RECURRENCE RELATIONS FOR DISCRETE
HYPERGEOMETRIC FUNCTIONS

R. ALVAREZ-NODARSE AND J. L. CARDOSO

ABSTRACT. We present a general procedure for finding linear recurrence
relations for the solutions of the second order difference equation of
hypergeometric type. Applications to wave functions of certain discrete
system are also given.

1. INTRODUCTION

In the last years there has been increasing interest in discrete models in
classical and quantum physics (for a recent review see [20]). Several of such
models are solved using the theory of the classical discrete polynomials [22].
Important instances of such systems are the discrete oscillators of Charlier
[5], Kravchuk oscillators [6, 8, 10, 12, 14] and Meixner oscillators [5] that are
related to the polynomials of Charlier, Kravchuk and Meixner, respectively,
and the finite radial oscillator [9, 11] related with the Hahn polynomials. For
applications it is important to have recurrence relations for the discrete wave
function of such systems. Methods for obtaining such recurrence relations
have attracted the interest of several authors (see e.g. [19, 20] and references
therein).

Our main aim in this paper is to present a constructive approach for
generating recurrence relations and ladder-type operators for some discrete
system such as the discrete oscillators [2, 5, 6, 8,9, 10, 11, 12, 13, 14], discrete
Calogero-Sutherland model [20], etc. The main idea is to use the connection
of the wave functions with the classical discrete polynomials in a similar
way as it was done in our previous paper [16] for the N-th dimensional
oscillators and hydrogenlike atoms. This approach allows us to recover the
relations obtained in [5, 19, 20] and also to obtain several new relations for
the discrete polynomials and therefore for the associated (wave) functions in
a constructive way. This can be extended to other exactly solvable models
which involve discrete hypergeometric functions or polynomials.

The structure of the paper is as follows: In section 2 the required results
and notation from special function theory are introduced. The main results
of the paper are in Section 3, where some general existence theorems are
stated and proved. In Section 4 simple examples of recurrences and ladder-
type relations of some discrete systems are presented. Finally, at the end of
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section 4, we include some more complicate examples, in order to show the
interest as well as the power of the method for finding needed recurrence
relations. In this way we show how this method can be useful for finding
recurrences ¢ la carte, that it seem to be, in general, a very important tool
for computations with discrete systems.

2. THE discrete INGREDIENTS

2.1. “Discrete” preliminaries. Here we collect the basic background [1,
22] on hypergeometric discrete polynomials needed in the rest of the work.
Let us consider the second-order difference equation of hypergeometric-

type
o(s)VAy(s) + 7(s)Ay(s) + A\y(s) =0, (2.1)

where o(s) and 7(s) are polynomials of degree not greater than 2 and 1,
respectively, A is a constant, and Af(s) = f(s+ 1) — f(s) and Vf(s) =
Af(s — 1) are the forward and backward difference operators, respectively.
This equation can be written in self-adjoint form

Alo(s)p(s)Vy(s)] + Ap(s)y(s) = 0, (2.2)
where the function p(s) satisfies the Pearson-type difference equation
Alo()p(s)] = r(s)p(s).
For the solutions of the difference equation (2.1) the following theorem holds

Theorem 2.1. [23, page 136] The difference equation (2.1) has particular
solutions of the form

b—1

N Cy pu ()
W)= 0 2 - s 23
if the condition
o(x)py(x) |°

~0, (2.4)

@—s— s
is satisfied, and has solutions of the form

a

G pu(x)dx
R o) Ay 29)
if the condition
olx+1px+1)dr o(x)p(z) dx
R e e A e A 20

is satisfied. Here C' is a contour in the complex plane, C,, is a constant, p(s)
and py(s) are the solution of the Pearson type equations

Alo(s)p(s)] = 7(s)p(s),  Alo(s)pu(s)] = T(s)pu(s), (2.7)
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where 1,(s) = o(s +v) —o(s) + 7(s + v), v is the root of the equation
Avr' +1/2v(v —1)6” =0, and (), denotes the Pochhammer symbols or
shifted factorials

Tz +v)

Important instances of the functions ¥, are the classical discrete polyno-
mials which are given by [23, page 139]

(2.8)

!B
Pu(s) = 22 @) o (2.9)
o(s) 2mi Jo (@ — )01
when C'is a closed contour surrounding the points x = s,s — 1,...,s — n

and it is assumed that p,(x) and p,(x + 1) are analytic inside C, i.e., they
correspond to formula (2.5). In this case

1
A=\, = —nA7(s) — §n(n —1)o", n=0,1,2,....

2.2. The classical discrete polynomials. The classical discrete orthog-
onal polynomials are orthogonal on the integers in [a,b — 1] with respect to
the weight function p(s), i.e.,

b—1
Z Po(8)Pr(s)p(s) = 5nmd12m

=0, for all £ > 0,

holds, where d2 is the square of the norm of the polynomial P,(s). They
can be obtained using the so-called Rodrigues-type formula

provided that the boundary condition o(s)p(s)z"|

r=a,b

Po(s) = f(’:)vn[pn(s)], n=01,2 .. ..

where B, is the normalization constant and

on(s) = p(s + 1) T[ o(s +m). (2.10)
m=1
Furthermore, for the k-th differences we have [23, Eq. 20, page 110]
A, B
AFP, (s) = 2B gn—k on(8)], 2.11
(s) r () [on(s)] (2.11)
where
nl k-1 o

Appy = ——— ! —1)—]. 2.12
. (n_k)!ngﬂ[wmm i (212)

A simple consequence of the orthogonality is the three-term recurrence
relation (TTRR) that the polynomials P, satisfy

xPp(8) = anPrs1(s) + BnPn(s) + YnPn-1(s). (2.13)

Also they satisfy several difference-recurrence relations [1]
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STPA5) = 22 [ (IPa(s) = P (0]
o6) + TAPS) = 22 {[ras) — nrIPa(s) =

O(5)V Pa(5) = Gn Py (5) + BuPal(s) + FnPa1(s),
[0(s) + T(8)]AP(s) = AnPay1(s) + Bnpn(*s) + AnPr-1(8),
Po(s) = Qn(s) + 0nQn-1(8) + €nQn—2(s),
where Q,,(s) = AP,41(s)/(n+1).

(2.14)

Pn+1(s)} , (2.15)

(2.16)
(2.17)
(2.18)

2.3. Classical families of Hahn, Meixner, Kravchuk and Charlier.
The four families of classical discrete orthogonal polynomials are the Hahn
he (x, N'), Meixner M;]"(s), Kravchuk K% (z, N) and Charlier C(s), poly-
nomials [18, 22, 23], whose main data in its monic form are shown in Tables
1, 2 and 3.

TABLE 1. Classification of discrete classical polynomials

Hahn Meixner Kravchuk Charlier
Py hin (s N) M"(s) K (s) Ch(s)
[a, b] [0, N] [0, 00) [0, N +1] [0, 00)
o s(N+a—s) s s s
Np—s
T B+HIN=1) —(a+B+2)s | (b—1)s+py T p—s
B+D)(N-D)+n(N-B-n—-2) |, _ (N—n)p—s _
™ “(a+B+2n+2)s (u=D)s+u(y+n) B pes
ctr| (BTN -1-s) s + 1 el u
An nn+a+pB+1) (1—p)n lnTp n
I(N+a—s)P(B+s+1) 1T (v + s) Nlp*(1—p)N = e Fps
p (N —s)(s+1) T()(s+1) I(N+1-sI(s+1) |D(s+1)
aB>-1,n<N-1 v>00<pu<1l| 0<p<l,n<N-1 | p>0
T(N+a—-s)T(n+B+s+1) [pt"T(y+n+s)| Npstr(1—pN—"n=s |erystr
pn I(N—-n—sI(s+1) T()I(s+1) |T(N+l-n—sI(s+1)|T(s+1)

(a+B8+n+1),

MH(s) = (v)n

—z,a+pB+n+1,—n
1-N,B+1

1
1__>,
n

WP (z, N) =

They can be expressed in terms of hypergeometric functions by [22, Sec-
n

tion 2.7,p. 49]:
3F2< 1),
U

F —n,—%
(u—1) ? ( v
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TABLE 2. Main data for monic Hahn and Chebyshev polynomials

Hahn Chebyshev
hip” (s N) tn(s; N) = hy"(s; N)
B, (=nr (=n"
(a+B4+n+1), (n+1)n
b n (2(,@+1)(N—1)+(n—1)(oc—ﬂ+2N—2)) _n(N-1)
" 2 a+pB+2n 2
2 nl(a+n+1DI(B+n+ )N a+B8+N+n+1) n2(N +n)l(n+ 1)52
"a+B+2n+)(N—n—DT(a+B+n+1)(a+B8+n+1)2| 2n+1)(N—n—1)!
3 B+1D)(N-1)(a+p)+n2N+a—L—-2)(a+B+n+1) N-1
" (a4 B8+ 2n)(a+ B8+ 2n+2) 2
n(N—n)(a+B8+n)(a+n)(8+n)(a+B8+N+n) n?(N? —n?)
™ (@atfB+2n—1)(atB+2n)2(atftontl) i(2n—D)(2n+ 1)
an —n —n
~ n(—a—B—af — %2 —2n —2an — 26n — 2n? + aN — BN) n(n+1)
Pn (a+B+n+1)"La+B+2n)(at+B+2n+2) 2
~ || _nlet+B+n)at+BtntH(@+n)(B+n)(@+B+N+n) | n’(n+1)(N?—n?)
o (n—N)"'(a+B+2n—1)(atB+2n)2(atB+2ntl) 4(2n—1)(2n+ 1)
[67% -n -n
~ n(a+ a2 + B+ af +2n+ 2an + 28n + 2n? + aN — gN) n(n+1)
Pn (a+B8+n+1)"Ha+B+2n)(a+B+2n+2) 2
~ || _nlat+Btn)(at+Btntl)(at+n)(B+n)(at+B+N+n)| n’(n+1)(N>—n?)
o (n—N)(atBt2n—1)(atB+2n)2(atBtontl) 1(2n—1)(2n 1 1)
P n(la—B)2N+a+ fB) n n
" 20a+B+2n)(a+B+2n+2) 2 2
. n(n— 1N —n)(a+n)(B+n)(a+B+N+n) _n(n—1)(N? —n?)
" (a+B8+2n—1)(a+B+2n)2(a+B+2n+1) 4(2n —1)(2n+1)

Ky, V) = (G aF (T

1
Ca(s) = ()" oFo -3).
where the generalized hypergeometric function ,I'; is defined by
e k
1,02, ..., Ap . (a1)r(a2)y - - - (ap)kx_
qu( b, b, ..., by x) =>. o (b)k K (2.19)

k=0
A very important special case of the Hahn polynomials (o« = 8 = 0) are the
discrete Chebyshev polynomials ¢, (z, N) := ho (z,N).

-n,—T

3. GENERAL RECURRENCE RELATIONS

In this section we will obtain several recurrence relations for the solutions
(2.3) and (2.5) of the difference equation (2.1). We start with the following
lemma that is the discrete analog of Lemma in [23, page 14].
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TABLE 3. Main data for monic Charlier, Meixner and
Kravchuk polynomials

Charlier Kravchuk Meixner
Ch(s) KB (s) M H(s)
1
Bn —1)" —1)*(1 — p)™
(-1) (-1)"(1-p) T
bo || ~Z@u+n—1) | —nlNp+ (n—1)(1/2 - p)] (ﬂ) (w o 1“—“)
p—1 2 W
d? nly™ nNpr(1 —p)™ _ntnp”
g " (N —n)! (1 —pp7en
Bn n4p Np+ (1 —-2p)n w
4
np(n —1+17)
Yn ny np(l—p)(N —n+1) W
Qn 0 0 0
B’n ln_pp nu
Yn np pn(N —n+1) np(n = 147)
1-—p
[e7%) 0 0 0
B’n n n
Fn nuy pn(N —n—+1) np(n = 1+7)
1—pn
(571 n(l _p) ln_ll“
€n 0 0 0 K
Let us define the functions
— (s
Du(z) =) —FF— (3.1)
and (5)
pu(s)ds
d,,(z)= _— 3.2
)= [ A5 (32)

corresponding to the functions® (2.3) and (2.5), respectively. In fact, the
functions y, and the functions ®,,, are related by the formula

(3.3)

Lemma 3.1. Any three functions ®,,,,, i = 1,2,3 are connected by a linear
relation

(3.4)

LObviously the functions (3.1) correspond to the boundary condition (2.4), whereas
the functions (3.2) correspond to the condition (2.6).
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with polynomial coefficients A;(z) which are not all three vanishing provided
that the differences v; — vj and p; — pj, 1,5 = 1,2,3 are integers and that
the following condition holds®

k s=b
Fo@on(® T g1 55
(3 - Z)MO s=a
for the case when ®,,,, are given by (3.1) and
/ASJ puo( )dSZO’ k=0,1,2,..., (36)
(s = 2) o

for the case when ®,,,, are given by (3.2). Here vy is the v;, i = 1,2,3 with
the smallest real part and po is the p;, i = 1,2,3 with the largest real part.

Proof. We will give the proof for the case of functions of the form (3.1), the
other case is Completely similar. We have

3 b—1 3
pi(s) P, (s)
Ai z V; i A — 7 = AZ Z)— 7
; ()% Z Z (s=2)pi+1 ;; ( >(S_Z)Hi+1
_Z : ZAsz Z)MOJFI
8 -z ,u0+1 i—1 Z)m+1
= Z (Z Aipy,(s)(s — 2+ pi + 1)#0—;%) )
(5=2)uo+1 i—1
where the identity
(s —2)a
——=(—2+PBayp a=p
(s—2)p ’

is used. Next we use the identity p,(s) = o(s+ 1)p,—1(s+ 1) as well as the
Pearson-type equation (2.7) rewritten in the equivalent form

pu(s+1) o(s)+7(s) o(s+v)+7(s+v)

pu(s) — o(s+1) o(s+1) ’

which leads to
ps+vi) olstvi—1)+7(s+vi—1) o(s+w)+7(s+wo)
p(s+ ) o(s+v;) o(s+uvy+1)
Thus, for all v; > vy
pu;(s) =lo(s+wo)+7(s+wo)] - [o(s+vi—1)+7(s+vi—1)]py(s). (3.7)

Using the last formula we obtain

b—1

Puo(8)
A2) Dy oty (3.8)
3 A= 3 2
2In some cases this condition is equivalent to the condition s*o(s)pu,(s)|3Zh = 0,

k=0,1,2,.
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(s) = > Ai(2)(s = 2+ pi + Dpypym(s + 1) - w(s +vi = 1), (3.9)
i=1
is a polynomial in s and 7(s) = o(s) + 7(s). To conclude the proof we will
show that the polynomials A;, i = 1,2,3 can be chosen such that

Pro(s) Prot1(s —1) (s)pu, (5)

———TI(s) = A [— Q(s)| =A | ———=Q(s)|, (3.10)
(S*Z)uo-i-l (S*Z)uo (S*Z)uo

where Q(s) is a polynomial in s. Rewriting (3.8) with the help of the above

formula and using the boundary condition (3.5) we find the expression®

3
Z Ai(z)q)Vi/—Li(Z) = 0.
=1

Let us show that this polynomial () and the polynomials A; always exists.
In fact, a straightforward computations give

A [M Q(s)] _ )

(S_Z)Ho (S_Z)lto-H
[%(S)(S — 2)Q(s) + [1(s) + 0 ()](s — 2)AQ(s) — poo(s)Q(s) |,

from which the following expression connecting the polynomials II and @
follows

I(s) = [%(s)(s - Mocr(s)} Q) + (5 — 2l (5) + 0()]AQ(s). (3.11)

From the above relation follows that the degree of Q(s) is two less than
the degree of II(s): it follows from the fact that the degree of 7,, is less
than or equal to 1. In fact, equating the coefficients of powers on the two
sides of the above equation, we find a system of linear equations in the
coefficients of Q(s) and the coefficients A; which has at least one unknown
more than the number of equations. Notice that the coefficients of the
unknowns are polynomials in z, so that after one coefficient is selected the
remaining coefficients are rational functions of z, therefore after multiplying
by the common denominator of the A;(z) we obtain the linear relation with
polynomial coefficients. This completes the proof. O

X

Remark 3.2. Notice that for the discrete polynomials (2.9) the condition
(3.6) is automatically fulfilled, since the contour C' is closed and v is a non-
negative integer, so Lemma 3.1 holds for any family of discrete polynomials
of hypergeometric type. Notice also that Lemma (3.1) assures the existence
of the non vanishing polynomials in (3.4) but does not give any method for

3In the case of functions ®,,, of the form (3.2) the proof is the same. In fact, changing
the sums over s by the integral over C' and using the boundary condition (3.6) we obtain
the result.
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finding them. Nevertheless, using (3.9) and (3.11), a constructive approach
for finding the coefficients A;, i = 1,2,3 can explicitly be written down. This
will be shown in a simple example connecting the ®,,_1, ®,,, and P, ,11,
functions. In fact, for the case of classical polynomials of Jacobi, Laguerre,
Hermite and Bessel, the corresponding Lemma [23, page 14] has been ex-
tensively used for deriving several recurrences relations and for getting the
corresponding coefficients in a closed form in terms of the polynomials o and
T (see e.g. [17, 24], and references therein). For the discrete case this study
is under way.

Example. Let us find the relation among ®,,_1, ®,,, and ®,,4+1. In this
case since deg(Il) = 2, Q(z) = qo is constant, and therefore (3.11) becomes

A1(z)(s—z4v)o+ As(z)(s—z+v+1)+ Az = [T,,O(s)(s —z) —,uoa(s)} qo-

Expanding both sides in powers of s —z and comparing coefficients we obtain
A1(2)Pyp—1(2) + A2(2) Py (2) + A3(2) Py v11(2) = 0,

where
/!

Ai(z) =7+ (v— 1)%, Ax(z) =7(2) —0'(2) +v <T/ + V%) ’
(3.12)

2

To conclude this section we write down the following two straightforward
identities for the functions ®,,,

A, (s) = (n+1)Pupta(s + 1), (3.13)

As(z)=—-(v+1) [J(z) +v <T/ + (v — 1)U—H>] :

and
VPuu(s) = (1 + 1)Pyysa (s). (3.14)

Recurrences involving the solutions y,. Let us now establish the fol-
lowing relevant relation

C(k)
AF L(s) = ——
() pr(s)

This relation is valid for solutions of the form (2.3) and (2.5) of the dif-
ference equation (2.1). For the sake of simplicity we present here only the
proof for the case of discrete polynomials. In this case (3.3) becomes

En D, ().

Comparing the last formula with the integral representation (2.9) we deduce
that C,, = Bpn!/(2mi).
Next, using the Cauchy integral
1
fo) = o [ 1%,

2mi Joz— s

k-1 "
®,, in(s), CP®=c, H [7" +(v+m-— 1)% . (3.15)

m=0

P.(s) =
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it follows that

S O
vk sy = L /C( dz.

271 2= S$)n—k+1

Then, using the Rodrigues formula (2.11) for the k-th differences A¥P,(s)
we obtain the integral representation
ApkBr(n — k)! n w(n—k)A,
() 271 Jo = 9)pims npe(s)
from which, using (2.12), the relation (3.15) follows.
In the following yT(Zk)(s) denotes the k-th differences A*y,,(s).

q)nn—k(s)y

Theorem 3.3. Under the same conditions as in Lemma 3.1, any three

functions yél’)( ), i =1,2,3 are connected by a relation of the form

3

> Bi(s)yli(s) =0, (3.16)

i=1
with polynomials coefficients B;(s), i = 1,2, 3.

Proof. From Lemma 3.1 we know that there exists three polynomials A;(s),
1 =1,2,3 such that
3

ZAZ nl,n, Z( )ZO

Then, using the relation (3.15) we find

> A ()l ) = 0.

Now, dividing the last expression by pg,(s), ko = min{k1, k2, k3}, and using
(3.7) pr,(8)/pry(s) = m(s+ ko) ---m(s+ ki — 1), we obtain

Z Bi(s)yl)(s) =0, Bi(s) = Ai(s)(C)Lm(s + ko) -+ w(s + ki — 1),

which completes the proof. O

Corollary 3.4. Under the same conditions as in Lemma 3.1, the following
A-ladder-type relations hold

B1(8)yn(s) + Ba(s)Ayn(s) + Bs(s)yn+m(s) =0, mE 7, (3.17)
with polynomials coefficients B;(s), 1 =1,2,3.

Proof. 1t is sufficient toput k1 = k3 =0, ke = 1,n1 = ng = nandng = n+m
n (3.16). O
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Notice that for the case m = £1 (3.17) becomes
B1(s)yn(s) + Ba(s)Ayn(s) + Bs(s)ynt+1(s) =0, (3.18)

Bi(8)yn(s) + Ba(5)Aya(s) + Ba(s)yn-1(s) = 0, (3.19)

with polynomials coefficients B;(s) and Ei(s), i = 1,2,3. The above re-
lations (3.18) and (3.19) are usually called raising and lowering operators,
respectively, for the functions y,,.

Let us now obtain raising and lowering operators for the functions y, but
associated to the V operators.
We start by applying the operator V to the expression (3.3)

1 1 C,
V) = Cle) (55 = 5y + gy VR

or, equivalently,
_pls—1) ) — g (Pe=1
Vo,(5) = 2V e) - o) (252 1))

Next we use (3.4) with vy =y =vo=v,uo=v+1l,andvs=pus=v+m
and substitute the above formula as well as (3.14) to obtain the relation

M), (0) + 220 2w () - (A1) 4,00

+ A3(8)Prgmp+m(s) = 0.

Finally, using the Pearson-type equation (2.7), p(s —1)/p(s) = o(s)/[o(s —
1) + 7(s — 1)], and multiplying the last expression by Cy[r(s — 1) + o(s —
1)]/p(s) yields

C1(8)yu(s) + Ca(s5)Vyu(s) + C3(8)yvrm(s) = 0, (3.20)

where
Ci(s) = (wv+1)[r(s—1) + o(s—=1)]Ai(s) + [o(s) —7(s—1) —a(s—1)]A2(s),
Ca(s) = o(s)Aa(s), Cs(s)=(w+1[o(s—1)+7(s— 1)]CVC;imA3(s),

i.e., we have proven the following

Theorem 3.5. Under the same conditions as in Lemma 3.1, the functions
yu(s) satisfy the V-ladder-type relations (3.20).

If we now choose m = 41 we find the raising and lowering operators,
respectively, for the functions ¥, associated with the V-operator

C1(8)yn(s) + C2(s)Vyn(s) + C3(8)ynt+1(s) = 0, (3.21)

Cr(5)yn(s) + Co(5)Vya(s) + Ca(s)yn-1(s) = 0, (3:22)
with polynomials coefficients C;(s) and Cj(s), i = 1,2, 3.
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Remark 3.6. Obuiously the formulas (2.14)-(2.18) from section 2.2 are
particular cases of the general expressions for the functions y,(s).

4. APPLICATIONS TO DISCRETE SYSTEMS

As we already mentioned in the introduction, several important discrete
systems (e.g. discrete oscillators) can be described using the solutions of the
difference equation of hypergeometric type (2.1). In fact, in several of these
models the corresponding wave functions have the form

where P, is a classical discrete orthogonal polynomial of Hahn, Meixner,
Kravchuk and Charlier, d,, is the norm of P,, and p the corresponding weight
function.

4.1. Three-term recurrence relations. Since P, can be expressed by
(2.9), we can use theorem 3.3 that assures the existence of the three-term
recurrence relation

A1Pn+1 (Z) + AZPH(Z) + Agpnfl(z) =0. (41)

But comparing it with (2.13) yields A1(z) =1, A2(z) = By — 2z and Az(z) =
Yn, therefore, we may write

dnfl

Unt1(2) + (B — 2)¥n(2) + ’Ynﬂ Yn-1(2). (4.2)

dn+1
dn

Charlier case. The Charlier functions are defined by

— W 2—n
c T __onez), wnxo. (4.3)

Yh(z) = TG "

Using the main data for the Charlier polynomials (see Table 3) we obtain
V(Db (2) + [(n 4 1) = 2] ¥5(2) + Vb, (2). (4.4)

Meixner case. In the Meixner case we have

i) = =2 )i/ Ly +2) ), n
n(2) = n (1= p) \/F(’Y)F(Z‘i‘l)n!(’y)n M"(2), >0,

thus
V(n+ Du(y +n) Ort (2)+n(l + p) + py — (1= p)z] ¥ (2)

(4.6)
+Vnp(y +n—1) Y (2).
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Kravchuk case. The Kravchuk functions defined by

Wh(z) = p* 2 —p)(N“)/Q\/n!F(Z +(ﬁr_(;)!_z+l)K£(z,N), (4.7)

are a finite set of orthogonal functions n = 0,1,... N. For these functions
(4.2) becomes

V(n+1)p(1 —p)(N —n) ¢h 1 (2) + [Np+ (1 — 2p)n — 2] 5 (2)

(4.8)

+Vnp(1 —p)(N —n+1) ¢h_ (z) =0.

Hahn case. Finally, for the Hahn functions

e ,ﬁ( ) = \/F(N+a 2)D(B+2+1) (a+B+2n+D)D(N—n)T(a+f+n+1) (at+B+n+1)2 ha,ﬁ( )
n I'(N—2z)I'(z4+1)n!T'(a+n+1)T(B+n+1)T' (a+B+N+n+1)
(4.9)

we have
an 020 (2) + (b — 2020 (2) + an—1 927 (2) = 0, (4.10)
where

[ —mtm@rn)a+t i n)at BN +n)
" (a+08+4+2n—1)(a+B+2n)?(a+B+2n+1)

and
B+ DNV D@+ ) +n@2N+a-F-2)(at+f+n+1)

b = (a+08+2n)(a+F+2n+2)

4.2. Ladder-type Relations. Let us look for relations involving the oper-
ators V and A. Since P,(z) = dptn(2)/+/p(2), we have

dp, 1 1
VP (2) = ————V,(2) + dptpn (2 . (4.11)
1) NEORRVE RS
On the other hand, Theorem 3.5 guarantees that for any integer m there
exist polynomials A; , As and A3 which are not all three vanishing such
that

AP, (2) + AoV P, (2) + A3Ppim(z) =0. (4.12)
Substituting (4.11) in (4.12) we get

Ar+ Ay (1— p(’;(z)l)ﬂwn(z)%z p(’;(z)l)vwn(z)+A3dzm¢n+m(z)—0-
(4.13)

In a similar way, application of A to P, (z) = d,¥n(2)//p(z) gives

AP, (z) = %A%( z)+ (\/

11
plz+1)  /p(2)

> Un(z)  (4.14)
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and consequently, substituting (4.14) into (3.17) gives

p(z+1 z+1)

B + Bo ( L)) - 1)] VYn(2)+DBe p(piAiﬁn(z)
(4.15)

dp+m
d—; wn—km('z) =0

Let us point out that for getting the polynomial coefficients B;, i = 1,2,3
in (3.17) (or A;, i = 1,2,3 in (4.12)) we will follow the idea in [16]. Given m,
the idea is to identify the corresponding relation (3.17) (or (4.12)) with one of
the known expressions (2.13)—(2.18) for the classical polynomials. In doing
so, after m is choosen and fixed, (3.17) (or (4.12)) may or may not transform
into one of the known formulas (2.13)—(2.18). In the first situation, which
is the simplest one, we can identify directly the coefficients B;, i =1,2,3
(or A;, i =1,2,3) comparing the formula (3.17) (or (4.12)) with one of
the known expressions (2.13)—(2.18). In the second one, in general we need
to combine (3.17) (or (4.12)) with a certain combination of two or more
formulas (2.13)—(2.18) to obtain the unknown polynomials B;, i = 1,2,3
(or A;, i=1,2,3). In the following examples we show how this works in
the first situation. The more “complex” cases will be considered in the next
subsection 4.3.2.

+DB3

Charlier case. Substituting (4.3) into (4.13) and (4.15), gives, respectively

[VzAL+ (V72 = Vi) Ae] ¥ (2)+ A2 [V (2)

AT T () =0,
[VABy + (VET 1= Vi) Ba]uh() + Bav/z + TAY(2) (4.17)

+B3/ " (A4 D . (2) = 0,

Let us remind here that (a); denotes the Pochhammer symbol (2.8).
Now we proceed by choosing particular values for the parameter m € Z.
e We start with the case m = —1. Then (4.12) becomes

AlC’ﬁ(z) + AQVC}LLL(Z) + AgCV’ffl(z) =0.

Comparing the above equation with (2.16) we find 41 = —n, Ay = z,
As = —npu, and therefore (4.16) becomes

(z — Vpz —n) Y (2) + /uzVh(z) — /np gt (z) = 0. (4.18)
On the other hand, (3.17) becomes
B1CE(z) + BoACHE(z) + BsCl_(2) =0,

so, comparing with (2.17) gives B; = 0, By = 1, B3 = —n. Therefore, (4.17)
gives

(Vz+1— i) gh(z) + Ve + 1A (2) — Vil 1(2) = 0. (4.19)
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e Analogously, for the case m =1, (4.12) becomes
A1CH(2) + AV CH(2) + A3Cl 1 (2) = 0.

Now, comparing with (2.14) gives A} = u — z, Ay = z, Az = 1, thus, (4.16)
becomes

(VI = VZ) Yh(2) + V2VPh(2) + Vi + 1Tk (2) = 0, (4.20)
In this case (3.17) has the form
BlCﬁ(z) + BQAC#(Z) + BgC’ﬁH(z) =0.

If we compare the above expression with (2.15) we find By = g +n — z,
By =y, B3 =1, so (4.17) transforms to

[(n=2)(n+n—2) = (Vi = Vz+ D]k (2) + pv'z + LAY ()
+uvn 4 14 (2) =0

Meixner case. Substituting (4.5) into (4.13) and (4.15), we get, respec-
tively

(VA1 + 42 (V= =1+ 2)) |437(2) + Aav/ulr— 1+ 2) V()

(4.21)

2p™(n + D (y +1)m ,
+A‘r”\/ o Vnin(2) =0

(4.22)

and

(VIO T 2B+ By (VEFT-uly +2)) | 6 (2) + Bov/z T 1A (2)

2 pmtl(n n
+B3\/(7+ )M (1(_,:;22 (7+ ) Xfm(z)zo.

(4.23)
Now we proceed by choosing particular values for the parameter m € Z.
e For m = —1 (4.12) becomes

ALMYH(2) + AV MIH(2) + AsMIM (2) =0 .

Comparing with (2.16) we get A1 =n, Ay = —z, A3 = n”(?%w, so (4.22)
becomes

[n z—z(x/_—\/f%—z)]dﬂ“
— 2/u(y = 1+ 2)VYH(2) + Vanu(n — T+ )" (2) = 0.
In this case (3.17) has the form
BiM)*(z) + BeAM#*(z) + BsM,)* () =0 .

(4.24)
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Comparing the last equation with (2.17) yields By = n, By = —z — v, and
Bs = n(nl—ljw therefore (4.23) gives
Vi = VETFT (Ve T = Vil +2)) [t (e)
=V (z+ Dz +)APH(2) + Vnln = L+ 9) 9% (2) =
e Choosing m =1, (4.12) becomes
AL M) (z) + AoV M H(2) + AsM)f(2) = 0.

(4.25)

A solution now is (compare with (2.14))
Ar=p(y+n)—(1—-pz, A=z Az=1-yp,
thus (4.22) becomes
[(u(v +n+2)—ype(y -1+ Z))} i’ (2)
+/uz(y = 1+ 2) Vet (2) + /uln + 1) (v +n) gty (2) = 0.
In this case (3.17) takes the form
BiM*(z) + BoAM)*#(2) + BsM,Fi(2) =0,

(4.26)

which comparing with (2.15) gives By = u(z +v) +n — z, By = u(z + ),
and Bs =1 — p. Thus (4.23) gives

[ﬁ(u(v+z)+n—z)+ﬁ(¢z+l—sz)]wz’“(z)
VEFDET A () + R E DG TR ek,

(4.27)
Kravchuk case. In this case using (4.7), (4.13) and (4.15) we have
(VA= p)zA1 + 42 (VT =p)z = V(N +1-2))] ¢h(2)
As/p(N +1 = 2)Vh(2) (4.28)
+Asy/2(n+ Dm(N = —m + Dmp™ (1 — p)™ 4, (2) =0,
VPN =2)41 + Ay (VIT=p) G+ D—/p(N=2) )| ¢h(2)
Asy/(1=p)(z + DAY (2) (4.29)
+A2/(N—=2)(n+1) (N —n—m~+1)pmp™ 1 (1—p)™ ¢}, (2) = 0.
e For m = —1, (4.12) becomes
A1KP(z) + AsVEKP(2) + A3KP [ (2) =0,
for which the solution is (see (2.16))
Ar=n, Ay=—z, As=pn(N—-n+1),
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and therefore (4.28) becomes

(VI=2)z = VoV +1=2)) 2= ny/T - 9)7] ¥h(2)
+/P(N +1—2)2VYh(2) — \/zpn(N —n+ 1) 92 _,(2) =0.
Now (3.17) gives
B1K?(2)BoAKP (2) 4+ BsK?_(2) =0,

(4.30)

from which, comparing with (2.17), we find By = n, By = N — z, and
B3 = —n(N —n+1)(1 —p). Then (4.29) yields

{n\/ﬁ—l—\/N—z(\/(l— )(z+1) — /p(N )] h(2)

/O =p)z+ D — 2)A%h(z) — /(N —n+ DA —p) ¥ _,(z) = 0.
(4.31)

e Now, for m =1, (4.12) has the form
A1 KB (z) + AoVEKE(2) + AsKD 1(2) =0
for which A1 = (N —n)p—z, A2 = (1 —p)z, A3 =1, (see (2.14)) so (4.28)

becomes

[\/E(N n)p—z (\/7 NT1—2 z)z] WP () )

+2V/N +1=2Vh(z) + /(n + 1)(N—n)z b (2) = 0.
Since for this case (3.17) has the form

BiKZ(2) + ByAK(2) + BsK?., (2) = 0

then, comparing with (2.15), By = (N —n)p+n — z, Bs = p(N — z), and
Bs =1, so (4.29) transforms into

1—

+2¢/(1=p)(z + D)AYL(2)+p/ (1 — p)(n + 1) (N —n)(N —z) £, (2) = 0.

(4.33)

{Lp‘z) [(N=n)p+n—2]+ |V T-p) + 1) —v/p(N—2)| Z} Yn(2)

Hahn case. As in the previous cases we substitute (4.9) in (4.13) and (4.15)
to obtain, respectively, the expressions

[Al\/ o(z) + A29(Z)] @ﬁs’ﬁ(z) + Agmv¢gﬁ(z)

dn m (o3
+451/0(2) = Ul (2) =0,

(4.34)
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and
[ I/ —|—ng2—|—1] 2) + Bay/o(z + 1) Ay ’ﬁ

dnm «
+B3/n(2) =7 mﬁaa:m

(4.35)

where o(z) = 2(N+a —z2), 7(z) = (z+F+ 1) (N —2z—1), and ¢g(z) =
Vo(z)— \/ m(z —1). In the following we will use also the following notation

=Vo()m(z—1)=/2(N+a—2)(z+8)(N — 2),

and

o — [N =n)(a+n)(B+n)(atf+n)atf+N+n)
B (a+p+2n—1)(a+B+2n)?*(a+8+2n+1)

Using the same technique as in the previous cases we arrive at the following
expressions

e m=—1
[nlen—2)= Vo (2)g(=)| 657 (2)—f (2) Ve (=) + (ot Ba2n4 1), (2) = O,
(4.36)
_ (B (N=1)(atB)+(atf+n+1)[(a+B) (at+1+2n) +(n+N) (a—F+2n)]
where ep = (a+B+2n)(a+B+2n+2) and
{n(z + )+ Vr(2)g(z + 1)} B (2)+ flz+ 1) AP (2) (4.37)
—(a+ B+ 2n41)0, 27 () = 0,
_ (a+8)(a+B+N+n)
where ¢, =a+06+n+1— pweE .
e m=1
(ot B+ n+1)(en — 2) = V/o(2)g(2) |07 (2) - F(2) Ve (2) .
+(a+ B+ 1)1t (2) =0,
where
- _ (e+B)n(a+142n)+(N—1)(8+1+2n) +n(a—p) (a+B+n+N+1)+2n(nt1) (n+N—1)
(a+B+2n)(a+L+2n+2) )
and
(a4 B+1) (€0 — 2) + Va(R)g(= + D] v () + £z + DAvgo(2)
(4.39)

o+ B+ 20+ D Ui (2) = 0,

(BHHN-1)+n(N—f-—n—2)
a+06+2n+2

where £, =n +



RECURRENCE RELATIONS FOR DISCRETE HYPERGEOMETRIC FUNCTIONS 19

4.3. Further examples. To conclude this work let us show how we can
use the method presented here for finding some higher recurrence relations
for the Charlier polynomials. Notice that in the following four examples one
should use a combination of known relations of discrete orthogonal polyno-
mials. In a similar way, we can proceed with the other families to obtain
more recurrence relations.

4.3.1. Recurrences for Charlier polynomials. We start with some examples
of the recurrences (3.16) connecting Charlier polynomials.
Choosing, in (3.16),

n=n—-1, no=n, ng=n+1; k=1, ke=1, k3=0
we find
Bi(z) ACY | (z) + Ba(z) ACH(z) + Bg(z)0ﬁ+1(z) =0.
Hence, by (2.17), ACE(z) = nC¥_,(2), it becomes into
(n —1)B1(2)C},_5(2) +nB2(2)C),_ (2) + Bs(2)Cy1(2) = 0.

Using, now, the TTRR for the Charlier polynomials (cf. (2.13)), the last
relation transforms into

(n=1)By(2)CP_y(2) 1 [Ba() —uBa()] CL_y (2)+(z—n—p0) Ba()Ci(z) = 0,
Therefore, comparing with (2.13), we obtain
Bi(z) =nu(z—n—p), Ba(z) =np—(z—n—p)(z—n+1-p), Bs(z)=n,
which leads to
B, (2) = (2= n— ) (s—n+1— ) — ] ACK()—mpa(z—n—p) ACY_(2).
Let us now choose,

n=n—1, no=n, ng=n+3; k=0, ka=0, k3=2.

Then (3.16) reads
Bi(2)CY_y(2) + Ba(2)Cl(2) + Ba(2) A2Cly() = 0.

Using now (2.17), it becomes into

B1(2)Cl_1(2) + B2(2)Ch(2) 4+ (n + 3)(n+ 2)B3(2)Ch, (2) = 0.

If we compare the last expression with the TTRR, for Charlier polynomials
(cf. (2.13)) one finds

Bi(z) =n(n+2)(n+3)u, Ba(z)=(n+2)(n+3)(n+pn—=2), Bs(z)=1.
Then,
A2CH 5(2) = (n+2)(n+3)(z — n— p)Ch(2) = n(n+ 2)(n + 3)uCy_(2) .
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4.3.2. Higher order ladder-type relations for Charlier functions k. Let us
now chose m = —2 in (4.16). Then (4.12) becomes

A1CH(2) + AyVCH(2) + AsCP_,(2) =0, (4.40)

which does not correspond to any of the known relations for the Charlier
polynomials. To obtain the coefficients A1, As and As, we can proceed as
follows: Using the TTRR (cf. (2.13)) for the Charlier polynomials

20571(75) =Ch(z)+(n—1+ M)ng(z) +(n— 1)/10572(2)7

(4.40) transforms into

As u u r—n+1l—p_, B
<A1 (n — 1)#) Cn (Z) + AQVCH(Z) + As ,u(n — 1) C’n_l(z) =0.
Now comparing with (2.16) we obtain
n(z—n-+1) n(n —1)u?
A = A = Ay = ——F———.
1(2) r—n+l—p 2(2) = z, 3 c—n+l—p

Now, multiplying by z —n + 1 — u we finally obtain
—n(z—n+1)CH2)+ 2(z —n+ 1 —p)VCH(2) — n(n — )p*C* ,(2)=0.
Thus, we find for the functions 9}, (z) the relation
0=[-n <z—n+1>f+(f—f) Szt 1] ()
+Viz(z — p—n+ DVYE(2) — py/zn(n — 1) P, (2)
Similarly, substituting m = 2 in (3.17 ) we find
Bi1(2)CY(z) + Ba(z) ACE(2z) + B3(2)Ch 5(2) = 0.
Now, using twice the TTRR (cf. (2.13))
Ol (2) = (2 = n — p)CI(z) = nCl_(2)

(4.41)

we obtain

Ba(2)ACE(2) = npu(z — 0 — 1 — ) Bs()CP_, (2)

—{Bi1(2) +[(z =n =1 —-p)(z =n—p) = (n+ 1)u] B3(2)} C}(2)
Comparing (4.42) with (2.17) one finds
Bi(x) = (n+p—(:—n—1—p)(z—n—p), Ba(z)=p(z—n—1-p)
and Bjs(z) = 1. This leads to the following relation for Charlier functions v},

(VA + D= (2 —n—1—p)(z —n— )]+

(Vz+1— /@) p(z —n—1—p) ph(z) (4.43)

+ p(z=n—1—p)Vz+1 AP (2) =/ B (n+1) (n+2) 0 5 (2) = 0,

that corresponds to the ladder-type relation (4.17) with m = 2.

(4.42)
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Concluding remarks. In this paper we present a simple, unified and con-
structive approach for finding linear recurrence relations for the difference
hypergeometric-type functions, i.e., solutions of the hypergeometric differ-
ence equation (2.1), and apply the general results to some discrete mod-
els (e.g. discrete oscillators). Furthermore, the method described here is
valuable for new situations, such as higher order recurrence relations and
ladder-type relations for the classical discrete orthogonal polynomials.

Other important instances of discrete systems are the so-called g-oscilla-
tors (see e.g. [3, 6, 7, 15, 21] and reference therein) that are related with
the ¢g-polynomials. For these cases only a few recurrences are known [4]. A
more detailed study of these g-models is under way.
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