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Abstract

We study double integral representations of Christoffel-Darboux kernels associated with
two examples of Hermite-type matrix orthogonal polynomials. We show that the Fredholm
determinants connected with these kernels are related through the Its-Izergin-Korepin-Slavnov
(IIKS) theory with a certain Riemann-Hilbert problem. Using this Riemann-Hilbert problem
we obtain a Lax pair whose compatibility conditions lead to a non-commutative version of the
Painlevé IV differential equation for each family.

1 Introduction

Let us denote with (pp,)nen the classical Hermite polynomials such that deg(p,) = n and
/pn(m)pm(x)efﬁdx = Onm-
R
As we know from the pioneering work of Gaudin and Mehta [17], the so-called Hermite kernel

22442

n—1
Ko(z,y) = pe(@)pr(y)e” =,
k=0

describes the statistical properties of the eigenvalues of a random matrix in the space of (n x n)
Hermitian matrices equipped with the measure p(M) := e~ T (M) g0 g , where dM denotes the
standard Haar measure. More precisely, (M) induces a measure on the space of configurations
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of n points on the real line, hence a determinantal point process whose particles are given by the
eigenvalues of M, and whose correlation functions pg(z1,...,zx) are given by the formula

pr(z1, ... xp) = det (K (24, xj))f’jzl.

In particular, the last particle distribution F(s), describing the probability that the largest eigen-
value is smaller than s, is given by the Fredholm determinant F'(s) = det(Id — xsK,,), where we
denoted with x, the indicator function of the semi infinite interval [s,c0), and K,, is the integral
operator whose kernel is K, (x,y) (for a very nice introduction about determinantal random point
processes and random matrices see [16]). A remarkable connection between F'(s) and the Painlevé
IV equation has been discovered in the nineties by Tracy and Widom. Namely, in [22], they proved
that the log-derivative R(s) := 0, log(F'(s)) solves the sigma-form of Painlevé IV equation

(R")? +4(R)*(R' + 2n) — 4(sR' — R)> = 0.

The aim of this article is to extend this result to the case of Christoffel-Darboux kernels associated
to Hermite-type matriz-valued orthogonal polynomials (MOP). To that purpose we will show first
how to obtain double integral representations of some examples of MOP.

First, we need to introduce some notations. In what follows we consider NV fixed and we use
preferably boldface letters to denote matrices, and standard font for scalars. We also use Iy
for the (N x N) identity matrix, omitting the explicit reference to its dimension when it cannot
lead anyone into confusion. Let C be any piecewise smooth oriented curve. A weight matriz
W = (Wij)gj:l :C - GL(N,R) on the curve C is a positive definite matrix at any point of the
curve with finite moments. We say that a matrix function F belongs to the space L3, (C, RN *V) if

/CF(Z)W(Z)FT(z)dz < 00,

where the superscript “T” denotes, as usual, the transpose!. In the above definition we mean that
the integral is finite entry by entry. In the case when the weight matrix W is the identity matrix
Iy we will just write L? (C ,RVXN ) This induces a matrix-valued inner product for any two matrix
functions F, G € L%, (C,RV*N) denoted by

(F,G)w = /CF(Z)W(Z)G’T(Z)dz. (1.1)

This is not an inner product in the common sense, but it has properties similar to the usual scalar
inner products. It is also possible to define a scalar norm of a matrix function F by Tr ((F, F>W)1/ 2
(see [7]). Therefore L3, (C,RN*N) with this norm is a Hilbert space and (1.1) is the inner product.

A sequence (P,)nen of orthonormal MOP with respect to a weight matrix W is a sequence of
matrix polynomials satisfying

deg P, =n, (P.,Pn)w =Indpm, Vn,meN.

We will mainly work with MOP on the real line, therefore C = R. Work in the last few years
has revealed a number of explicit families of MOP on the real line. In many cases they are joint

1More generally one could consider matrix-valued complex weights, and in this case you have to substitute the
transpose with the Hermitian conjugate.



eigenfunctions of some fixed differential operator with matrix coefficients independent of the degree
n of the polynomials. This study was initiated in [9], but nontrivial examples had to wait until
[10, 12]. These examples are the matrix analogue of the classical families of Hermite, Laguerre and
Jacobi polynomials.

Given a complete orthonormal family of MOP (P, )nen in L3, (R, RV*N) the Christoffel-Darboux
(CD) kernel is defined as (see, for instance, (2.26) of [13])

n—1
K. (z,y) =Y Ply)P(x), z,yeR. (1.2)
k=0

We observe immediately the following properties:
L K (z,y) = K (y, ).
2. VF € L}, (R,RY*N) | F(y) = (F(z), K,(z,y))w (reproducing kernel property).
3. Kn(z,2) = (K, (2,y), Kn(y, 2))w.

Observe, in particular, from the second equation, that we are thinking about the kernel as an
integral operator acting on the left? for functions in L%,V (R,RNXN).

In Section 2 we find double integral representations of the CD kernel (1.2) (or rather a slight
modification of (1.2)) for two Hermite-type families of MOP, already introduced in [10]. We
first find integral representations of the families (P, ),en using the corresponding second-order
differential equation that they satisfy. To the best of our knowledge, this is the first time that
integral representations of families of MOP are studied in detail.

Secondly, in Section 3, we study the Fredholm determinant det(Id — xsK,,) of the integral op-
erator K,, with kernel K, (z,y). Our main tool will be the theory of integrable operators a la
Tts-Izergin-Korepin-Slavnov; see [15] and also [8] for a survey of the remarkable properties of these
operators and applications to statistical mechanics, random matrices and orthogonal polynomials.
More specifically, the Fredholm determinant det(Id — x,K,) will be identified with the isomon-
odromic tau function associated to a specific Riemann-Hilbert problem (see Appendix A and B).
This Riemann-Hilbert problem, through a standard procedure, can be reduced to one with constant
jumps, leading to a certain Lax system of equations. The compatibility conditions of the Lax system
give a couple of matrix ordinary differential equations. Combining these two equations we obtain a
non-commutative version of the derived nonlinear Painlevé IV differential equation for each family,
see Theorems 3.3 and 3.4. The contents of this section are very close, in spirit, to the one obtained
by one of the authors and Marco Bertola in [6].

Finally, in Section 3.1.1, we give a symmetric formulation of the non-commutative Painlevé IV
equation. The non-commutative Painlevé II equation used in [6] has been introduced by Retakh
and Rubtsov in [19], where the authors obtained this equation as a reduction of a non-commutative
analogue of Toda equations. Hence it appears desirable to verify if also the non-commutative
Painlevé IV equations obtained in this article can be written, analogously, as reductions of some
suitable non-commutative Toda-type equations. The content in Section 3.1.1 goes in this direction.

21t is possible to work with a CD kernel acting on the right, but in that case we have to consider a different
inner product defined by (F,G)y, = [z GT(2)W (2)F(z)dz. Now the CD kernel will be defined by K (z,y) =

n=L PT(2)Py(y) = Kn(y, v).



2 Hermite-type MOP and related CD kernels

In this section we consider a couple of examples of MOP already introduced in [10]. Both are
orthogonal with respect to Hermite-type weight matrices of the form

2

W(z):=e ™ T(x)T (z), z€R,

where T' is certain matrix polynomial. Consider an orthonormal family of MOP (P, )nen. Now
define, for every n € N, the orthonormal function

@, (1) =" 2P, (2)T ().
(®,,)nen is a family of matrix functions orthonormal with respect to the identity matrix, i.e.
<<I>n7<I>m)IN :IN(Snmu Vn,mEN,

where the inner product (-,-) is defined by (1.1). In our examples the family (®,,),en will always
be complete in the space L? (R,RV*¥) (see Section 6 of [14] for more details).
The Hermite-type CD kernel is then defined, slightly modifying (1.2), as?

n—1
Ko (z,y) =Y @} (y)®x(2). (2.1)
k=0

In order to find double integral representations of these two examples of matrix-valued ker-
nels (2.1) we will use the fact that the corresponding MOP are eigenfunctions of a second-order
differential equation of the form

P)/(z)Fy(z) + P, () Fi(z) + P,(2)Fy = T, Py(), (2.2)
where Fy, F} and F are matrix polynomials (which do not depend on n) of degrees less than or
equal to 2, 1 and 0, respectively, and the eigenvalue T',, is a symmetric matrix.

2.1 The first example
Let Ay be the (N x N) nilpotent (AY = 0) matrix

N—-1
AN = Z ViEi,i+17 V; € R, (23)

=1

where E; ; = (6ir(55j)£\;:1 is the elementary matrix with 1 at entry (,7) and 0 elsewhere, and Jy
the diagonal matrix

Jy = Z(N —i)E; ;. (2.4)

3The kernel defined in this section, indeed, is equal to the one defined in the introduction up to a conjugation by

2
e~ 2 T(z). In order to keep the notation simple we used, nevertheless, the same symbol.



Again, we will sometimes remove the dependence of N and write A = Ay and J = Jy, whenever
there is no confusion about the dimension of the matrices. A and J satisfy the algebraic relation
[A,J] =-A.

Let W be the following weight matrix

Wi(x) = e eATeATT 4 e R, (2.5)
already introduced in [10]. Observe that e”? is an upper triangular matrix polynomial of degree
N — 1 (since AN =0).

The family of MOP
Py(z) = 4/1P, (a), (2:6)

~

where (P,,)nen denotes the monic orthogonal family with respect to (2.5), satisfies a second-order
differential equation as in (2.2) (see, for instance, Section 4 of [14]) where

Fyz)=1, Fi(z)=—-20T+2A, Fy(x)=A>-2J, T,=-2nI—-2J.

The family (2.6) is not orthonormal, but it will be normalized later for the computation of the CD
kernel (2.1). In the following, given a matrix M, we will use the standard notation zM := eMlog=
and the branch cut of log z is chosen to be the real negative axis.

Theorem 2.1 Let (P,)nen be the family of MOP defined by (2.6). Then there exist suitable
constant matrices C,, and D,, such that

d
P, (z)e?" = j{ z_JanJe_zerz”iznil, (2.7)
gl
and
P, (z)eA" = ™ / w? Dyw 7 e =2y duy, (2.8)
z

where the contour v encloses the origin, closes at —oo and it is traversed in a counterclockwise
direction while T := L 4 iR, and L > 0 is chosen so to have no intersection between v and I (see
Figure 1).

Proof: For the first integral representation (2.7) we observe, using the formula e~ 4% JeA* = J 4z A,
that the functions Y, (z) = P, (x)eA” satisfy the following differential equation

Y, (z) — 22Y,(x) — 2Y,(x)J + 2(nI + J)Y,(z) = 0. (2.9)
Let us look for solutions of (2.9) of the form

Y. (x) :/17Vn(z)e2”dz,

where 77 is some contour in the z-plane. Substituting this expression into the differential equation
(2.9) and integrating by parts, it is easy to see that (2.9) holds if the two following conditions are
satisfied

V() = - (22 42 ;L 1) Vi(2) + % IV, (2)J — IV, (2)], (2.10)
2V, (2)e***| =0. (2.11)

n



General solutions of homogeneous first-order matrix differ- A 1
ential equations of the form

X'(2) = A(2) X (2) + X (2)B(2) 7

are easy to obtain considering solutions X (z) = X1(2)C X3(z),
where C is any constant matrix, such that Xji(z) =
A(2)X1(z) and X5(z) = Xo(z)B(z) (see for instance [23],

Lemma 30.1). Applying this to the equation (2.10), there ex- A
. . _——,—————
ist, for every n > 0, constant matrices C), such that the general \ o
solution is of the form V,,(z) = V;, 1(2)C,, V,, 2(2), where /] |1 -
- ———
n+1_J J 7
Viald) = = (2 D Va0 V(o) = Vaale)
Therefore )
_—J se”
Vo(z)=2""Cphz sy :

gives a solution for (2.10). Now we observe that, choosing '

n = v (the same contour as in the case of scalar Hermite
polynomials), the expression on the left hand side of (2.11) is
nothing but the residue at infinity of the expression 2V, (2)e?**, which is clearly zero because of

Figure 1: Contours v and Z.

the term e~*". Hence

- 2 dz
Y, (x) ::%z I, 2T em% T2 i
v

is a solution of (2.9). In particular, since P, (z)e® satisfies a differential equation as in (2.9),

there will be suitable constant matrices C,,, which depend on the family (P,),en, such that we get
the integral representation (2.7).

For the second integral representation (2.8) we follow a similar argument, just observing that
the functions Z, (z) = e’ P, (x)eA” satisfy the differential equation

Z)/(x) +222Z)(z) — 2Z,(2)T +2((n+ 1) + J)Z,(x) = 0, (2.12)

and considering Fourier type solutions of (2.12) of the form

/ V 2111‘ dt.

Then (as before) we find some first-order matrix differential equation for V,,(z) and we conclude
that ~ )
Vo (t) =t'Cpt=Te 1",

where C),,n > 0, are certain constant matrices. Hence

(o]
Z,(x) = / t7 Gt =7 ot F2iztyn gy

— 00



In particular, since e_$2Pn(x)eA7” satisfies a differential equation as in (2.12), by the change of
variables ¢ — iw, followed by a shift 4w — 7w + L, we conclude that there will be suitable constant
matrices D,, = i"*1i7C,i~7, depending on the family (P, ),cn, such that (2.8) holds. Q.E.D

Remark 2.1 Observe that the constant matrices C,, and D, obtained initially from the differential
equations (2.9) and (2.12), respectively, have many degrees of freedom. It is exactly the choice
of the family (Py)nen which allows us to have a unique representation of C,, and D,,, as we will
see below. The meaning of this is because there are many families of matriz polynomials satisfying
(2.9) or (2.12), but not all of them are orthogonal with respect to some weight matriz.

Corollary 2.1 The Hermite-type CD kernel (2.1) associated with the MOP with weight (2.5) can
be written as

K, (x,y) :e(’”Q_yz)ﬂ/clw%dzMn(z,w)e“’2_29“"_22'*'223/7 (2.13)
T v
where
J -« T, —J -2 J wy\kI Ty
M, (z,w) =27 |3 CF="7 | Pillyw” Dy, (Z) —w (2.14)
k=0

and || Py||%, denotes the matriz-valued norm with respect to (1.1).
Proof: 1t is just enough to use the formula
2 —
D, (z)=e" /2||PnHV[}Pn(x)eAI

and then the integral representations (2.7) (with the substitution x — y) and (2.8) in the definition
of the matrix-valued kernel (2.1). Q.E.D

The coefficients C,, and D,, are not easy to obtain for our example since there are no general
structural formulas like the norms or the coefficients of our family of MOP for any general size N.
We will study in detail the case N = 2 in the next subsection.

2.1.1 A detailed study of the case N =2
Let us consider the (2 x 2) case related to MOP with respect to the weight

W(x) = e_’czeA”eAgx, Ay = ( 8 16 ) , VveR.

We have many structural formulas for this example (see [11]). In particular, the polynomials
(Pp)nen in (2.6) have diagonal norms

2 nly/m 772z+1 0

where we denoted

n
'yi =14+ 51/2.

The coefficients C,, and D, of the integral representations (2.7) and (2.8) are given by

c. n'( 1 V(n+1)/2>7 (2.16)

= ontig \ —v/42 /72



and
1 1 v
D, =— nv 2 . 2.17
NG T2 1/ (2.17)
These coefficients are computed directly from the integral representations (2.7) and (2.8), since
we have that the family (P,)nen can be given in terms of scalar Hermite polynomials (see [11]).

Therefore (2.16) is obtained from (2.7) using Cauchy’s residue theorem and (2.17) is obtained
from (2.8) using standard manipulations of the Fourier transform of Hermite polynomials.

Proposition 2.1 The Hermite-type CD kernel (2.13), for N = 2, can be written as

w2—2rw—22+2z +nlog(w/z
K, (2,y) = 2. e(zz_y2)/2/dwj{ dz ZJanZ—JQszBglw_JQQ y g(w/ )7
(27i)2 I - w—z
(2.18)
where
1 —v
B, = < woo ) , det(B,) =12 (2.19)
2

Proof: Computing (2.14), using (2.15), (2.16) and (2.17), we have that

o 5) 2031 +u]

) w—z * w—z w2 g 2
M, ’ = -
(z,w) (27i)?
w\" w\"
v (Z) 1 (Z) wiyy —1)+2
292 zw w—z w—z 2y2

Then, using Cauchy’s residue theorem, we observe that the diagonal terms —1/(w — z) and the —v
in the upper right corner of M, (z,w) do not give any contribution. Hence we have

2 B w?—2zw—2242zy+nlog(w/z)
K, (z,y) = 7e($2_92)/2/dw7{dz Mn(z,w)e
z vy

(274)? w—z
where )
-1
z(Vn 2) +w %(w _2)
- WYp Ta
M, (z,w) = ;
Lé(z—l_w—l) w(’YrQL_;)—i_Z
27 25

and finally it is easy to see that
M, (z,w) = 272 B,z 2w B w72,

where B, is given by (2.19). Q.E.D



Remark 2.2 Also for the case N = 3, the Hermite-type CD kernel (2.13) has a representation
analogue to (2.18), for a given (3 X 3) constant matriz By, (we do not report here the computations,
since they are completely analogues but more cumbersome). We conjecture that for any N > 1 and
a given n > 0, there always exists a constant matriz B, such that

2 2
K, (x, y):<2:i)ge(zzfy2)/2/zdw ﬁdz 2N B2V B TN e 72mw7zw+izz+n10g(w/Z) .(2.20)
2.2 The second example
Let W be the following weight matrix
W(x) = e " eBT B 4 R, (2.21)
where B = A(I + A)~! and A is the (N x N) nilpotent matrix (2.3). The family of MOP
P,(z) = [(I+ A)~Y?**"'P,(z), neN, (2.22)

~

where (P,,),cn denotes the monic orthogonal family with respect to (2.21), satisfies a second-order
differential equation as in (2.2) (see Section 5 of [14]) with

Fy(z)=1, Fi(v)=2¢2B—-1), Fy(r)=2(B-2J), I'y,=-2nl—-4J,

where J is the diagonal matrix (2.4). Also in this case, in complete analogy with the first ex-
ample, we can deduce two different integrable representations of the polynomials (P, ),en and,
consequently, an integral representation of the related Hermite-type CD kernel.

Theorem 2.2 Let (Py,)nen be the family of MOP defined by (2.22). Then there exist suitable
constant matrices C,, and D,, such that

d
Pn(:ls)eB""/’2 = % 272 O 2 o 2 217 (2.23)
8! Znt
and
Pn(ac)eB””2 =" / wQJan_QJeU’Q_%“’w"dw, (2.24)
z

where the contour v encloses the origin, closes at —oco and it is traversed in a counterclockwise
direction while T := L+ iR, and L > 0 is chosen so to have no intersection between v and I (see
again Figure 1).

Proof: This tl;eorem2 is proven exactly in the same way as Theorem 2.1, using as starting point the
formula e =B* JeB?" = J + 22(B — B?) instead of e 4*JeA” = J +zA. Q.E.D

Corollary 2.2 The Hermite-type CD kernel (2.1) can be written as

K, (z,y) = e(m2*y2)/2/ dw%dzMn(z,w)ew2*2ww*Z2+2zy, (2.25)
T ¥
where .
M, (z,w) = 227 | 3" CF="|| P20 Dy, (9) Sw (2.26)
= z z

and || Py||3y, denotes the matriz-valued norm with respect to (1.1).



As before, the coefficients C,, and D,, are not easy to obtain in general for this example. We
will focus on the case N = 2.

2.2.1 A detailed study of the case N =2

Let us consider the (2 x 2) case related to matrix-valued polynomials orthogonal with respect to
the weight
W(z) = e Bt Birt B A,

Again, from [11], we have many structural formulas for this example. In particular, the polynomials
(Pp)nen in (2.22) have diagonal norms

o VT (6, 0
1Pl = =5 ( 0 152 ) (2.27)

where we denoted

02 =1+ wu? (2.28)

The coefficients C,, and D,, of the integral representations (2.23) and (2.24) are given by

nl ! v(in+1)(n+2)
—Vv/o, n
and
1 1 v
D, =— n(n —1)v , 2.30

which can be computed in a similar way as the first example.

Proposition 2.2 The Hermite-type CD kernel (2.25), for N =2, can be written as

w2 —2xw—22+2zy+nlog(w/z)

Kn(ﬂj7 y) = L‘e(;ﬁ—y?)/Z / dw % dz ZQJanZ—JSwjaénw_gJQ e 7
(2mi)? I . py—
(2.31)
where By, is a (2 X 3) matriz and B, a (3 X 2) matriz given by
1 ny2 1 1%
v

57%+1 257%+1572L . 1 y

B, = , Bpi= . (232)
vn(n+1) o ) mn—1) 1
4(52+1 252+152 - il

Bn is a right inverse of By, i.e. Ban =1I.

10



Proof: Computing (2.26), using (2.27), (2.29) and (2.30), we have that

A A AN A wy\" wy\"
<ZZ)_Z +(iu>(5% Jr%(vgle v werZ((s’j%) +w6(72j-1)
Malzw) = (2731')2 n n 2 nt1 n
reen(Z) ne-n (D)) ) - G) ()
462, 2%w 462 zw? w—z 202 4 262

Then, using Cauchy’s residue theorem, we observe that the diagonal terms —1/(w — z) and the
—w— 2z in the upper right corner of M,,(z,w) do not give any contribution. Now taking out the term

n _ . . . — o —
(2)" (w—z)~" of the above expression we observe that it can be written as 2272 B, z=3w’s B,,w =272

where B,, and B,, are given by (2.32). The equality B,B,=ILisa consequence of the definition
of 62, see (2.28). Q.E.D

n?

Remark 2.3 As before, we also analyzed the case N = 3. The Hermite-type CD kernel has a
similar representation (2.31) for certain constant matrices B, and B,, of size (3 x 5) and (5 x 3),
respectively, satisfying B,B, = I,. We conjecture that for any N > 1 and a given n > 0, there
always exist constant matrices B, and B, of size (N x (2N —1)) and (2N —1) x N), respectively,
satisfying B, B, = Iy and such that

w?—2zw—2z242zy+nlog(w/z)

(x®—y?)/2 .
¢ /dw %dz 22IN B, 27Ny daN -1 By 2N ¢ .(2.33)
T ¥

Fonler 9=5 i vz

3 Hermite-type kernels and non-commutative Painlevé IV

Let us consider a (N x N) matrix-valued kernel of the general form

er —2zw—2z%+2zy+nlog(w/z)

2 P .
Ko(z,y) = —— ol =v")/2 /I dw 7{ iz B,(2) B, (w) , (3.1)
Y

(2mi)2 w—z

where B,, and BAP are, respectively, an (N x p) and a (p x N) square-integrable matrix function

such that B, (2)B,(z) = Iy. We think of K, (z,y) as a kernel of an integral operator K,, acting
on the left for matrix functions, namely

K, F)(z) ::/RF(y)Kn(x,y)dy V F ¢ L*(R,RV*V).

The Hermite-type CD kernels studied in Section 2 are particular cases of this one.
In the following x, will always denotes the indicator function of the interval [s,00). We start
with the following theorem:

Theorem 3.1 Consider, given s € R, the operator K,, , : L*(y UZ,RN*N) — [2(y U Z,RVN*N)
with kernel (acting on the right)

) o= +2a(z—w)—nlog(:) o=+ 108 B(2) B(w)
K s(w, 2) = xz(w)xy(2) +

)

XA (w)xz(2)-

2mi(w — z) 2mi(w — 2)

11




The following equality between Fredholm determinants holds:
det(Id — xsK,,) = det(Id — Kms).
Proof: Using the isomorphism L2(yUZ,RN*N) = L2(y, RN*N) @ L2(Z, RV*N) we can write K,

in matrix form as
~ 0 | Fy
- (215

where the operators Fy : L2(y, RV*N) — L2(Z,R¥N*N) and G : L3(Z,RV*N) — L2(y,RN*N)
are defined respectively by the kernels

e—§+2s(z—>\)—n log(z)

Fs(Az) = SN = 7) xz(A)x~(2), (3.2)
7§+w2+n log(w) > 3 w
Gz w) = i —an)( Bulw), ()xz(w). (3.3)

Let us also introduce the Hilbert-Schmidt operator K;LS written in matrix form as

7! o 0 _Fs
LIE N}

Through the identity

(Id—K;,s)(Id_Kn,s):[IdFs}o[ ld | -F, } :[Id—FsoG 0

0] 1Id -G| W -G | 1d
we get the following chain of equalities (see the Appendix B for the definition of dets):
det(Id — K, 5) = deto(Id — K, ) = deta(Id — K/, ,)deto(Id — K, ;) =
= dety(Id — F, 0 G)e™ T °6) — dot(Id — F, 0 G). (3.4)

Now, using the formulas (3.2) and (3.3), we deduce that Fs 0 G : L2(Z,RN*N) — LT, RNV*N)
has kernel explicitly given by the convolution

dz ew27z2+2s(z7)\)+nlog(w)fnlog(z)Bn(z)Bn(w)
s /\7 = A . .
(FsxG)(hw) ]{ 2mi)? O —2w—2) (3:5)
Finally we conjugate (Fs o G) with the Fourier transform 7 such that
dA dx
TF)(z)= | —=e 2*F()), TG\ = | ——=e*G(x).
(TF)@) = [ JZ=e 0, (T7'@)0) = [ L6

Then we obtain (using Cauchy’s residue theorem) that the kernel C(z,y) associated to (T oFs0Go
T-1) is equal to

d\ w? —224252—2wy—+n log(w)—nlog(z) n An
C(x,y) :/—e”@*s)?{dz/dwe Bn(2)Bnlw) _
T ¥ s

i (2mi)2(A — 2)(w — 2)
0 ifrx<s
= 9 . ewz—wa—22+22x+nlog(w/z) (36)
- /dwj{ dz B, (2)B,(w) if x > s.
(273)? J; - w—z

12



and this latter, up to a conjugation with the operator of multiplication by e ,is equal to K (z,y).
Hence (3.6), together with (3.5) and (3.4), gives (3.1). Q.E.D

We now introduce a Riemann-Hilbert problem related to the kernel Ii'ms through the ITKS
theory. In the following we denote

0, (N, 5) := A% — 2Xs 4+ nlog(N).

Problem 3.1 Find the sectionally analytic function T'(\) € GL(N + p,C) on C\{yUZ} such that
T.) =T ()-GO, AeqUT,

I ST
I‘()\)—I+>\—|—)\2—|— , A= 00
with
o 9Bl 0 0
G =1 0 xz(A) + —e 0BT 0 Xy(A).

Theorem 3.2 The Fredholm determinant det(Id — xsK,,) is equal to the isomonodromic tau func-
tion (B.3) related to the Riemann-Hilbert problem 3.1. Hence, in particular, we have that

dslog det(Id — x.K,) = /UI Tr (T2 (A)(WT2)(N)E(N)) 2‘%, (3.7)
where we denoted
E(\) :=0s(I = GN)I —G\) ! = —0,GN) (T + G(N)). (3.8)

Proof:
Let’s define the two ((IV + p) x N) matrices written block-wise as

e 22 Inxz(\)

. ) 1

<

A~~~

X
I

)

271 A2
—e= 7 B (A)x,(\)

o= F +2Anlos N [y (3)

o
=
Il

A2 tn 1og(>\)l§"()\)XI()\)
It is straightforward to verify that the following two equations are satisfied:

. P g

Kns(hp) = 572500 GO = 2mif(Ng" (V).

Hence, using Theorem B.1 together with Theorem 3.1, we conclude that, denoting by 7;3/v the
Jimbo-Miwa-Ueno tau function related to the Riemann-Hilbert problem 3.1, we have
Trmu(s) = det(Id — K, ) = det(Id — x:K,,),

and, as a consequence, equation (3.7). The second equality in the equation (3.8) comes from the
fact that gT(A\)f(A\) =0. Q.E.D

13



3.1 Non-commutative PIV

We now specialize to the particular case in which N = 2 and K,, is the Hermite-type CD kernel
(3.1) associated with the MOP studied in Sections 2.1.1 and 2.2.1.

In the first case we have B, := 27> B,,2~7> and B, (w) := (B, (w))"!, where B,, is the constant
matrix (2.19). In the second case we have B, (z) := 2272 B, 2~ and B,(w) := w’*B,w 2’2,
where B,, and B, are defined in (2.32). Let us introduce, for these two different (sub)cases, the
two matrices

0, (X, s) o
Ta(h) = l 2 12— Jalog() 0 1 and

0 _WIQ — J2 10g(/\)

92 Q8) 1, — 205 log(A 0
Tp()\) = 2 g W g :
——5 13— J3 og(A)
In the following we use the curly brackets to denote the anti-commutator between two matrices,

ie. {x,y} = zy + yx. Moreover we denote with a prime the derivative with respect to s.

Theorem 3.3 Let B, be as in (2.19) and T'(\) be the solution of the Riemann-Hilbert problem
3.1 with jump

0 eI\~ Tap T)T2 0 0
G\ = xz(A) + X~ (A). (3.9)
0 0 —e A \=2BT)\J2
Then
85 lOg det(Id — XsKn> = T‘T((I‘l)gg — (F1)11>7 (310)

where K,, is the integral operator with kernel K, (x,y) given by (2.18).

Moreover W(\) := T'(\)eTaWN) satisfies the Lazx equations

_ n_ _ -1 _ Yy
(A 3)12+((2 z)12 JQ)A y— A
HY = AW — o,
2~z + (y 12 —y tuz)A ! —(A=38)Ir — (gIQ +Jo — y_lzy) AL
—)\IQ —-Y
0,0 = UT — v,
2y~ 'z AL
where
z = —(T1)1,
y = —2(I'1)12, (3.11)

w = (T1))5(T1)5 + 2sl,.

14



The compatibility conditions give the following coupled system of ODEs:

u = —u?+42su+4z —2nl, + Vg,
(3.12)
2z = 2u'z + 2uz’ — 252/,

where Vg = 2[Jo, yly L.

Combining these two equations we obtain a non-commutative version of the derived PIV equation,
in the form
w’+ [u” ul—4(n + 1+ s?)u'— 2 ({v/,u?} + uu'u)
(3.13)
+6s{v/, u} +4u(u — sly) + (V4 —2(uVa)) +2sV, =0.

In the second case we will be dealing with rectangular matrices. Hence in the following, given
an (N x p) rectangular matrix M, with N < p and linearly independent rows, we denote with M
the right inverse* of M defined as M := MT(MM™)~L.

Theorem 3.4 Let B, B, be as in (2.32) and T'(\) be the solution of the Riemann-Hilbert problem
3.1 with jump

0 efn(hs) \—2J2 BE/\Jg 0 0
G(\) = Xz(A) + XA (A)-
0 0 —e 0n(As)\=22 BTA\Js
Then
8, log det(Id — xsK,) = Tr((F1)22 — (rl)n), (3.14)

where K,, is the integral operator with kernel K, (x,y) given by (2.31).

Moreover W()\) := T'(\)eTBWN) satisfies the Lax equations

(A — )L + ((g—z> 12—2.12) A y—%)\_l
HhY = AV =
2yTz + (yT2' — yTuz)\ 7! —A—s8)I3 — (gIg +J3 — ysz) A7t
7)\1-2 b’
0. = UT — o,
—2ytz A
where
z = _(Fl)lllﬂ
y = —2(T1)12,

w = (T1))o (1)1, + 2s15.

4In fact, the definition of a right inverse of an (N x p) rectangular matrix M is not unique. For any invertible
(p x p) matrix C, a right inverse of M can be defined as MT := CMT(MCMT)~'. Therefore we will have
eventually a family of equations of the form (3.15). However we normalize all the computations assuming C = I.

15



The compatibility conditions give the following coupled system of ODEs:
w = —u?+2su+4z—2nl,+ Vg,

2z = 2u'z + 2uz’ — 252,

where Vg 1= 4J — 2yJsyt.

Combining these two equations we obtain a non-commutative version of the derived PIV equation,
in the form

u+ [u//, u]_ 4(n +14 82)11/_ 2 ({u/7u2} + Uu/u)
(3.15)
+6s{u’, u} + du(u — sly) + (V4 — 2(uVg)) + 25V4=0.

Remark 3.1 Before going into the proof let us remark that both the equations (3.13) and (3.15)
are equations for just one variable, namely y; w and V' (either V4 or Vg ) being functions of y.
The reason why we claim that this equation is a non-commutative version of the derived PIV is
that, in both cases, if we assume that all the variables commute, we get the equation

W —du — 6wl + 120/ — dnu + 4u? — dsu — 4s% =0,
and the reader can easily verify that this latter equation is the derivative of the standard PIV equation

n2 2
3 2
' = @+7u3—4su2+2(52+1+n)u— o
2u 2 U
Proof of Theorem 3.3:

Given I'(\) solution of the Riemann-Hilbert problem 3.1 with G(\) as in (3.9), we have

/ Tr (T2 (A0 T-(NE(N)) d—A, = — res Tr (PZH(AN)O\T-(N)0,Ta) , (3.16)
+UT 271 A=00
where the (formal) residue above simply stands for minus the coefficient of the power A~! in the
asymptotic expansion of the argument. The formula (3.16) can be proven using Cauchy theorem
and goes back to the article of Palmer [18]. A very precise detailed derivation is given in [4], section
5.1. Direct application of the formula (3.16) and the equation (3.7) yields the equation (3.10).
Next we observe that ¥()\) = T'(\)eTa( solves a Riemann-Hilbert problem with constant jump,
hence both (0\¥)®¥~! and (0;¥)¥~! are meromorphic functions on C* so that, in particular,
considering the singular behavior at 0 at co, we get

(8,\\11)\11‘1 =A=)A; + Ay + )\_1A,1

(0 W) WL =U = \Uy + U,

Let us start with \A; in order to compute the coefficients A1, Ag, we compute the first terms of the
asymptotic expansion at infinity of (0, ¥)¥~! giving immediately®

0 *2(1—‘1)12

Al =L®os, Ay=-sh®o3+ [, [h®03=—-sl,®03+
2(F1)21 0

5We denote with a3 the standard Pauli matrix o3 = diag(1, —1).
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The equation for A _; is slightly more complicated: we use again the expansion at infinity and we
get

n
A,1 = [FQ,IQ ®0’3] + [IQ (9 03,1"1]1“1 + 5[2 X g3 — J2 ®I2 - [Fl,SIQ ®0’3] (317)

In order to simplify the expression above we use the fact that the A™!-term of (0, ¥)¥_; term
is identically zero, giving

I =2, I, ®03] + [, ® o3, 1Ty, (3.18)
leading eventually to
A =T)—-[I,sl®os]+ gIQ ®o3—Jy @ I.
The block-diagonal part of the equation above gives

(T1)h =2(T1)12(T1)21,  (T1)5p = —2(T'1)21(T1)12, (3.19)

and so, combining (3.17), (3.18) with the definitions (3.11) and using the relations (3.19) we get

n uy

_81'2 y —Z+§I2—J2 —7

Ay = , A= N
2~z sl (A_1)21 Yy lzy - 512 —Js

In order to get the missing term (LA_1)2; we use the Lax equation
85A — 8,\14 = [Ll, A],
the (1,1) term giving
(Ao =y 2 —y luz

In this way we arrive to the stated expression for A. The computation for U, since we have no
singularities at the origin, is simpler and the asymptotic at infinity of (O;¥)¥~! gives immediately

0 Q(Fl)lz 0 -y
u1:*I2®0'3, UQ: =
—2(T1)21 0 2y~ 'z 0

The first equation in (3.12) is just the (1,2) (block) entry of the equation. For the second one
we start observing that the off-diagonal terms of the relation (3.18) gives the equations

(T1)12 = —2(T2)12 + 2(T1)12(T1)22,  (T1)5; = 2(T2)21 — 2(T'1)21(T1)11- (3.20)

Then we go on analyzing the asymptotic expansion at infinity of (9\¥)®~!; the A~2-term (which
is identically zero) gives the equation

I‘1:[I‘3,I2 ® 0'3]"‘[8.[2 ®03,F2]+ Pl, ﬁ.[2 ®0’3 — JQ ®I2:|
2 (3.21)

+[F1, SI2 & 0’3]I‘1+[F1, IQ (9] 0'3]]__‘%4*[1'2 (9] g3, 1"1]I‘2+[I2 X 0'37].—‘2]].—‘1.
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The (1, 1)-entry of this equation gives

(T1)11 = —25(T1)12(T1)21 — 2(T1)12(T1)21(T1)11
(3.22)
—2(T'1)12(T1)22(T1)21 + 2(T'1)12(T2)21 + 2(T'2)12(T1)21,

and combining (3.20) with (3.22) we get the second equation in (3.12) (the computation is lengthy
but completely straightforward). The equation (3.13) is obtained simply expressing z in function
of u using the first equation in (3.12) and then substituting in the second one. Q.E.D

Since the proof of the Theorem 3.4 is formally identical to the one of Theorem 3.3 we will not
write it here. One has just to substitute Jy with J; where appropriate, and substitute y~! with
y!. Indeed, going through the computations of the proof above, is easy to verify that we use just
the property yy ! = I, while y 'y = I, is never used.

3.1.1 A symmetric formulation of PIV

While formulas (3.13), (3.15) establish a direct connection with the classical PIV equation and
Tracy-Widom results [22], in view of equations (3.10) and (3.14) it would be desirable to write
a system of ODEs in which both the entries (T'1);; and (T'y)22 appear explicitly as dependent
variables. To this aim the symmetric formulation of PIV given (in the scalar case) by Aratyn,
Gomes and Zimerman in [2, 3] is particularly suitable. A similar description can be given in our
non-commutative case. We introduce new notations for the entries of the Lax matrices so to match
with the cited articles.

Theorem 3.5 Let W(\) := T'(\)eTa™) be as in Theorem 3.8 and denote

q = 2(T1)i,
r = —2(I)a,
pr = 4T,
pr = —4(T1)2.

Then the related Lax matrices A and U reads

U:[_)\IQ q ]’

r )\IQ
A (X —s)I, —q 1 [ pr+ 20l —4J, 4sq + 24’
—r —(A=3s)I 4\ 4sr — 27’ —pp —2nly —4Jy |’

18



while Lax equations read

pr = 2sqr +q'r — qr’,

pr =2srq+rq —1'q,

1, (3.23)
—sq' + 5(=q" +2qrq) = (1+2n)q +2[g, J2],
/ 1 "
sr’ — 5(7’ —2rqr) = (=14 2n)r + 2[r, J2|.
Theorem 3.6 Let W(\) := T'(\)eTBX) be as in Theorem 3.4 and denote
q = 2(T1)i,
T = 72(1—‘1)21,
pr = 4T,
PL = —4(F1)22.
Then the related Lax matrices A and U reads
o —>\Ig q
U= |: r )\Ig :| ’
A— (X —9)I —q 1 [ pr+2nl; —8J, 4sq + 24’
—r —(A—s)I3 4\ dsr — 27’ —pp —2nl3 —4J3 |’
while Lax equations read
pr = 2sqr +q'r — qr’,
pr =2srq+rq —r'q,
(3.24)

1
*Sq/ + 5(7(]” + quq) = (1 + 2n)q + 4[qa ']2]?

1
sr’ — i(r” —2rqr) = (=14 2n)r + 2[r, J3].

Remark 3.2 The system of equations above (8.23) and (3.24) are the non-commutative analogues
of equations (2.4) in [2], which are equivalent to the sigma-form of PIV (see equations (2.6),(2.7)
in [2])

Proof: Both theorems are proven in the same way and the proof consists, essentially, on rewriting
the same equations as in Theorems 3.3 and 3.4 with different variables.
In particular the third and the fourth equations in (3.23), (3.24) come from the the Lax equation

DA — 0\U = U, Al
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together with the already used fact that pj, = —gr and p}, = —rq (see equations (3.19)). The
other two equations come from the (already used) equations (3.20) combined with (3.22) and

(T1)22 = 2(s(T1)21(T1)12 + (T1)21(T1)11(T1)12 + (T1)21(T1)12(T1)22 — (T'1)21(T2)12 — (T'2)21(T1)12)

this latter coming from the (2, 2)-entry of (3.21). Q.E.D

4 Concluding remarks

In this paper we have shown (for the first time, to the best of our knowledge) some integral rep-
resentations of two particular examples of Hermite-type MOP on the real line, and then deduced
a double integral representation of the related Christoffel-Darboux kernel K, (x,y). This was the
starting point for the study of the Fredholm determinant det(Id — xK,,), where K,, is the integral
operator with kernel K, (x,y). Using some Riemann-Hilbert techniques, we related this Fredholm
determinant with a non-commutative version of the Painlevé IV equation. We remark that the
type of orthogonality we started from is essential in order to get that specific equation. In complete
analogy with the scalar case [22], for instance, we expect that Laguerre-type matrix orthogonal
polynomials should be related to some non-commutative version of the Painlevé V equation. We
plan to investigate on this issue in subsequent works.

Another interesting question that arises is how these kernels K, (z,y) behave if we consider
scaling limit as n — oco. It is very well known that, after rescaling appropriately the variables, the
Hermite kernel converges to the Airy kernel in the following way

KHermite / / Y
n ( n+ \/5 /2,1/6’ n+ ﬂnl/(i

where = and y are in a bounded set (see [1] for a very nice and elementary deduction of this
convergence, even in a more general setting than what needed here).

In the matrix case, for the two Hermite-type kernels we study in this paper (see (2.20) and
(2.33)) there will be a scalar behavior as n — oo, i.e.

) — Kailoy),

1
lim <\/ n + V2n + = Kpi(z,y)In.

n— o0 \[nl/G \[ /9,1/6’ fn1/6>

In particular, this property holds for the examples (2.18) and (2.31) (N = 2). This is easy to see
from the integral representation (2.20) (analogous for (2.33)) using classical steepest descent meth—

ods, as in [1]. Indeed the “matrix part” of the kernel can be written as z/~ B,, (% ) B, tw=I~,
but under the given rescaling® ¥ %7 — lasn — oo, therefore the matrix part converges to the 1dent1ty
matrix Iy as n — 0o, no matter the choice of B,,.

The Airy kernel is related, as it is well known, to the Painlevé II equation [21], and this relation
extends to the matrix case for a specific type of matriz Airy kernel [6]. For the two Hermite-
type polynomials we study in this paper, the scaling limit of the corresponding CD kernel has a
scalar behavior, so that the non-commutativity disappears and the corresponding matrix Painlevé I1
equation is nothing but IV non—-interacting copies of the scalar equation. It would be interesting to

6Recall that the variables w and z are rescaled as w = v/ 5 (1 + nf‘/a) and 2 = /% (1 + n17>\/?’)’ see [1].
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find other Hermite-type MOP whose kernels do not behave in this way, something that in principle
is not an easy task. This consideration, however, goes beyond the scope of this paper, and will be
pursued elsewhere.
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A A brief reminder of regularized Fredholm Determinants

We refer to [20] for the relevant details: we shall need only the elementary facts which we recall
here. In general the Fredholm determinant of an operator of the form (Id — G) can be defined only
when G is of trace class. Recall that if G is represented as an integral operator on a (separable)
Hilbert L?(X,dp) with kernel G(x,y) (we abuse notation here) then

det[G (@i, x))]ij<n | [ dplas). (A1)

i=1

=1
det(Id—G) =1+ —
( ) nz::ln' Xn

There are other trace ideals Z,,, p € N, which means that G? is trace-class [20]; in particular Z,
consists of Hilbert-Schmidt operators. For G € 7, one can define following Carleman a regularized
determinant det,(Id — G) which has the same main property of vanishing iff the operator is not
invertible. In particular for Hilbert-Schmidt operators one has

>~ 4 n
detg(ld — G) =14+ Z E det[G(xi,xj)(l — 5ij)}i,j§n Hdu(l‘l),
n=1

. Xn i=1

that is, one simply omits the diagonal elements in the determinants under the integral sign. This
determinant has the properties

e if (G is also trace-class then
dety(Id — G) = det(Id — G)e "¢,
e if G1, Gy are Hilbert-Schmidt operators (and hence G1Gs is trace class) then

dety(Id — G1)dety(Id — Go) = dety(Id — Gy — Go + G1Gp)e T(G162),

An interesting occurrence (which is used in this article) is that if G is just Hilbert-Schmidt but its
kernel vanishes on the diagonal G(z,x) = 0 then the series defining dets(Id — G) is identical to the
regular det(Id — G). The reason for still wanting to distinguish dets from det in this case is simply
that G may fail to have a trace and in a different basis the ordinary det may simply be ill-defined.

B Integrable kernels and isomonodromic tau functions

In this appendix we recall some basic facts about integrable kernels a la Its-Izergin-Korepin-Slavnov
[15] and their connections with isomonodromic tau functions, recalling in particular a theorem
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proved in [5] (see also [6]). Given a piecewise smooth oriented curve C on the complex plane
(possibly extending to infinity) and two matrix-valued functions

f.g:C— Matpxk((C),

we define the kernel K as

We say that such kernel is integrable if fT(\)g()\) = (so that it is non-singular on the diagonal).
We are interested in the operator K : L2(C,C*) — L2(C,CF) acting on k-vector functions via the
formula

/Kw wd,

and, in particular, we are interested in the Fredholm determinant det(Id — K) defined as in (A.1).
The key observation is that, denoting with O the differentiation with respect to any auxiliary
parameter on which K may depend, we obtain the formula

Odlogdet(ld — K) = —Tr((Id + R)OK), (B.1)

where R is the resolvent operator, defined as R = (Id — K )~ ' K. Moreover R is again an integrable
operator, i.e.

FT(\)G(n)
\opy) = — )
R( 7[1') )\ _ ,LL Y
and F', G can be found solving the following RH problem:
T = T (M), AcC,
r\) = I+0\1Y), \N— o, (B.2)
M(\) = I-2mif(Ng*t ().

More precisely we have the two equalities
FO)=TNfN), GO =@ HNgN.

Now suppose, as in the formula (B.1), that the operator K (and hence the Riemann-Hilbert
problem (B.2) depends smoothly on a certain parameter set of parameters’. On the space of these
deformation parameters, we introduce the following one-form (here below 9 denotes a vector in the
space of deformation parameters)

(0= [ T 0T (o)
Eo(\):=0M\)M ()

dA

—_— B.
2’ (B.3)

The definition (B.3) is posed for arbitrary jump matrices; in the case of the Riemann-Hilbert
problem (B.2) the spontaneous question arises as to whether wy, in (B.3) and the Fredholm
determinant are related. The answer is positive within a certain explicit correction term, as in the
theorem below

7In the case treated in this article, we just have one parameter, namely s.
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Theorem B.1 ([5]) ® Let £()\;3),g(\;5) : CxS — Mat,«(C) and consider the Riemann-Hilbert
problem with jumps as in (B.2). Given any vector field O in the space of the parameters S of the
integrable kernel we have the equality

wpr(9) = dlogdet(Id — K) + H(M),

where wyr(0) is as in (B.3) and

H(M) := H,(M) — Hy(M) = /C Te(0f g + 7 0g)dx — 2ri /C Tr(g" f'0g" £)dA.

In the cases we treat in the article, moreover, we have H(M) = 0. Hence it is possible to define,
up to normalization, the isomonodromic tau function 7t := exp( [ was) and this object, thanks
to the previous theorem, will coincide with the Fredholm determinant det(Id — K).
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