The Hardy-Littlewood Maximal Type Operators
between Banach Function Spaces

MIECZYSEAW MASTYLO ¢ CARLOS PEREZ

ABSTRACT. We investigate variants of the maximal operator and
show their applications to study boundedness of the classical Hardy-
Littlewood maximal operator between weighted Banach function
spaces which satisfy certain geometrical lattice conditions. We prove
inequalities for rearrangement of the maximal operators generated
by rearrangement invariant spaces. Applying this to the Lorentz
spaces, we give new sufficient conditions for the boundedness of the
Hardy-Littlewood maximal operator between weighted LP-spaces
with different weights. We also prove that under some mild hy-
potheses these conditions are also necessary.

1. INTRODUCTION

Maximal functions have proved to be tools of great importance in analysis and
in particular in harmonic analysis. The main example is the Hardy-Littlewood

maximal function, which is defined for locally integrable functions f € L} _(R™)
by

1
M = — dy, R™,
f(x) (sg; 0] JQIf(y)I y, x¢€

where the supremum is taken over all the cubes Q containing x. Their study
not only contains intrinsic interest but also intertwines with the study of singular
integral operators, very particularly in the context of weighted norm inequalities
(see [7,8,10]). As an example of the central role played by M, we mention the
celebrated extrapolation theorem of Rubio de Francia. Indeed, the proof of this
theorem is based on appropriate boundedness properties of the Hardy-Littlewood
maximal function on weighted L?-spaces. We refer to [5] for an overview of
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the theory and to [9] for a recent improvement of the extrapolation theorem.
Therefore the study of weighted estimates with one or two weights for maximal
functions will yield a better understanding for the corresponding situation for
singular integral operators.

The starting point of the modern theory of weighted norm inequalities goes
back to the paper of Muckenhoupt [15]. In that paper the inequality

(1.1) | aweompenrax <e | weolfenrax

with w = v was characterized in terms of the surprisingly simple geometric con-
dition

(1.2) szp (ﬁ JQw(y)v d;,)”’”(l#;' JQw(y)*v’ dy)llp' < o0,

usually denoted by A, although the normalization we will be using in this paper
on the weights differs from the usual one in harmonic analysis.

The study of the case when the weights are different is of interest for many
reasons, and there is a revival of the area mainly because of its relationship with the
theory of singular integrals. Sawyer obtained in [22] a characterization by means
of the following S}, condition: there is a positive constant ¢ such that for all cubes
Q we have

J (M(v*’”/xQ)(y)w(y))”dyst v (y)dy.
Q Q

We note that in general Sawyer’s S, condition is not so easy to verify in prac-
tice, especially if we compare it with the two weight A, condition (1.2) which is
necessary and sufficient for the weak type boundedness, namely,

(1.3) sup APwP ({x e R" : M f(x) > A}) < CJ’R (If (x)|v(x))P dx,
A>0 "

as it is well known [7]. However, simple examples show (cf. [7, p. 395]) that
this condition is not sufficient for the two weight problem (1.1), namely, we have
the strict inclusion S, C Ap. It is therefore natural to try to understand the
“gap” between the two conditions. In particular, it would be interesting to obtain
sufficient conditions “close” in form to A, due to its simplicity. The first author
who studied this problem was Neugebauer in [16], where he proved that if (w, v)
is a couple of weights such that for some > 1

(1.4) Sgp (ﬁ; JQw(y)’” dy>1/m(|% JQ V()P dy)wy < o,
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where the supremum is taken over all cubes Q, then (1.1) holds. This condition
is often called the “power bump” condition. The method in [16] is interesting
because it shows that (1.4) is equivalent to “inserting” an A, weight between
the given weights w and v. However, it is not sharp enough to obtain better
conditions.

The two weight problem was further considered in [19] by the second au-
thor, who used a different approach that allowed the generation of larger classes
of couples of weights (w, v) for which (1.1) holds. These larger classes contain
Neugebauer’s condition (1.4) as a particular case. The key idea is to replace the
average norm associated to the weight v ! in (1.2) by an “stronger” norm defined
in terms of any appropriate Banach function space whose associated space satisfies
an appropriate LP boundedness. The main non-power bump example is given by

1 1/p
1 p -1 o
(1.5) Slép<|Q| jQw(w dy) v xq < oo,

where X = Lg is the Orlicz space defined by the Young function B and the average
is given by

(1.6) Ifllxo = Ilfllgag = inf{?\ >0: ﬁ JQB<UC(Ty”> dy < 1}.

The key point is to assume that the maximal operator corresponding to its asso-
ciate space X', namely, My, is bounded on L” (R™). In the case that X = Lp this
is given by the tail condition:

o VP gt
(17) L (Bm) T

and no better than that. Interesting examples are given by B(t) ~ t?' (logt)?’
or B(t) =~ t? (logt)? ! (log(logt))?'~1*9, where § > 0. Applications of these
ideas can be found in [4, 6]. We refer the reader to [5] for more information about
classes of weights and for some other related results.

Besides its intrinsic interest, conditions like (1.5) carry some deep information
because they are intimately related to some sharp endpoint estimate for singular
integral operators. Indeed, it is shown in [18] that as a consequence of a special
choice of B in (1.7), for a given € > 0, there is ¢ > 0 depending on &, the
dimension and the smoothness of the kernel of T such that

-1+
b

(1.8) ITfllLe@w) < Cen,T JW | f () IML(log1)s (W) (x) dx, w = 0.

It was conjectured in that paper that this result would be false in the case € = 0
where My (1og1)¢ is replaced by M, but only recently this result was shown to be false
by Reguera and Thiele in [21] (see also the previous work by Reguera in [20]).
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The purpose of this paper is to study the two weight problem for M within
the context of Banach function spaces. We believe that some of our results may
lead to a better understanding of more difficult operators like singular integrals.

The paper is organized as follows. In Section 2, we introduce some funda-
mental notation. In Section 3, we prove the main result on the boundedness of
the Hardy-Littlewood maximal operator between Banach function spaces. We in-
volve a general variant of the Hardy-Littlewood maximal Mr operator introduced
in [19]. The operator MF is generated by a rearrangement invariant space on
R™. We study the boundedness of this type of operator between Banach function
spaces. This problem is motivated by the two weight problem for M and by (1.8),
and seems interesting on its own. In Section 3, we also prove estimates of the re-
arrangement the Hardy-Littlewood type maximal function generated by Lorentz
space. These estimates allow us to provide a sufficient condition on rearrange-
ment invariant spaces F and X on R™ which ensures that the maximal operator
M is bounded on X. As a consequence we derive that if F is a rearrangement
invariant space with fundamental function @F, then MF is bounded on L¥ (R"),
1 < p < oo, provided

1
J sTUP dpp(s) < o,
0

Furthermore, we prove that if @F is a submultiplicative function near zero, then
the condition above is also necessary for boundedness of Mr on LP (R"). As an
application of our results, we are able to localize a class of couples of weights
(w,v) for which M is bounded from L? (v¥) to L (w?). In particular, in the
case of classical Lorentz space L*! with 1 < s < oo, we recover the result proved
in [19] in a different way.

2. NOTATION AND PRELIMINARIES

In this paper we shall use the standard notation and terminology in the theory of
Banach lattices. A Banach function space on a measure space (S, p) is defined to be
a Banach space X which is a subspace of L° = L(u) (the topological linear space
of all equivalence classes of the real Lebesgue measurable functions equipped with
the topology of convergence in measure) such that there exists u € X with u > 0
almost everywhere and if | f| < |g| almost everywhere, where g € X and f € L9,
then f € X and | fllx < Ilgllx.

Let X be a Banach lattice on (S,u) and w € LO(u) be a weight, i.e., with
w > 0 almost everywhere on S. We define the weighted Banach function space
X(w) by lIxllxw) = lIxwlx. The Banach function space X is said to be order
continuous if for every x € X and every sequence (xy) such that 0 < x,, < |x]|
and xp, | 0 almost everywhere, it holds that [[x,llx — 0. We say that X satisfies
the Fatou property whenever for any x, € X and x € L° such that x, — x
almost everywhere and sup,, [|xnllx < oo, we have that x € X and [|x|lx <
liminfy, [lxnlx.
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The Kithe dual space X' of X is a collection of all elements 7 € L such that

Iyl = sup{L ey dp s lxlly < 1} < o,

The space X" equipped with the norm || - [[x- is a Banach function space with the
Fatou property. It is well known that X = X"’ with equality of norms whenever X
satisfies the Fatou property.

Given f € LY, its distribution function is defined by

prA) =u({x € S:[f(x)|>A}),
and its decreasing rearrangement is defined by
SE@) = fif () :=inf{A = 0: pp(A) < £}

fort > 0.

A Banach function space (X, || - llx) on (S, u) is called admissible provided
X4 € X for every measurable set A of finite measure. In what follows, if X is a
Banach function space on R" (i.e., on (R", u), where pt is the Lebesgue measure),
we write @x(|Al) := [Ix4ll, where x, denotes the characteristic function of a
measurable set A and |A| := p(A). Here @y is said to satisfy the A;-condition
provided there exists a constant C > 0 such that px(12Q|) < Cpx(/Q|) for all
cubes Q with finite Lebesgue measure.

Important classes of admissible Banach function spaces X are rearrangement
invariant (r.i.) spaces. Recall that X is called an r.i. space provided puy = pyg,
f € X implies g € X, Ifllx = llgllx. Clearly llx,llx depends only on p(A).
The function @x(t) := lIx4llx, where p(A) =t, 0 < t < u(S), is called the
Sfundamental function of X.

Examples of r.i. Banach spaces are Marcinkiewicz and Lorentz spaces on (S, p).
Let I := [0,u(S)) and @: I — [0,0) be a quasi-concave function, that is,
@(0) =0and @(t) >0forall0 <t €Iand both @ and t — @4 (t) := t/@(t)
are non-decreasing functions on I. We note that a quasi-concave function @ is

equivalent to its least concave majorant @; more exactly, 3@ (t) < @(t) < @(t)
forall t € I.
The Marcinkiewicz space M (@) is the r.i. space of all f € LO(u) such that

1
£ Im(p) := sup

! *
P D) J;f (5)ds < oo,

If @: 1 — [0,) is a non-decreasing concave function, with @(0) = 0, the
Lorentz space A(@) consists of all f € L such that

1 ) = Lf*(s)dcp(s) = @(04)f*(0+) + Lf*(S)cp’(s)ds < o,
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where @ denotes the derivative of @ (which exists almost everywhere).

Notice here that the fundamental functions of these spaces are Pa(p) = @
and Qum(p) = Px-

In the sequel we will need the well-known fact that if X is an r.i. Banach
space on R" with the fundamental function @, then @ is quasi-concave and the
following continuous inclusions hold (see [11, Theorems I1.5.5 and I1.5.7] or
[3, Theorem I1.5.13]):

A(P) = X = M(@x).

3. MAIN RESULTS

Let X be a Banach function space on R"™. Throughout the paper X, denotes the
space of all f € L° such that fXq € X for every cube Q in R™. Following [19],
for every f € Xjoc, we define the X-average by

1fllxa = ITe@) (FXQ) lx:

Here Ts with & > 0 is the dilatation operator defined for all f € L by 75/ (x) =
f(0x), and £(Q) is the side-length of the cube Q. We define the maximal opera-
tor M associated to the space X by

Mxf(x)=sup [ fllx,o, J € Xiocs

Q>x
where the supremum is taken over all the cubes Q containing x.
We observe that in the case of the Orlicz space Ly on R", the maximal oper-

ator My, := M, is given by

Mg f(x) = sup Il fxqllp.Q

Q>x

where

Ifllp,o:= inf{?\ >0: @JQ(p('f(Ax”)dX < 1}.

In [1] it was proved that there exists a constant ¢, > 0 such that
(M f)*(t) < cnll f* g0, t>0.

It is easy to see that the maximal operator My 4 := Mjr.a associated to the
Lorentz LP*1 on R™ with 1 < p,q < oo is given by

1
Mpaf(x) = P 1oy fXalpa:
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This operator was studied in [2,12,23]. It was proved in [2], using interpolation,
that if 1 < g < p, then there exists a constant ¢ > 0 such that

/a
(Mp,a.f)* (1) < tip (J SH(s)as9P- 1ds> , t>0.

We extend the above-mentioned rearrangement estimates to the more general set-
ting of maximal operators and show applications to study boundedness of the
Hardy-Littlewood maximal operator.

For formulation of the first result on boundedness of the maximal operator,
some additional notation and definitions are required. Given a Banach function
space X and 1 < p < o, we define the p-concavification X, to be a quasi-Banach
function space of all x € L%(u) such that |x|!/? € X, equipped with the quasi-
norm |lx|[x, = | [x|1/P II?(. The Banach function space X is said to be p-convex
if there exists a constant C > 0 such that for any x1,...,x, € X, we have

103 ) L = (S ellf) ™
k=1 k=1

The least C is denoted by M) (X).
Note that if X is p-convex, then for x € X, and x1,...,xn € X, with
Ix| < 3¢_; |xk|, we have

Ixllx, < H(§1<|xk|m’>v)””\)xp <MD S |1l P

k=1

n
=MP (X)P > lxkllx,-

k=1
This shows that the lattice norm || - [|* defined on X, by
n n
Ix|I* := inf { Z Ixellx, : 1xl < > lxl, neN}, xex,,
k= k=1
satisfies
PUX)7P| - Ix, <Il-1I"<1-lx,-

In particular, this implies a well-known fact: if a Banach function space X on
(S, ) is p-convex (1 < p < o0), then there exists a Banach function space Y on
(S, 1) such that x € X if and only if [x|” € Y and

MP X)) xlx < |[1x1P Y7 < Ixlx.

This fact will be used below in the proof without any references.
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A Banach lattice X is said to satisfy a lower p-estimate, 1 < p < oo, if there
exists a constant C such that

(z hall2)'"? < cuéxqu,

for every finite set of pairwise disjoint elements {x1,..., x5} in X (see [14, 1.£.4]).
The least C is denoted by €(p) (X).
The following theorem is an extension of the main result, Theorem 1.2, from

[19].

Theorem 3.1. LetE, X, and Y be Banach function spaces over R"™ where E, X
are admissible, and let (W, V) be a couple of weights on R™. If the maximal operaror
Mg associated to E' is bounded on X, X satisfies a lower p-estimate, Y is p-convex
forsome 1 < p < oo, Qx satisfies the Ay-condition, and

oy QD .
S Ty 1 lEa <

then the Hardy-Littlewood maximal operator M is bounded from X (v) into Y (w).

Proof. Our hypothesis that X(w) satisfies a lower p-estimate implies that
X(w) is order continuous and so a separable space. Thus the set of bounded
functions with compact support is dense in X(w). Fix f € X(w)p and a > 2.
For each integer k, we set

Qr = {x eR":ak < Mf(x)},

ak
Dy = {XG[R”:Mdf(x)> 411}

Applying the classical Calder6n-Zygmund decomposition [7, p. 137], we con-
clude that there is a family of maximal non-overlapping dyadic cubes {Qg,;} such
that Qk C Uj 3Qk’j, Dy = Uj Qk‘j, and

ak 1 J ak
fOdy < —.
0uy yyay om

4 S Q|

Without loss of generality, we may assume that the M (P (Y) = 1 and so there
exists a Banach function space ¥ on R" such that y € Y if and only if |x|? € ¥
and ||x|ly = |l |x|? IIi—,/p. Combining the above yields that for some universal
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constants Cj (j = 1,...,4), we have
1/
IM Iy = IEHWIPIET = || S (MHWP X000, Yp
k
1/p
SCleakpwprk\QkH .
k
1 14 1/p
=a % ) Wi,
2 % Qs Jox, lf()dy X304, .
<o|2 (59 FOI w0 ay ) wr v
< (Vv W
<a(X (5 FONIvHv() )”|| I )””
< (V)Y |
! k,j |3Qk:j| 3Qk,j Y Y Y Y Xst,‘; Y (w)

For any integers k, j, we put Exj = Qk,j \ Qk,j N Di+1, and by [19, Lemma
4.2] there exists a constant § > 0 such that Qg j| < B|Ek,;| for each k, j. The
As-condition for @ gives that there exists a constant Cg > 0 such that for all k, j

Px(13Qk,j1) = Cp@x (1Ekj1) = Cplixg, ,Ix-

For all cubes Q, g € Eioc and h € E| _, we have

1

@qu(y)h(y)dy <llgllxq lIhllxq-

Thus the combination of the inequalities shown above with our hypotheses on Mg

and X implies that the following estimates hold with some universal constants C i
i=1,2,3:

~ 1/p
IMFllv < G S IF0IE 00, 10 a0y, IXsgu, )
k’j

@y w) (13Qk,;1) Ip

3 p 1
< cz(Z IFvlE 500, ||Ul||z,3qk,j((px(|3—ij|)> ‘Px(|3Qk,j|)p>
K :

B » 1/p
< G0 (S IMe (Foix, 1)
k.j

< CCplip (X) | sup M (V)X llx
»J

< GlIMe (fv)llx < G Il flixw)- g
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We conclude by discussing some applications. We will need some rearrange-
ment inequalities for some nonstandard maximal operators investigated in the pa-
per [13]. We recall some notation introduced in this paper. If F is a non-negative
set function defined on the collection B of all sets of positive finite Lebesgue mea-
sure, then its maximal function is given by

MF(x) = sup F(Q),

Q>x

where the supremum is taken over all cubes Q € Q containing x, where Q denotes
the set of all cubes Q such that 0 < |Q] < .

A set function F is said to be pseudo-increasing with a constant c if there
exists a constant ¢ > 0 such that for any finite collection of pairwise disjoint cubes

{Q;}, we have
min F(Qy) < cF(|JQi).

If ¢ = 1, then F is said to be increasing.
An interesting result obtained by Lerner in [13] states that if F is a pseudo-
increasing set function with constant ¢, then for any t > 0

(MF)*(t) <c sup F(A),
|A|>t/3n

where the supremum is taken over all sets A of finite Lebesgue measure |A| >
t/3".

Throughout the rest of the paper, an r.i. space on R" is said to be generated
by an r.i. space X on (0, ) provided f € X if and only if f* € X and || fllx =
lf*Il 5. It is well known that any r.i. space X on R" with the Fatou property is
generated by some r.i. space on [0, o) (see [3]).

For every 0 < t < oo, a dilatation operator D; is defined for a Lebesgue
measurable function f on (0, ) by

Dsf(t) = f(t/s), 0<t < co.

It is a well-known fact that D; is bounded on every r.i. space on (0, o) (see [3, 11,
14]). Thus, by D,s = D, Dy, we have [|Dys|| < [|D || [|Ds|| for all ,s > 0.

A consequence of the mentioned Lerner result is the following corollary on
the rearrangement inequality of the maximal operator M.

Proposition 3.2. Let X be an r.i. space on R™ generated by the r.i. space X on
(0, 00). Assume the set function B 3 A — || Tjajun(fX4)|lx generated by a fixed
f € Xioc is pseudo-increasing with a constant c. Then, for every t > 0, we have

(Mx)*(8) < cll(Dsn e f )Xo lx-
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Proof- Let F(A) := || Tjapm(fx4)llx for all A € B. It follows by the Lerner
result that for any £ > 0, we have

(MF)*(t) < csup {F(A) AeB, Al > 3%}

Forall s > 0, A € B, we have Tj4jim (fx4)*(s) = (fx4)*(SIA]), (fx4)* <
S*X 0,4y This implies

F(A) = ID1/1a1(f X)) g < ID1ai (F* X 0,04 15 = 117141 ) X 0,1 13-
Combining the above inequalities, we obtain
(ME)*(t) < cll (DS"/tf*)X(()’l) 5.

The obvious equality Mx f = MF completes the proof. )

We will present new examples of pseudo-increasing set functions and show
applications to the Hardy-Littlewood maximal type operators. We recall the defi-
nition of the generalized Orlicz space. Let E be a Banach lattice on (S, i), and let
@: [0,00) — [0, ) be an Orlicz function, i.e., @ is convex with @ (t) = 0 if and
only if t = 0. The generalized Orlicz space

Xp = {x el'(w): @ (%) € X for some A > 0}

is a Banach function space under the norm

i oo oo (1), <1

If X = A(y) is the Lorentz space, then A(y) is called the Orlicz-Lorentz space
and is denoted by A,y . In particular, (L) is the classical Orlicz space equipped
with the Luxemburg norm and is denoted by Lg,.

Lemma 3.3. Let Xo be a generalized Orlicz space on R™ and p: (0,00) —
(0, 0) be a function. Assume that for every f € Xioc the set function B 5 A —
I Toqan (FX )l x is pseudo-increasing with a constant c. Then the set function

B3 A~ lITpqan(fXa)llx,

is also pseudo-increasing with a constant ¢, = min{1, c}.

Proof- For f € (Xg)ioc with f # 0, we define the set function F: B — [0, o)
by
F(A) := ITpqan (fX)llx,, A€B.
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Let {Q;} bea finite collection of pairwise disjoint cubes. Without loss of generality
we may assume that 0 < min; F(Q;). Fix 0 < &€ < min; F(Q;), and set A =
min; F(Q;) — ¢. Using the convexity of ¢ and our hypothesis yields

H(P (Tpuuiqn (fXClUAQ» ={|Tequi Qb (CP (l&) XU, Ql)H

X '
lfXo.
Tp(1Qil) (Cp( C)ff\z‘ ))

> ¢ min
! X

> < minl|t FXol £ 1

S i e(Qil) | P F(Q;) X— .
This implies that

F(UQi) = cid = e (min F(Q) ~ ),
i

and so by letting € — 0, we obtain the required inequality. O

Lemma 3.4. Let E := Ay be the Orlicz-Lorentz space on R™ generated by
Orlicz function @ and concave function W with Y(0+) = 0. Then, for every t > 0,
the maximal operator Mg associated to E satisfies the rearrangement inequality

(Mef)* (1) < [(D3n,ef )Xol f € Eioc

where E is the Orlicz-Lorentz space Agy on (0,00). In particular, for any f €
AWYW)ioc and t > 0, we have

(Mag ) (1) < j £ (35 ) dws),
Proof. Note that the following formula holds (see [11, formula (5.4)]):

(3.1) 1 llace) = jo Wiup(s)ds, feAW).

Given f € A(Y)1oc, we define the set function F: B — [0, o) by

FA) = [[tiapm (FX)llagr A€ B

Formula (3.1) implies

F - [To(Ma ) aes
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We claim that the set function F is increasing. In fact, for any pairwise disjoint
sets A and B with finite Lebesgue measures, we have (by concavity of )

(°, (HrxausS)
F(AUB)_JO w( aug )
® Al Hrxa(8) B ufxB(S)>
= d
Jo w(|A|+|B| Al 1A+ 1B 1B s
|A| |B|

= mF(A) + mF(B) > min{F(A),F(B)}.

This concludes the proof, by Lemma 3.3 and Proposition 3.2. O

We will need the following lemma (see [11, p. 136]).

Lemma 3.5. If E is an r.i. space on (0, ) and W is a nondecreasing continuous
function on (a,b), 0 <a < b < o, then, for all x € E, we have

H J: Dy/sx™(t) de(S)HE < Jj 1Dy /sxlEdy(s).

Now we are ready to present the sufficient conditions for boundedness of the
maximal operator Mg on r.i. spaces.

Theorem 3.6. Assume that r.i. spaces F and X on R™ are such that pr(0+) = 0,
X is generated by an r.i. space X, and

1
JO D15l 5.5 d@r(s) < o.

Then the following statements hold true for the maximal operator Mg associated to F:
(i) If @x(0+) = 0, then there exists a constant C > O such that

IMefllx < Cllfllx, feL'nL™.

(ii) If X is separable, then the maximal operator Mp is bounded on X.

Proof- (i) Since @F is equivalent to its concave minorant, we may assume
without loss of generality that @F is a concave function. Then the inclusion map
A(@F) < F hasnorm 1, and so forall x € R" and f € L' n L*,

Mrf(x) < Mapp) f(x).
From Lemma 3.4 it follows that, for any t > 0, we have

(Mpf)* (1) < Ll £ (%) A (s).
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Combining this inequality with Lemma 3.5, we deduce that for C := ||[D3n|lg_ ¢
we obtain

1
IMefllx = | (Mef)* 5 < H JO Dyjs(Dyn f*) de(S)HX
1
< L D15 (D3 f*) |5 A (s)
1
< C(j0 Dy dCPF(S)>||f||X,

forall f € L' nL>, as desired.

(ii) Note that M is a positive sublinear operator, and so for all f,g € Fc, we
have

IMpf —Mpgl < Mp(f —g), almost everywhere.

Since X is separable, it follows that @ x(0+) = 0 and L! N L* is a dense set in X.
Thus the above estimate allows us to extend the inequality obtained in (i) for all
f € X by density. m

If1 <p < coand X = LF(R™), then X is separable and X = L7, IDsllg_ 5 =
sUP for all s > 0. Thus, applying Theorem 3.6, we obtain the following result.

Corollary 3.7. If 1 < p < o and F is an r.i. space on R™ such that

1
J sTUP der(s) < o,
0

then the maximal operator My associated to F is bounded on LY (R™).

We show that for a large class of r.i. spaces F, the condition shown above in
Lemma 3.7 is also necessary for the boundedness of the maximal operator Mf on
LP(R™) with 1 < p < . To do this it is convenient to use an index yr defined
for any r.i. space F on R™ by

lim logs
= sup;/———.
vr s~0+p log @r(s)

Corollary 3.8. If F is an r.i. space on R™ with yp < oo, then the maximal
operator Mg associated to F is bounded on LY (R™) for every yp < p < 0.

Proof- Let q be a positive number with yr < g < p < co. Then it follows
from the definition of yr that there exist C > 0 and 0 < § < 1 such that

@r(s) <Cs'1, 0<s <.
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Since r(0+) =0, (Pr)'(s) < @r(s)/s for almost all s > 0. This implies

5 5 1
L sTHP der(s) < L sTUPlpp(s)ds < %L sta-1/P=1 45 < o

and hence

1
J sTUP der(s) < .
0

Thus Corollary 3.7 applies. o

Theorem 3.9. Let F be an r.i. space on R™ with yr < o, If'1 < p < o
and Qr is submultiplicative near zero (i.e., there exist ¢ > 0 and sy > 0 such that
@r(st) < c@p(s)@r(t) forall0 < s < sg andt > 0), then the following conditions
are equivalent:

(1) Mg is bounded on LY (R™).

(i1) There exists ¢ > O such that fOC(QDF(S)”/SZ) ds < oo,

(i) yr <p.
(i) [y s7V/7 dpr(s) < o

Proof- The implication (i) = (ii) follows from [19, Theorem 3.1].
(i) = (iii) Put @(t) := c@p(t)/@r(1) for t = 0. Then our hypothesis on @F
implies @ (1) = 1 and @ (st) < @(s)@(t) forall 0 < s <spand t > 0.

Let @: [0, ) — [0, o) be a submultiplicative function on [0, o) defined by

=y = iy PG
Pl =S )

Then we get (see, e.g., [3, Chapter 5] or [11, Chapter 2]) that there exists & > 0
such that i i
x = sup log @ (s) = lim log(p(s).
0cs<1 logs s~0+ logs

Since @ (s) = @(s) forall 0 < s < 59, our hypothesis yr < oo implies x = 1/yr >
0. Thus there exists § > 0 such that

sUYF < p(s), 0<s<3§,

and hence we clearly have yr < p provided that condition (ii) holds.
The implications (iii) = (iv) and (iv) = (i) follow by Corollary 3.8 and
Corollary 3.7, respectively. O

Analysis of the proofs of Corollary 3.8 and Theorem 3.9 gives the following

result, which seems interesting on its own.
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Theorem 3.10. If F is an ri. space on R"™ with yp < oo, then the following
Jformulas hold:

yr = inf{p > 1 : MF is bounded on L? (R™)}

1
. QEr($)P
:1nf{p>1:J0 s d5<00}

1
= inf{p >1: J sTUP dpr(s) < oo}.
0

To state the next result, we need the Kéthe duality formulas for Lorentz and
Marcinkiewicz spaces (cf. [3, 11]). For the sake of completeness we show these
formulas below. If (S, ) is an atomless measure space, then for any concave
function y: [0, u(S)) — [0, ) with ¢ (0) = 0, the following duality formulas
with equality of norms hold true:

A(p) =M(yp) and M(y) =A).

An immediate consequence of the above Corollary 3.7, Theorem 3.6, and the
duality formula M (@)’ = A(P%) is the following theorem.

Theorem 3.11. Let1 < p < o, and let @: [0, ) — [0, ) be a quasi-concave

function such that [, s7VP @y (s) < oo. Suppose that (w,v) is a couple of weights
on R™ such that

1 J e
sup (— | w(»y)Pd ) 1V (@0 < .
Q€%<|Q| 0 y y M(@+),Q

Then the maximal Hardy-Littlewood operator M is bounded from LP (VP) to
LP (wP).

We conclude with the following remark: it follows from Theorem 3.11 that in
the class of r.i. spaces X on R™ with the same fundamental function @ satisfying

the condition fol s7UPdpy(s) < oo, the largest class of couples of weights (w, v)
on R™ which satisfy the condition

1 J v
sup (—— | w(y)Pd ) lvMlx,q < o
o (g |, worr e -

is generated when X is the largest r.i. space with the fundamental function @, i.e.,
when X is the Marcinkiewicz space M (@+).
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