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ON UNIVERSALITY OF COMPOSITION OPERATORS IN
SEVERAL VARIABLES

A. BONILLA AND M.C. CALDERON-MORENO
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ABSTRACT. In this paper we characterize the universality of a sequence of
composition operators generated by automorphisms of the N-dimensional
unit polydisc Dy, on Hardy spaces of D . In addition, we provide suitable
conditions for the universality of partial derivative-composition operators in
certain spaces X of holomorphic functions in Dy and the N-dimensional
unit ball. Our theorems improve or extend earlier ones due to Bourdon and
Shapiro, Herzog, Leén, Bernal and the authors, among others.

1. INTRODUCTION

It is well known that the group Aut(D) of automorphisms of the unit disc D

is the set of Mdbius transformations {oq @ |a| < 1 = |k|}, where o, 1(2) =
k- 7=*. In 1941 W. Seidel and J. L. Walsh [14] established the existence of

a function f € H(D) such that, given a simply connected domain G C D and
a function g € H(G), there is a sequence {a,}?° C D depending on g such
that foo,,1 — g (n — 00) in H(G). This result is in turn a non-Euclidean
version of Birkhoff’s theorem about density of translates of certain entire functions
[4]. In 1995 L. Bernal-Gonzilez and A. Montes-Rodriguez [3] extended Seidel-
Walsh’s theorem by showing that if {S, = 04, %, : 7 € N} C Aut(D), then
the set {f € HD) : {f o0 S,} is dense in H(D)} is not empty if and only if

2000 Mathematics Subject Classification. Primary 47A16 Secondary 47B38, 32A35.

Key words and phrases. N-dimensional unit ball and unit polydisc, composition operator,
partial derivative operator, universal function, Seidel-Walsh theorem, Hardy spaces, properly
discontinuous action.

The first author has been partially supported by DGESIC Grant PB98-0444 and P11999/105
de Cons. Educ. del Gob. Canarias, and the second author has been partially supported by
DGES Grant PB96-1348 and the Junta de Andalucia.

907



908 A. BONILLA AND M.C. CALDERON-MORENO

it is residual if and only if limsup,,_, . |a,| = 1 if and only if the action of
{5, }5° is properly discontinuous on D (i.e., given a compact subset K C D
there exists m = m(K) € N such that K N S,,(K) = 0; the same definition
is kept for any domain G C CV). In 1995 G. Herzog [11] proved the following
“Seidel-Walsh theorem for derivatives”: If X is a Banach space of holomorphic
functions on D with A(D) := C(D) N H(D) C X such that convergence in X
implies compact convergence on D and polynomials are dense in X, then for every
sequence {a,}, C D with |a,] = 1 (n — o0) theset {f € X : {f 00q,1: N E
N} is dense in H(D)} is a residual subset of X. Trivially, the expression f’ooq, 1
cannot be changed to f oo, 1 (just take X = A(D)).

In 1999 Bernal-Gonzélez and the second author [2] extended Herzog’s result to
an operator of the form ®(D), where D is the differentiation operator (D f = f’)
and @ is a non-constant polynomial, and in fact to a C—bounded sequence of
N:o b(-n)zj}‘fo of polynomials of the same
3=0"j
degree N € N is C-bounded whenever each sequence {bg»n) :neN} (=

polynomials. A sequence {®,(z) = >

0,1,2,...,N) is bounded and there exists a positive constant « such that |b§\?)| >
a for all n € N. In [2] the following is shown: If X is a Fréchet space (in fact,
it holds for an F-space) of holomorphic functions in D with A(D) C X such
that convergence in X implies compact convergence on D and polynomials are
dense in X, and if {S,}$° C Aut(D) and {®,}{° is a C—bounded sequence of
polynomials, then the set {f € X : {(®,(D)f)o S, : n € N} is dense in H(D)}
is a residual subset of X if and only if it is not empty if and only if the action of
{5, }5° is properly discontinuous on D.

If 1 < p < o0, the Hardy space H?(D) is defined as HP(D) = {f € H(D) :

1/p

1 2 .
I £, < oo}, where || f|l, = sup (/ |f(rew)|pd9> . It becomes a Banach
o<r<1 27 0

space if it is endowed with this norm. H*°(D) is the space of all f € H(D) which
are bounded on D. It becomes a Banach space when endowed with | - ||oc. For
N € N, denote the higher order Hardy space HX (D) = {f € H(D) : f™) ¢
H?(D)}, which becomes a Banach space whenever it is endowed the norm ||f|| =
17+ 32520 19l

In 1997 Bourdon and Shapiro consider ¢ € Aut(D) and S,, = po---0¢ (n
times), and prove that the set Y = {f € HP(D): {f oS, : n € N} is dense in
HP?(D)} is residual in H?(D) if and only if it is not empty if and only if ¢ has
no fixed point in D ([5, Theorem 2.3 and Proposition 0.1], see also [15, Chap.7]).
Recently, Bernal-Gonzélez and the authors [1] extended this classical result in two
ways: to the derivative operator of order N from HY, (D) to H?(D), and to the
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unit ball By in CV, that is, By = {z = (21,...,2n5) € CV : Zj\;l |z;]? < 1}.
They also dropped the condition A(D) C X in Herzog’s result to be HY (D) C X
whenever {®,,},, is a C-bounded sequence of polynomials of degree N, and they
study the problem when X = H* (D). We stress that here the polynomials are
not dense.

In 1998 F. Le6n-Saavedra [13] proves that if {S,}, € Aut(By), then there
exists f € H(By) such that {f o S, : n € N} is dense in H(By) if and only if
the action of {S,}, is properly discontinuous on By [13, Theorem 5] (see also
[6, Theorem 3]). He also provides an analogous statement for the unit polydisc
Dy ={z=(21,...,28) €CY: |25/ <1j=1,...,N)} [13, Theorem 6].

All above results about density can be expressed in the language of universality.
If X and Y are topological spaces, a sequence T,, : X — Y (n € N) of continuous
mappings is called universal whenever the set U of elements z € X such that
the orbit {T,,x}5° is dense in Y is not empty. Each element of U is said to be
universal for {T,,}5°. If X and Y are topological vector spaces and each T, is
linear then the words hypercyclic and universal are synonymous. See [10] for a
good up-to-day survey about these topics.

In this paper, we extend the Herzog’s result to several variables, changing D
to Dy or By. We also provide a generalization of Bourdon-Shapiro’s theorem to
Dy. From the above statements we improve Theorem 5-6 of [13] and, simultane-
ously, extend the results which are mentioned along the Introduction.

2. PRELIMINARY RESULTS

In this section we include all the auxiliary statements which provide us the
desired research about universality in Dy and By . Firstly, the sufficient condition
about universality can be found in [9, Satz 1.2.2 and Satz 1.4.2] (see also [10,
Proposition 6]).

Theorem 2.1. Let X, Y be metrizable topological vector spaces with X complete
and Y separable, and let A = {L,}7° be a sequence of continuous linear operators
from X toY. Then the following statements are equivalent:

(a) The set of A-universal elements is a residual subset of X.
(b) The set of A-universal elements is a dense subset of X.
(¢) The set {(x,Ly(z)): z € X, n € N} is dense in X x Y.

If, in addition, there is a dense subset C of X such that lim,_ o Ly () exists for
all z € C, then (a), (b) and (c) are equivalent to

(d) The set of A-universal elements is not empty.
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If 7 is a permutation of {1,..., N} and I(; is the identity representation of
the unit disc D; onto Dr(;), we denote by I the automorphism of Dy given by
(Ir(1ys - - In(vy). Tt is known that the set of automorphisms of Dy is Aut(Dy) :=
{pol, : misa permutation of {1,..., N} and each component of ¢ is in Aut(D)}.
From this the following lemma is obvious.

Lemma 2.2. Let {¢, = (¢1.ns---s9¢Nn) © In, }n C Aut(Dn). Then {¢n}y is
properly discontinuous on Dy if and only if {©;n}n is properly discontinuous on

D for some j € {1,...,N}.

It is known that for any sequence {0, }, of automorphisms on D there exist a
subsequence {o,, }x of {0y}, and a function S € H(D) such that o,,, — S (k —
o0) on H(D). In particular, the case S = a constant function = v, with v € 9D
(= the boundary of D) is possible if and only if {o,}, is properly discontinuous
on D. Then we have o, (2) — v (k — 00) pointwise in D \ {7}. In the next
lemma we provide an analogous result for the unit polydisc.

Lemma 2.3. Let {¢n = (P1.ny---,¢Nn) © In, }n C Aut(Dy). Then there exist
holomorphic functions {Sj}j»v:l C H(D), a permutation = of {1,...,N} and a
subsequence {ny}r of N such that

On, — (S1,...,8N8) 0 I on H(Dy) (k — 00).

PROOF. Let j = 1. Since {¢1,n}n is a sequence of automorphisms on D, there
exist a subsequence {myj : k € N} of positive integers and a holomorphic
function S in D such that

Prm,(2) = 51(2)  on HD) (k= o0).

By taking a new subsequence, if it is necessary, there exists i1 € {1,..., N} such
that
Tmy (1) = i1 for all £ € N.

But the sequence {2 m,,(2)}x is also a sequence of automorphisms in D, so
there exist Sz an holomorphic function in D and a subsequence {mq : k € N}
of {my : k € N} such that

P2,ms (2) = S2(2)  on H(D) (k= o0).

As before, consider a new subsequence if it is necessary, there exists iy € {1,..., N}
such that 7,,,, (2) = i2. And it is obvious that we have i; # 5.

Continuing this process gives after finitely many steps a sequence {ny = my j :
k € N} of positive integers, a finite sequence {95 }évzl of holomorphic functions
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in D and iy,...ix € {1,..., N} different each to other them such that

@i (2) = 9ji(z) on HD) (k= o0),

Ty, (7) =45 for all k € N,

for any j € {1,... N}. If we now define 7 as the permutation of {1,..., N} such
that m(j) = 4;, then the conclusion of the lemma is evident. O

We can give a related statement for the unit ball By. Recall that the set of
automorphisms of By is Aut(By) = {M o, : M is a unitary transformation of

a— z2)—(1—|a / z . z,a
CY and a € By}, where ¢, (z) = Pa( )19<,l L|12>)1 “Qal ) with P,(z) = <|a’|2> -a

and Q, = I — P, (see [7]). In the following Sy denote the unit sphere in C.

Lemma 2.4. Let {on}n C Aut(Bn). If {¢n}n is properly discontinuous on By
then there exist a subsequence {¢n, }x of {pn}n and a point v € Sy such that

on, =y on H(Bpy) (k — 00).

The proof is analogous to that one we can find as part of the proof of [1,
Theorem 4.3]. In fact they provide two points 7,71 € Sy such that ¢,, — v
pointwise in By \ {711} (k — o0).

We conclude this section giving a left-inverse operator for the partial derivative
operator 9% in H(G), where G is a polydisc or a ball. We denote Ny = N U {0}
and, given o = («a1,...,ay) and 8 = (6,...,0Nn), we write 8 < a whenever
B; <ajforany je{l,...,N}.

Lemma 2.5. Let G C CV be a polydisc or a ball with center (ay,...,an), f €
H(G) and o = (ay,...,an) € N) \ {0}. Define, for any z = (21,...,2n) € G,
0~ %f(2) as

ZN z1 _ ar—1 . _ an—1

if « € NY or as the analogous expression without the corresponding term in zj if
a; =0 for some j, where the integration is taken along the segments [a;, z;]. We
set O°f = f. Then 0~ is well-defined for every o, 0~ f € H(G) and

PO f)=0"FFf for any B < «.



912 A. BONILLA AND M.C. CALDERON-MORENO

3. A BOURDON-SHAPIRO THEOREM FOR THE UNIT POLYDISC

In the following, let TV denote the distinguished boundary of Dy and 7y
the measure on TV that is product of normalized Lebesgue measure on the circles
2] = 1.

For 0 < p < oo the Hardy space on Dy is defined as

1/p
/D) i= (7 € HOw): 151y = s ([ 170OPam(©) <-4}

(see [7]). These Hardy spaces are functional Banach spaces for p > 1. In [12,
Proposition 1] it is proved that any automorphism ¢ of Dy generates a bounded
composition operator C,, f = fop of H?(Dy), for 1 < p < co. If we take account
it we can establish the next “Seidel-Walsh” theorem.

Theorem 3.1. Let {¢,}7° = {(¢1ns---20Nn) © In, }or, C Aut(Dy) and p €
[1,+00). Then the set

U={f e H’(Dy): {fopn: ne N} is dense in H’(Dy)}

is residual in HP(Dy) if and only if the action of {p,}5° is properly discontinuous
on Dy.

PRrROOF. If U is residual in H?(Dy) then there exists f € H(Dy) such that its
orbit {f o, : n € N} is dense in H(Dy), because convergence in H?(Dy)
implies compact convergence. Now, we only need apply [13, Proposition 1].

As for the converse, we will use Theorem 2.1. Recall that the set of polynomials
is dense in H?(Dy). Fix two polynomials p(z), ¢(z) and a number ¢ > 0. We
should find a function g € H?(D ) and a positive integer ng such that |[p—g||, < €
and [lg — (g o n,)llp <&

From the fact {¢,}>2, is properly discontinuous on Dy and by Lemma 2.2,
we can suppose for the sake of a simpler notation, without loss of generality, that
there is a point ;3 € 9D such that 1, — 71 (n — 00) pointwise in D\ {m},
and that 7,(1) =1 for all n € N.

Consider the “peak function” for v; defined as
1+ 7w
=
This is a peak—function at 71 for D in the sense that a;(w) is continuous on D,
holomorphic in D, a1(y1) = 1 and |a; (w)| < 1 for all w € D\ {1} (see [8, p. 189)).

Let a(z1,...,2n) := a1(z1) and choose a positive integer m such that

m €
1% < ol + Tl

ay(w) (w € C).

(1)
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which is possible because of the Lebesgue Bounded Convergence Theorem. Here,
and from now on, we denote || - [« :== || - |5

Sinceﬁ(a °opn)(21,. ..y 2N) = a1(Pn,1(2r, (1)) = a1(@n,1(21)), a1(w) is continu-
ous on D and a1(v1) = 1, we have that

L=[(aopn)(2)]" =0  (n—o0)

for Tx-almost every point of T?V, because the measure of the set {(v1, 22, ..., 2n5) €
TN} is zero. Again by the Lebesgue Bounded Convergence Theorem, we derive
that ||1 — [a(©n()]™]lp — 0 (n — o), so there is ng € N with

1 = [a(en, (DI™

9
< 7T
" el + llallso

2)
Finally, define
9(2) = p(2) + a(2)™ - [alen, (2)) = p(2)].
Then g is continuous on Dy, so g € H?(Dy). We have, from (1) and (2), that
Ip = gllp = lla(=)™ - la(en, (2)) = p(2)]llp < €
and

14(2) = (9 ¢no) ()l
= [19(2) = p(n, (2)) = alene (2))™ - [a(2) = P(&ng (2)]llp

= [T = [a(eny (2DI™) - (a(2) = plpno (2)))lp <

An application of Theorem 2.1 with X =Y = H?(Dy) and L, = C,, (n € N)
yields the desired result. O

Remark. If, in the above theorem, we consider N = 1 and S,, as the nth-iterate
of a single ¢ € Aut(D) we obtain the Bourdon-Shapiro theorem mentioned in the
Introduction.

Remark. It is clear that we also obtain the following result [13, Theorem 6]:
Let {¢n}n C Aut(Dy). Then there exists a function f € H(Dy) such that
{fown: n € N}isdense in H(Dy) if and only if {¢, }, is properly discontinuous
on Dy.

To finish this section we should say that in [1, Theorem 4.3] it is provided an
analogous statement to Theorem 3.1 for the unit ball By.
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4. A GENERALIZATION OF HERZOG’S THEOREM TO SEVERAL VARIABLES

In the following, given o = (a,...,ay) € NY¥, we denote |a| = |ay| +--- +

lan].
Theorem 4.1. Let X be a F-space of holomorphic functions on Dy having the
following properties:

(a) Convergence in X implies compact convergence on Dy .

(b) A(Dy) C X.

(¢) The polynomials are dense in X.
Assume that {pn}3° = {(01.ns- -, oNn)olr, 152, is a sequence of automorphisms
of Dy and that o € N} with |a| > 1. Consider the set

U={feX: {(0%f)op,: neN}is dense in HDy)}.

If jo € {1,...,N} is such that a;, # 0 and the action of the jo-component
sequence {@j, ntor, C Aut(D) of {¢n}n is properly discontinuous on D, then U
is a residual set of X.

PROOF. We may suppose without loss of generality that jo = 1 and that J €
{1,...,N}issuch that o; #0for j=1,...,Jand aj =0for j=J+1,...,N.
Define the mappings

L,:X - HDy) (neN)

by L,f = (0%f) o ¢,. Each L, is linear, and continuous because X satisfies (a).
If we prove that the set

G=A{(f;Lnf): f€X, neN}
is dense in X x H(Dy ), an application of Theorem 2.1 would yield the conclusion.
Let us prove it first in the case X = A(Dy). Since the polynomials are dense

in A(Dy) and in H(Dy), it is sufficient to prove that given two polynomials p, ¢
and e, € (0,1), there exist g € A(Dy) and ng € N such that

lp—glle <
and
||q - LnOg”rBX---XTﬁ <e.

Let 6 =14 ||g]|co + [|0*P||co and choose m € N such that

20

m> —.

€
From the fact {¢1,, }nen is properly discontinuous on D we can suppose without
loss of generality, by taking a subsequence if necessary, that there is a point
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v € 0D such that ¢1, — 71 (n — 00) uniformly on compact subsets of D.
Hence there exists nyg € N satisfying
11 =310 ()" < 55 &
Take the function
F(2) = 2" (a(en, (2)) = (°p)(2)) (2= (21,---528)),s

which is holomorphic in the polydisc G := |¢1,1,(0)] 71D X - -+ X N, (0)| 71 D.
With the notation of Lemma 2.5, define the function

1
h=—0"F
"
on the domain G. Then h € H(G), so h € A(Dy), and for any z € D x --- x D,
1
|h(2)| = | == 0" “F(21,...,2n)| =
gt

/ / = &)t ~-(ZJ*€J)Q‘]71§m'
(a7 =) (g =) !

( (gﬁno 51,...,£J,ZJ+1,.. ZN)) ( )(51,...,fJ,Z.]+1,...7ZN))d£1"'df.]| =
P € 2 Lt e O 0 et
al—l)!"'(a]—l)!

(q(<pn0 (zlt1, .. .,thJ,zJ+1, oo zn)) — (0%p) (z1ta, ..y 20ts, 2041, - -, 2N ))diE --dtJ| .

21 2g thm
( )21

Since, trivially, we have
a1+m(1 _ tl)a171

21
(Oél — 1)'
Z;-xj<1 — tj)aj_l
(Oéj — 1)'

we may obtain the inequality

<1 (2’1 Gﬁ, t € [O, ID,

<1 (z; €D, t; €[0,1],5 €{2,...,J}),

I )|</1tm5dt -0 e
A= M T Sy

In particular if we define ¢ = p + h, then one gets
g € A(Dy)
and
19 = Plloc = lIhlloc <.

Moreover,

q(2) = Lnog(2) = q(2) = (Lnop)(2) = (Lnoh)(2) =
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q(2) = (9°p)(no (2)) — %@’ﬁno (2, )1a(2) = (07P)(pn, (2))] =

(1 =" @1, (e (1)) (a(2) = (97D) (0 (2))),
for all z = (z1,...,2n) € G.
Assume that 2z = (z1,...,2y) €D x - -+ x rD. Then Zr,o (1) € rD and by (1)
we get
—-m [ € €
14(2) = Lngg(2)] = [1 = 71" ¢l (2ray )] - la(2) = (07P) (0o (2))] < 55 -6 = 5.

Thus the set G is dense in A(Dy) x H(Dy), as required.

Now, let us see the general case where X is an F-space as in the hypothesis. By
Lemma 2.3 there exist holomorphic functions Si, ..., Sy on D, and a permutation
mof {1,..., N} such that for some subsequence {¢n, }x of {¢n}, it holds that

Onp (21,5 28) = S = (S1(2x(1))s - SN (2x(y)) on H(Dy) (k — o0).
Then, for any polynomial P on C" we have
(0%P) o py, — (0°P)oS on H(Dy) (k — 00).
Thus, klingc L,, P exists in H(Dy) for every polynomial P. Since X satisfies (b),
the set U is non-empty and by (c), Theorem 2.1 yields that I/ is a residual subset
of X. The proof is finished. O

Remark. Although the above theorem only provides with a sufficient condition,
this is optimal in the following sense. Consider X = A(Dy) and suppose that
for all j € {1,..., N} such that a; > 1 the sequence {p;,}52; is not properly
discontinuous on D. Then for any r € (0, 1) there exists a compact subset L; C D
with

win(lz] <r)C Ly for all n € N.
If aj = 0 we set L; = D. Hence

((0%f) o @n)(rD x --- x rD) C 0*f(Ly X -+- x Ly),
for all n € N. In particular, if f € A(Dy), we have that the set
U@ f) 0 %) 4D x -+ x D)},
neN
is bounded. Thus f € U and U is empty.
Now, suppose that X = HP(Dy) and there exists a unique j € {1,..., N} such

that the “component” {y;,}n of {¢n} C Aut(Dy) is properly discontinuous on
D. Then for any a € NI, U is residual. If a; # 0 it is a direct consequence of
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Theorem 4.1, but if a; = 0 we can make a similar proof as in Theorem 3.1 by
introducing a “peak” function. We left the details to the interested reader.

It is known that for every automorphism ¢ of the unit ball By we can find
a concentric open ball B such that By C B and ¢!
With this and Lemma 2.4 in mind we can adapt the proof of Theorem 4.1 to

is holomorphic in B.

get the statement contained in Theorem 4.3, see below. Although the details are
left to the interested reader, we indicate that now we must work directly with
the automorphisms {¢,} and not with their components, and take the function

F(2) = a(2)™(a(pl (2)) — (8°p)(2)), where a(z) = 420,

Theorem 4.2. Assume that o € NY \ {0}. Let X be an F-space of holomorphic
functions on By having the following properties:

(a) Convergence in X implies compact convergence on By .
(b) ABy) C X.
(¢) The polynomials are dense in X.

Assume that {Sp}n is a sequence of automorphisms of By. Consider the set
U={feX: {(0°f)oSn: neN} isdensein HBy)}.

ThenU is residual in X if and only if the action of { Sy} is properly discontinuous
on By.
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