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BORDERLINE WEIGHTED ESTIMATES FOR COMMUTATORS OF
SINGULAR INTEGRALS

CARLOS PEREZ AND ISRAEL P. RIVERA-RIOS

ABSTRACT. In this paper we establish the following estimate

wite €5 7] > ) < 5 [ @ (101050 ) Mg ycutoiaa

where w >0, 0 < & < 1 and ®(¢) = t(1 + log™ (t)). This inequality relies upon the following
sharp L? estimate

N
2 p—1\~*
1,710y < e 69 (250) 7 1810 17001

where 1 < p < oco,w > 0 and 0 < d < 1. As a consequence we recover the following estimate
essentially contained in [18]:

w({z €R" : |[b,T]f(z)| > A}) < er [w]a, (1 +10g+[w],4m)2/Rn ¢ (”b”BMO@> Muw(x)dz

We also obtain the analogue estimates for symbol-multilinear commutators for a wider
class of symbols.

1. INTRODUCTION

Motivated by a classical inequality due to C. Fefferman and E. Stein for the Hardy-
Littlewood maximal function, namely

| M | Lroo(w) < C/ |fIMwdx
Rn

where M denotes the Hardy-Littlewood maximal operator and w is a weight, i.e. a locally
non negative integrable function, B. Muckenhoupt and R. Wheeden conjectured that

VH ey < / \f[Mwdx
R?’L

where H is the Hilbert transform. This conjecture was recently disproved by M. C. Reguera
and C. Thiele [26] (see also [4] for the result in higher dimensions). The failure of this
conjecture was suggested by the first author in [20] where the following positive result was
obtained

(1) | T fl 2100wy < Cs,T/ | fIMpog e (w)dz  w >0,
]Rn

where T is a Calderon-Zygmund operator (CZO). In the recent work [10], T. Hytonen and
the first author improved the control on the c.r constant and were able to consider the
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maximal singular operator 7™ obtaining the following estimate (see [6] for an improvement
of this result)

« C
2) 1Tl < L | 1) Mygognye (0)(@)de w20
RTL

which implies

3) 1T Fll ey < e log (e 4+ [w]a) / || Muwdr,

n

when w € A. This result improves the main theorem from [15|, namely

(4) 1T 2wy Lo ) < € [w]ay log (e + [w]a,) -

It seemed that the logarithmic factor was superfluous and that it could be removed. However,
this is not the case by a very impressive negative result obtained by F. Nazarov, A. Reznikov,
V. Vasyunin and A. Volberg in [17]. In this work the authors disprove the so called A;
conjecture, namely they prove

| H || 1 (w)— L1200 ()

sup =0
wEA, [w]Al

where H is the classical Hilbert transform. Furthermore, the same conclusion holds if the
linear constant [w]s, is replaced by [w]4, log(e + [w]a,)™ for a positive o < 1. This is
indicating that most probably (4) is fully optimal.

The main purpose of this paper is to prove estimates similar to (2) for commutators of
CZOs T with BMO functions b, usually called the symbol. These operators are defined

formally by the expression

b, T]f =bT(f) —T(f),
These commutators were introduced by Coifman, Rochberg and Weiss in [3] in connection
with the classical factorization theorem for Hardy spaces. However, many other applica-
tions were found much later, specially in the theory of elliptic operators [13], [2]. Another

interesting aspect of the theory is its connection with the following nonlinear commutators
introduced by R. Rochberg and G. Weiss in [27]:

f= Nf=T(f log|f]) = Tf log|Tf|.

This operator is interesting due to its relationship with the Jacobian mapping and with
nonlinear P.D.E. as shown in [12| and [8].

The main result from [3] states that [b, 7] is a bounded operator on LP(R"), 1 < p < oo,
when b is a BMO function and T is a singular integral operator. In fact, the BMO condition
of b is also a necessary condition for the LP-boundedness of the commutator when 7' is the
Hilbert transform.

From the theoretical point of view, these commutators are of interest because they are more
singular than CZOs. For instance, the first author proved in [21] that these commutators
are not of weak type (1,1) obtaining a suitable replacement, namely the following L log L
endpoint estimate:

w({z €R" ¢ |[b,T] f(z)] > A}) < ¢ /R o <@y|b||BMo) wdz

where ®(t) = ¢ (1 +log™(¢)), w € A; and the constant ¢ depends upon the A; constant of
the weight. The approach to prove this result was based on an appropriate non-standard
good-\ inequality using the Fefferman-Stein “sharp” maximal function. However, this method
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does not produce good results for further developments and in particular when considering
non-A,, weights.

Later on, the first author together with G. Pradolini (|23]) established the following esti-
mate for arbitrary weights w > 0,

w{z eR™ :|[b,T] f(x)] > A}) <ere /n o (%HbHBMO) M 1og pyr+=wd

for any € > 0. The aim of this paper is to give a quantitative version of this estimate with a
good control on the constant Cr. in terms of €. In the simplest situation our estimate can
be stated as follows

5) w({zeR:|bT]f(@)]>A}) < Z—Z /R o (%HbHBMO) My o 1yi+-wde.

See Theorem 2 for the general situation. In fact, we will obtain a wider class of results
since we will be considering symbol-multilinear commutators with symbols in Oscey, 1.+ classes
which are subspaces of the BMO space (cf. Section 3.2). We will see that this choice of
symbols will be reflected in the maximal operator on the right hand side of the inequality.
As a consequence of these type of estimates we can recover, among other results, the following
endpoint A; result from C. Ortiz [18] (see Corollary 1):

x
wlte B 5 0717 > A < erd @ula) [ @ (1o ) woyis
Rn
Estimate (5) should be compared with the case of CZOs (2). It is not clear whether is
possible or not to establish (5) using techniques based on sparse operators as in [6]. Another
open question is the analogue of the Muckenhoupt-Wheeden conjecture for the commutator,
namely whether

wiwe® 017 > A < o [0 (o L) a0 e

holds for every weight w or not. Techniques used in [26] and [4] rely upon an endpoint
extrapolation result, firstly established in [5], or upon variations of it as in [6]. It is not clear
how to perform a similar extrapolation from the Llog L estimate that commutators satisfy.

This paper is organized as follows: Section 2 contains the statements of our main results
and the proof of Corollary 1. Section 3 contains precise definitions and facts which will
be used throughout the paper. In section 4 we give the proof of the strong type theorem,
namely Theorem 1, and all the needed technical results. The proof of the endpoint estimate
(Theorem 2) is presented in Section 5.
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2. MAIN RESULTS

To state our main results we need to introduce some notation. Let b; € OscCexprsi 8i > 1,
i=1,---,k (cf. section 3.2 after Lemma 1) and 7" a CZO with associated kernel K. We
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define the symbol-multilinear commutator with respect to the symbol b = (b1,...,bx) as

follows
k

15f(a) = [ TLo) = b)) Kop) )iy
We also denote -

and

k
16l = TT Ibillose,y o:-
i=1

Our main results are the following.

Theorem 1. Let be Tj defined as above and let w be a weight. Then

k41 121 (p—1 v
T3l < er 697 (252 191

L(L gL)(l‘F%)P*l‘Féw)
for every § € (0,1) and p € (1,00).
This result can be applied to derive the following endpoint estimate.

Theorem 2. Let be Ty and w as above. Then

w({r B [T > 2)) < 1 <||b||

for every e € (0,1) where ®,(t) = t(1 + log™* ( )) , p>0.

|/ ()]

) ML(logL)%+6w(x)dx

There is an interesting application of Theorem 2 from which we can recover one of the
main results of [18].

Corollary 1. Let T be a CZO and let b € BMO.
(1) If w e Ay then

w(fe € R+ [T > A < dula, (+ 1oz o0 [ @ (10hmso "5 ) Mutod,

(2) If w e A; then
w({xeR” |0, T]f(x)] > A})

< clw]a, [w]a, (1 + log™[

<co(ula)? [ o
where ®(t) = t(1 + logtt).

I ) (10 21 (e
w(x)dz

Proof. For the proof of the corollary we follow the arguments in [10]. First observe that for
every a > (0 we have that logt < % Then we can write

1)’
(=)

(anBMo

n

ta(l—i—a)

]'Og(t>l+e S O[1+€ )

and hence

1
<
ML(log L+ W > ol+e ML1+a(1+s) .
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1

Let us take oo = m

. Then, using the reverse Holder inequality (Theorem 3),

1 1 €
o Mrogry+e < 5 lenfwlan 1+ " Mprseniow
2 e
< Slefwla (4] Mw.

If we choose ¢ = we obtain the desired results just recalling that [w]a, < [w]4,.

oo

1
1+log™ ([w]as)

3. PRELIMINARIES AND NOTATION

In this section we gather some definitions and properties which will be used throughout
the paper.

3.1. A, weights. We recall that a weight w belongs to the class 4,, 1 < p < oo, if

o -ap Gy ) (=

A weight w belongs to the class A; if there is a finite constant C' such that
1 / .
— | w(y)dy < Cinfw,
1@l Jq Q

and the infimum of these constants C' is called the A; constant of w denoted by [w]y4,. Since
the A, classes are increasing with respect to p, the A, class of weights is defined in a natural
way by A = Up=14,. These classes of weights were introduced by B. Muckenhoupt in [16]
where it was shown that for 1 < p < oo

weA, < M:LP(w) — LP(w)
and also
we A = M:L'(w) — L"(w).

From the definition of A, it is not clear how to define an appropriate constant. However,
Fujii proved essentially in [7] another characterization:

1
wE Ay <= [w]a, =sup
Q w(@Q)
which was also rediscovered later on by Wilson in [29]. Recently, this quantity was defined
as the A constant in [9] since it was proved to be the most suitable one. In particular, the
following optimal reverse Holder’s inequality obtained in [9] (see also [11] for a better proof
and [28] for some other related results) was used in the proof of Corollary 1.

/ M(xqw)dr < oo
Q

Theorem 3. Let w € A, then there exists a dimensional constant T, such that

(@) =l

1

Tn[W] Ao,

where

Ty =1+
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3.2. Orlicz maximal functions. We recall that ® is a Young function if it is a continuous,
nonnegative, strictly increasing and convex function defined on [0, co) such that ®(0) = 0 and
lim; o, ®(¢) = co. We define the localized Luxembourg norm of a function f with respect to
a Young function ¢ as follows

. 1
1 flle = | Fllew. =1nf{>\ 20: /Q o (@) do < 1}

which is equivalent to the following

P Iz |f ()|
HfH‘l),Q_/l};%{,u‘i‘@ Qj<I><T) dx}.

This result is due to Krasnosel’skii, M. A. and Rutickit, Ja. B. [14, p. 92| (see also [25, p.
69]). In fact,

Iflle < Iflle0 < 20 flleq

which will be quite useful for our purposes. Observe that the case ®(t) = t corresponds to the
usual average and we can see these localized norms as a “different” way of taking averages.
We can also define the maximal function associated to ® as

Mg f(z) = sup || f||o,q-
z€eQ

Some useful examples that will be quite useful in the sequel are Llog L functions
®,(t) =t(1+1log™(t))” with t>0
where log™ (t) = X(1,00)(t) log(t) and p > 0. For such ® we shall denote
[flle.e = fllzaog £y

Another useful property that makes interesting these “non-standard averages” is the fol-
lowing generalized Holder inequality.

Lemma 1. Let &g, 1, Py, ..., D be Young functions. If
(6) ()P (1) .. DL () < KPP (2).
then for all functions f1,..., fm and all cubes Q) we have that
Ififo - felloog < kel filleoll follewg - - [ fille.q-

A particular case of interest, an especially in this paper, are the spaces defined by

||fHOscexpL5 = Sgp Hf - fQ’ Ws,Q

where
U, (t)y=e" -1 t>0,

with s > 0, is a Young function. Then the space Osceyp, 1+ is defined as

OSCexpLS = {f 6 L}OC(RW/) : ||f‘||oscempLS < OO} :

We observe that John-Nirenberg’s theorem yields BMO = Osceypr. It's also clear that for
every s > 1

OSCexprs © BMO.

Now we state a result borrowed from [24] that will be used in the proof of Theorem 2.
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Lemma 2. Let @, ..., Oy be continuous, nonnegative, strictly increasing functions on [0, 00)
with ®(0) = 0 and lim;_,o, (t) = 0o such that

O HD(H) ... 0 () <D (t) >0,
then for all 0 < xq,x9,..., 1, < 00
(I)()(Zlfll’g .. [L’k) S (I)l(llfl) + @2(1’2) + 4 (I)k(l’k)

To close this section we provide a proof of Lemma 1 and also a corollary of it that will be
quite useful in the proof of Theorem 2.

Proof. Fix (x1,...,z,) and consider tg = ®1(x1) + Po(z2) + - - - + Pr(zx). Combining (6) and
the fact that each ®; is increasing it readily follows that

o, <(I>1_1(t0)<1>2_1(t0) o @;1@0)) <1,

and also that
O (to) > 7 (Pi(w:)) = i

(2

Then we have that
(7) 0o (FETE) < 0u(mn) + o) + -+ ul)

We observe that this argument gives us a proof of Lemma 2. Coming back to our proof, let
us consider now t; > || fille,.o- We have that using 7,

11 \fl...fk\)
m|Q| Q(I)()(/{tl...tk

1/1 @) g b (@))
Sm(‘@/czq)l(tl - +|Q‘ Qq)k 23

<1

Consequently
1 fi--- fellooo < K1 ...tk

and it is enough to take the infimum on each ¢; to finish the proof of the lemma. O

As a particular case, the following corollary holds which will be used several times in this
paper.

Corollary 2. Let s1,...,s; > 1 and denote Zk L Then

i=1s;
1
@ 0 |froo Segl S el fillesprorg - - ||fk||e><pL27QHQHL(lOgL)%Q

Proof. We denote ¢, (t) = ¢ — 1. Then ¢, (t) = log(z + 1)7 and we have that

o) o (BT = 9 () o () ——— <
s log (z + 1)

0 =

and Lemma 1 gives the desired result. O
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3.3. Symbol-multilinear commutators. We recall that an operator 7" initially defined on
the Schwartz spaces and taking values into the space of tempered distributions 7" : S(R") —
S’'(R™) is a CZO fif,
(1) T is bounded on L?(R™).
(2) For each smooth and compactly supported function f, T'f admits the following rep-
resentation
Tf(x)= | K(z,y)f(y)dy  ¢&suppf
R?’L
where K is a standard kernel. Recall that a kernel K : R" x R"\ A — R, where A is
the diagonal in R™ x R", is a locally integrable function such that for some constants
C1,Cs, v > 0 the following conditions hold:
(a) Size condition

1 .

|

(b) Regularity condition

/ / ‘ZL’ _ I,P
|K(z,y) — K2, y)| + [ K(y,2) — K(y,2)| < sz
provided that |z — 2/| < |z — y|.
The symbol-multilinear commutator 7 with vector symbol b= (b1, ,b), b € OSCexprsi i =

1,---,k, and CZO T with kernel K is defined for smooth functions f as follows

k

Ty (x) = / T (@) - b)) K@) f()dy = & supp /.

n "
=1

Let b = {by,bs,...,b;} be a set of symbols with b; € Oscexprsi,@ = 1,--- , k. Also, let
b =0 Uo’ where o and ¢’ are pairwise disjoint sets be a splitting of b. If we identify ¢ and b;
we can introduce the following notation

where A = (A1, Aa, ..., \) and also to write ...+

€0 s; "
By C;(b) we refer the family of all the subsets o of b such that #0 = j. We shall also omit
the set of symbols and write just C'j’-“. Finally if o is a subset of b we write

Ty f(x) :/]R I1

n
1€0

(bi(x) — bi(y)) K (2, 9) f () dy = / (b(x) — b)), K (2, 9)f(5)dy = & supp f.

n

We end this section with some further notation. We write
16l = TT Itillosen, 1
b;€b

and similarly

151 = TT 10105,y s:-

bi€o

We will denote by #o the cardinal of the set of symbols o.
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3.4. Some estimates involving the sharp function. In this paper we will use two clas-
sical operators and some of their variations. The first one is the Hardy-Littlewood maximal
operator,

M f(x) —Sup‘Q|/|f )|dy,

zeQ

where each @ is a cube with sides parallel to the axis. Also, M9 will denote its dyadic
version, where the supremum is taken over dyadic cubes. We will also use the following
variants, M.(f) = M(|f|7)¢, and similarly for M? where ¢ € (0, 00). The second operator is
the Fefferman-Stein sharp maximal function, namely

M f(2) —supm/\f ~ foldy,

zeQ

and its dyadic counterpart M*?. Similarly as above we define the following useful variation

1
M (f) = M%)
with 6 € (0, 00).
The first result that we state in this section is borrowed from [19].

Lemma 3. Let 0 < p < o0, 0<d <1 and let w € Ay. Then
I ey < cplla, || M3

for any function f such that [{z : |f(z)| > t}| < oo for allt > 0.

Using the preceding lemma and following the proof of Lemma 3.1 in [18] we can derive the
following improvement.

Lemma 4. Let 0 <p< oo, 0 <e <1 and w € Ay. Suppose that

{z = |f(2)] >t} < oo

for allt > 0. Then there is a constant ¢ = ¢, . such that
IMEF N oy < eplelac M2 ] o

Proof. Applying previous lemma with 6 = ¢y and 0 < gy <e < 1

IMEF oy < eplwlane [MET (MEF) || o
Now it suffices to prove that
MES(MEf) (x) < eME f(x).
But this was done in Lemma 3.1 of [18]. O

The reason why it is important to deal with M! for small £ will be clear after the following
pointwise estimate proved in [24].

Lemma 5. Let T} be the symbol-multilinear commutator defined above and let 0 < 6 <e < 1.
Then there exists a constant ¢ > 0, depending only on 6 and € such that

)+ Z > 1FIM. (T, 1) (@)

Jj=1 UGCf

M; (Tyf) (@) < e | [1B1M

o=

L(log L)

for any bounded function f with compact support.
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The first result, corresponding to the case k = 0, namely
(®) METF)(2) < e Mf(z)  0<6<1

can be found in [1] and the case k = 1 was established in [21].

4. PROOF OF THEOREM 1

In this section we prove Theorem 1. The first two subsections will be devoted to the core
of the proof for all the cases, namely £k = 1 and & > 1. Both cases rely upon a two weight
inequality that will be established in the third subsection. A careful control of some Young’s
functions inverses will be required to obtain that two weight inequality.

4.1. Case k£ = 1.

Proof. In this proof we follow techniques in [15] and [18]. Let us call v = M (1+2)p-11sW-
L(log L)\ 73 )7

1
If k= cp (p) ptts (’%1) " by duality, it suffices to show that

H b, T)'f f

<K=
v Lp/(’l)) w

L¥' (w)

Where [b,T]" is the adjoint of [b,7]. Calculating the norm by duality allows us to find a
non-negative function h € L?(v) with ||h||zr@) = 1 such that

H b, ) f _ / TV g = [\ 701 f = 1.
v L7 (v) "

v R

Let us consider the operator

s 2 7)

= 1
VP

We build the Rubio de Francia algorithm R using the operator S.

R satisfies the following properties:
(1) 0 < h < R(h)
(2) [[R(W)||zew) < 2[Rz
(3) R(h)v% € A, and furthermore [R(h)vp}Al <¢p.

Using Lemma 4.2 in [10]

Taking that into account

[Rh)a, = [R(h)wl’ (U‘M)l_q} < [R(h)wlz]Al o] <cw
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Applying Lemma 3, with p = 1, w = Rh and ~ € (0, 1), together with [Rh]a. < [Rh]a, <
cnp, we have

1< [ |[bT)f| Rhdx

R
< culRRlay, | MY[b, TV f)Rh(x)dx < c,p' [ ME([b, T f)Rh(x)dx
R™ Rn
Now we observe that [b,T]" = —[b,T"]. Consequently, [b,7]" is a commutator and if we

choose € € (0,1) in Lemma 5 we can continue with

< WMo | [ My SR+ [ ML (1) ()R (o)

== Cnp/HbHOscexpLs ([1 + [2)

n

To estimate I; we use Holder’s inequality and the second property of the operator R

L

Li=[ M, o f(@)Rh(z)de < ( / Moo f(;p)p’v(x)l—p’dx) 7 ( / n Rh(x)Pv(x)dgp)p

R

n

<9 ML(logL)%f

LY (v)
To bound I, we apply lemma 4 with w = Rh and p =1
Iy < ¢, [Rh)a., g MXT"f)(z)Rh(z)dx < c,p' g MY(T" f)(z)Rh(z)dx.
Using now (8) for the adjoint of T', namely, M¥(T"f) < c. M f, we have
I <ec,.p g M fRh.

Proceeding now as we did for I; we derive to

M
Iy < cpp My
Ul )
Consequently
b, Tt Mg 1yt
R e S R
v v ! L7 ()
and recalling that v = M (142)p 1450 everything is reduced to establish the following
L(log L) s
inequality,
1

(9) "ML(logL)if < epth (p— 1)?’ I

¥ (v) 0 WL (w)

which will be proved in Lemma 6 below. This concludes the proof of the Theorem in the
case k = 1.
O
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4.2. Case k > 1.
Proof. Due to the homogeneity of the operator we may assume that

||b1||Osceszsl = ||b2||Osceszs2 == ||bk||Osceszs;c =1

\\H

k+1 1+§ (p 1)

Let us denote v = M w. fk=cr ()" p

L(log L)
to show that

, by duality, it suffices

(1+%)p71+5

t

<[
LY ( o (w

where Tg is the adjoint of 7j. Using duahty we can find a non-negative function h € LP(v)

with [|A]|z»() = 1 such that
Ttf TLf
b :/ a |hvd:£: | T; fl hdzx = 1.
n (% R

v

LY (v)

As in the case k = 1 we use again Lemma 3 with p =1, w = Rh and v € (0,1). Hence, since
[Rh]a,, < [Rh]a, < cnp', we have

Ig/ |T% f| Rhdx
Rn
< cp[Rh) A, / MXTLf) Rhde < cpp’ | ME(TLf) Rhdx
Rn

R

Tg f is a commutator so if we take ¢ € (,1) Lemma 5 yields

! / M! (T} f) Rh(z)dz
RTL

< cpp' / M
en Lllog

= Cnp/(II + 1)

m\»—t

z) Rhdz + Z > / ) Rhdx

i=1 geCt

Now we have to estimate I; and ;. For I} we proceed as in the case k = 1 obtaining

L <2 7ML(IOgL)%f

Lv' (v)

To estimate Iy we need to control each term of the sum. To accomplish this we claim that
for every e € (0,1):
(10) / M. (T3, f) () Rh(w)de < (o) ()P | M s f(2)Rh(2)de
n Rn og veot 8
where
1 7=0
rgy=42 j=1
24+ ()@ >t
which will be proved by induction on the number of symbols of T},, i.e., #o0’. For simplicity
with the notation, we prove the claim for 7', instead of T},. We can do this since both them
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are commutators with the same number of symbols. Let us call m = #o’. If the number of
symbols is zero T, = T and then combining Lemma 4 and (8) we obtain

M. (Tf) (z)Rh(z)dz < cp' | Mf(x)Rh(x)dx

R™ R™

since we assume » =0. If m =1, then T; = [b,T]. Applying Lemma 4 with w = Rh,

p =1 we have that

26@ i

M. ([by, T1f) (z) Rhdx < c,[Rh]a, | M:([by, T]f) Rhdx

Rn Rn

< cup Mf([bl, T)f) Rhdx

Rn

Now, if we take 0 < ¢ < € < 1, Lemma 5 produces the following bound of the last expression

<cp | M 1 f(z)Rh(x)dx +cp' | Mz(Tf(x))Rh(z)dx

R L(log L) *1 R™

<cp | M 1 f(x)Rh(z)dx + c(p')? | Mf(x)Rh(z)dx
Rn L(logL) 1 Rn
"2

< 2c¢(p") . ML(bgL)% f(x)Rh(z)dx.

This proves claim (10) in the case m = 1. Let us suppose now that the result holds for
0 <1 < m symbols, namely, if 0 < #7 < m, then for every ¢ € (0,1)

M. (Tzf) (z) Rhdzx < CF(#T)(])/)#T+1/ M s 1 f(z) Rhdx
R7 n  L(log L)="€7 %

Combining Lemma 4, with w = Rh and p = 1, and Lemma 5 we have for ¢ < € < 1,

/ M. (T f) Rhdx

<c | M . f Rhdx + cp / th:):
Rr Lllog L)ZZGGI N ]2; —rezC:m

<cp M S 1 f Rhdx + E E cp / thx.
Rrn  L(log L) ico = EC”“

Using now the induction hypothesis we continue with

<o | M x) Rhdx + y#r / M Rhdz
=P rn  L(log L)ZZGJ’ % ]Z; TEZC:m n L(log L)ZZET f( )

<o M x) Rhdx + m‘H/ M Rhdax
- © L(logL)ZZGGI éz ;Tg;m R L(logL)ZZE" @)

<1+3 3 r#) k+1/ M, s f(2) Rhda

j=1 TEC;”



14 CARLOS PEREZ AND ISRAEL P. RIVERA-RIOS

It’s easy to check that

1+ ) T(#) =TI(m)

j=1 TECJ’-”

Then the main claim (10) is proved in full generality. This yields, combining estimates

k+1
I < copse (D) * /Rn ML(logL)%f(:C) Rhdzx.
Proceeding as we did for I; we obtain the following estimate

k1 ML(log L)% f

]2 S Cnde (p/>

L (v)
Consequently
Tg f

v

M i f
<ec, (p/)k—i-l L(log L)s

L' (v)

L' (v)
This concludes the proof since by Lemma 6

1
< ep'ts (p_g 1) !
L¥' (v)

that v =M (1+l.) w O

L(log L) poire

f

w

M L(logL)* f

L (w)

4.3. A key two weight inequality. As we already mentioned, we prove the following
lemma that was used several times during the proof of Theorem 1.

Lemma 6. Let w > 0 be a weight. Let s > 1 and 0 < § < 1. Then for every p € (1,00) we

have that
1
—1\7 | f
< pltt (P
< op ( . )

w

(1) HMmogL)%f

LY (v) LY (w)

where v = M L w.
L(logL)(”E)P’”‘s

The proof of this lemma will follow ideas from [22]. In particular, we are going to obtain
a precise version of the two weight inequality that appears in the proof of Theorem 2 of that
work. To do that we need precise estimates of the following inverse functions.

Lemma 7. Let p >0, A,(t) =t (1+1log™ (t))” and X,(t) = m. Then

p
(1) t= <t
Proof. Observe that

t(1+1log™ (1))"
(1+log™ (¢ (1+log* (t))p))p
The upper bound is straightforward since

(1+1log™ (¢))" < (L+1log™ (t (1 +1log™ (1)"))".

Xp(A,(1)) =
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Now we prove the lower bound. It suffices to prove that

1 +log™ (2) S 1
1+1log® (t(1+1og™ (¢)") ~ 1+p

If 0 < t < 1 there’s nothing to prove since log* (¢) = log™* (t (1 +log™" (t))p) = 0. Suppose
now that ¢ > 1. Then we have that

1+ log™ () B 1+ log (t)

1+1log™ (¢ (1+1og™ (¢))")  1+log(t(1+]log(t))")

B 1+ log (t) - 1+ log ()

~ 1+log(t)+ plog (1 +1log(t)) ~ 1+log (t) + p (1 +log(t))

1
C1+4p
U

Lemma 8. Let p > 1, Ay(t) = t(1+1log" (1))” and X,(t) = —t— with t, = p.

e

Then

Proof. Observe first that

1 + 10g+ % ’
Ay(X,(1) =t (< () ) = tD(t)”

We begin studying the lower bound.
If t € (0,1) then

A(X (1)) = 19(1) = ¢

and there’s nothing to prove.
If t € [1,t,] then

A (X, (1) = td(t)" =t (1 +log" ()" >t
Now if ¢ > t,, it’s easy to check that ﬁ > 1. Then

(D))
1 ()

Ap(X,(t) =t s <£>

Now we observe that

1+ log (W) _ Llog (t) — plog (1 +log (ti»
1+ log (i) 1+ log (i) |
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Let us choose t = e* and t, = e*. Then

1+ A—plog(1+log :A—: M, — plog (14X —A))
1+loE§(ee?p)< >):1+ ” plof;j% S =tta)

A
Now we minimize g,(A). It’s easy to check that g, reaches its minimum when A = et +
A, — 1. We observe that

1422 —P
gp<€ ’ +)\p_1): 1+22
(& P
and since t, = p*
—p 1
42 e

(& P
and we obtain the desired lower bound. To finish the proof we focus on the bound. If
t € (0,1), then A,(X,(t)) =t and there’s nothing to prove. If ¢ € [1,¢,] then we have that

A (X, (1) = t(1 +1logt)” < t(1 4 logt,)” = t(1 + plog p)’.
Finally if ¢ € (t,,00) then it’s easy to check that

A (X)) < E(1 +log (1))

O

Finally, with the precise control of the inverses at our disposal we are ready to give the
proof of lemma 6.

Proof of Lemma 6. Proving (11) is equivalent to prove that

’ 1—p’ /
1\P / N\ (p—1 '
D 143 p
/n MLlogL% (pr) (ML(logL)(”i)p”“w> = <p ) ( 0 ) R™ /1

Using now the notation of Lemma 7, we can write A1(t) = t(1 + log™ t)* and Xi(t)
—1t — and we have that
(l—l—log+ t)g

We observe now that

1
X (t) = t : tr
’ (141log™t)e

Ll B (14+log ) 7
(1 + log™ t) st

1

t ’ ( 1+68(p'—1) o 1 a1
t(1+log™t) ) = Fy(t)r - Fy(t)*
(1 + 10g+ t) (1+%)P—1+(5

Using again the notation of Lemma 7,

Fl(t) = X(1+%)p_1+5(t) = !

(1 + 10g+ t) (1+%)P—1+5 ’
From that lemma it readily follows that

1 P |
Z <W) A(1+§)p—1+5(t) :

==

Fi(t)

B =
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Analogously, following the notation of Lemma 8
o(p'—
Fy(t) = Avesrn(t) =t (1+1log" ) 7"

From that lemma it follows that

14+8(p'—1)
! 1
v

1 e—1 P ~
Ry 2 (1) i@,

e
Taking into account (4.3) and (4.3) we obtain the following estimate

(1+%>p71+6
1~ 1
v

B /1+5(p,,71) 1 P -~ 1~
a0 (1) o) = IR CL> cr WU LA |

Using now generalized Holder inequality (Lemma 1) and taking into account that, since
d € (0,1),

W =

14600 1) (1+%)p71+5
() 7 @p+o) <ot
1
and also that |w[y,) = [[w”[|” , ;| if ¥ is a Young function, we have that
w(1h)
| < | fll5 el
L(logL)%,Q - Frogr -1 ()@ A(1+%)P71+6(L)’Q

and consequently

B =

Mo (fw%) < epttiMy W (f)M (w)
L(log L) 4 Xits(p—1) (L) L(logL)(”%)P*l”

Using this estimate we have that

’ 1—p’
1\ P
/n ML(logL)% (pr> (ML(logL)(“i)””‘sw) o
(1+1> . P’ 1-p/
< /n <Cp ¢ MXH&@/,U(LP')(f)ML(logL)(H%)p—Ha (w>p) (ML(logL)(Hi)lew) dx
1\? '
- <Cp1+5) /n MXlH(p’fl)(L”,)(f)p dz

Lemma 2.1 of [10] yields

’ p—l ' / ﬁ
([ 5 yomtoran) e (B52)7 ([ ivwar)

(/w&w——lﬂ”)@) - <(1+(p/_ D 1og (14 7 - 1>5>+#);

tr’ t 1% (p—1)0

Y e

since

and 0 < 0 < 1 allows us to write
(1+ (7 — 1)9) : 1L\ _ (p—1\¥
log (1 - 1))+ —— <cl|— .
< 7 og (14 (p ))+(p’—1)5 <c
Consequently we have that

S
7

1 (p—1\r
<t (55) Wlen
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This concludes the proof of (4.3). O

5. PROOF OF THEOREM 2
5.1. Case k= 1.

Proof. By homogeneity we shall suppose that [|b|osc,,,.. = 1. We consider the Calderén-
Zygmund decomposition of f at height A\. That decomposition allows us to obtain a family
of dyadic cubes {Q);} which are pairwise disjoint such that

1
< — | |f[ <27\
‘QJ| Qj

Q=Jo
J
As usual, we write f = g + h where g, the “good” part of f, is defined as
x x € Q°
g(x) = fz)
fQj S Qj

and Veriﬁes that [g(z)] < 2"X a.e. and h = Y h; where h; = (f — fo,) xo, and fo, =
z)dz. We denote w*(z) = w(z)Xpmqa(zr) and wj(z) = w(z)xgn g, where Q; =

Let us denote

\Q;l fQ
5y/n@); and Q= U ; Qj. Using that decomposition we can write

w({x eR" :|[b,T]f(z)| > A}) Sw({zeR"\Q [0, Tg(x)| > %}) +w()

+w<{x€R"\@ b Tlh()] > %})

=I+11+1I1

To end the proof we have to estimate [,I] and [II. Let us begin with I. If p > 0,
Chebyschev’s inequality gives

w({xeRn\@:u 1<>\>A}) 2 [ b Tl @

Let us choose 1+ 50D + y <p<l+ ( iy y o= (1+;) (p —1). For that choice of p and
0, is easy to check that

1 —1 5 1 1 1
(p/)2pp(1+g)p (p_) <6 and (1 + —) p—14+6=-+c¢.
) € S S

Using now Theorem 1, we have that
op

Y Hb Tg(@)[Pw (x)dx

IN

/ 1 p—= 1 5 *
¢ (p )2pp(1+s)p (T) |g(x>|pM (1ogL)(1+%>p71+6w (SL’)dSL’

. 1 :
e [Py @ <5t [ ol @)

<C<€_2X (/Rn\g|f(x)|ML(logL dx+/|g )| M Lllog 1) (z)d:v)
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and it suffices to estimate last integral. Indeed,

0 |g(x>|ML(logL x)dr < Z fla, / Liog L)} Ly wj(v)dx
1 .
<e Xl J, Wy inf My, 1)
J
:CZ/Q- \f(y)|zlencg M, g 105 (2 dy<c2/ F @My, i (y)dy

S c |f(y)|ML(10gL)%+sw(y)dy'

Summarizing, we obtain that

L[ 1f)l

For I1 we have the following standard estimate

1
7= w(© <Z/m] dx_Z|5\/ﬁQj|W/mjw(x)dx
<Z 5vn)" Q)] mf Muw(z) < (5v/n) Z / fly dyzleanMw( 2)
< (VA" 305 f, Mol < (5" [ W aruay

To estimate I11 we split the operator as follows

b, TIh=> [b,Th; =Y (bT(h;) = T(bhj)) =Y _ (b—bg,) T ZT b—bg,)h

J J

Then we continue with

Iugw<{xeRn\Q:

+w<{x€R”\Q:

—A+B

> (b(x) = bg,) Thy(z)| >

J

ZT(V’—%J hy) (@) >

19
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To estimate A we use standard computations based on the smoothness property of the kernel
K and the cancellation of each h;,

/R,L\Q Z b(z) = bo, | |Th;(x)| w(x)dx
= )\Z/n\Q] x) — blw( )/Qj|hj(y)|‘K(m,y)—K(Iijj)‘dydx

— h; K(z,y) — K(x,zq,)||b(z) — bg,|w;(z)dxd
SAZ/leg(y)l Rn\@jl (z,y) — K(z,2q,)|[b(x) — bq,|w;(z)dxdy

xr
<33 |, ‘y—%\bm—b@j\wj(x)dxdy

rRN\G; |z —
|y —zq,|”
AZ/ sy |Z/2klc2 J<lo—aq,|<2t+11(Q)) [T — Tq, ‘nﬂ‘b(x) ~ Pasluslo)dndy
i) <|z—x i) j

o0 9 vk
< AZ(/ ity \@ZWW g, 1)~ e s ()i

We now fix one term of the sum. Using generalized Holder inequality, Lemma 1, we have

(e e}

27k

Z |2k+1Qy‘ . |b(£(3) - ij|wj(x)dx

o0

27k
= Z < [2HQ] Jeing, 6(z) — byrs1, |wj(z)d

+Z TG Jung, o1, — b, lw;(x)da

S 22 'Y ||b_b2k+1Qj||CXpLS,2k+1Qj||wj||L10gL%72k+1Qj
k=1

+22 (ke + 1)1l ose,, mf Muj(2)

k=1

< 22_7k||b||05cems me MLIOgLéwj(z)

+22 Pk A DIl oseqprs mf Muj(2)

k=1
—'yk —vk
(Zlencg M, (Z),;z Zlengj Muw, (= );2 (k+1)>
<cinf M, w;(2)

2€Q; Llog Ls 5
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Consequently,

4<53 oy g 1, 0)6)
C
XZ/ LlogLé w] )|h( )|dy

C
<5 ( an DIM, 12 (W5 dy+Z/ log L} )|fQJ|dy>

S;( Rn|f( y)|M Llog LY (w;)( dy—l—Z/ [y dyzlerg L — L (w;)(z )dy)
<5 L F@IM, 3 () )y

To end the proof we estimate B. Theorem 1.1 from [10] gives

oo ({rem -3}

il (@) MLgog £y (w*) (w)dx
11
< LS [ ) o 10) M) e
11
<L i o) )=o)t 1

1
- g (Bl —|—B2)

ST (b ) (2)

For By

2€Q;

—AZ‘Q‘/ ) ~ b e || VI M st )01
<5 3 Il )M i

< czj:/j MML(IogL)s(wj)(y)dy

BQI§ZIHfML10gL w;)( /\b ) —bo,| | fo,| dz

X
< C/ &)\”ML(logL)sw(x)dx.
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For By we use the generalized Holder inequality Lemma 1 and we obtain

Bl = — Z mf ML(logL ’LUJ / }b — bQ;} |f |d!l§'
J

(12) S C Z 2’161’15] ML(log L)s (w])(Z)X |Q.]‘ HbHOSCexpLS f“L(log L)%L7Qj

. 1
= CZ zlencgj ML(logL)s(wj)(Z)X Q| HfHL(lOgL)%’QJ

Now we see that
(13)

1 Lo Iz /()]

"
|le( 10 QJ <f()\x|)da:> IQJI+/] 1('“;”)@

|f( |da:+ 1(”(;‘)@ 2 ('f(;)')dx.

IN
>| =

m\»—t

>/|>—‘

Consequently

B < szlenfj M (105 1y (15) (2 )/ o, <|f(;)|) dx

J

D> [ o (M50 M a1

<[ o (12

A

) M og )y (w)(x)dx.

o=

5.2. Case k> 1.

Proof. Let us suppose that the desired inequality holds for [ < £—1 symbols. By homogeneity
we may assume that [|bllos,, ., = -+ = [|bllosc,,,, = 1. Using the Calderén-Zygmund
decomposition with the same notation used in the case k = 1 we can write

w({z € R ¢ [Tuf ()] > A}) <w ({x R\ Q : |Tyg(x)| > %}) +w(Q)

+w ({x ER"\ Q : [Tph(z)| > %})

=1+I11+1I1

We consider now each term separately. To estimate I we use Chebyschev’s inequality for
p > 1 that will be chosen appropriately,

w({rerna: mo@>3}) < 5 [ mowre @
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Let us choose, as we did in the case £ = 1, p such that 1 + 50D + y <p<l+ [CDE 1)2 and
0=¢— (1 + ;) p. For this choice of p and  we have that

1
NP (141)p (P — 1\ 7 1 1 1
() p( )p<T) Scsﬁ and (14—; p—1+5—g—|—8
Using now theorem 1 and the choice of § and p we have that
2 [ 1Tg@Pu@s < e, ><’f“> () ( ) Jla@PM, (@)

e NGOV T

Arguing as in the case k = 1 we obtain that

1 /()]
I'< n k1 /Rn \ ML(logL)%+sw(y)dy'
For 11, as in the case k = 1, we have the following estimate

()
D

I7<3" Muw(y)dy

It remains to estimate /1. Following the computations of page 684 of [24| we can write

Tyf(x) = (bu(x) = A1) - (bi(x) = M) T f ()

+ (DT (01 = M) - (b = M) f) (@)
(14) i

P Y o (ve) =) [ (o) =) Ko sw)is

=1 oeC;(b)

Now we work on the last double summation. We observe that for each term we can write

(b)) [ (o) = %) Kap) sy

rUr'=o / n (b(y)_;L% > (blx) —bly)), (b(y)—X>T, K(z,y)f(y)dy
Jj=0 7€C;(0)
:f > / (b(x) — b(y)). (b(y)—X) L B y)fy)dy
=0 reC;(o) * K" o
#o
-5 2 B ((),,.)
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Plugging this into the double summation of (14), since 7 U 7" U o’ = b we can write,

> Y 0 (o) - 5) / (o) = %), G f )y

i=1 0eC;(b)

T (M) =MD ()4 3 eT5 ((0-X) f)
1=1 oeC;(b)

where ¢, is a constant that counts the number of repetitions of each T;. Summarizing

Tif(x) = (bi(x) = A1) - (be() = M) T'f ()
+ CkT ((br = A1) (be = Ak) ) ()

3%t (0 -7) 1) o

=1 oeC;(b)

Using this for each h; and summing on j,

ZT}L Z bi(z) — A1) ... (b(x) — M) Thy(z)
+Y T (b= M) (be = M)hy) ()

FET T wn((-1),8) 0

Jj =1 oceC;(b

Then we can estimate /7 as follows

I[Igw<{yeR“\Q:
—l—w({yER”\Q:
—i—w({yéR”\Q

=Ly + Ly+ Ls

> (bil@) = (b)g, ) - (Bul@) = (i), ) Thy()| >

J

S T <<b1 - (bl)QJ) (bk - (bk)Qj) hj) ()

J
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To estimate L; we denote w; = Xgn\5/mq,w and B(z) = e,

] Z (bl(x) - (bl)Qj) (bk(x) - (bk)Qj) Th(z)
= ; § /Rn\Q B(x) [Thy(x)| w(x)ds =

g;g/w (/ 1K ) - <x,ij>\dy>dx

<35 mwl Bla)uy(2) K () — K (2, | ddy
—~ A g, R™\5v/7Q;

bi(z) — (bi)Qj‘. Then

w(zr)dx

A standard computation using the smoothness condition of K yields that the latter is
bounded by

c ly — zg,|”
s ey [ Blayw; () L2y
; A /Qj ’ ; Q)< le—rg, |<2mHI(Q;) Tl =g,

c 2-m™
< ZJ: X /Qj ()] %: 2 1(Q;))" /I:v—ij<2m+1z(Qj) B(z)w;(x)dzdy =

Let us estimate the inner sum. We have that
2—m

%: (2m Q)" /x—xQ |<2m+1l(Q.) Blajuw;(@)dz

- Z 2m+1l m+1Q
Damiigy| + |(B)amerq, = (Bidg,

_Z 2m+1l Qg /m+1Q H i
B 2m+1l /ley =0 geCk (iécr - zmHQ D (zle_o[ ‘ e i)Qj ) e

m l:O oeCy(b) ico

k 27
YT Y <H r|bz-||oscemsl~>m/m <H

m =0 ceC( i€o’ i€o

(15)

(z)dx

) wj(x)dx

bi(z) — (bi)2m+1Qj‘> wj(x)dx

bz(x) - (bi)27n+1Qj‘) wj(x)dx

Applying Corollary 2 we have that

1
2 (Q,))" /Q (H

1€0

<c (H HbiHOsceszsi) nf M s, & (w))(2)

om+10Q.  L(log L
ico S Q; (log L)

bi(z) — (bi)2m+1Qj )) w;(r)dx
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Then for each y € Q;

k -
> Z) (H IIbillosceszsi> W/zwm@j (H

bi(w) — (bi)2m+1Qj ’) w;(x)dx

m  1=0 oceCy(b) \ico’ i1€0
<c 165 [ 0se 1Bl 0se inf M s, s (wh)(2)
Z 2mﬂy lz; O’ECZL(b <8€HO'/ Esz—S 'LEHU eszTLi Ze2m+1Qj L(IOg L) € i !
1
< Myt (w;)(y) Z om C’fMLaogL)%(wj)(y)-

Continuing the computation in (15) we have that by standard estimates,

N T SN S e
2.5 /Qj' W 2 gy / gy Py

Ck
SO I, ) 01
j

<% [ 10IM, 0 )0y

Summarizing
Ck
i

We shall work now on L,. Theorem 1.1 from [10] gives

Ly — @ ({y ER" : |¢T <Z (bl . (bl)QJ) (bk . (bk)Qj> hj> ()

J

> (@) = g, ) - (bele) = (b, ) 1]

< Nz Z /Q B(z) ‘f@) - fQj‘ ML(logL)ij(x)dx

s%;;enf Mygog 1y wy(2) ( | B@ls@ld+ | B<x>\fczj\dw)

)

ML(log L)leJ(ZL’)dZL’

cl

- T f M o € B d inf M o s B ld
Z <;Z1€nQ L(1og L) W;(2) /Qj (@)|f ()] x+;zlean L{og L) w;(2) /Qj (z)] fo,| x)
1
E(L21+L22)

We estimate first Lqs as follows

AZ inf M, 1Ogst](z)/ B(2)|fq,|dx
Q

z€Q .
7 J

C . 1
D) ;zlencgj M0 L)e w5 (2) <m o B(x)dx) ( o |f(55)|d3€>



BORDERLINE WEIGHTED ESTIMATES FOR COMMUTATORS OF SINGULAR INTEGRALS 27

Using Corrollary 2 with ¢ =1 and f; = ‘b i)Q,
(16) L[ B (b) < cllp| =
Qi Jo, Cillexp Lo1,Q;
Then

. 1
§§;£Qi Mg 1y 5 (2) (@ 5 B<x>dx) ( 5 |f(x>|d:c>

C
< Xzzléaf M (10g £)-wj (2 (/ |f(x \dm)
J
&
= XZ/Q | f(2)| MLgog y-wj(z)dx
7 J

< | (@) Mpog r)-w;(z)dz.
Rn
Let us estimate now Lo;. Using generalized Holder inequality (Lemma 1) similarly as we did
n (12)

Cc

Ln = Z inf My iog )10 (2) / B(z)|f(x)|dx

z€Q .
7 J

C

< XZ ll'lf My, logLEw]( )|Q]|Hf|| logL

— z€

since ||b]| = 1. Also the same computation used in (13) based on properties of the Calderén-
Zygmund cubes @); yields

. |f ()]
X‘Qj‘||f“L(]ogL)%,Qj = Q/Qj (I)% (T dm

C .
e Zzlencgj Migog 1) wi ()| Q5 Fll Lo 12
' |/ ()]
< c;zlergj ML(logL)ij(Z)2/j P, <T de
< cz/ o, <|f<x>
—~ Jo,

< c/n % ('f& ”) M 1og 1y (2)

Putting Lo and Loy together we have that

L2 S Cg /n 1 <|f( >|) ML(logL)sw(x)dx

S

Hence

| ) ML(log L)=Wj (l’)d.ﬁ(:
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To conclude the proof we are left with estimating L3 as follows

Ly=w|{yeR"\Q: kz: Z Co U(Z( )‘)ofhj>(x) >%

oeC;(b) J

Z T (Z (b—X)o,foj) @] > 2

J

AN

S
@

m

=

3
-

Z)z

T Mw i

tw[dyern\a: Z Z Co J(Z<b—x>glfQjXQj> (z) >1—)\2

i=1 J

= L31 + Lsp
To estimate L3; we use the inductive hypothesis.

Ls

k-
=w yeR"\ G Z (Z (b—X)J/ fXQJ) (x)] > 1—)\2
i=1 oeC,(b)

J

T; <z (v=7) foJ) (x)

k—1
RS w({yeR"\Q ;
i=1 0€C;(b) j
|/ ( )|
<> ¥ St [ ons (118 60 -0), ) )0
=1 ceCy(b) J
Since we are assuming that |[bilosc,,, 1 = [[b2llose,,, . =+ = lbellose,,,,+ = 1. for each

o C b we have that ||¢]| = 1. Then,

B3PI e [ s (B 00 00, ) M, st

1= 1UEC(b J

SCZ Z Zg#a-i-l o L(logL)Zze"S e (wy) (2 )/.(bZiEasli <|f()\517)| (b(il?)—ij)U,) da

=1 geCy(b) J J

Let us consider now

, ' (t) 1Og(et+ ) o, L(t) = log(1 +t)*.
Then
o () [ Jesi™ () = %Hlog(l +1)% < ! =0 (1)
’ ico log(e + t)z i€o log(e + t)zleg Yieo 5;

and also we know that

D, (t) =t (1+1og"t)", o, (t) =" —1.
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Taking that into account, Lemma 2 gives

@ZZEU% < b j)o_,> dl’
JCI)% <| ()\:)3 dx—l—Z/ exp

1€0
<| (=)
1
S
J 1€o

A )
Xz
(B ok T @blon (1000, = 1]

—>/

IN

—(b)g,| ) —1)ds

]

—

VAN
s

dr + 3 |Q)lBllesni o,

—

J

«mw
J : >\
1

cof ()

In the last step we used properties of the Calderéon-Zygmund cubes.
Plugging now that estimate,

CZ Z Z E#JH zEQ L(logL) Tie st (wj)(z)/ LS & <|f( 2 (b(2) —ij)J) dx

1€0

IN

A
&3\»&>\©\>©\
E

dx + ck|Q]|

=1 UEC”€ J ’
|/ ()

< ckz Z Z g zeQ L(logL) Sicor =+ (wy)(Z)/.(I)i ( h\ dx

i=1 ceCl™ j !

1 /()
< Ckg—kzzlencg ML(logL) e (wy)(2 ( A )

J
x

<o kZ/ oty j)(:c)é[)%< : |)d

! ()
<az [ M@y (L) a

For L3, arguing in the same way we have that

fa,
By <o Z 3 Zzlel’g My ij(z)/.@ziealé <| ¢ | (b(x) — ij)g> dz

1= 10'€Ck J J

The same computation used to obtain (17) yields

/_(I)Ziegfs—li (|f§]| (b(x) — ij)o) dr < /.CD% (@) dx + ck|Q;|.

J

Now we see that using Jensen’s inequality,

|fQj| |f|Qj
[ (5) 2 < e (532)

1 |f(2)] _ |f(2)]
S‘Q”m qu)%< X )dm-/@%( X )dl’.

J
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|fa,] |f(2)]
/Qj Oy 1 ( 2 (b(w) - ij)U) dx g/@ B, (T) dx + ck|Q;)|

J

Hence

and we finish the estimate arguing as we did for Ls;. U
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