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A GEOMETRICAL COEFFICIENT
IMPLYING THE FIXED POINT PROPERTY
AND STABILITY RESULTS
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ABSTRACT. In this paper we define a new geometric constant M(X) in
Banach spaces such that X has the fixed point property for nonexpansive
mappings if M(X) > 1. We prove that M(X) > WCS(X), the inequality
being strict in many important classes of Banach spaces and we obtain
lower bounds for M(X) based upon either the modulus of near uniform
smoothness or the modulus of the Opial property of the conjugated space.
‘We show that this new constant gives us stability results for the fixed point
property with respect to £p-spaces which improve all previous results.

Let (M,d) be a metric space. A mapping T : M — M is said to be
nonexpansive if d(T'z, Ty) < d(z,y) for every z,y € M. A Banach space X
is said to have the fixed point property (f.p.p.) for nonexpansive mappings
if for every convex and weakly compact subset C of X, every nonexpansive
mapping T : C — C has a fixed point. In 1965 Browder [B] and Kirk
[K], respectively, proved that every uniformly convex Banach space and
any Banach space with normal structure has the f.p.p. In 1981 Alspach [A]
showed that L, fails to have the f.p.p. Over the last 30 years many papers
have appeared studying geometric properties of the Banach spaces (uniform
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convexity, uniform smoothness, near uniform convexity, unconditional ba-
sis, etc) which assure either normal structure or the f.p.p. (see, for instance,
[Ma, GK]). A method to assure the f.p.p. for a Banach space X is to use
the “proximity” of X to another Banach space Y which “strongly” satisfies
this property. To use this method we need a quantification of the f.p.p.
The first results in this direction were obtained by Bynum [By1] defining
certain normal structure coefficients. In this paper and in latter papers
[Pr3, DL] several lower bounds for the normal structure coefficients were
obtained based upon the value of certain geometric coefficients (Clarkson
modulus of uniform convexity, modulus of uniform smoothness, modulus of
near uniform convexity, etc). These bounds can be understood as stability
results for the f.p.p. Recently Garcia-Falset [Gal] defined a new geometric
coefficient R(X) which assures the f.p.p. (in particular he proved that near
uniformly smooth spaces have the f.p.p. in spite this spaces can fail to have
normal structure) and he obtained stability results using this coefficient. In
this paper, following the idea in [Gal], we define a new coefficient M (X)
and we prove that X has the f.p.p. if M(X) > 1. This coefficient is, in gen-
eral, equal or greater than Bynum’s weakly convergent sequence coeflicient
WCS(X), and strictly bigger than WCS(X) in many special spaces (see
Theorem 4.1 and remark after Theorem 2.5.). So we can improve a classic
result in metric fixed point theory: Every Banach space with weak uniform
normal structure has the f.p.p. Obviously, all lower bounds for WCS(X)
also hold for M (X) and, in addition, we show lower bounds for M(X) us-
ing either the modulus of near uniform smoothness, defined in [Do], (recall
that WCS(X) can be equal to 1 in near uniformly smooth spaces) or the
Opial modulus (see [LTX]) of the dual space. In the case of £,-spaces we
can directly obtain the value of M(X). This value gives us stability results,
which are strictely better than all previous stability results in these spaces
[JL, Kh, Pr2].

1. Notations and preliminaries.

In the following, X will be a Banach space, Bx the closed unit ball,
of X, and Sx the unit sphere. We shall often use Bynum’s weakly conver-
gent sequence coefficient WCS(X). Before introducing it, we recall some
definitions.

The asymptotic diameter and radius of a sequence {z,} in a Banach
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space X will be defined by:
diam, ({z,}) = limksup sup{||zn — Zm|| : n,m > k},
ra{wn}t = inf{limsup |z, —y|| -y € {zn}},

The weakly convergent sequence coeflicient of a Banach space X is defined
by

diam, ({z,})

WES(X) = inf{-— =2 153

: {z,} is a weakly convergent sequence

which is not norm convergent}.

It is known [By1] that X has weak normal structure, that is, every weakly
compact convex subset of X with more than one member is not diametral,
when WCS(X) > 1.

The following result shows how the coefficient WCS(X) can be useful
to prove the stability of the fixed point property.

Theorem 1.1 [Byl]. Let X and Y be isomorphic Banach spaces, then
WCS(X) <d(X,Y)WCS(Y).

Several improvements of this result can be found in [Pr2]. The fol-
lowing form of WCS(X) [DL, DLX1] will be very important in this paper

Theorem 1.2. Let X be a Banach space without the Schur property. Then:

i m ingtm [[Zn = Zrm||
lim sup |||

WCS(X) = inf{

:{xn} converges weakly

to zeroand li‘m;é lzn — zm | exists}
We recall that the mapping px (t) defined by

1
px(®) =sup {3+l + o= o) = 1+ ol < 1. ol < o
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is called modulus of uniform smoothness of X. A Banach space X is said
to be uniformly smooth if

: t
lim;_, %—l =0.

A more general concept is the near uniform smoothness, the dual notion of
the near uniform convexity (see [Pr 1]). A Banach space X is said to be
near uniformly smooth if for all £ > 0 there exists > 0 such that for each
t, 0 < t < 7, and for each basic sequence {z,} in Bx there exists k > 1
such that

|z1 + tzk|] < 1+ et.

In [Do] a modulus of near uniform smoothness is defined in reflexive Banach
spaces by

tr, — iz, .
['(t)=sup {inf{ |1 + tan| ; 1 — ton| -1:n> 1}:{:zn}wea,kly null in BX} .

It is easy to check that 0 < T'(¢) <t for every ¢ > 0.

A Banach space X is said to satisfy the Opial condition [Op] if

liminf ||z, — z|| < liminf ||z, — y||
for every sequence {z,} in X weakly convergent to x and every point y # z.
We say that X satisfies the uniform Opial condition [Pr4] if for every ¢ > 0,
there exists an 7 = r(c) > 0 such that
1+ 7 < liminf ||z + z,]|

for all z € X with ||z|| > ¢ and all weakly null sequences {z,} in X such
that liminf,, o ||za]| > 1.

In [LTX] the following modulus associated to the Opial condition has
been defined:

Definition 1.3. Let X be a Banach space. The modulus of Opial of X is
defined as
rx(c) == inf{lirginf |z + z.|| =1}, ¢>0,

where the infimum is taken over all z € X with ||z|| > ¢ and all weakly null
sequences {z,} in X with liminf||z,| > 1.

It is easily seen that the uniform Opial condition implies the Opial
condition and that X satisfies the uniform Opial condition if and only if
rx(c) > 0 for all ¢ > 0.
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The following constant for a Banach space X is defined in [Ga2]:
R(X) = sup{liminf ||z + z,||}

where the supremum is taken over all weakly null sequences in Bx and
over all vectors z in Bx. In [Gal] the following result of existence of fixed
points and stability of the f.p.p. is proved

Theorem 1.4. Let X andY isomorphic Banach spaces. If d(X,Y)R(X) <
2 then Y has the f.p.p.

Finally, for a Banach space X, [X] will denote, as usual, the quotient
space Lo (X)/co(X) endowed with the norm ||[z,]|| = limsup ||z,||, where
[2,] denotes the equivalent class of {z,} € {x(X). By identifying z € X
with the class [z,z,...] we can consider X as a subset of [X]. If K is a
subset of X we can consider the set [K]| = {[z,] € [X] : 2, € K for every
n € N}. If T is a mapping from K into K we define [T] : [K] — [K] by
[T]([zn]) = [Tzx]-

The following lemma is a basic tool in this paper:

Lin’s lemma 1.5 [L]. Let X be a Banach space and K be a minimal
weakly compact conver subset of X which is invariant under a nonexpansive
mapping T. If [W] is a nonempty closed convexr subset of [K]| which is
invariant under [T then

sup{||{wn] — z|| : [wa] € W]} = diam (K)
for everyz € K.
2. The coefficient M (X) and the f.p.p.
In this section we are going to introduce a new coefficient in Banach
spaces which yields a new fixed point theorem. As we shall see, this theorem
enables us to prove the existence of a fixed point in Banach spaces without

normal structure. Previously we need to define a uniparameter family of
coefficients.

Definition 2.1. Let X be a Banach space. For any nonnegative number
a we define the coefficient

R(a, X) = sup{liminf ||z, + z||}

where the supremum is taken over all z € X with ||z|]| < a and all weakly
null sequences in Bx such that limp, m ngm ||Zn — Tm|| < 1.
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Theorem 2.2. Let X be a Banach space and assume that for some a > 0
we have R(a,X) <1+ a. Then X has the fized point property.

Proof. We follow an argument similar to that in [Gal]. Assume that X
fails to have the f.p.p. Then we can find a weakly compact and convex
subset K of X such that diam (K) = 1 and K is minimal invariant for a
nonexpansive mapping 7" which has no fixed point and we can also find a
weakly null approximated fixed point sequence {z,} of T'in K. We consider
the set

[W] = {[2n] € [K]: ||[zn] — [za]]| £ 1—1 and limnsuplimnfup l2n — zm|| < t}

where t = 1/(1 + a). It is easy to check that [W] is a closed,convex and
[T]-invariant set. Furthermore [W] is non-empty because it contains [tz].
Therefore, from Lemma 1.5 we know that

sup{ lfwn] - 2|l : [wa] € [W]} = 1

for every z € K. We take [z,] € [W] and choose a weakly conver-
gent subsequence {yn} of {z»} such that limsup||z,|| = lim||y,| and
limy, m ;ntm [|Yn — Yml|| exists. In this way we have

lim  ||yn—ym| = limsuplimsup ||y, —ym|| < limsuplim sup ||z, —zm|| < ¢
ingEm n m n m

)ml

We denote the weak limit of {y,} as y. For every n € N we have ||y, —y|| <
liminf,, ||y — yml||- Hence

lim sup ||yn — y|| = limsuplimsup ||yn — ym| < t.
n n m

A positive n can be chosen such that nR(a, X) < 1 — R(a,X)/(1 + a).
For a large enough n we have |y, — y|| < ¢+ n. Furthermore |y|| <

liminf ||y, — z,|| <1 —t. Hence

n 1-1¢
o |ty b r (LX) = Rl ).
t+n t+7 t+n t

Thus limsup ||z»|| = lim [lyn|| < R(a, X)(t +7n) < 1 which is contradiction
with Lemma 1.5. 0O

The following stability result, similar to those in Theorems 1.1 and
1.4, can be proved by a straightforward argument:
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Theorem 2.3. Let X and Y be isomorphic Banach spaces. Then
R(a,Y) < d(X,Y)R(a, X)

for every nonnegative number a.

Definition 2.4. Let X be a Banach space. We define the coefficient M (X)

as
1+a
a>0p.
P {R(a,)o ‘= }
The following result is a direct consequence of Theorems 2.2 and 2.3:

Theorem 2.5. Let X be a Banach space. If M(X) > 1 then X has the
fp.p. IfY is another Banach space which is isomorphic to X and d(X,Y) <
M(X) then'Y has the f.p.p.

Remarks. (a) From Theorem 1.2 it is clear that R(0,X) = 1/WCS(X).
Thus M (X) > WCS(X). This inequality can be strict. For instance, we
consider Bynum’s space X = {3 o, that is, X is ¢ with the norm |z| =
max{||z*||, ||z~ ||} where z*(n) = max{z(n),0} and z~(n) = max{—z(n), 0}
are respectively the positive and the negative part of z, and || - || is the eu-
clidean norm. Since 3 o fails to have normal structure [By2] we know that
WCS(€,00) = 1. However we shall prove in Section 4 that M ({y ) = V2.

(b) Theorem 2.4 is also a strict improvement of the result in [Gal].
Indeed, consider X = /3 1, that is, {2 with the norm

2| = Iz + [l=~ .

This space has normal structure [By2, DLX], so M(X) > WCS(X) = V2.
However, considering the vector x = e; and the sequence z,, = —e, 41 it is
clear that R(¢421) = 2.

3. Lower bounds for M(X).

Since M (X) > WCS(X), all lower bounds for WCS(X) based upon
the Clarkson modulus of convexity, the modulus of near uniform convexity
and the modulus of uniform smoothness (see [Byl, Pr3, DL]) also hold
for M(X). We shall give in this section several new bounds which do not
longer hold for WCS(X).
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Theorem 3.1. Let X be a reflexive Banach space and denote
. s .
I‘—lnf{1+F(s)—§ 1S € [0,1]}.
Then R(a,X) <1+al' ifa <2 and R(a,X) <a+2I'—1ifa>2. In

particular, M(X) > 3/(1+2I') and M(X) > 1 if I'(0) < 1/2.

Proof. The statement is obvious if a = 0. Assume 2 > a > 0. Let {z,} be
a weakly null sequence in Bx and z € X be a vector such that ||z|| =7 <
a. Taking subsequences we can assume that lim ||z, + z|| exists. For an
arbitrary positive number 7, a number ¢ € [0,7/2] can be chosen such that

t 2t
1-tar (%) <ren
T r

With these assumptions we have

T  Tn x t
lo+anll =7 ]|+ 22| <7 |2+ e,
T r r r

<r + (1 —19).

If {,} — 0 it is clear that
.. 2t
liminf ||z + z,|| <7 (1+F (7)) +(1-t)<m+rT'+1<1+al +an.

(Note that I'(t) > 0 implies I' > 1/2 > 0 and thus 7" < al'). If {z,}
does not converge to zero, we can assume that the sequence {y,} defined
by y1 = z, yn = xp—1 for n > 1 is a basic sequence with arbitrary basic
constant ¢ > 1 (see [LT, page 5]). Hence, we have

(cllz—2tz,||+||z+2tzn]|).

N =

1 1
lettzall = Sl22+2tan] < S(l2ll+]le+2ten]l) <

)-rsr (2o

Taking again subsequences we can assume

i (

r 2t

r T

r 2t
— + _.xn
T T
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Thus

r 2t
—+ —Zn
T T

)+a-n<

re [1 +I (%) +n]+(1—t) <c [r (1 +T (%) +n- ;) + 1]+(c—1)t <

c(1 47T +2rn) + (c— 1)a < ¢(1 + al’ + 2an) + (¢ — 1)a.

Hence
R(a, X) < c(1 + al + 2an) + (c — 1)a.

Since ¢ > 1 and 1 > 0 are arbitrary we obtain R(a, X) < 1+al. Ifa > 2
we have

2z
|z + z.|| < (r—2)+HT + z,

Applying the above result for the sequence 2z/r + z,, we have R(a, X) <
(a—2)+1+4+2F = a—1+2I. Taking a = 2 we obtain M(X) > 3/(1+2I).
Finally, if IV(0) < 1/2 it is clear that ' < 1. O

We have not used in the proof of Theorem 3.1 the condition lim ||z, —
Zm|| < 1. This condition lets us improve the result:

Theorem 3.2. Let X be a reflexive Banach space and denote

sWCS(X)

F':inf{1+l"(3)— :

:36[0,1]}.

Then M(X) > 3/(142T"). In particular, M(X) > 1 ¢fI'(0) < WCS(X)/2.

Proof. We use the same arguments as those in the proof of Theorem 3.1,
noting that the condition limy, ,n .nztm || Zn—Zm|| < 1lets us assume lim ||z, || <
1/WCS(X). O

It is an open question for us if 1/T" is a lower bound for M(X) in a
similar way as the lower bound for WCS(X) obtained in [Pr3], using the
modulus of uniform smoothness.
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Theorem 3.3. Let X be a reflexive Banach space. If ¢y € (0,1) satisfies
Tx*(Co) > 0 then

1
R(a,X) <max<1+acy,a + ————>.
(@ X) { 04 1+7‘X*(00)}

In particular R(a, X) <1+ a and M(X) > 1 if rx«(1) > 0.

Proof. We assume that {z,} is a weakly null sequence in Bx and that = €
X satisfies ||z|| < a. We choose 2} € Sx+ such that 2% (z +z,) = ||z + z4]|-
Taking subsequences we can assume that {z}} is weakly convergent to a
point, say z*, and that lim ||z} — 2*|| = d exists. Let ||2*|| =c. If ¢ < ¢g we
have

liminf ||z+z,|| = iminf 2 (z+z,) < 2*(z)+liminf 2} (z,) < ca+1 < 1+4acy.

If ¢ > ¢o we claim that d < 1/(1+ rx+«(c)). Indeed, if d > 1/(1 + rx+(c))
we can choose o > 1 satisfying 1/d < a < 1+ rx+(c). Since

* ok
laz - =)l > | 2=
d
we have lim ||a(z} — 2*)|| > 1. Thus
a = |laz; || = |la(z;—2%)+az*|| = lim |la(z; —2")+az*|| 2 1+rx-(ac) > 14+rx+(c)

which is a contradiction. So we have d < 1/(1 +rx+(c)) and

liminf ||z + z,|| = lim2*(z + z,) + liminf(z; — 2*)(z + z,) =

1 1
2*(z) +liminf(2f — 2" )z, <a+ ——mm— < a4+ —M—.

() (zn Jon < 1+7rx+(c) ~ 14+ 7x+(co)
Finally, if 7x+(1) < O the continuity of the Opial modulus (see[LTX])
implies that there exists ¢p < 1 such that rx«(cp) < 1 which implies
R(a,X)<1land M(X)>1. O

Remark. The space {3, as the dual space of ¢;;, again provides us an
example where Theorem 3.3 assures M ({2 o) > 1. Indeed, let {z,} be a
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weakly null sequence in 3 ; such that lim ||z,|| > 1 and = € 45 ; be a vector
satisfying ||z|| > ¢. By standard arguments we suppose supp zNsupp z,, =
§. Thus

jw+2a] = lat 4ot +Hllz +an ) = /et 2 + et 1244/l 12 + flzn |2 >

\/(||x+ll + 2712 + (2| + lzz )2 = V2P +|za? > V@ + [z, ]2

where we have used the inequality

Va2 + 82+ +d > \/(a+c)?+ (b+d)?
which holds for every nonnegative numbers a, b, c, d. Thus

re,(c) =vV1+c2 -1

4. Stability in /,-spaces.

In this section we are going to compute M (X) when X is either the
space £, or Bynum’s space ¢, .. We will obtain stability results which are
strict improvements of those which appear in [JL, Pr2, Kh, BS]. We recall
the definition of Bynum’s space £, . Assume 1 < p < co. The space £, oo
is £, with the norm

2] = max{ |, o~ [}

where || - || is the usual norm in .

Theorem 4.1. Let p be a number in (1,00). Then
(a) R(a, ) = (a? + )"

for every nonnegative a and

p—1

() M) = (1+277) 7

R(a,lpo0) = (1 +aP)¥
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for every nonnegative a and M (4, o) = 25

Proof. Let X be the space £,. We consider a weakly null sequence {z,}
in Bx such that lim, m :nzm [|€n — Zm|| < 1 and a vector z € X such that
||z|| < a. From Theorem 1.2 we know

1 —
wcCSs(e,)
Let € be an arbitrary positive number. Using standard arguments we can
find a subsequence of {z,}, denoted again, {z,}, a sequence {y,} € Bx
and a vector y € By such that |||z| — ||y||| < €, lim||z,, — y.|| = 0 and
suppy.Nsuppy = @ for every n € N. Therefore

lim [[y + al” = ly]? + lim [lya ” < (a +€)? + 3.
Taking limits

liminf ||z,|| < 2% .

1

liminf ||z + zn|| < liminflly +yall +€ < ((a+ )P +5)7 +e.

Since ¢ is arbitrary we obtain
1
R(a,X) < (aP+3)" .
Considering the vector ae, and the sequence z, = 2-Pe,, it is easy to
check that ||z, — Tm|| =1 and ||z, + 2| = (a? + )V/P.
By elementary calculus we can see that the function (1 + a)/(a? +

2-1)1/P attains its maximum at @ = 2'/(!=P) where the corresponding value
is

(N1

1 p=1
M(X) = (1+2ﬁ) ’
Finally we consider X = ¢, .. We can use similar arguments as

above. Therefore we obtain ||[yT|| < a+e, [|[y7|| < a+e¢, lim|jyt] <1 and
llym || < 1. Thus

1
lim[[(y + yn) || = lim [ly" + 3l | < Q1+ (a+€)P)?

and the same inequality for lim ||(y + y»)~||. Hence R(a, X) < (1 + a?)!/?.
The sequence x, = ent1 and the point x = e; show that R(a, X) = (1 +
aP)1/P which implies M (X) = 2(p~1/P. O

Remark. The above method can be applied to compute M (cp) = 2. But
this value can also be obtained noting that M (X) > 2/R(X) and R(cp) =1
(see [Ga2]).



FIXED POINT PROPERTY 847

Corollary 4.2. Let X be a Banach space isomorphic to £y. If d(X,£s) <
V3, then X has the f.p.p.

Remark. The best bound, until we know, for a stability result in ¢, was

v/ (3+ v/5)/2 [JL] that is obviously smaller than v/3.

Corollary 4.3. Let X be a Banach space isomorphic to £,, 1 < p < co. If

p—1

d(X,t,) < (1 + 2p+1) ’

then X has the f.p.p.
Remark. Note that

p=1

1 P 1
(1 +2ﬁ) > max{2%,2

-1
=Y.

Thus the result in Corollary 4.3 is better than the stability result in [BS].
Furthermore, this bound is greater than that obtained in [Kh,Pr2] for the
stability of the f.p.p. with respect to £,-spaces. Indeed, in these papers it
is proved that X has the f.p.p. if d(X,¢;) < ¢, where c5 is the maximum
value of the function (1 + zP)/((1 — z)? + zP) in [0,1]. We shall prove
that c, is strictly smaller than the constant obtained in Corollary 4.3. To
this end, denote a = (1 + 21/(P=D)P=1 Since 1 + 21/(P=1) > 21/(P~1) we
have @ > 2 and this inequality implies a/(a — 1) < 2. We claim that
(1 +2P)/((1 — z)? 4+ zP) < a for every z € [0,1] and this inequality will
prove the result because it implies cf < a and so

p—1

cp<(1+2ﬁ) ?

To prove this claim we only need elemental calculus. The wanted inequality
is equivalent to

1< (1—-z)Pa+ (a—1)zP =: f(x)
and it is not difficult to compute the minimal value of f in [0,1]. Indeed,
f' only vanishes if
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Since f”(z) > 0 for every z € [0,1], the function f attains a minimum at
zo. The value of f(zp) is

a+(ﬁ—1)#_‘_l(a—1)_a(l+(ﬁ)ﬁ): -

(1+(=)"")

N
—
+

N
Q
| |a
—_
SN—r
3
]
-
\/
-]
TN
—
+
N
Q
| |2
-
N—
)
| =
M
SN—"
T
—_

Since .
a =1 1
p—1
(7)<
we have
a
f(20) > 7 =
(1 + 2n—1)
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