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tWe study a polynomial sequen
e of q-extensions of the 
lassi
al Hermite polynomialsHn(x), whi
h satis�es 
ontinuous orthogonality on the whole real line R with respe
tto the positive weight fun
tion. This sequen
e 
an be expressed either in terms of theq-Laguerre polynomials L(�)n (x; q), � = �1=2, or through the dis
rete q-Hermite polyno-mials ~hn(x; q) of type II.1 Introdu
tionThere is a well-known family of the 
ontinuous q-Hermite polynomials of Rogers [1, 2℄Hn(
os �jq) := nXk=0 �nk �q ei(n�2k)� = ein�2�0 q�n; 0| ����� q; qne�2i�! ; (1.1)whi
h are q-extensions of the 
lassi
al Hermite polynomials Hn(x) for q 2 (0; 1). Throughoutthis paper we will employ the standard notations of the q-spe
ial fun
tions theory , see [3℄-[5℄.In parti
ular, �nk �q := (q; q)n(q; q)k(q; q)n�k = � nn� k�q (1.2)stands for the q-binomial 
oeÆ
ient and (a; q)0 = 1 and (a; q)n = Qn�1j=0 (1 � aqj) ; n =1; 2; 3; : : :, is the q-shifted fa
torial. Besides, expli
it forms of q-polynomials from the Askey-s
heme [4℄ are often expressed in terms of the terminating basi
 hypergeometri
 polynomialr�s� q�n; a2; : : : ; arb1; b2; : : : ; bs ���� q ; z�:= nXk=0 (q�n; q)k(a2; q)k � � � (ar; q)k(b1; q)k(b2; q)k � � � (bs; q)k zk(q; q)k h(�1)kqk(k�1)=2is�r+1 (1.3)1Bolet��n de la So
iedad Mexi
ana de Matem�ati
as 8 (2002), 221{232.



2 R. Alvarez-Nodarse et. al. On a q-extension of the Hermite polynomials Hn(x)of degree n in the variable z. So the 
ontinuous q-Hermite polynomials in (1) 
orrespond tothe 
ase when r = 2 and s = 0.The 
ontinuous q-Hermite polynomials Hn(xjq) satisfy the three-term re
urren
e relation2xHn(xjq) = Hn+1(xjq) + (1� qn)Hn�1(xjq) : (1.4)They are orthogonal on the �nite interval x 2 [�1; 1℄ with respe
t to the 
ontinuous weightfun
tion [2℄ w(x) = 1p1� x2 1Yk=0 h1 + 2(1� 2x2)qk + q2ki : (1.5)In the limit as q ! 1, they 
oin
ide with the ordinary Hermite polynomials Hn(x), i.e.,limq!1�1� q2 ��n=2 Hn r1� q2 x ����� q! = Hn(x) : (1.6)There is another family, 
alled the dis
rete q-Hermite polynomials of type II , whi
h isa q-extension of the sequen
e of the Hermite polynomials Hn(x) [6℄. Their expli
it form isgiven (see [4, p. 119℄) by~hn(x; q) := i�n q�n(n�1)=2 2�0 q�n; ix| ����� q;�qn! = xn2�1 q�n; q1�n0 ����� q2;� q2x2! : (1.7)The dis
rete q-Hermite polynomials of type II, ~hn(x; q), satisfy the three-term re
urren
erelation x~hn(x; q) = ~hn+1(x; q) + q1�2n(1� qn)~hn�1(x; q) ; (1.8)but, 
ontrary to the polynomials Hn(xjq) of Rogers (1.1), the sequen
e f~hn(x; q)g is orthog-onal on the in�nite interval x 2 R with respe
t to the dis
rete weight fun
tion, supported onthe points x = � 
qk ; 
 > 0 ; k 2 Z. In the limit as q ! 1, the ~hn(x; q) redu
e as well to theHermite polynomials Hn(x):limq!1(1� q2)�n=2 ~hn(xp1� q2; q) = 2�nHn(x) : (1.9)Now we are in a position to formulate the aim of this paper. We wish to �nd su
h q-extensions of the Hermite polynomials Hn(x), whi
h satisfy the following requirements:1. They are polynomials in the variable x, whi
h obey a three-term re
urren
e relation; 2.They are orthogonal on the whole real line R with respe
t to a 
ontinuous positive weightfun
tion; 3. In the limit as q ! 1 they 
oin
ide with the Hermite polynomials Hn(x).Su
h a family is of great interest from the point of view of possible appli
ations in math-emati
al physi
s. We remind the reader that the two most fundamental problems in nonrel-ativisti
 quantum me
hani
s, the harmoni
 os
illator and the Coulomb system, are de�nedon R3 [7℄. Thus our goal is equivalent to having su
h a q-deformed version of the linearharmoni
 os
illator, whi
h is still de�ned on the whole real line R and enjoys the 
ontinuousorthogonality property on R with respe
t to a positive weight fun
tion.2 We will not pursuethis viewpoint here. Instead we now fo
us on the mathemati
al properties of the q-extensionsof the Hermite polynomials Hn(x) under dis
ussion.2It should be noted that there are, in fa
t, several publi
ations (see [8℄{[16℄ and referen
es therein) devotedto the study of expli
it realizations, whi
h represent q-extensions of the Hermite fun
tions (or the wavefun
tions of the linear harmoni
 os
illator) Hn(x) e�x2=2. But none of these realizations satis�es all of theaforementioned requirements : the 
ontinuous weight fun
tions in [8, 10, 13℄ are supported on the �niteintervals; the 
ontinuous weight fun
tions in [9, 15℄ are not positive; the q-extensions in [9℄, [12℄{[15℄ are notexpressed in terms of polynomials in the independent variable; and, �nally, the orthogonality relations in[11℄{[13℄, [16℄ are dis
rete.



Bolet��n de la So
iedad Mexi
ana de Matem�ati
as 8 (2002), 221{232 32 De�nition of the sequen
e fHn(x; q)gIt is known that the Hermite polynomials Hn(x) 
an be expressed through the Laguerrepolynomials L(�)n (x) as H2n(x) = (�1)n 22n n!L(�1=2)n (x2);H2n+1(x) = (�1)n 22n+1 n!xL(1=2)n (x2) ; (2.1)where L(�)n (z) := (�+ 1)nn! 1F1� �n�+ 1 ����z� = (�+ 1)nn! nXk=0 (�n)k(�+ 1)k zkk! ; (2.2)and (a)n = �(a+ n)=�(a); n = 0; 1; 2; : : :, is the shifted fa
torial.It is also known that a q-extension of the Laguerre polynomials 3 L(�)n (x; q), de�ned[17℄-[19℄ as L(�)n (x; q) = (q�+1; q)n(q; q)n 1�1 q�nq�+1 ����� q;�qn+�+1x!= 1(q; q)n 2�1 q�n;�x0 ����� q; qn+�+1! ; (2.3)satis�es two kinds of orthogonality relations, an absolutely 
ontinuous one and a dis
rete one.The former orthogonality relation4 is given by1Z0 x�Eq(x) L(�)m (x; q)L(�)n (x; q) dx = d�1n (�)Æmn ; � > �1 ; (2.4)where Eq(x) is the Ja
kson q-exponential fun
tion,Eq(z) := 1Xn=0 qn(n�1)=2(q; q)n zn = (�z; q)1 ; (2.5)and the normalization 
onstant dn(�) is equal todn(�) = qn (q; q)n(q�+1; q)n (q; q)1(q��; q)1 sin�(�+ 1)� : (2.6)It remains only to remind the reader, that in the limit as q ! 1 we havelimq!1L(�)n ((1� q)x; q) = L(�)n (x) : (2.7)3There are also the 
ontinuous q-Laguerre polynomials P (�)n (xjq) with the orthogonality on the �nite intervalx 2 [�1; 1℄ and the Wall ( or the little q-Laguerre ) polynomials pn(x;ajq) with the dis
rete orthogonality onthe points x = qk; k = 0; 1; 2; : : : (see [4℄, pp. 105 and 107, respe
tively).4It is worth noting that the fa
t of the integrability of the weight fun
tion x�=Eq(x) in (2.4) dire
tly followsfrom the integral 1Z0 tx�1 dtEq((1� q)t) = �(x) �(1� x)�q(1� x) ; Rex > 0;whi
h is a parti
ular 
ase of the Ramanujan integral extension of the beta fun
tion [20℄.



4 R. Alvarez-Nodarse et. al. On a q-extension of the Hermite polynomials Hn(x)We 
an now de�ne, in 
omplete analogy with the relationship (2.1), a family of q-extensions of the Hermite polynomials of the formH2n(x; q) := (�1)n(q; q)n L(�1=2)n (x2; q) ;H2n+1(x; q) := (�1)n(q; q)n xL(1=2)n (x2; q) : (2.8)With the aid of the limit relation limq!1 (qa; q)n(1� q)n = (a)n (2.9)it is not diÆ
ult to verify that from (2.8) and (2.3) one obtainslimq!1(1 � q)�n=2Hn(p1� q x; q) = 2�nHn(x) ; (2.10)i.e., the polynomials Hn(x; q) so de�ned are indeed q-extensions of the Hermite polynomialsHn(x). The next step is to establish a 
ontinuous orthogonality relation and a three-termre
urren
e relation for the q-polynomials Hn(x; q).3 Orthogonality relationWe begin this se
tion with the following theorem:Theorem 1 The sequen
e of the q-polynomials fHn(x; q)g, whi
h are de�ned by the relations(2.8), satis�es the orthogonality relation1Z�1 Hm(x; q)Hn(x; q) dxEq(x2) = �q�n2 (q1=2; q1=2)n (q1=2; q)1=2 Æmn (3.1)on the whole real line R with respe
t to the 
ontinuous positive weight fun
tion w(x) =1=Eq(x2).Proof. Sin
e the weight fun
tion in (3.1) is an even fun
tion of the independent variable xand Hn(�x; q) = (�1)nHn(x; q) by the de�nition (2.8), the q-polynomials of an even degreeH2m(x; q) and of an odd degree H2n+1(x; q); m; n = 0; 1; 2; : : :, are evidently orthogonal toea
h other. Consequently, it suÆ
es to prove only those 
ases in (3.1), when degrees ofpolynomials m and n are either simultaneously even or odd. Let us 
onsider �rst the former
ase. From (2.8) and (2.4) it follows that1Z�1 H2m(x; q)H2n(x; q) dxEq(x2)= 2(�1)m+n(q; q)m(q; q)n 1Z0 L(�1=2)m (x2; q)L(�1=2)n (x2; q) dxEq(x2)= 2(�1)m+n(q; q)m(q; q)n 1Z0 L(�1=2)m (x2; q)L(�1=2)n (x2; q) dxEq(x2)= (�1)m+n(q; q)m(q; q)n 1Z0 L(�1=2)m (y; q)L(�1=2)n (y; q)y�1=2dyEq(y)= (q; q)2ndn(�1=2) Æmn = �q�n(q1=2; q1=2)2n(q1=2; q)1=2 Æmn ;
(3.2)



Bolet��n de la So
iedad Mexi
ana de Matem�ati
as 8 (2002), 221{232 5where we have used at the last step the equality (q1=2; q)n(q; q)n = (q1=2; q1=2)2n and thestandard relation (for a = q1=2 and � = 1=2)(a; q)1(aq� ; q)1 = (a; q)� ; (3.3)whi
h is valid for an arbitrary 
omplex �.In the same way we �nd1Z�1 H2m+1(x; q)H2n+1(x; q) dxEq(x2)= 2(�1)m+n(q; q)m(q; q)n 1Z0 L(1=2)m (x2; q)L(1=2)n (x2; q) x2dxEq(x2)= 2(�1)m+n(q; q)m(q; q)n 1Z0 L(1=2)m (y; q)L(1=2)n (y; q)y1=2dyEq(y)= (q; q)2ndn(1=2) Æmn = �q�(n+1=2)(q1=2; q1=2)2n+1(q1=2; q)1=2 Æmn ;
(3.4)

where we have used the relation(1� q1=2)(q3=2; q)n = (1� qn+1=2)(q1=2; q)n ; (3.5)whi
h is a straightforward 
onsequen
e of the general de�nition of the q-shifted fa
torial(a; q)n. Putting (3.2) and (3.4) together results in the orthogonality relation (3.1).The positivity of Ja
kson's q-exponential fun
tion Eq(x2) for x 2 R and q 2 (0; 1) isobvious from its de�nition (2.5): for it is represented as an in�nite sum of positive terms (oran in�nite produ
t of positive fa
tors). This 
ompletes the proof.To 
on
lude this se
tion, we note the obvious fa
t that in the limit as q ! 1 the orthog-onality relation (3.1) redu
es to the well-known orthogonality property1Z�1 Hm(x)Hn(x)e�x2dx = p� 2n n! Æmn (3.6)of the Hermite polynomials Hn(x) with respe
t to the normal distribution e�x2 . This followsimmediately from the limit relations (2.9) and (2.10), upon using the fa
t thatlimq!1Eq((1� q)z) = ez : (3.7)4 Re
urren
e relationThe easiest way to identify the sequen
e (2.8) ( that is, to �nd its appropriate ni
he in theAskey-s
heme of q-polynomial families [4℄ ), is to derive a three-term re
urren
e relation forit. Sin
e an arbitrary polynomial pn(x) satis�es a re
urren
e relation of the form (see [21, p.19℄) (anx+ bn)pn(x) = pn+1(x) + 
npn�1(x) ; n � 0 ; (4.1)one 
an try to evaluate the right-hand side of (4.1) for pn(x) = Hn(x; q) and to �nd thensu
h parti
ular 
oeÆ
ient 
n that leads to the left-hand side of (4.1) with some an and bn.



6 R. Alvarez-Nodarse et. al. On a q-extension of the Hermite polynomials Hn(x)Before starting this derivation we note that in what follows it proves 
onvenient to usethe following form L(�)n (x; q) = (q�+1; q)n(q; q)n nXk=0 qk(k+�)(q�+1; q)k �nk �q (�x)k (4.2)of the q-Laguerre polynomials L(�)n (x; q), whi
h 
omes from the �rst line in de�nition (2.3),upon using the relation (q�n; q)k(q; q)k = (�1)kqk(k�1)=2�nk �nk �q : (4.3)Let us �rst 
onsider the 
ase when n in (4.1) is even. Then from (2.8) and (2.3) we �ndthat H2n+1(x; q) + 
2n(q)H2n�1(x; q)= (�1)n(q3=2; q)n x nXk=0 qk(k+1=2)(q3=2; q)k �nk �q (�x2)k+ 
2n(q) (�1)n�1(q3=2; q)n�1 x n�1Xk=0 qk(k+1=2)(q3=2; q)k �n� 1k �q (�x2)k : (4.4)
The next step is to employ the relation (3.5) in order to rewrite the quotient (q3=2; q)n=(q3=2; q)kfrom the �rst term in (4.4) as(q3=2; q)n(q3=2; q)k = 1� qn+1=21� qk+1=2 (q1=2; q)n(q1=2; q)k : (4.5)In the se
ond term in (4.4) one 
an use the evident relation (q3=2; q)n�1 = (q1=2; q)n=(1�q1=2)and the same formula (3.5) for the fa
tor (q3=2; q)k. Also, we re
all the property of the q-binomial 
oeÆ
ient �n� 1k �q = 1� qn�k1� qn �nk �q : (4.6)Putting this all together, we obtainH2n+1(x; q) + 
2n(q)H2n�1(x; q)= (�1)n(q1=2; q)n x nXk=0 qk(k+1=2)(q1=2; q)k �nk �q (�x2)k1� qk+1=2 �1� qn+1=2 � 
2n(q)1� qn�k1� qn � : (4.7)The right-hand side of (4.7) should mat
h withH2n(x; q) = (�1)n(q1=2; q)n nXk=0 qk(k�1=2)(q1=2; q)k �nk �q (�x2)k ; (4.8)multiplied by a2n(q)x+ b2n(q). This means that the 
oeÆ
ient 
2n(q) 
an be found from theequation 1� qn+1=2 � 
2n(q)1� qn�k1� qn = dn(q) q�k (1� qk+1=2) ; (4.9)where dn(q) is some k-independent fa
tor. It is not diÆ
ult to verify that the only solutionof the equation (4.9) is 
2n(q) = 1� qn and dn(q) = qn. ThusH2n+1(x; q) + (1� qn)H2n�1(x; q) = qn xH2n(x; q) : (4.10)
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ana de Matem�ati
as 8 (2002), 221{232 7Similarly, in the 
ase of an odd n from (4.8) we haveH2n+2(x; q) + 
2n+1(q)H2n(x; q)= (�1)n+1(q1=2; q)n+1 n+1Xk=0 qk(k�1=2)(q1=2; q)k �n+ 1k �q (�x2)k+ 
2n+1(q)(�1)n(q1=2; q)n nXk=0 qk(k�1=2)(q1=2; q)k �nk �q (�x2)k : (4.11)
In this 
ase it is even easier to �nd the 
oeÆ
ient 
2n+1(q). Indeed, one will obtain from (4.11)an expression [a2n+1(q)x+b2n+1(q)℄H2n+1(x; q) only if the two 
onstant terms in (4.11) withk = 0 
an
el ea
h other. This means that the 
2n+1(q) should satisfy the equation(q1=2; q)n+1 � (q1=2; q)n 
2n+1(q) � (q1=2; q)n[1� qn+1=2 � 
2n+1(q)℄ = 0 : (4.12)Consequently, 
2n+1(q) = 1� qn+1=2 and, therefore, by (4.11) we obtainH2n+2(x; q) + (1� qn+1=2)H2n(x; q)= (�1)n+1(q1=2; q)n+1 n+1Xk=0 qk(k�1=2)(q1=2; q)k (�n+ 1k �q � �nk �q) (�x2)k= (�1)n(q3=2; q)n x2 nXm=0 q(m+1)(m+1=2)(q3=2; q)m (� n+ 1m+ 1�q � � nm+ 1�q) (�x2)m= (�1)nqn+1=2 (q3=2; q)n x2 nXm=0 qm(m+1=2(q3=2; q)m � nm�q (�x2)m = qn+1=2 xH2n+1(x; q) ; (4.13)
upon using the readily veri�ed relation� n+ 1m+ 1�q � � nm+ 1�q = qn�m � nm�q (4.14)for the q-binomial 
oeÆ
ient �nk �q. From (4.10) and (4.13) it thus follows that the q-polynomials Hn(x; q) satisfy the three-term re
urren
e relation of the formHn+1(x; q) + (1� qn=2)Hn�1(x; q) = qn=2 xHn(x; q) : (4.15)An examination of the re
urren
e relation (4.15) reveals that the Hn(x; q) are related to thedis
rete q-Hermite polynomials ~h(x; q) of type II. Indeed, 
hange the base q ! q2 in (4.15)and substitute into it Hn(x; q2) = qn(n�1)=2 ~hn(x; q) (4.16)to obtain the re
urren
e relation (1.8) for the dis
rete q-Hermite polynomials ~hn(x; q) of typeII. There are two immediate 
onsequen
es of the formula (4.16). Firstly, 
ombining (4.16)with (2.8), one obtains the relationship~h2n(x; q) = (�1)nq�n(2n�1) (q2; q2)n L(�1=2)n (x2; q2) ;~h2n+1(x; q) = (�1)nq�n(2n+1) (q2; q2)n xL(1=2)n (x2; q2) ; (4.17)



8 R. Alvarez-Nodarse et. al. On a q-extension of the Hermite polynomials Hn(x)between the dis
rete q-Hermite polynomials ~hn(x; q) of type II and the q-Laguerre polynomials(2.3) with � = �1=2. Se
ondly, one 
an represent the q-polynomialsHn(x; q), initially de�nedby (2.8), in the uni�ed form (
f (1.7))Hn(x; q2) = i�n 2�0 q�n; ix| ����� q;�qn! = qn(n�1)=2xn2�1 q�n; q1�n0 ����� q2;�q2=x2! :(4.18)As a 
onsisten
y 
he
k, one may try to verify dire
tly that Hn(x; q2), de�ned by (4.18),does really 
oin
ide with the expressions, given by (2.8) for even and odd values of n, respe
-tively. This will lead to the two identities2�1 q�n; y0 ����� q; qn+1=2! = qn(n�1)=2 yn 2�1 q�n; q1=2�n0 ����� q; q=y! ;2�1 q�n; y0 ����� q; qn+3=2! = qn(n+1)=2 yn 2�1 q�n; q�(n+1=2)0 ����� q; q=y! ; (4.19)between the terminating basi
 hypergeometri
 series 2�1. The relations (4.19) are straight-forward to verify by using the expansion(x; q)k = kXj=0 qj(j�1)=2 �kj �q (�x)j (4.20)of the q-shifted fa
torial (x; q)k in terms of powers of the variable x.Yet another 
onsequen
e of the relation (4.16) 
an be formulated as the following 
orollaryof theorem (1) in se
tion 3.Corollary 2 The sequen
e of the dis
rete q-Hermite polynomials ~hn(x; q) of type II, de�nedby (1.7), satis�es the orthogonality relation1Z�1 ~hm(x; q) ~hn(x; q) dxEq2(x2) = �q�n2(q; q)n(q; q2)1=2 Æmn (4.21)on the whole real line R with respe
t to the 
ontinuous positive weight fun
tion w(x) =1=Eq2(x2).Proof. Change the base q ! q2 in (3.1) and then use the relation (4.16) to obtain (4.21).As we noted in the introdu
tion, the dis
rete q-Hermite polynomials ~hn(x; q) of type II areknown as polynomials with the dis
rete orthogonality, supported on the points x = � 
qk; 
 >0; k 2 Z. The fa
t that they satisfy also the 
ontinuous orthogonality relation (4.21) doesnot 
ontradi
t the general theory of orthogonal polynomials [22, 23℄. The point is that theHamburger moment problem asso
iated with f~hn(x; q)g is indeterminate, and therefore theyare orthogonal with respe
t to an in�nite 
lass of weight fun
tions, both 
ontinuous anddis
rete ones [19℄, [24℄{[26℄. C.Berg studied in [27℄ some families of dis
rete solutions toindeterminate moment problems and showed how they 
an be used to generate absolutely
ontinuous solutions to the same moment problems. In parti
ular, C.Berg derived in [27℄ the
ontinuous weight fun
tion w(x) = 1=Eq2(x2) for the dis
rete q-Hermite polynomials ~hn(x; q)of type II and evaluated its moments. It should be emphasized that in our approa
h theorthogonality relation (4.21) emerges as a simple 
onsequen
e of the 
ontinuous orthogonalityrelation (2.4) for the q-Laguerre polynomials L(�1=2)n (x; q).
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iedad Mexi
ana de Matem�ati
as 8 (2002), 221{232 9Observe that the 
ontinuous orthogonality relation (4.21) is useful for deriving someintegrals, involving the q-exponential fun
tion Eq(z). We do not go into this question indepth but merely present one of them as an example. One of the generating fun
tions forthe dis
rete q-Hermite polynomials of type II has the form (see [4, p. 119℄)1Xn=0 qn(n�1)=2(q; q)n ~hn(x; q)tn = Eq(xt)Eq2(t2) : (4.22)Multiply both sides of (4.21) by a 
onstant fa
tor (itqm=2)m(�i�qn=2)n=(q; q)m(q; q)n and sumover indi
es m and n from zero to in�nity with the aid of the generating fun
tion (4.22) andthe de�nition of another Ja
kson's q-exponential fun
tioneq(z) := 1(z; q)1 = 1Xn=0 zn(q; q)n ; jzj < 1 : (4.23)This results in the following integral1Z�1 Eq(iq1=2xt)Eq(�iq1=2x�)Eq2(x2) dx = � (q; q2)1=2 eq(t�)Eq2(�qt2)Eq2(�q�2) ; jt� j < 1 :(4.24)Sin
e limq!1 eq((1 � q)z) = ez and the q-exponential fun
tion Eq(z) has the same limit (see(3.7)), the formula (4.24) is a q-extension of the well-known integral1Z�1 e2i(x�y)te�t2dt = p�e�(x�y)2 ;whi
h re
e
ts the important property of the normal distribution e�x2 of being its own Fouriertransform.5 Con
luding remarksWe have dis
ussed in the pre
eding se
tions how one 
an 
onstru
t the parti
ular polynomialsequen
e of q-extensions of the Hermite polynomials, either in terms of the q-Laguerre poly-nomials L(�)n (x; q), � = �1=2, or in terms of the dis
rete q-Hermite polynomials ~hn(x; q) oftype II. The sequen
e so de�ned satis�es the 
ontinuous orthogonality on R with respe
t tothe positive weight fun
tion w(x) = 1=Eq(x2). It was shown that this orthogonality relationleads to an interesting integral, involving Ja
kson's q-exponential fun
tions.It seems that the same approa
h 
an be implemented for deriving a q-extension of thegeneralized Hermite polynomialsH(�)n (x) [28℄{[30℄ with the 
ontinuous orthogonality property(the 
ase of dis
rete orthogonality requires a di�erent te
hnique, see [31℄). This study is underway.A
knowledgmentsWe are grateful to C.Berg for dis
ussions and for having drawn our attention to the refer-en
e [27℄. The resear
h of RAN has been partially supported by the Ministerio de Cien
ias yTe
nolog��a of Spain under the grant BFM-2000-0206-C04-02, the Junta de Andalu
��a undergrant FQM-262 and the European proje
t INTAS-2000-272. The parti
ipation of NMA inthis work has been supported in part by the UNAM{DGAPA proje
t IN112300.



10 R. Alvarez-Nodarse et. al. On a q-extension of the Hermite polynomials Hn(x)Referen
es[1℄ L.J.Rogers. Se
ond memoir on the expansion of 
ertain in�nite produ
ts.Pro
.Lond.Math.So
., Vol.25, pp.318{343, 1894.[2℄ R.Askey and M.E.H.Ismail. A generalization of ultraspheri
al polynomials. In: Studiesin Pure Mathemati
s, ed. P. Erd}os, pp. 55{78, Birkh�auser, Boston, MA, 1983.[3℄ G.Gasper and M.Rahman. Basi
 Hypergeometri
 Series, Cambridge UniversityPress, Cambridge, 1990.[4℄ R.Koekoek and R.F.Swarttouw. The Askey-s
heme of hypergeometri
 orthogonal poly-nomials and its q-analogue, Report 98{17, Delft University of Te
hnology, Delft, 1998.[5℄ G.E.Andrews, R.Askey, and R.Roy. Spe
ial fun
tions, Cambridge University Press,Cambridge, 1999.[6℄ W.A.Al-Salam and L.Carlitz. Some orthogonal q-polynomials. Math.Na
hr., Vol.30,pp.47{61, 1965.[7℄ L.D.Landau and E.Lifshitz. Quantum Me
hani
s, Addison-Wesley, Reading, Mass.,1968.[8℄ A.J.Ma
farlane. On q-analogues of the quantum harmoni
 os
illator and the quantumgroup SU(2)q. J.Phys.A: Math.Gen., Vol.22, No.21, pp. 4581{4588, 1989.[9℄ E.D.Kagramanov, R.M.Mir-Kasimov, and Sh.M.Nagiyev. The 
ovariant linear os
illatorand generalized realization of the dynami
al SU(1; 1) symmetry algebra. J.Math.Phys.,Vol.31, No.7, pp.1733{1738, 1990.[10℄ N.M.Atakishiyev and S.K.Suslov. Di�eren
e analogs of the harmoni
 os
illator.Theor.Math.Phys., Vol.85, No.1, pp.1055{1062, 1991.[11℄ N.M.Atakishiyev and S.K.Suslov. A realization of the q-harmoni
 os
illator.Theor.Math.Phys., Vol.87, No.1, pp.442{444, 1991.[12℄ R.Askey and S.K.Suslov. The q-harmoni
 os
illator and an analogue of the Charlierpolynomials. J.Phys.A: Math.Gen., Vol.26, No.15, pp.L693{L698, 1993.[13℄ R.Askey and S.K.Suslov. The q-harmoni
 os
illator and the Al-Salam and Carlitz poly-nomials. Lett.Math.Phys., Vol.29, No.2, pp.123{132, 1993.[14℄ N.M.Atakishiyev, A.Frank, and K.B.Wolf. A simple di�eren
e realization of the Heisen-berg q-algebra. J.Math.Phys., Vol.35, No.7, pp.3253{3260, 1994.[15℄ N.M.Atakishiyev and Sh.M.Nagiyev. On the wave fun
tions of a 
ovariant linear os
illa-tor. Theor.Math.Phys., Vol.98, No.2, pp.162{166, 1994.[16℄ R.Hinterding and J.Wess. q-deformed Hermite polynomials in q-quantum me
hani
s.Eur.Phys.J.C, Vol.6, No.1, pp.183{186, 1999.[17℄ W.Hahn. �Uber Orthogonalpolynome, die q-Di�erenzenglei
hungen gen�ugen.Math.Na
hr., Vol.2, pp.4{34, 1949.[18℄ H.Exton. Basi
 Laguerre polynomials. Pure Appl.Math.S
i., Vol.5, No.1-2, pp.19{24,1977.



Bolet��n de la So
iedad Mexi
ana de Matem�ati
as 8 (2002), 221{232 11[19℄ D.S.Moak. The q-analogue of the Laguerre polynomials. J.Math.Anal.Appl., Vol.81,No.1, pp.20{47, 1981.[20℄ S.Ramanujan. Some de�nite integrals. Messenger of Math., Vol.44, pp.10{18, 1915;reprinted in: Colle
ted Papers of Srinivasa Ramanujan, G.H.Hardy, P.V.SeshuAiyar, and B.M.Wilson, eds., pp.53{58, Cambridge University Press, Cambridge, 1927.[21℄ T.S.Chihara. An Introdu
tion to Orthogonal Polynomials, Gordon and Brea
h,New York, 1978.[22℄ N.I.Akhiezer. The Classi
al Moment Problem and Some Related Questions inAnalysis, Oliver and Boyd, Edinburgh, 1965.[23℄ J.A.Shohat and J.D.Tamarkin. The Problem of Moments, Ameri
an Mathemati
alSo
iety, Providen
e, Rhode Island, 1970.[24℄ M.E.H.Ismail and M.Rahman. The q-Laguerre and related moment problems.J.Math.Anal.Appl., Vol.218, No.1, pp.155{174, 1998.[25℄ J.S.Christiansen. The moment problem asso
iated with the q-Laguerre polynomials. Con-stru
tive Approximation, to appear.[26℄ C.Berg. On some indeterminate moment problems for measures on a geometri
 progres-sion. J.Comp.Appl.Math., Vol.99, No.1-2, pp.67{75, 1998.[27℄ C.Berg. From dis
rete to absolutely 
ontinuous solutions of indeterminate moment prob-lems. Arab J.Math.S
i., Vol.4, No.2, pp.1{18, 1998.[28℄ G.Szeg�o. Orthogonal Polynomials, Amer.Math.So
.Coll.Pub., Vol.23, Ameri
anMathemati
al So
iety, Providen
e, Rhode Island, 1975.[29℄ C. Markett. The produ
t formula and 
onvolution stru
ture asso
iated with the gener-alized Hermite polynomials. J.Approx.Theory, Vol.73, No.2, pp. 199{217, 1993.[30℄ M. Rosenblum. Generalized Hermite polynomials and the Bose-like os
illator 
al
ulus. In:Operator Theory: Advan
es and Appli
ations, pp. 369{396. Birkhauser, Basel,1994.[31℄ C.Berg and A.RuÆng. Generalized q-Hermite polynomials. Commun.Math.Phys.,Vol.223, No.1, pp.29{46, 2001.


