)
for any ¢ > 0 and ¢ > 0 (a detailed explanation can also be seen in the proof Theorem 2.4,
point i)). Combining (2.24) and (2.25) for an adequate choice of the £ and &', and using the
weak estimate (2.6) (in which the smallness hypothesis for the norm of V- v stated in (2.9) must

be satisfied), we obtain:
luallw2e) + [ITallwie@r < C 1+ lv]lLs)
% (I ooy + (1 + Ioleoy) (I8llwroy + Igllwe-sma ) )-

Taking A — 0, we can deduce the convergence of (uy,m) — (u,7) in W2P(Q) x WLP(Q)
and vy -Vuy — v-Vu at least in L%°(), the limit pair (u, 7) being the solution of (O), which
belongs to W2P() x W1P(Q) and satisfies the required estimate. On

Theorem 2.6 (Generalised solution for (O) and p > 2) Let 2 < p < oo,
FeEWLP(Q), heILP(Q) and g¢ Wlfl/p’p(f‘) verifying the compatibility condition (1.5)

together with v € L3(Q). Then, there exists 61 = 61(Q,p) (61 defined in (2.36) if p € (2,3) and
01 = 0o defined in (2.9) in the other case) such that if ||V - v|ly-13(q) < 01, then the problem

11



(O) has a unique solution (u, ™) € WLP(Q) x LP(Q)/R. Moreover, there exists a constant C' > 0
depending on , p and d1 such that the following inequality holds:

lulwir) + I7llrr < C (14 |vlLs@) (||ﬂ|vv—1m(9) + (1 +[[vlls )
(2.26)
% (bl @) + llglwi-1mary ) )-

Proof. Unlike the Navier-Stokes equations, the regularity for the Stokes problem cannot be
used because of v € L3(Q) only implies that v - Vu € L8/%(Q) — H~1(Q).

We separate the proof into existence and estimates.
A) Existence. In order to obtain the existence of a solution (u,7) € WP(Q) x LP(Q), we use
the proof of Theorem 15 in [7].

We lift f, h and g by using some functions (ug,To) € WHP(Q) x LP(Q) such that:

—Aug+Vmo=f, V:-up=h inQ and wuglp=g onT,
verifying the estimate:
lwollwia) + Imolls@ym < € (I lw-roi + I8l o) + lglwi-sme ) - (2:27)
Let (z,0) € W21(Q) x W(Q) be the solution of the problem:
—Az4+v-Vz+Vl=—-v-Vug and V-z=0 inQ, z=0 on I,
with ¢ € [6/5,3) defined by % = % + %, satisfying the strong estimate:

Iz llwzi (@) H0llwre@)r < C (1 +vlls@) lo-Vuolluie) < C (1+ [vllus@) vl @ lluollwir@)-
(2.28)

Then, (u,7) = (2 4+ ug, 0 + mp) is the solution of (O), which thanks to (2.27) and (2.28) satisfies

the bound:

lullwie@) + 7l o@ym < Ci (1+ H1’HL3(Q))2 (Hf”wflvp(a) + Al L) + H9||w171/p,p(r)) -

This estimate will be improved below.

B) Estimates. In order to improve the estimates obtained in the existence part, we approximate

function v € L?(Q), which implies that V- v € W=13(Q), by vy € D(Q) in such a way that:
vy —> v in Lg(Q) and V-vy—V-v in W—LB(Q)

(the proof can be made in a similar manner to Lemma 13, point i) in [7]) and we study the

following problem:
(On) —Aupx+wvy-Vur+Vmy=f and V-uy=h inQ, uy=g on I.

12



Let (uy,m\) € HY(Q) x L2(2)/R with ||V - vallw-1.3(0) < do be the solution of (O,). Using the
Stokes regularity estimates in the space WHP(Q) x LP(Q)/R, we have:

luallwir@)HllmallLr@) < C (Hf”vvfl,p(m + Al @) + 19llwi-1pp@) + oA VUA“W*#’(Q)) :
(2.29)

In the solenoidal case, vy - Vuy = V- (v) ® u)), but now:
vA-Vu,\:V-('v,\@u,\)—(v‘v)\)u)\.

We separate the proof into several steps, which depend on the p-index for the Sobolev spaces
WLr(Q):
i) p € (2,3): The Stokes regularity estimate in the space W'P(Q) x LP(2) /R is given by (2.29).

In order to bound the last term of (2.29), we use the decomposition (2.12) in such a way that:
vy Vur =V - (v]@uy) + V- (v5,@uy) — (Vv ux.
For the term depending on v§, using:
[villLs) < [V * pepallLams) < Ce lv]lL3q).
for C, the constant absorbing the norm of the mollifier, we have:
1905 @un) lw—so(ey < 105 @0 oy < 195 @ el < 19l ozl e ooy,

where % =14+ 1and1+2 =141 If we choose 6 < b < px, when WIP(Q) — LF"(Q) for
L _1_
p* T p

C.r > 0 such that

%, then ¢ € |1, Z%[ and r € |3, Gﬁfpp[. Then, for any & > 0, we known that there exists

lualls ) < €llurllwrir@) + ColluallLs @), (2.30)
and therefore:
IV - (05 @ up)llw-1p(0) < € C: o]l luallwre) + C2 Ce Cor||lv|ls@)l|urllmr @) (2.31)

where Cj is the constant of the Sobolev embedding H'(Q2) < L%(Q2). For the term depending

on v ,, we use: for A <e/2
[} 2llLs@) < llva = vllLs) + [lv — villLs@) < A+e/2 <e, (2.32)
together with the Holder inequality:
[uxllLe @) < Cs [uallwie)
where Cj is the constant of the Sobolev embedding WP(Q) «— LP"(Q), obtaining:

[V - (052 @ un)[[w-1p(0) < 052 @ urllr) < (05203 Ul @) < Cs e llunllwir)-
(2.33)
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In order to bound the term [|(V-v) uxl|w-1.r(q), We must test by using functions ¢ € Wé’p, (),

in such a way that:

((V . ’U)\) u)y, (P>W717p(Q)><Wé‘pl(Q) = <v cUN\, U SO)W*1,3(Q)><W01’3/2(Q)’

provided that uy - ¢ € W01’3/2(Q). Observe that uy - Vo € L¥2(Q) and Vu,y - ¢ € L3/2(Q)

because of I% + ﬁ = % + (p})* = 2, which implies that uy - ¢ € W3/2(Q) and:
<(V : U)\) Uy, ¢>W—1,p(Q)XWé,p/(Q) = <V U UN SO>W_173(Q)><WOI’3/2(Q)
< 19 ol ollun - @l (234

IN

Cs |V - ollw-rs@lluallwir@ e llwie o

where Cj is a constant, which depends on W'?(Q) — L"(Q) and Wh'(Q) — LE)"(Q).

Consequently, we obtain:

[(V - va) usllw-100) < C5 |V - vli-130) |l uallwie@)- (2.35)

Looking at (2.29), (2.31), (2.33), (2.35), we choose ¢, &' and ||V - v||y 1.3 sufficiently small in
such a way that
1

6/ CE HvHL3(Q) + 035 + 05 ||V . ’UHw—l,s(Q) = 5

If we want to use (2.6) in order to bound ||u||g1 (), We also need that V- v satisfies (2.9). Thus,

we chose (for instance):

1
HV . ’UHW—I,S(Q) < 41 = min {6(05)_1, 50} . (2.36)
Therefore, we deduce the existence of a constant Cg > 0 such that:

lurllwie) + Imallr@r < Cs (14 [vllLs@) (||f”vv717p(9) + (1 + vl )
(2.37)

% (Il + g lwi-smay))

ii) p € [3,6): For these values, we can reproduce the proof of Proposition 3 of [7]: By using
(2.12) and (2.32), we have:

[v5.2 - Vuallw-1r) < Cllv5 2 - VurllLr) < Cllv5alls@)llVuallLr @) < Cel[Vuallwe ),

(2.38)

1_1,1 .
where;—g—i—p,and.

IN

|05 - Vuallw-1r(0) Cllvi - VusllLro) < Clloillueo)llVuallz )

(2.39)

IN

Cllvllus@lloe 2l e sy IVurllrz ),
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where k = 22 and t = & [$,2[. Bounding the last term in (2.39) by using (2.6), and

S
6—p p+2 2
replacing the resulting estimate and (2.38) into (2.29), estimate (2.37) can be deduced.

iii) p > 6: Estimate (2.38) is still true. Estimate (2.39) is bounded in a slightly different way:

[v] - Vurllw-1r@ < Cllvi - Vusllnr o) < CllvillueollVurlao

IN

Cllvllus@lloe /2l e sy IV urllnao)

where © = + + f:l—&—%andl:l—i—l—% Choosing 3 < ¢ < p, we have k €]3,p[ and

tell, m[ The interpolation estimate of W14(Q) between H!(Q2) and W1P(Q):

2(p—q) p(a—2)
IVuslleo@) < llunllif o) luallwrog < € llualwir@) + Collunllmq)

with an adequate choice of the small parameters ¢ and &’ > 0, allow us to obtain (2.37).

Taking A — 0, we can deduce the convergence of (uy,my) — (u,7) in WHP(Q) x LP(£2) and
vy - Vuy — v - Vu at least in L5(Q), the limit pair (u,7) being the solution of (O), which
belongs to WhP(Q) x LP(Q) and satisfies (2.26) for |V - vy 150y < & with & = do and &
defined in (2.9) for p > 3, and with §; defined in (2.36) for p < 3. On

Theorem 2.7 (Generalised solution for (O’) and p > 2) Let 2 < p < oo and assume that
the hypotheses of Theorem 2.6 are satisfied (the smallness assumption for ||V - v||y-13(q) is only
needed in the sense of (2.9)). Then the problem (O') has a unique solution (u,7) € WHP(Q) x
LP(Q)/R. Moreover, there exist some constant C' > 0 depending on ), p and §y such that
inequality (2.26) holds.

Proof. In order to obtain the existence of a solution (u, ) € WHP(Q) x LP(Q), let (vy)\ C
D(Q) be such that vy — v in L3(Q) as A — 0. Then, we can suppose that A > 0 is sufficiently
small and therefore ||V - v|lyy-1.3(0) is as small as ||V - v||y-13(q). Then, we can use Theorem
2.3 to deduce the existence of (uy,my) € H(Q) x L?(Q). From the regularity estimates for the
Stokes problem, we have that (uy.my) € W1P(Q) x LP(Q) and

lurllwre) + Imallze@)yr < C (Hwa o) + 1hllze) + 19llwi-1/pe@y + loa® u/\HLP(Q)> :
(2.40)
Using decomposition (2.12) for vy, for m defined in (2.17),

[v3.2 @ uallr @) < 052l @) luallr @) < Cellurllwir) (2.41)

WhereWLp(Q)%Lp*(Q)With#:%—%ifp<3,f0rp*—n§—7f1fp—3andp = oo if p > 3.

Using that p > 2, we can bound the term on vj as follows:
[v] ® uallLr) < lvillLr@llealle@) < llvllus@)llpe2llne@s)llualls @)
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forl:%+%, 1—1—%:%—1—% and 6 < b < p*. As for (2.31) , we have
[0 © uxllLe ) < € Ce [|v]lLs@)lluallwir) + Ca2 Ce Collv||Ls o) llualla @) (2.42)

for Cy > 0 the constant of the embedding H'(Q2) — L%(Q2). From (2.40), (2.41) and (2.42),
choosing ¢ and &’ conveniently and using the weak estimate (2.6) furnished by the smallness of

IV - vl -13(q) in the sense of (2.9), we deduce the existence of a constant Cy > 0 such that:
lullwir) + Imalle@) < Ca (14 [[vllLs@) (Hf”w—lm((z) + (T+ vl )

< (Wllzoy + Iglwi-vmnry) )-

Taking A — 0, we can deduce the convergence of (uy,my) — (u, ) in WHP(Q) x LP(€2) and
V- (vy®@uy) — V- (v®u) at least in H1(£2), the limit pair (u,7) being the solution of (0’),
which belongs to W1P(Q) x LP(2) and satisfies (2.26). On

Theorem 2.8 (Generalised solution for (O) and p < 2) Let 1 <p < 2,
feW™P(Q), helLP(Q) and ge W!™V/PP(D)

satisfy (1.5), together with v € L3(Q) and ||V - v|ly—1.3(q) being sufficiently small (in the sense
of (2.9)). Then, the problem (O) has a unique solution (u,7) € WHP(Q) x LP(Q)/R and there

exists some constant C' > 0 such that the following inequality holds:

leliwro@) + Il zooym < C(Iflw-ro) + L+ Iolzy) (I8zo@) + Iglwi-ma) ) )
(2.43)
where C = C(Q,p,6) (1+ ||v||L3(Q))2. Moreover, there exists 62 > 0 (defined in (2.55)) such
that if |V - vlly—1.5(q) < 02 for s defined by:

[\GI[eV]

s =max{3,p'} ifp# % and >3 ifp=3, (2.44)

then estimate (2.43) is satisfied for C = C(Q,p,02) (14 [|[vllL3q))-

Proof. We separate the proof into existence and estimates.
A) Existence. In order to obtain the existence of a solution (u,7) € WP(Q) x LP(Q), we use
the proof of Theorem 15 in [7].

Using a duality method, first we suppose that h = 0 and g = 0. The problem (O) is
equivalent to find (u, ) € WP (Q) x LP(2) such that: V(w,x) € Wé’p,(Q) x LV (Q)

(u, ~Aw =V (0@ W)+ VX)wir)ew-10(0) = (T VW) Lo@yerr (9) = > Whyyoa(g)cwi o )
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Provided that ||V - v[y-1,3(q) is small enough in the sense of (2.9) and thanks to Theorem 2.7,
for any pair (F, ) € W12 (Q) x Lgl(Q), there exists a unique (w, x) € W(l)’p/(Q) x LP(Q)/R
such that:

—Aw -V -(v@w)+Vxy=F and V-w=¢ inQ, w=0 on
and satisfying the estimate:

Il oy + Xl @ym < € (1 [ols@) (IFlw-1r@) + (U4 [ollea) 190 ))

Therefore, we have:

(u, F)ywir)xw-10/(0) = (T @) ooyxrr (@) = Wi ewi o )

with

2
Wy st @] < O I Iw-rr@y (14 [0l)?® (IF sy + 16l ey ) -

In other words, the mapping (F,¢) — (f, w) defines an element (u,w) of the dual space of
WL (Q) x Lg' (Q) solution of (O") and satisfying the estimate:
2

ullwrr) + 17l ey < C (1 + lvlls@)” Ifllw-10(0)- (2.45)

The case of h # 0 and g # 0 can be treated lifting first these data by using:
z € WH(Q)  such that V- z = h and z|r = g with |zllwir) < C (HhHL}O(Q) + Hglefl/p,p(FO .

(2.46)

Therefore, it remains to study the regularity for the solution (wg, ) of the problem:
—Aug+v-Vug+Vmy=f+Az—v-Vz and V-uy=0 inQ, uy=0 on I,
which using (2.45) satisfies:

2
luollwrr) + [mollr@yr < C (14 wlls)” (IFflw-10@) + (1 + lvllLs @) a7
247

< (Ibller@ + gl

Finally, the solution of (O) is given by (z + wug,m) which satisfies estimate (2.43) for C =
C(Q,p,00) (1+ HvHL3(Q))2. This estimate will be improved below.

B) Estimates.

In order to improve the estimates obtained in the existence part, we consider first the case
that h =0 and g = 0.
(a) The case of h =0 and g = 0: As the norm ||V - v|[y-13(q) is sufficiently small, then the
step A) guarantees the existence of (uy, ) € WHP(Q) x LP(Q) solution for the problem:

(P) —Aup+v-Vup+Vm,=f, and V-up=0 inQ, wu;=0 on I,
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for a given f, defined as follows:

Construction of f: Let p € D(R?), be a smooth C* function with compact support in B(0, 1),
such that p > 0, [p3 p(x)dx = 1. For t € (0,1), let p; denote the function z — (t%)p(%) Let
¢ € D(R3) be such that 0 < ¢(z) < 1 for any x € R3, and

1 if 0<lz|<,

p(z) =
0 if |z|>2

We begin with applying the cut off functions ¢y, defined on R? for any k € N*, as g (x) = (%)
As f =V -F, F e LP(Q), we consider F, = ¢, F (for F, the extension by zero of F to R3).

Thus we obtain

Gty = pi*Fi, € D(R?), lim lim Gy = F in LP(R%), Guilo—F inLP(Q) whent— 0, k— +o0.

—0 k—o0
Moreover, for g = 35—32,
4 _3/ql
t EIL2(R3) = [IPtIILa(R3) 1T EIILP(R3) = 35 EllLP(R3)- :
lpe * Frll < Izl Il < gmtT I ||Fx| (2.48)

We choose ¢t = k= with o > 0 which will be precised later. Then f, = V - (G;xlq) € H1(Q)
and f;, — f in W=1P(Q). Observe that (uy,7) also belongs to H} () x L?(2). Using the
Stokes regularity in W(l)’p (Q) x LP(Q2), we obtain:

lurllwir) + 17kl r@)m < C (If kw100 + |V - Vuglw-100)) - (2.49)
The last term can be bounded using the following decomposition:
v-Vup=V-(v®ug) —up (V- o).

Given € > 0, let v. € D(2) be a smooth function with B, = supp(v.), which approaches v in
the sense that:

v — vellLs) <e. (2.50)

Then, we obtain:

IV (v@up)llw-1r) < v @ upllLo) < [lv — vellLs@)llunllie ) + lvells sl weller s

VAN

e Csllurllwre) + vellue s lukllLr 5.
(2.51)

In order to treat the term uy (V - v), we consider V- v € W=15(Q) for s defined by (2.44).
We must test by using functions ¢ € Wé’p / (Q), in such a way that:

<(v ’ 1)) Uk, (P>W—l,p(ﬂ)><wéap/(g) = <V ‘U, U - LP>W_1’S(Q)><W01’S/(Q)’
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holds for s defined in (2.44), providing that uy - ¢ € Wol’S/(Q). Observe that uy, - Vo € L3/2(Q)
2

because of 1% + }% = 5. However, Vuy - ¢ € L*(Q) for % = % + ﬁ. Depending on the value
of (p')*, we separate the proof into several steps, which depend on the p-index for the Sobolev

spaces W1P(Q):

i) If p > 3/2, we obtain that Vuy - € L3/2(Q), therefore uy, - ¢ € W01’3/2(Q) and (2.34) and
(2.35) hold.

ii) If p < 3/2, we obtain that Vuy - ¢ € LP(Q), therefore uy - ¢ € Wol’p(Q) and:

(7 0) s Py s ) = 1700 P @ o)

IN

V- ””W-Lp'(g)”"k ) ‘PHWLP(Q)

< GIV - ollyrw o llusllwrr@llellwie o)

Therefore,

1V v) wrllw 1) < Cs [V - 01 i win - (2.52)

iii) If p = 3/2, we obtain that Vuy - ¢ € L"(Q) (for any r < 3), therefore uy - ¢ € WOM(Q)

and we can verify that:
[(V - v) ugllw-1r0) < Cs5 |V - vllw-1a@) |l wrlwieq): (2.53)
for any a > 3.
In summary, from (2.35), (2.52) and (2.53), we can deduce:
(V=) urllw-1r0) < G5 [V - vl luklwir o) (2.54)

for 1 < p < 2 with s defined by (2.44). Putting together (2.54) and (2.51) into (2.49) and

choosing e C'C3 = i and:

1
we obtain the existence of a constant C4 > 0 such that:
lukliwroy + Il o@ym < 2Ca (Ifelw-ro@ + N0l luklpr ). (256)

From (2.56), we prove that there exists C' > 0 not depending on k and v such that for any
k € N* we have

wkl|ze(8.) < ClIf ellw-10(0)- (2.57)
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Indeed, assuming, per absurdum, the invalidity of (2.57). Then for any m € N* there exists
by €N, f@m € Hﬁl(Q) and v, € Lg(Q) with ||V . vaW—l’?’(Q) < 4y (50 defined in (29))
such that, if (up, ,m, ) € Hy(Q) x L*(Q) denotes the corresponding solution to the following

problem:

—Aug, + vy, - Vuy, +Vr,, =f, , V-ug,, =0 in Q wuy =0 on T

the inequality
lwe, ||z 8) > mllf e, | lw-12q), (2.58)

would hold. Now, we set:

Je,

e, || oo By

Uy s

m Hm —
lwe,, ||z (5.)

=—" and R, =
e, || 27+(B.)

Wm

Then for any m € N* we have
—Awy, + vy Vw, +V0,=R,, and V- -w, =0 in Q, w,=0 on I'. (259)

Now, using (2.59), the smallness assumption (2.9) for ||V - vy |y -1.5(q) and Theorem 2.2, we

can apply estimate (2.6) obtaining for any m € N* and ¢ > 0

¢ C
e € e[l Fu ey -
ey 12 1870 = [ Ty 17 Fen bz

|wmlla ) < CRmlla-100)
From (2.58), we have

C

m||fzm’| w—LP(Q)

[l g1y < 1ot * Foe,, || g2 ms)-

1 /
Using (2.48) and choosing t = — with0<a< %, we deduce that
m

47 C
lwmllgr @) € —— = [[Fe || zr ms)-
3m- 7 |[fo | lw-10(q)

Because the right hand side of the last inequality tends to zero when m goes to co, we deduce
that
w, -0 in HYQ).

Then, w,, — 0 in L%(Q) and in particular in L”*(B.). On the other hand, we have:

1w || o+ (B.) = 1,

leading to a contradiction. Inequality (2.57) is therefore established. From (2.56), (2.57) and
(2.50) we obtain for any k € N*

el iy + 1melLzogeym < 2Ca (14 Clivllgag ) 1Fullw -1
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Thus we can extract subsequences of uj and m, still denoted by ujp and 7y, such that
up —u in WUW(Q) and m +Cp =7 in LP(Q),

which implies v ® uj, — v ® u in LP(). Assuming that V-v € W1(Q) for s defined in (2.44)
and following the same argument that proves that (V - v) u;, € W—1P(Q), we can deduce that
(V- v)u € WEP(Q). Thus, the convergence:

(V-v)u, — (V-v)u in W HP(Q)
can be deduced. Indeed, for any ¢ € Wé’p /(Q)

(V-v)up = (V-v)u, ) Voo, (up —u)- )

W-Lp(Q)x WL (Q) — { WLs(Q)x W' ()’

Observe that (ur —u) - — 0 in WOI’S,(Q), which implies that the term tends to zero. As a
consequence, the limit (u, ) € W(l)’p (©) x LP(Q) satisfies the problem:

—Au+v-Vu+Vr=f and V-u=0 inQ, =0 on I
and there exists a constant Cy > 0 such that:
el oy + 1l oy < 2Ca (1+ Cllollgsgay ) 11F] 1w vy
(b)The case of h # 0 and g # 0: The data are lifted by using (ug, ) € WP(Q) x LP(Q)/R
the solution of the Stokes problem:
—Aug+Vmy=0, V-ug=h, wlr=g

satisfying
[wollwir) + [I7ollLr@)ymr < C (”hHLP(Q) + ||g”w1—1/p(r)) :

Therefore, (@,7) = (u — up, ™ — 7o) is the solution of the Oseen problem:
“Au+v-Vi+Vr=Ff and V-4=0 inQ, #4=0 on I
with f =f —v-Vug € W LP(Q), which is a problem treated above. Therefore,
lilwir@) + Il < C (1+ vl Iflw-1r@)
and finally
lullwes Himlo@ym < C (1 +1olluy) (1Flw-rei+ (L + Tolls@) (10l + Iglwi-m ) )-

Un

21



Theorem 2.9 (Generalised solution for (O') and p < 2) Let 1 <p < 2,
feWP(Q), helLP(Q) and ge W' V/PP(D)

together with v € L3(Q) and ||V - v|lw-18(q) being sufficiently small (in the sense of (2.36) if p €
(3/2,2) and in the sense of (2.9) in the other case), verifying the compatibility condition (1.5).
Then, the problem (O') has a unique solution (u,7) € WLP(Q) x LP()/R. Moreover, there
exists some constant C' > 0 such that inequality (2.43) holds for C = C(Q,p,61) (1 + H'vHLa(Q))
if p e (3/2,3) and for C = C(Q,p,80) (14 [[vlLs)) in the other case.

Proof. As in Theorem 2.6, we separate the proof into existence and estimates.
A) Existence. Using a duality method, first we suppose that h = 0 and g = 0. The problem
(0') is equivalent to find (u,7) € WIP(Q) x LP(Q) such that: V(w,x) € W2 (Q) x LV (Q)

<U, —Aw—v-Vw + vX>Wé’p(Q)><W*1vP’(Q) — <7T, V- w>Lp(Q)><Lp’(Q) = <f7 w>w—1,p(ﬂ)xwé,p/(g)'

Therefore, for any pair (F,¢) € W17 (Q) x Lgl(Q), let (w,x) € W(l)’pl(Q) x L (Q)/R be the
solution of the problem of type (O) described as:

—Aw—-—v-Vw+Vxy=F and V-w=¢ inQdy, w=0 on T,

which exists thanks to Theorem 2.6 (provided that ||V - vy -1,3(q) is sufficiently small in the
sense of (2.36) if p € (3/2,2) and in the sense of (2.9) in the other case). Moreover, we know
that:

w1y + Xty < € (0 + Iolaey) (IFlw-togey + (1 + ols@) leli) -

Furthermore, we have:

2
0@ ewi# | < CIFllw-10@) (L [10lles)” (IFllw-10@) + 2l o) ) -
()XW (2) ()

In other words, the mapping (F,¢) — (f, w) defines an element of the dual

W12 (Q)x WL (Q)
space of WL/ (Q) x Lgl (Q). From Riesz’s Representation Theorem, we deduce that there exists
a unique (u,7) € Wé’p(Q) x LP(2) /R solution of (O) (for h = 0 and g = 0) that satisfies (2.45).

As in Theorem 2.8, the case of h # 0 or g # 0 can be treated using the lifting (2.46).

Therefore, it remains to study the regularity for the solution (g, mp) of the problem:
—Aupg+V-(v®@ug)+Vrmy=f+Az—-V-(v®z) and V-uy=0 inQ, wuy=0 on I,

which using (2.45) satisfies estimate (2.47). The bound (2.43) for C = C(,p,do) (1 + ||17||L3(Q))2

is satisfied by (w,7) = (ug + z, 7). This estimate will be improved below.
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B) Estimates. In order to improve the estimates, we can adapt the same argument used in

the proof of Theorem 2.8 B). Concretely, problem ( P) is replaced by:
(P —Aup+V-(v@up)+Vay=f, and V-up,=0 inQ, u,=0 on T,

and therefore the study of the term (V - v) uy and its correspondent estimate in (2.52) are not
necessary. As a consequence, estimate (2.43) is obtained, for C' = C(2,p,é1) (1 + ”'U”LS(Q)) if
p € (3/2,3) and for C = C(2,p,00) (1 + ||vr3(q)) in the other case, without assuming neither
regularity for V- v in W=5%(Q) for s defined in (2.44) nor smallness for this norm. On

Proceeding as in Corollary 2.4 in [9] (see also Corollary 7 in [7]), we prove that:
Theorem 2.10 (Strong solution for (O) when 1 <p < 6/5) Let 1 <p < 6/5 and
FeELP(Q), vel3Q), heWYP(Q) and ge W*VPP(D)

verify the compatibility condition (1.5) and ||V - v|ly-13(q) < d2 (in the sense of (2.55)). Then,
there ewists a unique solution (u,7) of (O) belonging to W2P(Q) x WLHP(Q)). Moreover, there

exists a constant C > 0 such that:

lullw2r) + I7llwir@yr < C 1+ v]lLs@) (llﬂ!LP(Q) + (14 vllLs0))
(2.60)

< (Iklws) + Iglweos)) )
is satisfied for C = C(,p,82) (1+ [|v]lrsq))-
Proof. First, taking into account that:
LP(Q) — WP (Q) WhP(Q) — LP (Q) and W2 V/PP(D) — WIZVPP (D) (2.61)

for 1% = % — % and 3/2 < p* < 2, from Theorem 2.8 we can deduce the existence of a solution

(u,7) in WhP'(Q) x LP"(Q) satisfying the estimate:

lullwrr @) + 17l @ur < C(1+[vllLsg) (Hf||w—1,p* @ T (L +[v]Ls@)
(2.62)

(P P — 1

Second, the previous regularity provides that v - Vu € LP(Q2). As a consequence, the regularity
for the Stokes problem allows to obtain the strong regularity for (u,7) in W2P(Q) x WP ((Q).

Moreover, the regularity estimate:
ullwer@) + I7llwir@)yr < C (HfHLP(Q) + |hllwrr@) + lgllwe-1/pp@y + (v - VUHLP(Q))
together with the inequality:
vVl < [vlls@)Vellir @ < vl lullwie (2.63)
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and (2.62) lead to the bound (2.60). On

Theorem 2.11 (Strong solution for (O’) when 1 < p < 6/5) Under the hypotheses of The-
orem 2.10, if V-v € L3%(Q) and IV - vllw-13(q) is sufficiently small in the sense of (2.36), then
there exists a unique solution (u, ) of (O') belonging to W2P(Q2) x WLP(Q). Moreover, there ex-
ists a constant C' > 0 such that estimate (2.60) is satisfied for C = C(§2, p, 1) (1 + vl + V- v||L3/2(Q)).

Proof.
Observe first that (2.61) is satisfied for 1% = ;17 — % and 3/2 < p* < 2. Then, thanks to the
smallness of ||V - v|ly-1.3(q) in the sense of (2.36), Theorem 2.9 guarantees the existence of a

solution (u, ) of (O’) belonging to WP () x LP"(2)/R and satisfying (2.62):
lullwie @) + 1l @r < C (1 +I1vlLs@) <||fHLP(Q) + (14 [JvllLs@)
(2.64)
% (IRllwroge) + lglwe-vma ) )-

Again based on the regularity over the Stokes problem, we easily verify that (u,7) € W2P(Q) x
WhP(Q) and:

|ullwer@) + I7llwir) < C <”f”LP(Q) + [”llwre ) + gllw2-1/p0 )
(2.65)

+ o Vaulluo) + (V- 0) wlioo) .

where we have to bound the last two terms. Using that u € WP (Q), we obtain (2.63) and

(7 0) vl < IV Ollgarz@ el < O IV - vllga lulwir @ (266)

for C7 the constant of the embedding W™ (Q) — LI(Q) with é = 1% — 1. Using (2.64) in
the bounds of (2.63) and (2.66), and replacing the resulting estimate in (2.65), we found the

required estimate. On

As a consequence of V - v # 0, the definition of very weak solution for the Oseen problem
given in [7] must be rewritten. In fact, this definition should be given for the problems (O) and
(O"), which are not equivalent if V - v # 0. We start the study for the weak solution of (O’)
because it is easier (in fact, it corresponds with the study about the very weak solution made
in [7]).

Definition 2.12 (Very weak solution for the Oseen problem (0')) Assume that f € [ X, ()]
(see Lemma 1.1 and Remark 2.13), h € L"(Q) and g € W~Y/PP(I") satisfying the compatibility
condition (1.5) and v € L5(Q) with (r,s) given by:

3 3
s=max{3,p'} ifp# 2 and s > 3 if p= 2 (2.67)

24



1 1 1
r>1 suchthat —=-+4—. (2.68)
r op s

We say that (u,7) € LP(Q) x W~1P(Q) is a very weak solution of (O') if the following
equalities hold: For any ¢ € Y,(Q2) and x € lep/(Q),

I
/Q’U,. (—A(p — V- VQO) de — <7T,V . ('0>W*1vP(Q)><Wg’p/(Q) = <ﬁ (p>Q — <gT7 %h‘?

/u‘dea: = —/hxdw+<g‘n,x>p,
Q Q

where the dualities on ) and I are defined by:

(0 = (X @ xX, @) (0 = G w=1/ma(r)xwi/ee! (1) (2.69)

and the space Y,y (§2) is characterised in two different ways in (1.4).

Remark 2.13 Ifp < %, then r = 1 and the hypothesis on f means that f=V -Fo + V f1 with
Fo € LY(Q) and f; € WLP(Q). In this case, we have:

(fip)a = _/Q]FO :Vedx+ (f1,V - cp}Wpr(Q)XW&,p/(Q), Vo € Y, (92).

Theorem 2.14 (Very weak solution for (O')) Assume that f € [X,v y(Q)]', h € L"(Q) and
g € WYPP(T) satisfy the compatibility condition (1.5) and v € L3(Q) with ||V - vllw-1.3(0)
sufficiently small (in the sense of (2.55) if p > 6 and in the sense of (2.9) in the other case),
and (r,s) given by (2.68) and (2.67). Then, the Oseen problem (O') has a unique solution
(u,m) € Tp, () x WLP(Q)/R verifying the following estimate:

e + 1+ vl @) Hrlw-1r@mr < C (14 [vlLs@) (Hﬂhxr,,p,(m]' + (14 [[v]lLs (o))

< (Ikll @) + Iglw-mnqry) )
(2.70)

if 1 < p <6 and estimate (2.70) replacing C by C (1 + H’UHLg(Q)) and ||vl|lLsq) by |vllws) of
p > 6.

Proof. Following the proof of Theorem 17 in [7], we have to prove two steps to conclude the

statement of the Theorem:

(A) The solution (u,7) of (O’) belongs to L(2) x W~1?(Q)/R and satisfies the two
first equations of (O’).
(A1) We first consider the case where g - n|p = 0 and / h(z)dz = 0.

Q

We prove then that problem (O’) is equivalent to the variational formulation: For a given
v € L*(Q) with s defined by (2.67), find (u, ) € LP(Q2) x W~ 1P(Q) /R such that: Yw € Y,/ (),
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Yy € Wh7'(Q)

/Qu . (—A’w —v-Vw + VX) der — (7‘(’7 V- w>W*17P(Q)><W01’p/(Q) = <f7 w>Q — /Q hxdx — <g7_7 3
(2.71)
Now, for any pair (F, ) € L (Q) x [W&’p,(Q) N Lgl(Q)], we have:

ow
.- [ hxdsc—<gﬂan>r\ < C (Ifllx,. @y + Ibllir@) + g lw-vrrr))

% (ol + Xl )
(2.72)

where (w), x) is the solution of problem:

—Aw—v-Vw+Vxy=F, V-w=¢ in{, w=0 onl.

Observe that hypothesis of v € L*(Q2) with s defined in (2.67) is necessary in order to give

a sense to the term:
/ u- (v -Vw)de (2.73)
0

in the case of p = 3, where u € L¥2(Q), Vw € W13(Q) — LY(Q) (for any b € (1, +00)). In

the cases p # %, the previous integral is always defined because u - (v - Vw) € LY(Q).

Taking into account that in any case v € L3(Q2) and using Theorem 2.5 (if 1 < p < 6) and
Theorem 2.10 (if p > 6), then the solution (w, x) belongs to W22 (Q) x W#'(Q) and satisfies:

||wHW2,p’(Q) + HXHWLP’(Q)/R <C(1+ ||'U||L3(Q)) (HFHLP’(Q) +(1+ H'UHL3(Q)) H‘PHWLp’(Q))

if p >6/5 and for 1 < p’ < 6/5 the same estimate holds replacing C' by C (1 + ||'U||LS(Q)).

Therefore the mapping:

Fo) s (Fowpa~ [ nvdn = (9. 52) (2.74)

defines an element (u, ) of the dual space of L¥ () x [VVO1 e Lgl(Q)], which is equal to
LP(Q) x W=LP(Q)/R. Furthermore, (u,7) € LP(Q) x W=1P(Q)/R and verifies (2.71) and the
following estimate if 1 < p < 6:

JullLr) + (14 1vllus@)  Hirllw-1e@r < C (14 [vllus@)
(2.75)

< (I ¢, + WAlry + g lw—vmsqr) ) -

In the case of p > 6, estimate (2.75) is also true but replacing C by C' (1 + HvHLa(Q)). Thus, we
have proved that estimates for 1 < p < 6 and for p > 6 are true when v € L*(Q2) with s defined
by (2.67).
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(A2) Second, we suppose that / h(z)dz = (g - n,1)r and consider the Neumann problem:
Q
Find 6 € WHP(Q)/R such that:

00

(V) A0=h inQ o-

=g-n onl,
which has a unique solution § € W1P(Q)/R and verifies the estimate:

181wrsc@ym < C (IRllzr@) + 9 Pliw-1sry ) - (2.76)

Set ug = V6. Using the precedent case, there exists a unique (z,7) € LP(Q) x W~1P(Q)/R

solution of problem:
—Az+V-(v®2)+Vr=f+Vh—-V - (v®up) and V-2=0 inQ, z=g—up|r onT,

where the characterization given by Lemma 1.1 implies that Vh and V - (v ® ug) belong to
(X, ()] (because of h € L™ () — W~1P(Q) and v @ u € L"(Q) thanks to (2.68)). Thus,
f+Vh—V - (v® wug) belongs to [X,s,(Q2)]". Moreover, g — ug|r satisfies the compatibility
conditions for the precedent case. Hence, using (2.75) if 1 < p < 6, (z,7) satisfies:

I 2ller () + (1 + l[vllLs@) I llw-1r @)z
<C (14 lvllws) <||f +Vh=V-(v@u)lx, @y + 19— uOHW*l/P,p(I‘))
< C (14 [lv]lLs) <|’fH[Xr/7p/(Q)]’ + [[hllw-1e(0) + v @ wollr @) + llg — UOHW*UP»P(F))

< C (1+ 19l (Ifllx,, oy + (14 19ln) (IBlw-1o@) + lglw-1ms) ) ) s

where we have used that L"(Q) < W~12(Q), which implies that [|hlly-1s) < CsllhllL @)
for a certain constant Cg, the bound [|v ® wollrr) < [|v]Ls)llwollr() for (r,s) defined in
(2.67)-(2.68), and estimate (2.76). In a similar manner, if p > 6 we use (2.75) replacing C' by
C (1+ ||lv|lLs(n)) obtaining the estimate:

_ 2
1zl + (L4 vllLa@) Hirllw-re@)r < C (14 [vllLs@))

% (Ifllx,. ey + (1 Ioloy) (Iollw-so) + I lw-1mnry) ) -

Finally, the pair of functions (u,7) = (2 + u, 7) is the required solution satisfying the required

estimates.

(B) The trace of u satisfies u = g on I' and belongs to W~1/77(T").
In order to obtain that w € T, (), we need to prove that Au € [X,/ (£2)]". From (2.68) and
(2.67), it suffices to note that Au =V - (v ® u) + Vr — f and v ® u € L"(Q). Therefore, the
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tangential trace of u belongs to W—1/P2(I"). In that way, as u € L?(Q) and V-u € L"(Q), then
u - n|r € W/PP(T), and the whole trace ulr € W—1/PP(T') can be identified with u|r = g.
Un

Remark 2.15 When g- n|r = 0 and / h(x)dx = 0 (see case (A1) in the previous proof),
estimates in Theorem 2.1/ can be 7“eplace§d2 by estimate (2.75) for 1 < p < 6 and estimate (2.75)
replacing C by C (14 ||v||y3(q)) for p > 6. For both values of C, estimate (2.75) does not
depend on the norm ||v||ysq) but v must belong to the space L°(Q) (with s defined by (2.67)) in

order to give a sense to the term (2.73).

Definition 2.16 (Very weak solution for the Oseen problem (0)) Assume that f € [X,/ 7 (Q)]
(see Lemma 1.1 and Remark 2.13), h € L"(Q) and g € W~YPP(T') satisfying the compatibility
condition (1.5) and v € L5(Q) with (r,s) given by (2.68) and (2.67), and V - v € LY (Q) for t
defined by:

t = max {p’, i} . (2.77)

We say that (u,m) € LP(Q) x W=LP(Q) is a very weak solution of (O) if the following
equalities hold: For any ¢ € Y, (), with in addition ¢ € L>(Q) if p =3, and x € W' (Q),

I
/Qu‘ (_A‘p - v V‘P - (v ’ ’U) ‘P) dz — <7T7 V- ‘P>W71,p(Q)XW015p,(Q) = <-f7 LP>Q - <g'r7 %>F7

/ u-Vyde = —/ hxdz+(g-n, x)r,
Q Q

(2.78)
and where the dualities on Q and " are defined by (2.69).

Theorem 2.17 (Very weak solution for (0)) Let f€ [X, ()], h € L"(Q) and g € W~1/PP(T)
satisfy the compatibility condition (1.5) and v € L*(Q2) with ||V - v||y-13(q) sufficiently small

(in the sense of (2.36) if p > 6 and in the sense of (2.9) in the other case), and (r,s) given by
(2.68) and (2.67). Assume also V -v € LY Q) for t defined by (2.77). Then, the Oseen problem

(O) has a unique solution (u,7) € T, () x W=LP(Q)/R verifying the following estimate:

lulwr) + (4 [vllLs) Hmlw-1e@m < C (1 + [vllLs) + V- v||L3/2(Q)>

X (I, + (1 19ileso) + 19 - wll o) (1Bl + Igllw-1mer) ) )
(2.79)

if 1 < p <6 and estimate (2.79) replacing C by C (1 + Hv||L3(Q)), vllLs) by [|vllLs) and
IV - vllnee) by IV - vllyszq) if p> 6.

Proof. The proof follows a scheme similar to Theorem 2.14:
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(A) The solution (u,7) of (O) belongs to L”(Q2) x W~1P(Q)/R and satisfies the two
first equations of (O).
(A1) Again we consider the case where g - n|r = 0 and / h(x)dx = 0. Moreover, we start by

~ Q
considering V - v € L1(Q) for ¢ defined by:
3
q~=max{p’,2}, ifp#£3, and ¢>3/2 ifp=3. (2.80)

instead of V - v € L'(Q) with ¢ defined in (2.77).
It remains to prove that problem (O) is equivalent to the variational formulation: Find

(u,m) € LP() x W1P(Q)/R such that: Yw € Y, (Q), Vx € WH'(Q)

/Qu (-Aw—-v-Vw—(V-v)w+ Vx)de — (m, V- w>W71,p(Q)XW01,p’(Q)

0
o s (0, 20)

Now, for any pair (F,p) € L (Q) x [Wol’pl(Q) N Lgl (Q)], inequality (2.72) is satisfied, but
this time (w, x) is the solution of a problem of type (O'):

(2.81)

—Aw -V -(v@w)+Vx=F, V-w=¢ inQ, w=0 onl.

Observe that hypothesis of V - v € L(Q) with ¢ defined in (2.80) is necessary in order to

give a sense to the term:

/ u(V-v) wdx (2.82)
Q

in the case of p = 3, where u € L3(Q), w € W23/2(Q) — W3(Q) — LYQ) (for any
b € (1,400)). In the cases p # 3, the previous integral is always defined because u (V- v) - w €
LY(9).

Taking into account that in any case v € L3(Q) and V- v € L3/2(Q) and using Theorem 2.4
and Theorem 2.11, then the solution (w,x) belongs to W2? () x W' (Q)/R, satisfying:
1wz o) HIXllwor @y < C (14 1lls@) + 1V - vl ) (IFllL @)+ (1 + 19 le) lellyio g )

if 1 < p < 6 and the same estimate holds for p > 6 replacing C by C' (1 + H'UHL3(Q)).

Therefore the mapping (2.74) defines an element (u, ) of the dual space of L? (€2) x [VVO1 e
Lg/(Q)], which is equal to LP(Q) x W~1P(Q)/R. Furthermore, (u,n) € LP(Q) x W~1P(Q)/R
verifies (2.81) and following estimate if 1 < p < 6:

lullLr) + (1 + [vlls@) Hinlw-1e@r < C (1 + |vllLs@) + IV - ’U||L3/2(Q))

< (Iflx,., @ + IRl + g lw-1/mnry ) -
(2.83)
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The same estimate replacing C' by C (1 + HUHL3(Q)) holds if p > 6. Thus, we have proved that
estimates for 1 < p < 6 and for p > 6 are true when V - v € L(f) with § is defined by (2.80).

(A2) When the general case is treated, considering h # 0 or g # 0 and satisfying the compatibil-
ity condition (1.5), we consider the Neumann Problem (V') whose unique solution § € W1?(Q)/R
and verifies estimate (2.76). Setting ug = V6 and using the precedent case, there exists a unique
(z,7) € LP(Q) x W~1P(Q)/R solution of problem:

—Az+v-Vz4+Vr=f+Vh—-V-(v®up)+(V-v)uyg and V-2=0 in Q, z=g—uglr onT,

where the characterization given by Lemma 1.1 implies that VA and V - (v ® ug) belong to
(X, (). As we are proving immediately (see (2.84)), then (V - v) uo belongs to W=17(Q)
and hence to [X,/,(Q)]". Moreover, g — ug|r satisfies the compatibility conditions for the
precedent case.

Hence, using (2.83) if 1 < p <6, (2, 7) satisfies:

2oy + (1+ 1)~ lnllw—soym
<C (1+ vl + IV - 0l or2qey
X (Hf +Vh=V-(v@u)+(V-v)uollx, @y + 9 - uOHW_l/p,,,(F)>
<C (1 vl + IV - vl ooy
X (HfH[XT/’p/(Q)}’ + 1hllw-10(0) + [[v @ vollLr @) + (V- v) wollx,, @ + 19 — UOHW*UP,P(F))
<C (1+ Il + IV - vl /2

% (I pc,. o + (14 19l + 19 llzaey) (Ilw-soie) + Iglw-vma) ) )

where, in addition to the estimates used in the proof of Theorem 2.14, we have used the bound
(V- v)uollix,, @ < IV - vlr@llwollLe o) for ¢ defined in (2.80) and estimate (2.76). In a
similar manner, if p > 6 we use (2.83), replacing C' by C' (1 + ||'v||Lg(Q))7 obtaining the estimate:

Izlle) + (T4 lvlls@) Hirlw-1r@r < C QA+ [[v]lLs@) (1 +lvllLs) + IV 'UHL3/2(Q))

% (Il + (1 Hollee@) + 1V - wlzay) (w10 + lghw-1mnr)) )

Finally, the pair of functions (u,7) = (2 + ug, 7) is the required solution satisfying the required

estimates in the statement of the theorem for 1 < p < 6 and p > 6.

(B) The trace of u satisfies v = g on I' and belongs to W~!/7?(T'). As in Theorem 2.14
(B), we need to prove that u € T, ,(Q) and therefore its tangential trace belongs to W—1/P2(T).
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It suffices to prove that Au € [X,/ ()] but now, the problem is that v - Vu # V- (v @ u)
and, in principle, we do not know if Au = v - Vu + V7 — f belongs to [X,s ,y(Q)]. However, if
we prove that
(V-v)u e W H(Q), (2.84)
with r given by (2.68), from (1.3) we deduce that Au € [X,(Q2)]. Condition (2.84) is true
because:
i) Case of p > 3/2. First, if p > 3, then V - v € L3/2(Q) and therefore (V - v) u € L%(Q)
which is embedded in W=17(Q) for r = 1%' Second, if p = 3, then V- v € LI(Q) for
d > 3/2 and therefore (V- v) u € L9(Q) with ¢ > 1 which is embedded in W~13/2(Q).
Third, if 3 < p < 3,then V-v € LP (Q) and therefore (V-v) u € L'(Q) which is embedded
; -1,r _ 3p
in W=(Q) for r = =P
ii) Case p = 3: In this case V-v € L3(12), and therefore (V- v) u € L!(Q) which is embedded
in W=bm(Q) for r € (1,3/2).

iii) Case 1 <p < 3: In this case V- v € LP () and therefore (V - v)u € LY(Q) which is
embedded in W~17(Q) for r = 1.

In that way, as w € LP(Q) and V - u € L"(Q), then u - n|p € W~1/P2(T), and the whole
trace ulp € W=/PP(T) can be identified with u|r = g.

(C) Now, we consider V- v € LY(Q) for ¢ defined by (2.77), which only differs from the case
of considering V - v € LI(Q) with § defined by (2.80) when p = 3.

The case of p = 3. Suppose that V- v € L32(Q) and let v, € D(Q) such that v, — v
in L3(Q) and V - vy — V- v in L3/?(Q). Thus, the very weak solution (ug, ;) for the Oseen

problem:
(Or) —Aup+V-(vp@ur)—ug (V-vg)+Vmy=f and V.upy=h inQ, ur=g on T
belongs to Ty 3/5(€2) x W=13(Q) with the estimate:

uellLe@) + 1+ [vllws@) Himkllw-1s@r < C (1 + vl + V- ”HL3/2(9)>
(I <y r + WAz + g lw-150r))
(2.85)
which thanks to (1.3) implies that Auy, € [X33/2(22)]". We can deduce that ug|r = g.

From (2.85), we can deduce the following convergences:

up — u in L3(92), T +Cp — in W-13(Q),
Au, — Au nW23(Q), vy@u, — vou inl¥3(Q),
(V-vp)ur, — (V-v)u inLY(Q),
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and also that V- uy, = h € L3/2(Q) and u|r = g € W/33(1), for (u,7) € L3(Q) x W—13(Q)
being the solution of the limit problem (of Oseen type (O)), which can be written as:

—Au+V-(v@u)—u(V-v)+Vr=f and V-u=h inQ, u=g on I.

As a consequence, estimate (2.83) for 1 < p < 6 and estimate (2.83) replacing C' by
C (1+]vllLsq)) for p > 6 are also true when V- v € L'(Q) with ¢ is defined by (2.77).
Un

Remark 2.18 When g- n|r = 0 and / h(xz)dx = 0 (see case (A1) in the previous proof),
estimates in Theorem 2.17 can be replaces(% by estimate (2.83) for 1 < p <6 and estimate (2.83)
replacing C by C (1+ ||v||ysq)) for p > 6. For both values of C, estimate (2.83) does not
depend on the norm ||V - v||piq) but V - v must belong to the space L'(Q) (with t defined by
(2.77)) in order to give a sense to the term (2.82).

3 The Navier-Stokes problem

The results on the existence of very weak solution for the Navier-Stokes equations (N.S) in [7]
are true, but the proofs are correct only for the case of h = 0, that is, V- u = 0. Here we prove
the case of h # 0, that needs the results from Section 2. As in [7], we start proving the result
for small data:

1 x5 20 + 10l 3200y + lgllw-1/8.300) << 1.

In this case, we slightly rewrite the notion of very weak solution (with respect to [7]) for the

Navier-Stokes equations in order to take into account that V - u # 0:

Definition 3.1 (Very weak solution for the Navier-Stokes problem) Let f € [X, ,(Q)],
he L'(Q) and g € WYPP(T) satisfy the compatibility condition (1.5). We say that (u,7) €

LP(Q) x W=1P(Q) is a very weak solution of (NS) if the following equalities hold: For any

© €Y (Q) and x € WH'(Q),

8cp>

/Qu. (_ALP —u- VSD - h(p) de — <7T7v : 90>W71,p(Q)><W01aP'(Q) = <.f7 (P>Q - <g7—7 % 1)

[wvxde = [ hxda (g m.r.
Q Q
where the dualities on Q2 and I' are defined in (2.69).

As a consequence of the previous study, we look for giving a result of existence of a very

weak solution:
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Theorem 3.2 (Very weak solution for Navier-Stokes, h # 0, small data case) Let f €
[X33/2(Q)], h e L32(Q) and g € W—1/33(T) verify (1.5) and hllw-13Q) < do with &g defined
in (2.9). There exists a constant o > 0 such that, if

I F x50y T 0 2@ + 1 9 w1830y < @, (3.86)
then, there exists a very weak solution (u,w) € L3(Q) x W=13(Q) of problem (NS) and the
following estimates hold:

lullLs@) < C (HﬂHX&F,/Q(Q)]' + 1all L3z + ||g||wfl/3,3(r))a (3.87)

I7llw—18/m < C(1+n) (Hﬂ\[xg,g,/g(ﬂ)]' + 1Al 32 + ||9”w—1/3,3(r)), (3.88)
where o = (16C2)~L, C = C (1 +n)? with C > 1 is the constant given in (3.89) and n defined
by (3.94).

Proof. We want to prove the existence of a very weak solution applying Banach’s fixed point
theorem. With this objective, we define a space over which we shall define an invariant operator.

Then, we search for a fixed point for the application 7" defined as:
T : B, — By
v — Tv=u
where the neighborhood B,, is defined as:
B, = {vel?Q);V-vel¥*Q) withV.-v=hand V- v|lw-130) < do, v, <0}
(where ¢y is given in (2.9)) endowed with the topology given by the norm:
lvllB, = llvllLs@) + IV - vllL3/2(0)

and for n > 0 defined in (3.94). The operator T is defined as follows: for a given v € B, its

image T'v = wu is the unique solution of the problem:

—Au+v-Vu+Vr = f inQ,

(0) Viu = h inQ,

\ u = g onl.

From Theorem 2.17 forp =3, r = %, s=3and t = %, the solution (u, ) of the Oseen problem
(O) belongs to L3(Q) x W~13(Q)/R, and satisfies estimate (2.79), that is:

lulls)  +(1 4+ [vllLs) Irllwi-s@) < C(l + |vllLs@) + IV - v||L3/2(Q))

% (Il + (1 + Iollisq) + 1V - 0llaraey ) (Il zor2ey + Igllw-12ary ) )-
(3.89)
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Note that the operator T is well-defined in B,: for a given v € B, and using (3.89), we obtain:
lullLs) <C (1 +n) (Bi+ (1+n) B2)
where the constants 51 and By are defined as:
Br=Flxs5000, B2=Ihls2@ +1g9llw-1/ss0) and 8= 1+ f. (3.90)
In order to have that T'(B,;) C B,,, we need to prove that v € B,,. From (3.89), we know that:
lullgs oy +HIV-wllpareiqy < C (1+m) (81 + (L4 ) B)+IAl aragay < C (L+m) (B + (1 +n) Ba)+Bo.
The inclusion T'(B,) C B,, will be satisfied if the following inequality holds:
C(1+n) (Bi+1+n)p2)+B2<n. (3.91)

It is clear that if 81 and B2 are sufficiently small, as we will see below, there exist some values

of n satisfying (3.91). Further, we first prove that T is a contractive operator.

Now, for the contraction method we must prove: there exists 6 €]0, 1] such that:
[Tv1 — TvallB, = [[u1 — u2llB, < 0[vi — v2[B,.
Observe that for each u;, ¢ = 1,2, we have
—Au; +v;-Vu; +Vm; = f in Q,

V-ui = h inQ,

u; = g onl,
with the estimates

lwillus)  +(1+ [[villus@) ~millwi-s@) < C(l + [[villLs) + IV ’Uz‘HLz/z(Q))

% (1F ¢, o sty {1+ vl +1V - vill oz ) (Il zor2ey + Igllw-103r) ) )-
(3.92)

However, in order to estimate the difference u; — us, we have to reason differently. We start

with the problem verified by (u,7) = (u1 — w2, m — m2), which is the following one:
—Au+v;-Vu+Vr=-V-(v®u) and V-u=0 inQ, uw=0 onT,

where u; = Tvy, ug = Tve and v = v; — vy. Using the very weak estimates (3.92) made for

the Oseen problem successively for u and for ug (observe that V-v = 0 and V- u = 0), we
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obtain that:

IN

w3 (o) C (1 +[[villLs) + IV - U1”L3/2(Q)) IV - (v ® u2)l[[x, 5,0

IN

C (1+ Iwills@) + 1V o1l sz ) 10 ® wallgsszq

IN

C (1+v1llaey + I - il parzy) 9l luzls

IN

C? (14 oilla) + IV - villgarzgey ) Iollaey (1+ Ivalins@) + IV - v2ll oz

X

{1+ (14 llvallsi@) + 1 - 02l raey) o

where the constants 1 and (2 are given by (3.90). Therefore, we have to prove that
C*(1+m)* (Bu+ (1+m) B2) < 1. (3.93)

For that, it suffices to suppose that C' > 1. Again, it is clear that if 5, and (5 are sufficiently

small, there exist some values of n satisfying (3.93). We can choose, for instance:
n=(2C%*B)"Y3 -1 with B < (16C2)7!, (3.94)
which implies that n > 1. With this choice, we have:

G (L) (By+ (1+m) o) < C* (L4 m)* =3,

which implies (3.93).

We are going to prove now that (3.91) is satisfied. Observe that from definition (3.94) of 7,
(3.91) is equivalent to prove that:

C 1 1
e (P e ) S o

or equivalently

C <ﬁ1 + Bz) + (B2 +1)(2C%B)V3 < 1.

1
(2C28)1/3

Observe that, thanks to the smallness condition in (3.94) and C' > 1:

C (61 + : 73 62) + (B +1)(2C2p) /3 < CpB (1 +

(2C2B)

/3 62/3
21/3

(2021ﬁ)1/3> + (B2 +1) (2025)1/3

3 1 1
<+ —+-<1,

1
<C —
sCh+ 2 16 32 2

1 1 1
2o\1/3 - - =
+ (B2 +1) (2C?B) <16C+8C+(16+1>

which implies that (3.91) holds.
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Therefore, thanks to the contraction of T' we get that the unique fixed point w € L3(f2)
satisfying (3.89) for v = @, which implies:

lalls@) < C (1+ @l + 1V @) (8+ (1+ 1@l + 1V - @) 82)
Because of u € B, then:
il < C 0+ @l + IV - @llga)? 8 < C(L+n)%,

which implies:

|allLs@) < CB
for C = C(1 +1)? and therefore (3.87) holds. Moreover, the equation V - @ = h implies that
V-u e L3*(Q).

Concerning the estimate for the pressure 7, observe that (w,7) is solution of an Oseen

problem of type (O). Therefore, from (3.89) we deduce that:

[7Tllwi-s) < C (Q1+]alrsq) (1 + [|allLs@) + IV - ﬂHLS/z(Q))

x(Br+ (14 Nl + IV Blgae) ) B2)
< O (14 ullusoy) A+n?B<C(1+n)p
and thus, we arrive at (3.88). On

Remark 3.3 As in Theorem 19 of [7], if the data are even small than in Theorem 3.2, then

the uniqueness of very weak solution for the (NS) problem can be deduced.

The proof of the following result can be taken from Corollary 9 in [7].
Corollary 3.4 Let f, h and g satisfy (1.5), (3.86) and
feXpp(), heL"(Q) such that [|h]lw-150) < do with 6y sufficiently small defined in (2.9),

ge WD),

with

S| =
W =

max{r,3} < p, < -+

SR

Then, the solution (u,n) given by Theorem 3.2 belongs to LP(Q) x W—LP(Q) with V- u € L™(Q)
and ||V - ully-15(q) sufficiently small.
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Now, we introduce the result for arbitrary f only imposing smallness on:

17l a2y + lgllw-17830) <<1
The proof is similar to Theorem 20 in [7].

Theorem 3.5 (Very weak solution of Navier-Stokes, arbitrary forces) Let f¢€ [X33/2(Q)],
h € L3%(Q) be such that |Allw-13() < do with dg defined in (2.9) and g € W1/33(T) satisfy

the compatibility condition (1.5). There exists a constant § > 0 only depending on Q such that

if:

=1

1Rl paregy + D g~ m, ;| < 6. (3.95)
i=0

then the problem (NS) has a very weak solution (u,7) € L3(Q2) x W—13(Q).

Proof. We decompose the problem into two: The first problem is to find (v, 7l) solution of the

problem:
~Av. +v.-Vo.+Vrl = f—f. inQ,

(NS1) Vv, = h—h. inQ,

ve = g—g. onl,

for f. € D(Q), he € D(Q) and g. € C®(T) for any ¢ > 0 sufficiently small satisfying the

compatibility condition
/ hedz = (g, -n,1)r, (3.96)
Q

verifying

1 = Fellxssn@) + 1 = Rell a2y + 19 = gellw-1/330) <&,

=1 =1
Hh€”L3/2(Q) + Z ’<ga |, 1>Fi| <2 (Hh”L3/2(Q) + Z ‘<g |, 1)&‘) < 20,

=0 i=0
for a 0 that will be specified in (3.101). From the compatibility condition (1.5) and (3.96),
applying Theorem 3.2 with e < min{dp, a} (a defined in Theorem 3.2), then the solution (v., 7?)
belongs to L3(Q) x W~13(Q). Moreover,

[vellLs) < C (IIf = Fellixy s @y + 10— hellpsraieio) + 19 — gellw—13m) ) :=6(e). (3.97)
/
The second problem is to find (2, 72) solution of the problem:

—Az5+z£~Vzg+z€-Vv5+vg-VzE+V7r€2 = f. inQ,

(NS2) V-z. = hs in{,

ze = g, onl,
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where f. € H1(Q), h. € L*(Q) and g. € H'/2(I").
Let first 65 € W23/2(Q) be the unique solution of the problem:
A =h, inQ, °=0 onT, (3.98)

which verifies (in particular) the estimate [|6°(|y2.5/2(q) < C' |[hell3/2(q)- Multiplying the equa-
tion defined in © in (3.98) by 1 and integrating on I', we obtain:

13
06 da:/hgdw.
r On Q

Using the Hopf’s Lemma (see [15], page 610, Lemma IX.4.2 for instance), for any v > 0
there exists Y € H!(Q) the solution of the problem:

V.-Y*=0 inQ, Y°=g.—V6|r onT,

such that it verifies: for any w € H}(Q),

/(w V)Y wdz| < <y +C Z\ — V6|r) - n, 1>n|> Vw32
Q
(3.99)
i=I
< (V +C Z (g m, I, [+ C ’h€”L3/2(Q)> vaHiQ(Q)
i=1
Setting y. = Y® 4 V67, we have:
V-y.=h:inQ, y.=g.onl,
and the study of problem (NS3) becomes the study of:
—Aw. + (v +we +y,.)  Vwe + V72 +w. - Vy, +w.-Vv. = F. inQQ,
(ﬁ§2) V-w, = 0 in (),
we = 0 onlT,

where we = z. —y. and F. = f. + Ay, —y. - Vy, — y. - Vv, — v. - Vy, € H1(Q). Indeed,
note that:
Y. Vo=V (y.@v.)— (V-y,)v. =V (y.,®@v:) — h. v;

and, since y. € L9(Q), then y.®v. € L*(Q), he v. € L/5(Q) — H'(Q) and y.-Vv. € H'(Q).
Additionally,

ve - Vy. =V -(ve®y.)—(V-v)y.=V-(v-®y.) —hy.,
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where v. ® y. € L2(Q) and h.y. € L3/?(Q) — H1(Q); and y. ® y. € L3(Q) together with
he y. € L3/2(Q) imply that F. € H~1(Q).

Taking w. as a test function in (N\;S’JQ), we obtain:

HV'wgH%z(g)—i—/Q(vg—i-ya)-sz-w6 cla:—i—/Q w.-Vy,. w. clac—i—/Q we-Vv.wede = (Fs,w€>H71(Q)XHé(Q).
(3.100)
The first integral in (3.100) can be rewritten as:

CQ

1 1
/Q(”e—i‘ye)'vws'we de = —5 /Qh we|* de < 5 11l /2oy lwellfo ) < - ||h||Ls/2(Q)||sz||L2

for C; the product of the constant of the Sobolev embedding H' () — L5(2) and the Poincaré
constant associated to H}(Q2). The bound for the second integral in (3.100) can be made using

that

/('w(S -V)(VO°) - w.dx
Q

/('w(E -V)w, - (V6°)dx
Q

A

< lwelluo@) VO s @) [Vwellez (o) < C Ot el ps/2 () Vwellf2 ),

and (3.99), obtaining:

/ws-Vy€~w5d:B
Q

< (V+C ZI ~n, D[+ CCy||he| p3/2 (00 > vaiH%Q(Q)

< (W +2C100) |[Vwellfz g

Finally, the bound for the third integral in (3.100) is

< flwellusoyllvellws @) IVwellL o)

/wE-V'vg-wsdm
Q

= ‘/ws-V'ws-vgda;
Q

IN

O [velluagey IV el q) < €1 3(e) [Vwel 2

with d(e) being given by (3.97). We choose ¢, ||hg||L3/z(Q) and [|g.||g/2(ry such that:
Ct
7“h“L3/2(Q)+V+201 Co+Cq 5(8) < 1/2. (3.101)

Then, the classical theory for the problem (N\S/Q) implies the existence of a solution (we, 72) €
H'(Q) x L%(Q). The pair (u, ) = (ve + 2z, 7L + m2) belonging to L3(Q) x W~13(Q)/R is then
solution to problem (NS). On

The following result can be proved by adapting the proof of Theorem 21 in [7].

Theorem 3.6 Let (u,m) € L3(2) x W=13(Q) be the solution given by Theorem 3.5. Then, the

following reqularity results hold:
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i) Suppose that
fe [XT"7p’(Q)],, heL" () and g€ W_l/p’p(I‘)

verify the compatibility condition (1.5) and there exists d3 > 0 such that ||h|ly-15(0) < d3
(03 = 01, defined in (2.56), if p > 6 and d3 = ¢, defined in (2.9), in the other case), with

1< % + % and max{r,3} < p. Then (u,7) € LP(Q) x W=12(Q).

it) Let r > 3/2 and suppose that
FeEW(Q), he L'(Q) and ge W'Y/ (D)

verify the compatibility condition (1.5) and there exists 4 > 0 such that [|h|ly-1.3(q) < da,
for 64 =01 if r >2 and 64 = &g if r € (1,2). Then (u,w) € WL (Q) x L"(Q).

iit) Let 1 <r < oo and suppose that
feL™(Q), he W (Q) and ge W2 Y/m(T),

verify the compatibility condition (1.5) and there exists d5 > 0 such that [|h|ly-1.3(q) < J5,
for 05 = do if > 6/5 and 05 = 02 (defined in (2.55)) in the other case. Then (u, ) €
W27 (Q) x WhHr(Q).

Proof. Under the assumptions in i), ii) and iii), we have that f € [X33/,2(Q)]', h € L32(Q)
with [|h[ly-1,3(q) small enough and g € W1/33(T),
i) Let (u,m) € L3(Q) x W=13(Q) be the solution given by Theorem 3.5. Using Theorem 2.17
with v = u, there exists a unique (w, x) € LP(Q)x W~1P(Q) /R satisfying —Aw +u-Vw+Vy =
f=-Au+u-Vu+Vr, V-w=hin Qand w =g on I'. Setting z=w —w and 6 =y — 7,

that means that
—Az+u-Vz+V0=0, V-z2=0 in2? and z=0 onT,

and thanks to Theorem 2.17 and uniqueness argument, we deduce that z = V# = 0 and then
w = wu and x = 7 + ¢, with ¢ constant. The point i) is proved.

ii) Let 7 > 3/2. Thanks to (u,n) € L3(Q) x W=13(Q) and h € L"(Q) — W~13(Q), Theorem
2.6 if r > 2, Theorem 2.8 if r € (1,2) and the uniqueness argument given in i), we deduce that
(u,7) € WHT(Q) x L" ().

iii) Let 1 < r < 0o. Thanks to (u,7) € L3(Q)x W=13(Q) and h € L"(Q) — W~13(Q), Theorem
2.5 if r > 6/5 and Theorem 2.10 if 1 < r < 6/5, and the uniqueness argument given in i), we
deduce that (u,7) € W27 () x W27 (£2). We can also use a Stokes argument and point ii) to

have the same conclusion. On
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