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ON THE PROPERTIES OF SPECIAL FUNCTIONS ON THE
LINEAR-TYPE LATTICES

R. ALVAREZ-NODARSE AND J. L. CARDOSO

ABSTRACT. We present a general theory for studying the difference analogues of special
functions of hypergeometric type on the linear-type lattices, i.e., the solutions of the
second order linear difference equation of hypergeometric type on a special kind of lattices:
the linear type lattices. In particular, using the integral representation of the solutions
we obtain several difference-recurrence relations for such functions. Finally, applications
to g-classical polynomials are given.
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1. INTRODUCTION

The study of the so-called g-special functions has known an increasing interest in the
last years due its connection with several problems in mathematics and mathematical-
physics (see e.g. [3, 6] Bl 13} 17]). A systematic study starting from the second order
linear difference equation that such functions satisfy was started by Nikiforov and Uvarov
in 1983 and further developed by Atakishiyev and Suslov (for a very nice reviews see e.g.
[7, I3, 16]). Of particular interest is the so-called g¢-classical polynomials (see e.g. [0])
introduced by Hahn in 1949 which are polynomials on the lattice ¢°.

Our main aim in this paper is to present a constructive approach for generating recur-
rence relations and ladder-type operators for the difference analogues of special functions
of hypergeometric type on the linear-type lattices. Here we will focus our attention on
functions defined on the g-linear lattice (for the linear lattice z(s) = s see [4] and refer-
ences therein, and for the continuous case see e.g. [I§]). Therefore we will complete the
work started in [16] where few recurrence relations where obtained. In fact we will prove,
by using the g-analoge of the technique introduced in [4] for the discrete case (uniform
lattice), that the solutions (not only the polynomial ones) of the difference equation on
the g-linear lattice x(s) = ¢1¢° + co satisfy a very general recurrent-difference relation from
where several well known relations (such as the three-term recurrence relation and the
ladder-type relations) follow.

The structure of the paper is as follows: In section 2 the needed results and notations
from the g-special function theory are introduced. In sections 3 and 4 the general theorems
for obtaining recurrences relations are presented. In section 5 the special case of classical
g-polynomials are considered in details and some examples are worked out in details.

2. SOME PRELIMINAR RESULTS

Here we collect the basic background [I}, I3} [16] on g-hypergeometric functions needed
in the rest of the work.

The hypergeometric functions on the non-uniform lattice x(s) are the solutions of the
second order linear difference equation of hypergeometric type on non-uniform lattices

AT, A
") =Ty [Vm(s)] TR TS =0 )

o(s) = (x(s)) — 37(x(s)Az (s — 3) ,  7(s) = 7T(x(s)),
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where Ay(s) := y(s+ 1) — y(s), Vy(s) :== y(s) — y(s — 1), are the forward and backward
difference operators, respectively; o(z(s)) and 7(x(s)) are polynomials in x(s) of degree
at most 2 and 1, respectively, and A is a constant. Here we will deal with the linear and
g-linear lattices, i.e., lattices of the form

z(s) =c1s+ca or xz(s)=ci1(q)¢® + c2(q), (2)

respectively, with ¢; # 0 and ¢1(q) #0.
We will define the k-order difference derivative of a solution y(s) of () by

A A A
(k) S) = A(k) S = S Pl
¥ 1= AVlY()] = st )
where z,(s) = z(s + %). Tt is known [I3] that y(¥)(s) also satisfy a difference equation
of the same type. Moreover, for the solutions of the difference equation (IJ) the following
theorem holds

Theorem 2.1. [12 16] The difference equation (1) has a particular solution of the form
b—1

0 Vel
) =00 2 o) - m e @

S=a

if the condition

o(s)py(s)Vaya(s)  [°

[zy-1(8) = zp—1(z + 1]
s satisfied, and of the form

)

a

2) = Cy py(s)V1'V+1(8) s
wie) = 5 | e s @

if the condition

/ Ag O-(S)pl/(s)vxl/‘f’l(s) - — O, (5)
¢ [rv-1(s) = zpoa(z + 1D

is satisfied. Here C is a contour in the complex plane, C,, is a constant, p(s) and p,(s) are
the solution of the Pearson-type equations

p(s+1) o(s)+71(s)Azx(s — %) o 9(s)

o(s) o(s +1) T o5+ 1) -
puls+1) _o(s) +7(s)Aan(s —3) _ ¢u(s)
Pu(3) o(s +1) o(s+1)°

where
o(s+v)—o(s T(s+v)Az(s+v — 1

Az, _1(s)
v is the root of the equation
=~

R o R ®
and [v]q and oy(v) are the g-numbers

v/2 _ ,—v/2 v/2 —v/2

q q ¢’ +q

Vg = PTCEp—vL ag(v) = Vv eC, (9)

respectively. The generalized powers [xy(s) — x(2)]*) are defined by
_ Iy(s—z+v)

_ ) — 1w v v(k—v+1)/2 vz—q
[zk(s) — 2k (2)] (g —1)"ciq (A N P

for the q-linear (exponential) lattice x(s) = c1¢° + c2 and

JL(s—z+p)

[ (s) — ()] = ¢ oo @ "€
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for the linear lattice x(s) = c18 + co, respectively. For the definitions of the Gamma and
the q-Gamma functions see, for instance, [0].

Remark 2.2. For the special case when v € N, the generalized powers become
[k (s) = wr(2)] ") =(=1)"cfq VR EER) (g5 ),
[wr(s) — 2x(2)]™ =ci(s — 2)n,

for g-linear and linear lattices, respectively.

We will need the following straightforward proposition which proof we omit here (see
e.g. [, [16])

Proposition 2.3. Let y and v be complex numbers and m and k be positive integers
with m > k. For the g-linear lattice x(s) = c1q° + co we have

Z)](m-i-l)

[Zu-1(s+1) —zp-1(2 )](m)
[zu(s) — (2 )](m+1)
[2u—1(s) — mu—l(z)](m)

To obtain the result for the linear lattice one only has to put in the above formulas
q=1.

(5)

= Zymm(s ) — Ty (2).

3. THE GENERAL RECURRENCE RELATION IN THE LINEAR-TYPE LATTICES

In this section we will obtain several recurrence relations for the solutions (B]) and (@) of
the difference equation () in the linear-type lattices (2]). Since the equation () is linear
we can restrict ourselves to the canonical cases z(s) = ¢° and z(s) = s.

Let us define the functiond]

b—1

V$V+1( )
)= 2 ) = (e ()
and
pv(8)Vay1(s)
D, = 12
u(2) /C [2,(s) — 2, (2)](+D) o (12)
Notice that the functions y, and the functions ®, ,, are related by the formula
Cy
Y(z) = Q0 (2). 13
(2) = 252 (13)
Lemma 3.1. For the functions ®,,(z) the following relation holds
Ve ®,u(2) = [+ 1]gVE,pu(2) Py i1 (2), (14)

where [t], denotes the symmetric q-numbers (3).

1Obviously the functions @) correspond to the functions (III), whereas the functions y, given by (@)
correspond to those of (I2).
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Proof. We will prove it for the functions (IIl). The other case is analogous. Using (I0I),
one gets

b—1 v (8)Vx,41(s
Ve @y u(z) = Z Vs <[:cl,p(s() )— xu(Z]((“LJ

S)qu ( ) py(s)vmy (S)
= Z ( (—S](er) - R — ill)](u+1)>
S PV(S)V%H(S 1

Since z(s) —x(s —t) = [t],Vx (s — 551) we then have

-1
L(8)Vz,1(s
VZ Q)V#(Z) - Z [wup(s() )_ xy(l_;]((ﬂ)'FQ) [M + ”qva <Z B %)

S=a

=1+ 1V, pu(2) Py put1(2)
which is (I4)). O
From (I4)) follows that
B () = 1+ UgAy ()b (= + 1),

Next we prove the following lemma that is the discrete analog of the Lemma in [14] page
14].

Lemma 3.2. . Let x(z) be x(2) = ¢* or x(z) = z. Then, any three functions ®,, ,,(z),
1=1,2,3, are connected by a linear relation

ZA D, . (2) =0, (15)

with non-zero at the same time polynomml coefficients on x(z), A;(z), provided that the
differences v; — v; and p; — pj, i, j = 1,2,3, are integers and that the following condition

holdd
2 (5)o(s)puy (s)

[xl/o—l(s) - xl/o—l(z)](ﬂo) s=a
when the functions ®,, ,, are given by (I1) and

/A ()Puo()ds —0, k=0,1,2,..., (17)
1'V0 1 xVO—l(Z)](“O)

when ®,, ., are given by (12). Here v is the v;, 1 = 1,2, 3, with the smallest real part and
o s the pg, © = 1,2,3, with the largest real part.

s=b
=0, k=0,1,2,..., (16)

Proof. Since in [4] we have proved the case when z(s) = s (the uniform lattice) we will
restrict here to the case of the g-linear lattice x(s) = ¢1¢® + ¢2). Moreover, we will give the
proof for the case of functions of the form (III), the other case is completely equivalent.
Using the identity

Vay1(s) = ¢ 7 Vi (s),

2In some cases this condition is equivalent to the condition z(s) o (s)pu,(s)|3=h =0, k=0,1,2,. ...
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as well as (3) of Proposition 2.3, we have

Ai P, A pVi(s)vaH-l(s)
2 AT Z Z (o) eI
b—1 3 b—
pu; (8)V Ty,
- Z;LZZ:; AZ(Z) [xw(s) - xul(Jrl it1) sz—;z xuo ) — Ty ( )](MO—H) :

3
(i +1)(vg—v;) .
(Z A(2)g T [ (8) — g (2— g — 1)) P01 m(swwwﬂ(s))

Pro(8)VTyo11(s)
[Ty, (8) — Ty (Z)](uoﬂ)

ZAi(Z)qW [Ty (8) — @y (2 — i — 1)](#0—;%) pyi(s)> _

Using the Pearson-type equation (@) we obtain

pui(s) =p(s+vp)p(s +ro+1)...p(s+vi — 1)py,(s), (18)
3 b—1
A(2)B, . (o) = Pro(8)VTuo41(8) 7
Z ()P g rn(5) — (]P0
where
ZA Hz(uo vi [:c,,o(s) (7 — i — 1)](uowi) « (19)

ds+vp)p(s+ro+1)---Pp(s+v;—1).

Let us show that there exists a polynomial Q(s) in x(s) (in general, Q = Q(z,s) is a
function of z and s) such that

vo($)Vx, S (s —1
100( ) 0+1E )_H)H(S) —A 100( ) ( )Q(S)
[xl/() (5) — Ty (Z)] Ho [xVO_l(s) - $V0_1(Z)] Ho
(8)pwy(s)
[u0-1(5) = 2uo-1(2)] "
If such polynomial exists, then, taking the sum in s from s = a to b — 1 and using the

boundary conditions (I6]) we obtain (I5).
To prove the existence of the polynomial Q(s) in the variable z(s) in (20) we write

(20)
=A

CR T CR Y S O C MR
[Tro—1(s+ 1) — Cﬂyofl(z)](ﬂo) [Te—1(s) — a:,,o,l(z)](“(’)
puo(s) P (s+1) [g:l,o(s)_xyo(z)](uoﬂ)
ofs+ 1) FRE—I ) Qs +1)—

[T (8) — Ty (2)] (ko+1)

o(s)

[ﬂﬁuo (5)—uy (z)] (ko+1)

G @(5)

[:’31’0—1(3)*1"0—1 (2)]

From (4) and (5) of Proposition 23] and using (@), the above expression becomes

il (oD {Duo(5) [xllo—lm (s) = Lvo—po (2)]Q(s +1)—

[:B,,O (s)fml,o (z)]
a(s) [xVO_MO (5 + o) — Tuy—puo (2)]Q(s)} -
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Thus
(0(5) + 70y (8) VEry11(5)) [Trg—puo (8) = Tug—pe (2)] Qs +1)—

a(s) [xVO_MO (s + po) — Tuy—puo (2)] Q(s) = Vayg+1(s)II(s).
Since Vz,,+1(s) is a polynomial of degree one in z(s), zk(s) and 7,,(s) are polynomials
of degree at most one in z(s), and o(s) is a polynomial of degree at most two in z(s),
we conclude that the degree of Q(s) is, at least, two less than the degree of II(s), i.e.,
deg @ > degIl — 2. Moreover, equating the coefficients of the powers of z(s) = ¢° on the
two sides of the above equation (2I]), we find a system of linear equations in the coefficients
of Q(s) and the coefficients A;(z) which have at least one unknown more then the number
of equations. Notice that the coefficients of the unknowns are polynomials in ¢7, so that
after one coefficient is selected the remaining coefficients are rational functions of ¢,
therefore after multiplying by the common denominator of the A;(z) we obtain the linear
relation with polynomial coefficients on = = x(z) = ¢*. This completes the proof. U

(21)

The above Lemma when ¢ — 1 and z(s) = s leads to the corresponding result on the
uniform lattice x(s) [4].

3.1. Some representative examples. In the following examples, and for the sake of
simplicity, we will use the notation

a(s) = ag® +bg* +¢, 7(s) = dg* +e, ¢y(s) = o(s) +7u-1(s)Vau(s) = fg* +9q° +h. (22)
Example 3.3. The following relation holds
A1(2)Py-1(2) + A2(2) Py + A3(2)Put1,0(2) = 0,
where the coefficients Ay, As and As, are polynomials in x = x(z) = ¢*, given by
b+e (q% — q_%)
a+d (q% - q_%)

Ai(z) = —eq? +

_cldgrapi,) | bre(di-at) () a , i
Az (2) S (qé_qZ) R — (q + » (a+d (q%_q%)))q + (dq +a[2V]q)q2 ,
As(z) = dq% + a[V]q

a—I—d(q% —q’%),
where a, b, ¢, d, and e, are the coefficients of o and T (22).

Proof. Using the notations of LemmaB2we have vy =v, ny=v, r3s=v+1, yy =v—1,

w2 =v and ps = v, thus vy =v and pg = v. By ([9)

I(s) = Ay (q”% qu*%) + Ay + Asq™ 3 [(a+d (q%qué))qm’”s + (b+e (q% qué))ql”rS + c} .
(23

On the other hand, from (2I]) and because Q(s) = k is a constant —notice that deg (II) =
2— we have

Vo (9(s) = k{[(a+d (a2 —a7%) )@+ + (bte(ad —a73)) 0 4] (¢ — ) -
(anS + bg® + c) (qu+s _ qz)}

(24)
where k is an arbitrary constant. Introducing (23)) in (24)), using the identity

v 1 _1
Vel = (ah—a) ¢
and comparing the coefficients of the powers of z(s) = ¢° we get a linear system of
three equations with four variables A;, Ay, As and k. Choosing k£ = 1 and solving

the corresponding system we get, after some simplifications, the coefficients A;, As and
As. O
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In the next examples, since the technique is similar to the previous one we will omit the

details.

Example 3.4. The following relation holds
A1(2) Py (2) + A2(2)Pupr1(2) + A3(2)Pur1p41(2) =0,
where the coefficients Ay, As and As, are polynomials in x = x(z) = ¢*, given by
Ai(z) = fa—fa®")¢" +agq—fbg"™,
Ao(z)=q 2 (a—=f*) (" + 90 +he?),
As(z) =/ (aq—[fq"),
where a, b, ¢, f, g and h, are the coefficients of o and ¢, (23).
Example 3.5. The following relation holds
A1(2)Pp-1p-1(2) + A2(2) Py p-1(2) + A3(2) Py (2) = 0,
where the coefficients Ay, A and As, are polynomials in x = x(z) = ¢*, given by
Ai(z) :qféf”{ fq¢* [ — a®hg* + agbg” Tt — 2 T2 (ang —2fah + be)
— foba™ ™ (¢® —q—1) + fq" (9* (a— 1) q — fh) } +
g*tt {* a*hq® + ag”? (gbq®+ fha® = fh) — ¢ ((fah + fgb+ ag®) ¢°—
f(2ah—b7+gb) q— fah)+ f¢* (¢ (9°q— fh+gb—g®) + fh)+ fhq™ (qQ—q—l)}
—a’h?q® + aghg”*® (bg + gq — 9) + fgha® " (9q +b— g) — 2 h?¢"*?
— hg*t? (a92q3 + fgbq® + fg°q® — 2fahq + fb%q —2fg*q — fgb+ ng)} ,
Az(2) = (472 —q) (f¢* +94° " +hg?) (fqz (fq2”—aq2)+fq”+1(gq+b—g)—agq3),
As(2) =f (f¢" —aq) [(fq22+hq2) (fa* —aq®) + 94" (fq”(q”+q—1) - aq?’)},
where a, b, ¢, f, g and h, are the coefficients of o and ¢, (22).
Example 3.6. The following relation holds
A1(2)Py-10-1(2) + A2(2) Py (2) + A3(2) Py p41(2) =0,

where the coefficients Ay, A and As, are polynomials in x = x(z) = ¢*, given by
Ai(2) = @hq" —agbg” 3+ ¢* 2 (fF —2fah+ag®) — fgbg® T+ f2hg",

As(2) = ¢ % (fg¥ — ag®) (F@*T% — ag®*? + g¢®*+! — bg"+?),

As(2) = —¢" (f¢* —ag®) (¢ = 1) (9¢* " + [ + he?) ,
where a, b, ¢, f, g and h, are the coefficients of o and ¢, (22).
Example 3.7. The relation

Al(z)q)u,ufl(z) + AQ(Z)(I)V,V(Z) + AB(Z)(I)V+1,V+1(Z) =0,

is verified when the polynomial coefficients Ay, As and As, in the variable x = x(z) = ¢

are given by
A(z) =T (fq”” (fa* —gq"+b—a) — f (h—=b) ¢* ! —aq (gq”—h)) :
Ay(2) = g~ *tv+s (qz (fa* —a) +q” (9¢" — b)) (fa* + g* T + he?) |

As(2) = ¢** (f¢" — aq) + ¢ (q (99" —aq—b) = fq" (¢"*' —q—1) )+
¢t ((h=b)¢" " +gq” — h),
where a, b, ¢, f, g and h, are the coefficients of o and ¢, (22).

z

)
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4. RECURRENCES INVOLVING THE SOLUTIONS ¥,

In [16] the following relevant relation was established

® o)
ARy (s) = —=—d, ,_i(s), 25
hols) = 5 i) (25)
where
k—1 ’O,V/I
ch=c, ] [aq(u—i-m— D7+ v +m=1= |-
m=0

This relation is valid for solutions of the form (B]) and () of the difference equation ().
In the following, y,(f)(s) denotes the k-th differences Ay, (s).

Theorem 4.1. In the same conditions as in Lemma [3.2, any three functions y,(,l:i)(s),
1=1,2,3, are connected by a linear relation

3

Y Bils)yi(s) = 0, (26)

i=1
where the B;(s), i = 1,2,3, are polynomials.

Proof. From Lemma [B:2] we know that there exists three polynomials A;(s), i = 1,2, 3 such
that

3
Z Ai(s)q)vi,lﬁ*k‘i(s) =0,
1=1

then, using the relation (25, we find

Z Ai(s)(CI) " iy (s)ySk) (s) = 0,

Now, dividing the last expression by p,(s), where kg = min{k1, k2, k3 }, and using (I8)) we
obtain

3
> Bi(s)yk(s) =0, Bils) = Ai(s)(CE) (s + ko) -+ d(s + ki — 1),

i=1
which completes the proof. O

Corollary 4.2. In the same conditions as in Lemmal3.3, the following three-term recur-
rence relation holds

A1(s)yu(s) + Az(s)yv+1(s) + As(s)yp-1(s) = 0,
with polynomial coefficients A;(s), i =1,2,3.

Proof. 1t is sufficient to put k1 = ko = ks =0, vy = v, o =v+land vy =v —1in

(@0). O

Corollary 4.3. In the same conditions as in Lemma [3.3, the following A-ladder-type
relation holds

Ay, (s)
Azx(s)

Bi(s)yu(s) + Ba(s) + B3(s)Yum(s) =0,  meZ, (27)

with polynomial coefficients B;(s), i =1,2,3.

Proof. Tt is sufficient to put ky = ks =0, ks =1,y =wvw=vand vs=v+min 26). O
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Notice that for the case m = +1 (27]) becomes

B9 (5) + Bals) T4 + Balshna(5) =0 (28)
B (90 (5) + Balo) T4 + Balsha(5) =0 (29)

with polynomial coefficients B;(s) and éi(s), ¢t = 1,2,3. The above relations are usually
called raising and lowering operators, respectively, for the functions v, .

Let us now obtain a raising and lowering operators for the functions g, but associated
to the V/Vz(s) operators.
We start applying the operator V/Vz(s) to (I3)

v VYV [Gy o
) =23 [ )
1 1 1 C,

w2 |2 (5~ 5 * v

VO, _ p(s =1 Vy(s)  Puls) [pls=1)
Va(s) C, Vaz(s) Vz(s) | p(s) '

By Lemma [B2]) with vy = pu3 =9 =v, ps =v+1 and v3 = pug = v + m, there exist

polynomial coefficients on z(s), A;(s), i = 1,2, 3, such that

A1(8)Py(s) + A2(8)Pup41(s) + A3(5)Putmptm(s) = 0.

or, equivalently,

From (T4
o _ 1 V(I)u,l/ . 1 V(I)y,l/
u,l/Jrl(S) - [l/ + 1]q Vx(z) o []/ + 1]q VCC(Z) .
Therefore
AQ(S) p(s — 1) Vi, (I)m/(s) p(s — 1)
Al)uw + 700, [ o Vals)  Va(s) < pls) 1>]

+ AB(I)qum,I/er =0.
Using now the Pearson equation () and dividing by p(s) we get

Ay () (s) + As(q) [¢U(S) Ve yu(s) <¢0(8) _1>]

v+1], [o(s — 1) Va(s) Va(s) \o(s —1)
+ A3 Cu—il—/m yu+m(8) =0.
Multiplying both sides by [v + 1],¢(s — 1),
Ai(s)lv +1g0(s — Dyu(s) + Az(s)o(s) vay(;) _

AQ(S)J(S) ;;ZZS’) - 1)y”(8) + [M + 1]QCVCV_J}mA3¢(S - 1)yu+m(s) = 0.

Thus we have proven the following

Theorem 4.4. In the same conditions as in Lemma [3.3, the following V-ladder-type re-
lation holds

Vyu (s)
Va(s)

with polynomial coefficients Cy(s), i =1,2,3.

Ci(s)yu(s) + Ca(s) + C5(8)yp+m(s) =0, m € Z, (30)
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Notice that for the case m = +1 (B0]) becomes
Vyu(s)

Vi(s)
Vyu(s)
Vﬂ:(s)

Ci(s)yw(s) + Cals) 4

+ C3(5)yu41(s) =0, (31)

Cr(s)yw(s) + Cals) v () + Ca(s)y,—1(s) = 0, (32)
with polynomial coefficients C;(s) and 5’,~(s), 1 = 1,2,3. The above relation are usually
called raising and lowering operators, respectively, for the functions y,,. Eq. (31]) was firstly
obtained in [16, Eq. (3.4)].

To conclude this section let us point that from formula (25) and the examples B.3] B.5]
and B.7] follow the relations

Bi(s)yM (s) + Ba(s)yu(s) + Ba(s)y) 1 (s)
Bi(s)y$ (s) + Ba(s)yu—1(s) + Bs(s)yu(s)
By(s)y$) (5) + Ba(s)y (s) + Ba(s)ywsa(s) =

respectively, being the last two expressions the lowering and raising operators for the
functions y,. Moreover, combining the explicit values of Ay, Ay and Az with formula (25]),
one can obtain the explicit expressions for the coefficients By, By and Bs in (33]).

0,
0, (33)
0,

5. APPLICATIONS TO ¢-CLASSICAL POLYNOMIALS

In this section we will apply the previous results to the g-classical orthogonal polynomials
[2, 10, 11] in order to show how the method works. We first notice that these polynomials
are instances of the functions y, on the lattice z(s) = ¢° defined in ). In fact we have
[13L [16]

[n]q!Bn Pn(2)VTni1(2)
p(s) 27 Jo [2,(2) — 2 (s)] Y
where B, is a normalizing constant, C' is a closed contour surrounding the points x =
s,s —1,...,s —n and it is assumed that p,(s) = p(s +n) [ _, o(s +m) and py(s + 1)
are analytic inside C' (p is the solution of the Pearson equation (@), i.e., the condition (5
holds.

A detailed study of the g-classical polynomials, including several characterization theo-
rems, was done in [2, 9, [I1]. In particular, a comparative analysis of the ¢g-Hahn tableau
with the ¢-Askey tableau [9] and Nikiforov-Uvarov tableau [15] was done in [5]. In the
following we use the standard notation for the g-calculus [§]. In particular by (a;q)r =
an_:lo(l —aq™), we denote the g-analogue of the Pochhammer symbol.

Since the g¢-classical polynomials are defined by (B4]) where the contour C' is closed and
v is a non-negative integer, then the condition (I7) is automatically fulfilled, so Lemma[3.2]
holds for all of them. Moreover, the Theorem [£.1] holds and there exist the non vanishing
polynomials By, Bs and Bs of (20).

In the following we will assume that the three term recurrence relation is known, i.e.,

2(s)Pn(2(s)) = omPog1(x(s)) + BnPu(x(s)) + mba-1(x(s)) =0,  n =0

Pi(e(s) =0, Ro(a(s) =1,  a(s) =¢"

where the coefficients «,,, 5, and =, can be computed using the coefficients o, 7 and
A = A, of (D), being A\, given by ([8) and (@) with v = n. For more details see, e.g.,
[T, [11].

Since the TTRR and the differentiation formulas for the g-polynomials are very well
known (see e.g. [9] 11}, [16]) we will obtain here two recurrent-difference relations involving
the g¢-differences of the polynomials and the polynomials themselves.

Po(x(s)) =

(34)

(35)
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5.1. The first difference-recurrece relation. If we choose 1 =n—1, vo =n, vy =
n+1, k=1, ko =1 and k3 = 0, in Theorem [£T] one gets

A1(s)AW P, _ 1 (2(s)) + Ag(s) AW Py (x(s)) + As(s)Pag1(2(s)) = 0.
Using [1, Eq. (6.14), page 193]
[o(s) + 7(s)Ax(s — 1/2)] AW P, (2(s)) = @ Poy1(x(s)) + BuPru(@(s)) + FuPa-1(2(s)),

where

. M | _n B, ~ A | _n (0 n
an:—[q 20n :|, /Bn:—|:q 25n+T()_C3(q2_1):|,

[n]g [n]g Tn
- Mg i
Tn = )
[nlq
to compute AP, (z(s)) = %Zﬁs)) we get

:Az(s)ﬁ—? (q*%an _ B, ) + (0(s) + 7(s)Az (s — 1)) Ag(s)} Pt

T;LBanl

—

()Rt (7 an = 25 ) + As() g (0 %80+ 22 )| Pt

()25t (07T Bor + D) + Ay (s) 2

n—1

_n—1
A1(8)—A"_1q[n_12]q%_1 P,2=0,

By (B5) we may write

Poa(x(s)) =
so the above equality becomes
|2 (0 Fan — o8 ) Aals) + (0(s) + T(5)Az (5 = ) Ag(s)| Pasa (a(s))+

[ ot oot Aa(s) + 2 (4730 + ™22 Ay(s)] Pula(e)+ (36)

[n—1]q 7),_1Bn [n]q Tn

e =51 . =
[ (528 +0°2) 40+ 0] st =0

Comparing the above equation with the TTRR (B5) one can obtain the explicit values of
Al, AQ, and A3.

5.1.1. Some examples. Since we are working in the g-linear lattice x(s) = ¢°, for the sake
of simplicity, we will use the letter = to denote the variable of the polynomials [9, [I1]. We
will consider monic polynomials, i.e., those with the leading coefficient equal to 1. In the
following we need the value of 7,,(z) for each family, which can be computed using ().

Al-Salam-Carlitz I g-polynomials. For the Al-Salam-Carlitz I monic polynomials Ul (z;q)
we have (see [I, see table 6.5, p.208] or [11])

ox)=1-2z)(a—z), 7u(x)= qll_%: (3: —(1+ a)) ,
T(z) =710(2), Ap = —%,

and
an=1, Bo=0+a)", vm=-ag"""(1-q").
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The constant B,, is given by [I, Eq. (5.57), p. 147], B, = qi"(?’”%)(l — ¢q)". Introducing
these values into the equation (B36) it becomes

n

[q <q7§ — 1) Ag(z) +a(l — q)q”Ag(x)} U,S(i)l(ac; q)+
[E R A) + g R+ o) (1- ) As(@)| U (i )+
[(anH(l +a)— q2*"x) Ai(z) +aq" (1 —q") Ag(ﬂt)] Ur(La_)l(x; q) =0.

Comparing with the TTRR (B3] for the Al-Salam I polynomials we obtain a linear system
for getting the unknown coefficients Ay, As and Ags

a(q7% 1) Aole) + all - )" As(x) = 1,
g2 2 A(2) + ¢ 3 (1 +a) <1 - q%> Ag(z) = (1+a)q" —x,
(¢ (14 @) - 72) Ar(0) + ag" (1 — ") Aafw) = a™ (g — 1)

The solution of the above system is

aq™ (1+q%) ((1+a)fq7 3 :v)

A (z) = - -
aq™? (1+q7) —q(1+a) (q%3 (1+a)—g¢*~nz
—aq~ 3 (1-g"~ (1+a)g" ) (aF (14+a) 4>~ B )
AQ(x) = n _5 n n+3 ) (37)
(1—q2) {aq 2 <1+q2)—q(1+a) (q 2 (1+a)—q2*"$)i|
Q,gn 2 _n 5
a+q 2 z°+q 2 (a—(1+4+a)g°x
Ag(z) = q an (( )q)g ‘
a(1=9)[ag"+q7 (a—(1+0)%°) +(1+a)q 2 z
Then, the Al-Salam I g-polynomials satisfy the the following relation
A (@) ADU, (23 9) + Aa (@) ADULD (5 q) + Ag(2)UyY, (21) = 0, (38)

where the coefficients Ay, Ay and Ajs are given by (37)).

Notice that the coefficients Ay, As and As are rational functions on x. Therefore,
multiplying (B8]) by and appropriate factor it becomes a linear relation with polynomials
coefficients.

Alternative q-Charlier polynomials. In this case (see [I, table 6.6, p.209])

n+1

olx) =q¢ lz(l—2), 7 (x)= —q_lqu_ ( (1+ag'™)z — 1),
1
2N 1—g™ 1+ n
T(z) = 10(x), Ay =1 ((1352 ag") )
and, for the monic case, a,, = 1
q" (1 +ag" '+ ag" — aq2”> ag® 2 (1 — ") (1 + aqn—l)

ﬁn:

Tn =

(1 +ag®> 1) (1 +ag?*1) (1+ag®2) (1 +ag> 1) (1 +ag®)

The corresponding normalizing constant B,, is given by
(_1)nqin(3n71)(1 _ q)n
(—ag";q),
Following the same procedure as before we obtain the following relation for the alternative
Charlier ¢g-polynomials:

A () AV K, (2505 9) + As(2) AWK, (25.a5.9) + As(2) Kpp1 (z3059) =0,

B, =
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with the coefficients
a (1 + aqg) ((1 + aq2"+1) T — qu) T

A =
M) = T g 2) (1 a1 (1 ag®) (14 ag?e1)
—¢7 (1+aq™) z+ (1+ag*™) (qlJF% (1+ag*t) + a2 (14-q) + ¢’ (lfan")) z?
As(x) = _
@) ¢*" (1+ag™) (1+ ag®") (1 + ag®"+1)
qg (1 + aq2n71) (1 Jraqznﬂ) 3
" (14 aq™) (1+ag®) (1+ ag®* 1)’
¢ +ag™ (qg +1+ q%) —q: (1 - aq%n) (1+ag* ")z
Az(x) = :

q% (1+aq)

Big q-Jacobi polynomials. In this case (see [I, see table 6.2, p.204] or [11])
1oy (L—abg™) (1—¢q")

o(z) = qi(ﬂ: —aq)(x —Qti) An = —¢? 1—q7? :
q 2 [(1—abg™" n B
To(z) = 4 < . z+a(b+c)gt " — (a+c)> ,7(z) = 10(2) ,

and, for the monic case a,, = 1,
c+a?bg" <(1+b+c>q1+”—q—1) +a (1+b+c—q” (b(1+q)+c(1+q+b+bq—bq1+”) ))
Pn = b (=) )
__a(l=q¢") (A —aq") (1 —bg") (1 —cq") (c — abg")
g (1—abg?Y) (1 - abg?) (1 — abg?tl)
The corresponding normalizing constant is
(1 g)nq Y
(abg**m; q),,
The big g-Jacobi polynomials satisfy the following relation
Ar(@) AWy (50,0, ¢.q) + A (2)AWVpy(a;a,b,¢;9)+
As(@)pnt1(xia,b,c;q) =0,

n

B, =

with the coefficients Ay, As and Az given by

aq7%+n (1—abq"’+1)(l—x)(c—bx) (c—(b+c)ac+bx2)
Al(x) = 1—abq2"*1 X

n . cta (1+b+c+b(c+a(1+b+¢:))q2"+17(c+b(1+a+c))q”(l+q))
(1-q)q> (1 —abg ) g~ (D) (1—abg2n ) (1—abg2n+2) —a|D(x)—

(1—q)g" (1 — abg®™) [(1 —abg®™) (—c+a( =1+ (b+c)g"+)) +
g% (c+a(1 F bt et bletall+b+0)g?™ — (c+b(1+a+0)q" (L +q))) N(x)]}
Az(z) = a(l = q)q" (1 - aqu")Q (1 —abg®*?) (1 —z)(c — bx) (C —(b+c)z + bx2)N(ﬂc)7

As(z) = (1 — abg™™") (1 — abg®" ) (1 — x)(c — bx)D(x)+
gz (1 — q%) (1 + abq”sTn) (1- abq2n)2 (1- abg®"*?) (C —(b+c)x+ be)N(:v),

where the polynomials N(z) and D(x) are given by

_ ag?(1—¢™(1—ag™)(1—bq")(1—cq™)(c—abg™) q(—c+a(—1+(b+c)q")) l-n
N(z) = S (17a2q2")2(1qfaq2”+;]) * 7{ T—abg®” g rx
c+a2bq”(—1—q+(1+b+c)q"“)+a(1_(b+c)(—1+q"+q”+1)—bcq"(1+q—q”+1))

g~ (1—abg®™ ) (1—abg®"+7) -7
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and

_ ag(1—¢")(1—ag™)(1-bg™)(1—cq™)(c—abq™) 1-¢%
D(’T) - 1—abg?nt1 + 1—abg?n+2 X

{-eta®a® (~1— g+ +e)g™ = g E) b af = 1+ (bke)(aF + a7 + ") -
bc(q%n 4 q1+% + q2n+1):| {(c +a)g"tF —alb+ c)q“r%n — q% (1 - aqun)z} } )
respectively.

5.2. The second difference-recurrece relation. If we choose 1 = n—1, v, = n,
v3=n+1, k=0, ks =0 and k3 =1 in Theorem [£1] and proceeding as in the previous
case one gets

A1 (2)Pa_1(25q) + Ag(x) Py(a:q) + As(2) AW Py (2¢) = 0, (39)
where the coefficients Ay, Ay and As, satisfy the linear relation
_nt1 B —ntl Tn+1(0
As@)| (77 ~ a2t ) =) + (07 F B + 220 [Pt

[Ag(x)%’yn_i_l + (o(2) + 7(z)Az (s—3)) %Ag(x)] P+

Qn417) 1 Bnt2 nt

(o(z) +7(z)Az (s—3)) [SL\JF—I]‘]Al(x)Pn,l =0.

n+1
Comparing the above relation with the three-term recurrence relation (35]) one can obtain
the explicit expressions for the coefficients Ay, As and Az in (39).

5.2.1. Some examples.

Al-Salam and Carlitz I polynomials. Using the main data for the Al-Salam and Carlitz I
polynomials we obtain the relation

Ar(@2)U (w:.9) + As(2)UD (3 q) + As(@) ADTU, (259) = 0

n n

where

n+1

Ay(@) =ag" (1= ")z, Ag(e) = [a (144" ) ¢" = (1 + a)g" — @),

3n+1
2

1—
As(z) = — a——21_

w1 d
1—q%1

Alternative q-Charlier polynomials. In this case, one gets

Ay (2) K1 (730, 9) + Az(2)Kn(z;059) + A3(2) AV K1 (230;9) = 0,

om0 (et fo ()28 (g 0) [ ()= (ag2) |}
=37 (14+ag2n—2) (1+ag?" 1) (1+aq?")
(@) = = {aq™ (1 = ") + 47 (1+ ag>™ ) [ (1 + ag™ ) — ¢~*F (1 + ag?+?) |2} +
27 (1007) (107*) 10" (100 tag" —ag™) (1002 ) [ (hag) — (10 2) [

(1+aq2”*1) (1+aq2"+1)

Al (ZC) =

)

)

As(x) = a(1 - q)¢"F (1 + ag®*+1)a?

Concluding remarks. In this paper we present a constructive approach for finding re-
currence relations for the hypergeometric-type functions on the linear-type lattices, i.e.,
the solutions of the hypergeometric difference equation () on the linear-type lattices. Im-
portant instances of “discret” functions are the celebrated Askey-Wilson polynomials and
g-Racah polynomials. Such functions are defined on the non-uniform lattice of the form
z(s) = c1(q)q¢° + c2(q)g~* + c2(q) with ¢1co # 0, i.e., a non linear-type lattice and therefore
they require a more detailed study (some preliminar general results can be found in [16]).
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