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THE STABILITY OF THE KRONECKER PRODUCT OF SCHUR FUNCTIONS

EMMANUEL BRIAND, ROSA ORELLANA, AND MERCEDES ROSAS

ABSTRACT. In the late 1930’s Murnaghan discovered the existence of a stabilization phe-
nomenon for the Kronecker product of Schur functions. For n sufficiently large, the values
of the Kronecker coefficients appearing in the product of two Schur functions of degree n
do not depend on the first part of the indexing partitions, but only on the values of their
remaining parts. We compute the exact value of n for which all the coefficients of a Kro-
necker product of Schur functions stabilize. We also compute two new bounds for the
stabilization of a sequence of coefficients and show that they improve existing bounds of
M. Brion and E. Vallejo.

INTRODUCTION

The understanding of the Kronecker coefficients of the symmetric group (the multiplici-
ties appearing when the tensor product of two irreducible representations of the symmetric
group is decomposed into irreducibles; equivalently, the structural constants for the Kro-
necker product of symmetric functions in the Schur basis) is a longstanding open problem.
Richard Stanley writes “One of the main problems in the combinatorial representation the-
ory of the symmetric group is to obtain a combinatorial interpretation for the Kronecker
coefficients” [ ]. It is also a source of new challenges such as the problem of describ-
ing the set of non—zero Kronecker coefficients [ ], a problem inherited from quantum
information theory [ , ]. Or proving that the positivity of a Kronecker coeffi-
cient can be decided in polynomial time, a problem posed by Mulmuley at the heart of his
Geometric Complexity Theory [ ].

The present work is part of a series of articles that study another family of nonnegative
constants, the reduced Kronecker coefficients yﬁ’y, as a way to gain understanding about
the Kronecker coefficients g;}yw [ s ]. In[ ], we obtained the first
explicit piecewise quasipolynomial description of a non—trivial family of Kronecker coef-
ficients, the Kronecker coefficients indexed by two two—row shapes. This new description
allowed us to test several conjectures of Mulmuley. As a result, we found a counterexam-
ple [ ] for the strong version of his SH conjecture [ ] on the behavior of the
Kronecker coefficients under stretching of its indices.

The starting point of the investigation presented in this paper is a remarkable stability
property for the Kronecker products of Schur functions discovered by Murnaghan [ ,

]. This property is best shown on an example, that will be followed by a precise
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statement. Denote the Kronecker product of sy and sg by sy * sg. Then,

S99 % S29 =84+ S1,1,1,1 T S22

S32%832 =585+ 82111+ S32+8S41+S31,1+ S221

842 % S4.2 = 8¢ + 83,1,1,1 T 2842 + 85,1 + 54,1,1 +2832,1 + 52,22

852 % 850 = 87+ 84,1,1,1 + 2852 + S6,1 + S5,1,1 + 254,21 + 83,22+ a3+ 5331
1+ 2862+ 87,1+ 561,1+ 28521+ 5422+ 553+ 5431+ 544

1+2872+ 881+ 87,11+ 286,21 + 5522+ 863+ 5531+ S5.4

S6,2 * Sg,2 = S8 + S5,1,1

sy ds

S7,2 % S72 = S9 + S6,1,1

Lyt

Se,2 * Se2 = Se + Se,1,1,1 + 25¢,2 + Se,1 T Se,1,1 T 250,21 T Se,2,2 1+ Se,3 + Se,3,1 T Se.4

Given a partition & = (a, .. ., o) and an integer n, we set a[n] = (n—|a|, aq, ..., ax).
Murnaghan’s theorem says that for n big enough the expansions of s[,,] * [, in the Schur
basis all coincide, except for the first part of the indexing partitions which is determined
by the degree, n.

In particular, given any three partitions «, (3 and -y, the sequence with general term
ggm Bln] is eventually constant. The reduced Kronecker coefficient gl’ 5 1s defined as the

stable value of this sequence. In our example, we see that §g§ 2 = 2 and §E§§ 2 = 1.

In view of the difficulty of studying the Kronecker coefficients, it is surprising to obtain
theorems that hold in general. Regardless of this, we present new results of general nature.
We find an elegant formula that tells the point n = stab(c, 3) at which the expansion of
the Kronecker product s, * sg[,) stabilizes:

stab(a, 8) = |a] + |8] + a1 + 54

We also find new upper bounds for the point at which the sequence gzm 8in
constant, improving previously known bounds due to Brion [ ] and Vallejo [ ].
Interestingly, our investigations reduce to maximizing or bounding linear forms on the sets
Supp(a, B) of partitions v such that §ZY_’ 5 > 0, where o and 3 are fixed partitions. This
connects our research to a current problem of major importance: to describe the cones
generated by the indices of the nonzero Kronecker coefficients [ X ]. Moreover,
using Weyl’s inequalities for eigenvalues of triples of hermitian matrices [ ], we find
the maximum of «; and upper bounds for all parts y;, among all 7 in Supp(«, ).

This paper is organized as follows, in Section 1 we give a detailed description of the
main results of this work. In Section 2, we prove the theorem that allows us to recover the
Kronecker coefficients from the reduced Kronecker coefficients. We also give an expres-
sion of the reduced Kronecker coefficients in terms of Littlewood-Richardson coefficients
and Kronecker coefficients. The main significance of this expression is that it doesn’t in-
volve cancellations and it provides us with a tool to prove most of our main results. In
Section 3, we provide a proof for the sharp bound for the stability of the Kronecker prod-
uct. In the next section, Section 4, we consider the problem of finding bounds on the rows
of v, whenever El’ 5 > 0. We prove a theorem for a general upper bound for all rows of
v using this theorem we give a sharp bound for ;. In Section 5, we describe a general
technique for deriving upper bounds for the stabilization of sequences of coefficients. Us-
ing this technique we get two new bounds. We show that one of these bounds improves
the bounds of Brion and Vallejo. Finally, we compare our results to existing results in the
literature.

becomes
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1. PRELIMINARIES AND MAIN RESULTS

Let X be a partition (weakly decreasing sequences of positive integers) of n. Denote by
V the irreducible representation of the symmetric group &,, indexed by A. The Kronecker
coefficient g,’)’y is the multiplicity of V) in the decomposition into irreducible representa-
tions of the tensor product V,, ® V,,. The Frobenius map identifies the irreducible represen-
tations V) of the symmetric group with the Schur function sy. In doing so, it allows us to
lift the tensor product of representations of the symmetric group to the setting of symmetric
functions. Accordingly, the Kronecker coefficients gﬁ‘y define the Kronecker product on
symmetric functions by setting

A
Sp % 8y = E Gy SA-
A

The reader is referred to [ ] Chapter I or [ ] Chapter 7 for the standard facts in
the theory of symmetric functions.

Throughout this paper we follow the standard notation for partitions found in [ ].
If A = (A1, Aa, ..., Ap) is a partition, its parts are its terms \;. The weight of X is defined
to be the sum of its parts, and it is denoted by |A|. The number & of (nonzero) parts of X is
called its length , and denoted by ¢(\).

We identify a partition A with its Ferrers diagram

D) ={(i,j) : 1 <i <)\, 1 <j <N} CN?

This way, we obtain that « N S =(min(a1, £1), min(ag, B2),...). The sum of two parti-
tions « 4 (3 is defined as (g + 51, e + B, .. .).

Listing the number of points in each column of D()) gives the transpose partition of A,
denoted by )\’; equivalently, one obtains the Ferrers diagram of )\’ by reflecting the one of
A along its main diagonal.

The skew shape 11/v is defined as the set difference D(u) \ D(v). Notice that D(p) C
D(\) if p; < \; for all 4. Again, the intersection and union of skew-shapes is defined as
the corresponding operations on their diagrams. The width of 1 /v is defined as the number
of nonzero columns of /v in N2,

Consider a partition \ and an integer n. Then ) is defined to be the partition (A2, A3, . . .)
and A[n] as the sequence (n — |A|, A1, A2,...). Notice that A[n] is a partition only if
n— |)\| Z )\1.

We are ready to describe the starting point of our investigations, a remarkable theorem
of Murnaghan that deserves to be better known. We first need to extend the definition of s,
to the case where p is any finite sequence of n integers. For this, we use the Jacobi-Trudi
determinant,

Q) s = det (thJFi*j)lgi,jgn ’
where hy is the complete homogeneous symmetric function of degree k. In particular,

hy = 0 if k is negative, and hy = 1. It is not hard to see that such a Jacobi—Trudi
determinant s, is either zero or &1 times a Schur function.

Murnaghan Theorem (Murnaghan, [ , 1). There exists a family of non-negative
integers (g 3) indexed by triples of partitions (e, 3,7) such that, for o and (3 fixed, only
finitely many terms g'; j are nonzero, and for alln > 0,

2 Saln] * Sg[n] = Zg’;ﬁs'y[n]
il
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Moreover, the coefficient G, 3 vanishes unless the weights of the three partitions fulfill the
inequalities:

laof <8I+l Bl <lal+ 1l Wl <lol+]8].

In what follows, we refer to these inequalities as Murnaghan’s inequalities and we
will denote Supp(c, 3) the set of all partitions ~ such that EZZ, s > 0. We follow Kly-
achko [ ] and call the coefficients g, 5 the reduced Kronecker coefficients. An elegant
proof of Murnaghan’s Theorem, using vertex operators on symmetric functions, is given

in [ ].

Example 1. According to Murnaghan’s theorem the reduced Kronecker coefficients de-
termine the Kronecker product of two Schur functions, even for small values of n. For
instance,

822 % 820 = 84+ S1,1,1,1 + 25822 + 831 + S2,1,1 + 251,2,1 + S0,2,2 + 51,3 + 80,31 + S0,4

The Jacobi-Trudi determinants corresponding to s1 21 and sg 2 2 have a repeated column,
hence they are zero. On the other hand, it is easy to see that 51 3 = —52.2, 50,3,1 = —52.1,1,
and so.4 = —s3,1. After taking into account the resulting cancellations, we recover the
expression of the Kronecker product s 2 * 53 2 in the Schur basis s4 + 51,1,1,1 + 52,2

The reduced Kronecker coefficients contain the Littlewood—Richardson coefficients as
special cases.

Murnaghan-Littlewood Theorem (Murnaghan [ ], Littlewood [ D. Let o, 3
and +y be partitions. If || = |a|+|B|, then the reduced Kronecker coefficient g, 5 is equal
to the Littlewood—Richardson coefficient CZLV et

Finally, a remarkable result of Christandl, Harrow, and Mitchison (originally stated for
the Kronecker coefficients) says that the set

RKrong = {(a, 8,7) [ £(a), £(8),£(7) < k and g;, 5 > 0}

is a finitely generated semigroup under componentwise addition, [ ]. That is, if
Gh3 7 0and §2 5 # 0, then ﬁzil 4B # 0. This implies that RKrony, is closed under

stretching. That is, that g, 5 # 0 implies that §%Z np # 0forall N > 0.

Both Klyachko and Kirillov have conjectured that the converse also holds. That is to
say, that the reduced Kronecker coefficients satisfy the saturation property, [ , 1.
Remarkably, the Kronecker coefficients do not satisfy the saturation property. For example,

gt oy = 0if nis odd, but g =1 if mis even.

(n,n),(n,n

At this point, we hope that the reader is convinced that the reduced Kronecker coefficients
are interesting objects on their own.

We are ready to describe the results of this article. In Theorem 1.1 we give an explicit
formula for recovering the value of the Kronecker coefficients from the reduced Kronecker
coefficients. Let u = (uq,us,...) be an infinite sequence and 7 a positive integer. Define
u'? as the sequence obtained from u by adding 1 to its i — 1 first terms and erasing its i—th
term:

ul = (14w, T+ ug, . 1oy + L i, Uiga, - -

Partitions are identified with infinite sequences by appending trailing zeros. Under this
identification, when ) is a partition then so is A? for all positive i.



THE STABILITY OF THE KRONECKER PRODUCT OF SCHUR FUNCTIONS 5

Theorem 1.1 (Computing the Kronecker coefficients from the reduced Kronecker coeffi-
cients). Let n be a nonnegative integer and \, i, and v be partitions of n. Then

Lu)e(v) , N
(3) gw= Y D™y
i=1
This Theorem was stated in [ ], and used to compute an explicit piecewise

quasipolynomial description for the Kronecker coefficients indexed by two two—row shapes.

Murnaghan Theorem implies the stability property for the Kronecker products s, *
53[n) Presented in the introduction. Indeed, for n big enough, all sequences [n] for v €
Supp(«, 3) are partitions, and then (2) is the expansion of Sa[n] * $g8[n) In the Schur basis.

v[n]

In particular, for n big enough, the Kronecker coefficient g [n],8[n]

is equal to the reduced
Kronecker coefficient g, ;.

It is natural to ask about the index n at which the expansion of s,(,,] * sg[y,) stabilizes.
This index is defined as follows.

Definition (stab(c, 3)). Let V' be the linear operator on symmetric functions defined
on the Schur basis by: V' (sx) = sy;(1) for all partitions \. Let o and 3 be parti-
tions. Then stab(a, 3) is defined as the smallest integer n such that s, [, 41] * Sg(ntk] =
vk (Sa[n] * Smn]) for all k£ > 0.

As an illustration see the example in the introduction, there « = § = (2) and the
Kronecker product is stable starting at 56 2 * 5(6,2). Since (6, 2) is a partition of 8, we get
that stab(«, 5) = 8.

Theorem 1.2. Let o and 3 be two partitions. Then
stab(a, 8) = |a| + |6 + a1 + b1

In order to show that this theorem holds, we first reduce the calculation of stab(a, 3)
to maximizing a linear form on Supp(«, 3) (Lemma 3.1):

stab(c, 3) = max {|7| + 71 | v partition s.t. g, 5 > O} .
Then, we show that (Theorem 3.2)

4) max{|fy| + 71 |y partition s.t. g, 5 > 0} =la|+ ||+ a1+ B

using a decomposition of g 5 as a sum of nonnegative summands derived from Mur-
naghan’s theorem, this decomposition is described in Lemma 2.1.
We also obtain other interesting bounds for linear forms over the set Supp(a, 3):

e In Theorem 4.1 we show that:
3) max {’yl | v partition s.t. g, 5 > O} = |a N G| + max(ai, 1)

e More generally we obtain in Theorem 4.3 that, whenever g, 5 > 0, we have for
all positive integers ¢, j:

Vitj—1 < |Eia N E; B+ o + B

where E ) stands for the partition obtained from A by erasing its k—th part.
e We also obtain (Theorem 4.4):

max{m | partition s.t. g7 > o} = la| + 18],

min {M | v partition s.t. 53,5 > O} =max(|a|,|8]) = |an F].
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Note that Formula (5) is reminiscent to the following result for the Kronecker coefficients:

Proposition 1.3 ( Klemm [ ], Dvir [ ] Theorem 1.6, Clausen and Meier [ ]
Satz 1.1.). Let o and 3 be partitions with the same weight. Then:

max {’yl | v partition s. t. ggﬁ > ()} = lang

In Section 5, we consider the weaker version of the stabilization problem (Think uni-
form convergence vs simple convergence). As mentioned, Murnaghan’s Theorem also
implies that each particular sequence of Kronecker coefficients glm 5[] Stabilizes with

value gj% - possibly before reaching stab(a, 3). More is known about these sequences:

Monotonicity Theorem (Brion [ ], see also [ D. Let o, B and y be partitions.
[n]

The sequence with general term gl[n] Bn] is weakly increasing.

The second stabilization problem consists in determining the following numbers.

Definition (stab(a, 3,7)). Let c, 3, v be partitions. Then stab(«, 3,~) is defined as the
the smallest integer N such that the sequences «[N], B[N] and [N] are partitions and

U0 s = T0 5 forall n > N.

Lemma 5.1 describes a general technique for producing linear upper bounds for stab(c, 3, 7)
from any linear function f such that v; < f(a,3,7) whenever g, ; > 0. This method
provides two new upper bounds N7 and N for stab(a, 3, 7). l

The first bound is found by applying Lemma 5.1 to the bound (5) for ~; obtained in
Theorem 4.1.

Theorem 1.4. Let My (a, 3;7) = |v| + |an B| + a1 + B and
Nl(aa/@a’y) = min{Ml(a76;’7)7Ml(aa’y;ﬁ)aMl(ﬁf-y;a)}
Then Stab(aaﬂvﬁy) S Nl(Oé,ﬂ,"}/)-

The second bound is obtained by applying Lemma 5.1 to the bound (4) obtained in
Theorem 3.2.

Theorem 1.5. Let

a| + 18]+ | + a1 + Bi +
Na(, B, ) = laf + 18 |’Y|2 1+601+m

where [x] denotes the integer part of x. Then stab(a, 8,7) < Na(a, 3,7).

We finish our work by placing the new bounds in the context of the current literature.
We show in Proposition 5.2 that N; beats those of Ernesto Vallejo [ ] and Michel
Brion [ ]. But neither one is better than the other since there are infinite families of
examples where N; < N3 (see the Example 5 on the Kronecker coefficients indexed by
three hooks), and others where No < N; (see the Example 6 on the Kronecker coefficients
indexed by two two-row shapes). Finally, we revisit the work of Rosas [ ], Ballantine
and Orellana [ ], and [ ] where the situation for some restricted families of
Kronecker coefficients is addressed.
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2. THE REDUCED KRONECKER COEFFICIENTS

In this section we show how to recover the Kronecker coefficients from the knowl-
edge of the reduced Kronecker coefficients. We also present an expression for the reduced
Kronecker coefficients as sums of nonnegative terms, involving Littlewood—Richardson
coefficients as well as Kronecker coefficients, that will be useful in the next two sections.

We denote by ( | ) the Hall inner product on symmetric functions. Recall that Formula
(3) in Theorem 1.1 shows that we can recover the Kronecker coefficients from the reduced

ones:
£(p)e(v)

A i+1 -\t
G = Z (_1)Z+1gﬂ17 :
i=1
We now provide the proof.

Proof of Theorem 1.1. Murnaghan’s theorem tells us that

Suksu= D GhrSaln)
YE€Supp(f1,7)
Performing the scalar product with s, in the preceding equation yields:

(6) G =D Gholsapmlsr)
y€ESupp(f,7)
Consider a particular v € Supp(fi, 7) such that (s, [ sx) # 0. Let k be its length.
Then A has length at most &k + 1 and the Jacobi-Trudi determinants s.,) and s have the
same columns, up to the order, see Eq. (1). That is, the sequence

v=(n—Plvyem) HEFLEE=1,...1)

is a permutation of the decreasing sequence u = A+ (kK + 1,k,k — 1,...,1). (As usual
one sets A; = 0 for j > £()).)

By construction, we have that v is decreasing starting at vy. Therefore, there exists an
index 4 such that u; = v; + 1 for all j < ¢ and u; = v; for all 7 > 4. This means that
v = AT for some i < k + 1. Since ~ € Supp(fi, 7) there is k < ¢145 — 1 and thus i < k.

Finally (s,n) | sx) is the sign of the permutation that transforms v into the decreasing
sequence u. This permutation is the cycle (i,7—1, ..., 2, 1), which has sign (—1)**L. This
shows that only the partitions v = A%, for i between 1 and ¢, /5, contribute to the sum in
the right—hand side of (6), and that the contribution of AT is (—1)""1g7,.

(]

The operator on symmetric functions f +— f= is defined as the operator dual to multi-
plication with respect to the inner product, {| ).

Define ch 3, as the coefficients of s;5 in sq535,. From the definition of the Littlewood—
Richardson coefficients as the structural constant for the product of two Schur functions,
we immediately obtain that

) _ © )
(7 Ca By = an,ﬁc%v
©

Lemma 2.1. Let o, (3, v be partitions. Then gj% g is positive if and only if there exist
partitions 0, €, (, p, o, T such that all four coefficients gg o CSom cg o
positive. Moreover,

— _ ¢
®) Top =D 958 0nCprcl o

ot
- andc; ,  are
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Proof. Given partitions « and (3, define the following symmetric function

Rap =) ((ss5r)"sa) ((ses7)"s5) (5% sc)

d,€,T

where the sum is over all triples of partitions 6, €, 7. For n integer, let U,, be the linear
operator on symmetric functions that sends the Schur function s to the Jacobi—Trudi de-

terminant s (. Littlewood showed in [ ] that for all partitions « and (3 and all integers
n,

©) San] * $g[n] = Unlap

Formula (9) is also presented in [ ] (Formula 6.1) and [ ] (Formula 8).

Comparing (9) with Murnaghan’s Theorem we see that U, R, g = U, Zv EL 35~ The
operator U, is not injective, but its restriction to the symmetric functions of degree at most
n/2 is. Indeed, when || < n/2, the sequence 7[n] is a partition. Therefore, taking n big
enough we can deduce that R, 5 =3 §Z¥) 357

Let us determine the expansion Zv Tg, 55~ of Rqo g in the Schur basis. We have:

(555:) 80 = Z C§ 5750
o

(ses7)sp = Ceﬁ,p,‘rsm

14
S5 *k S = Zgzg,eSC
¢

Therefore,

_ ¢ L« B
f§ : ¢ L« B o
- g&,ecé,o,TCe,p,Tca,p,TS’Y

We obtain Eq. (8). O

3. STABILITY : THE KRONECKER PRODUCT

In this section we consider the stability of the Kronecker product of Schur functions.
We provide a proof for Theorem 1.2 which provides a sharp bound for this stability.

Lemma 3.1. Let a and (3 be partitions. Then

stab(a, /6’) = max {h/‘ + 7 ‘ ~ partition s.t. ?Z 8 > 0}

Proof. Let N = max {|fy| + 71 | v partition s.t. g, 5> 0}. If « and 3 are equal to the

empty partition then N = 0 = stab(«, ). In the other cases, that we consider now, we
have N > 0.

Remember (from the definition of stab(c, ) in Section 1) that V' is the linear operator
that fulfills V' (sx) = sxy(1) for all partitions A\. For all v € Supp(c,3) and k& > 0,
the sequences y[N] and y[N + k] are partitions, therefore s, (15 = V¥ (s,n7). After



THE STABILITY OF THE KRONECKER PRODUCT OF SCHUR FUNCTIONS 9

Murnaghan’s Theorem,

SalN|*SBIN] = D TagSalN);
y€Supp(ar,B)
Sa[N+k] * SBIN+k] = Z ?ngy[NJrk]-
~y€Supp(e, )
We obtain that:
SaN-+k) * SNk = V7 (Sain) * spin) -
This proves that N > stab(«, 3).

The equality will be obtained by proving additionally that N — 1 < stab(a, 3). There
exists a partition v € Supp(«, 3) such that |y| + v; = N. Then v[N] is a partition with
its first part equal to its second part. This shows that s,y is not in the image of V. It
follows that s,[n] * sg[v) is not in the image of V. In particular, s,[n7 * $[n] is not equal
toV(sa[N_l] *55[1\;_1]). O

Theorem 3.2. Let o, (3 be partitions. Then,
4) max{|y| +71 | 7 partition s.t. g, 5 > 0} = |a|+ |8 + a1 + S1.

Proof. Let ~ be a partition such that 537 5> 0. By Lemma 2.1, there exist partitions 9, e,

¢, p, o, T such that all four coefficients gge, 5 oo cﬁ o, and CZ) p,o A€ positive.
The Littlewood—Richardson rule together with Eq. (7) implies that if cz oo > 0 then

v1 < (1 + p1 + o1, Since ¢ > 0, we have also |y| = [¢| + |p| + |O'|7. Therefore

¢,p,o
I+ 7 <[+ G+ |pl + p1 + |of + o1. Obviously ¢1 < [¢]. Thus
(10) Y +7 < 2(C[+ |pl + p1 + |o| + o1

Since gge > 0 we have || = |d| = |e|. Replacing 2|¢| with |d| + |¢| in (10) yields
(1 Y+ < 18]+ ol + o1+ [el + ol + p1

Since c§, . > 0 we have 0 C aand thus 01 < a1. We have also 0|+ |o| < |a. Therefore
81+ Il + o1 < Jal + ar.

Similarly, ¢ , > 0 implies || + |p| + p1 < |8] + 1.

Substituting these two new inequalities in (11) provides the following inequality

Y[+ < el +16] + an + br

We now show that the bound is achieved. Consider the reduced Kronecker coefficient
Egzﬁ . The Murnaghan—Littlewood theorem implies that it is equal to the Littlewood—

Richardson coefficient szﬁ which is equal to 1. This proves that the upper bound |«| +

I8] + a1 + 51 on Supp(a; 0), for || + 71, is reached with v = o + (3. a

Theorem 1.2 is now a direct consequence of Lemma 3.1 and Theorem 3.2.

4. BOUNDS FOR LINEAR FORMS ON SUPP(«, 3)

In this section we provide proofs for the bounds of the lengths of the rows of v when
g0 s > 0. In particular, we provide a sharp bound for the first row and upper bounds for
the remaining rows. Theorem 4.1 gives a first step towards describing the set partitions
indexing the nonzero reduced Kronecker coefficients, that is Supp(«, 3).

Indeed, we show that
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Theorem 4.1. Let o and 3 be partitions, then
max {fyl | v partition s.t. g, 5 > 0} = |an B| + max(aq, 1)

From Theorem 4.1, we obtain that given any three partitions p, v and A of n. If gﬁ,y >0
then
Ao < min(g, | N 7| + max(uz, v2)).
Fix two partitions o and 3. To prove Theorem 4.1 we first prove an upper bound for all
the rows of v whenever §l7 5 > 0 (Theorem 4.3).
For A partition and k positive integer, set Ei A for the partition obtained from A by
erasing its k—th part (or leaving A unchanged when it has less than k parts). In particular

Eid= A\

Lemma 4.2. Let «v, §, 0 and T be partitions such that 50+ > 0. Let i be a positive integer.
Then there exists a set A such that D(0) C D(E;o) U A and |A| 4 oy, < ay,.

Proof. By Eq. (7), there exists a partition « such that ¢ . > 0 and ¢f , > O since ¢§, . >
0. In particular D(§) C D(k) C D(«).

Let S; = {(z,y)|z > landy > i} and let H = D(0) \ D(%). Notice that H is an
horizontal strip consisting in all boxes of D(4) having no box of D(k) above them, see
Figure 1 for an example.

FIGURE 1. The horizontal strip H (boxes with thick edges) for k =
(10,6, 3,2) (white and grey boxes) and § = (8,4,1, 1) (grey boxes).

Let A = S; N H, notice that this is the horizontal strip contained in H strictly above the
1 — 1-st row. We have
|A| = k; — width(D(k/d) N S;).
On the other hand, since ¢§ , > 0, there exists a Littlewood—Richardson tableau with shape
/9 and content o. In this tableau, there is at most one occurrence of ¢ by column of /4,
and they are all in row ¢ or higher. Therefore,

As a consequence,
|A| + g; S K;
Since D(k) C D(«) we conclude that |[A| 4+ 0; < «;.
Now by construction of A,

D((S) n.s; C (D(R) n Sl> UA
and clearly D(9) \ S; C D(k) \ S;. Therefore
D(6) c (D(r)\ Si) U(DFE)NS;)UA
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Finally, observe that D(E;x) = (D(x) \ S;) U (D(R) N S;). Therefore,
D(6) C D(E;k)U A
Since D(k) C D(«) we have D(E;k) C D(E;c), and thus
D(0) C D(E;a) U A
(]

Theorem 4.3. Let o, § and v be partitions such that g; s > 0andlet i,j and k be a
positive integers such that i + j — 1 = k, then we have

e < |EiaN E;B| + o + 5.

Proof. Letiand j suchthati 4+ j — 1 = k.
By Lemma 2.1, there exist partitions 4, €, {, p, o, T such that all four coefficients gg’é,

S oo [ cz’p’g are positive.
By Eq. (7) and since CZ po 0, there exists a partition ¢ such that CZ ¢ > 0and
cﬁﬁg > 0. Weyl’s inequalities for eigenvalues of Hermitian matrices ([ Jor Eq. (2) in

[ ]) imply that whenever a Littlewood—Richardson coefficient c:\w is non—zero there
is A\prg—1 < pp + v, for all p, g (see [ 1). Apply this to cz’(b withp =1,q = k:
we obtain v, < (3 + ¢r. Apply Weyl’s inequalities to cffya with p = j, ¢ = 7: we obtain
o < pj + oy It follows that v, < (1 + o5 + pj.

Since gg,e > 0, we have (; < |d N ¢| by Proposition 1.3, then

(12) 7k§‘5ﬂ€|+pj+0'i
Since C(Sa,a,‘r > 0, Lemma 4.2 implies that there exists a set A; such that

D(&) C D(EZOZ) U A; and |A1| +0; < a5.
Similarly for cg p,r > 0, Lemma 4.2 implies that there exists a set Ao such that

D(G) C D(Ejﬁ) U A and |A2| + pj < ﬁj’
Therefore,

D(5 N 6) - D(EZOé n Ejﬁ) @] Al U AQ.

As a consequence,
This together with (12) yields

Y < |E¢Oé N Ejﬂ| + |A1| +o0; + |A2| + pj-
Remembering that |A; |+ 0; < «; and |As] + p; < [3;, we get the claimed inequality. O
Proof of Theorem 4.1. The bound holds by Theorem 4.3 since |Eya N E1 5| + a1+ b1 =
| N B| + max(aq, £1). Let us now show it is reached. Choose 6 = ¢ = @ N [ and for
¢ a partition such that gie > 0and ¢; = |0 Ne| = |[@n S, such a partition exists by

Proposition 1.3. Choose T to be the empty partition.

Choose o as follows: first, 01 = «7. This will ensure that cg"U’T = cgjg = cgg. The
Littlewood-Richardson coefficients ¢§,. are the coefficients in the expansion of the non—
zero skew—Schur function sg/s in the Schur basis, hence one of them has to be non-zero.
Choose for & one such partition « (observe that D(x) C D(@), therefore k1 < ay < ap =
01). Define similarly p. Finally set v = ( 4+ o + p. (]
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Theorem 4.4 (The maximum and minimum weight of partitions indexing nonzero reduced
Kronecker coefficients). Let « and ( be partitions. We have:

max{M | v partition s.t. g, 5 > 0} = |a| + 18],
min {m | ¥ partition s.t. g, ; > o} = max(|al, |8]) — |a N G|.

Proof. From Murnaghan’s inequalities we know that |y| < |a|+|3| for all v € Supp(«, 3).

Moreover, this maximum is achieved, take v = « + 3, then cgf@ﬁ > 0 and finally yg’zﬁ =

cgzﬁ by the theorem of Littlewood and Murnaghan.

v[n] _

To show the second bound, assume that yjyy 5 > 0. There exists n such that Ia[n],Bln]

3., 3- By Proposition 1.3 we have that n — || < |a[n] N B[n]|. Hence,
|[n] N Bln]| = min(n — |af,n — |6]) +[a N B] = n — max(|al, [8]) + |a N G].

We conclude that |y| > max(|a|, |8]) — |a N G
Again by Proposition 1.3 we know that there is a partition « for which n — |v|
|a[n] N B[n]], hence this bound is sharp.

ol

Corollary 4.5. Let o and 3 be partitions and i and j positive integers such that k =
i+ 75— 1. Then

max {Wk | v partition s.t. g, 5 > O} < min (|Eia N E;B| + a; + 55, [W})

Proof. This is a straightforward consequence of Theorems 4.3 and 4.4. (]

Example 2. Let a = (2) and 5 = (4, 3,2), then the first row of the table are the nonzero
values of ~;, and the second row are the upper bounds given by Corollary 4.5.

k 112(3/4|5
max values forvy;, |6 |4 |3 |2 |1
bound for 6153|122

In the case that « = (3,1) and § = (2, 2) we get

k 11231415
max valuesfor~y, |6 [3 21|11
bound for 614121211

5. STABILITY : THE KRONECKER COEFFICIENTS

In this last section we consider linear upper bounds for stab(c, 3, 7). Previously known
bounds, due to Brion [ ] and Vallejo [ ] respectively, are

Mg (o, B;7y) = |a] + [B] + 1,
. _ Inax{\a|+o¢ 713|ﬂ|+ﬂ 717|7|} lfa#ﬁ
My (o, B57) = |7|+{ max{\a|+oz17|7|} 1 ifa=p

We introduce Lemma 5.1 that produces linear upper bounds for stab(c, 3, ) from lin-
ear inequalities fulfilled by those («, 3,v) for which g, ; > 0. Applying this lemma to
different bounds derived in Section 3 and Section 4, we obtain two new upper bounds for
stab(a, 3, ), and recover Brion’s bound Mp.
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Lemma 5.1. Let f be a function on triples of partitions such that for all i,
(e, 8,7) = f(a, B.47).
Set My (e, B,7) = |7 + f(a, B,7) and assume also that whenever g, 5 > 0,
(13) Mf(aaﬂaﬂ}/) Zmax(|a|+a17|ﬂ|+ﬁlv|7|+71)'
Then whenever gzéy 5 >0,
Stab(av ﬂa 7) S Mf(aa ﬂa 7)

Proof. Let o, 3 and - be partitions such that g, 5> 0.Letn > My(a, 8,7). By Lemma
1.1,

N

n — i—=(n— 1,41

(14) GU s =T+ (1) gl
=1

for some N. Since n > My («, 8,7) = |y|+ f(a, 5,7), wehave n—|v|+1 > f(«, 8,7).
Thus n — |y| + 1 > f(«a,B,~') for all i. As a consequence, none of the partitions
T = (n — |y| + 1,~4") fulfills M¢(a,3,7) > |7| + 71. Indeed, for such a partition,
el 4+ 71 = [7] + (n— 7| + 1) and M(a B.7) = || + Fle, B,y1). We get that al

n— fiy | n . . _
terms gfl, 4 7+ 4h (14) are zero. Therefore gl%n]] 5[] 18 €qual to its stable value 9o 5
We conclude that M ; > stab(a, 3,7). O

Three functions f such that (13) hold have already appeared in this paper. Each one
gives a bound for stab(«, 3, 7).

(1) Murnaghan’s triangle inequalities (see Murnaghan’s Theorem) and Theorem 4.1
show that (13) holds for f(«,8,7) = || + |8| — |7|. We recover Brion’s bound
Mp.

(2) Theorem 4.1 and Murnaghan’s triangle inequalities also imply that (13) holds for
f(a,B,7) = |an B| + ai + Bi. the corresponding bound M s is M (a, 3,7) =
||+ |@n B| + a1 + B1. Hence, by Lemma 5.1 and the symmetry of the Kronecker
coefficients we obtain the proof of Theorem 1.4.

(3) Theorem 1.2 shows that (13) holds for f(c, 8,7) = 1/2 (Ja|+|8]+ a1+ 681 —|7|),
which corresponds to My = My = 2(|a|+ 3|+ |v|+ a1+ 81 +71). The bound
Ny = [Ms] of Theorem 1.5 follows.

Set Ny («, B,7) = min {M; (e, 8;7), M1 (e, 7; 8), M1(8,v; @)} and define similarly Np
and Ny from Mp and My . These are also upper bounds for stab(a, 8,v). In the fol-
lowing proposition we show that the bound N7 improves both Vallejo’s Ny and Brion’s
bound, Ng.

Proposition 5.2. Let o, §, v be partitions, then N1 («, 8,7) < Np(a, 7, 3) and Ni(a, 8,7) <
NV(CY, 67 7)

Proof. For all partitions «, 3, v, we have
Ml(aaﬁ;r)/) = |7| + |O_ZQB| + o +/81 S h/| + |Ot| +61 = MB(‘%’V;B)a

since |&@ N B3| + a1 < |a&| + a1 = |a|. This is enough to conclude that N (o, 3,7) <
NB (CY, ﬁa ’Y)

We now prove that Ny («, 3,7) < Ny («, 5,7). It is enough to prove that for all parti-
tions «, (3, v we have M («, ;) < My («a, 8;7). By symmetry of both bounds with re-
spect to « and 3, we can assume without loss of generality that oi; > 1. We consider three
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cases: a = f3; C B; a ¢ 3. We show that in the first case |a N 3| + a1 + 1 < |af +ay
and that in the other two cases |a N 3] + a1 + 81 < max(|a| + a; — 1,|8] + B — 1).

Consider the case a = 3. Then |a N G| + a1 + 1 = |a| + a1.

Consider now the case « C (3. Then |@a N 3| + oy = |a| < |B] — 1. Therefore
lanpl+ar+ /1 < |8+ B — L. B

Consider last the case when « ¢ . There is |aN S|+ 81 = |aNF| < |a|—1. Therefore
‘@QB‘+CX1+61§|O&‘+O{171. O

Now that we have shown that N; improves the bounds Np and Ny . In the following
two examples we now compare Ny to Np and Ny .

Example 3 (Comparison of Ny to Np). Leta = (2,1) and § = (3, 1), if v = (3, 1), then
Np = 10 is greater than N, = 9 and if v = (3,2,2) then Ng = 10 and N = 11. This
shows that neither one is better than the other.

Example 4 (Comparison of N2 to Ny). Let o« = (2,1), 8 = (3,1) and v = (3,2,2),
then No = 11 and Ny = 12, hence Ny < Ny. On the other hand if « = (3,2) and
8 =(3,1,1) and v = (6), then Nyy = 13 and No = 14 and in this case, Ny, < Na. This
shows that neither Ny nor N5 is better than the other. Notice that the last example can be
generalized as follows. If |a| = || with «; = 3 and v = (1), then Ny < Nj.

We conclude this section applying our bounds to some interesting examples of Kro-
necker coefficients appearing in the literature.

Example 5 (The Kronecker coefficients indexed by three hooks). Our first example looks
at the elegant situation where the three indexing partitions are hooks. Note that after delet-
ing the first part of a hook we always obtain a one column shape. Let o = (1¢), 8 = (17)
and v = (1%) be the reduced partitions, with d, ¢ and f positive. In Theorem 3 of [ 1,
it was shown that Murnaghan’s inequalities describe the stable value of the Kronecker

coefficient glm Bln]?

Gop=(e<d+)d<e+)(f<e+d)

where ((P)) equals 1 if the proposition is true, and 0 if not.

Moreover, stab(a, 3, ) was actually computed in the proof of Theorem 3 [ 1. It
was shown that the Kronecker coefficient equals 1 if and only if Murnaghan’s inequalities
hold, as well as the additional inequality e + f < d 4 2(n — d) — 2. This last inequality

says that:
d+e+ f+3
stab(a, 8,7) = ff} = Na(a, B8,7)
To summarize, for triples of hooks, Murnaghan’s inequalities govern the value of the re-
duced Kronecker coefficients, and N5 is a sharp bound. On the other hand, the bounds
provided by N1, Np, and Ny are not in general sharp.

O

Example 6 (The Kronecker coefficients indexed by two two-row shapes). After deleting
the first part of a two-row partition we obtain a partition of length 1. Let o and 3 be
one-row partitions. We have:

Ni(a,B,7) =a1+ 51 +m

Y2 +V3}

No(a,B,7) = a1+ B1+m + { 5
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It follows from [ ] that when g7, ; > 0,

Sta‘b(a7ﬂ77) =71 — 73 + a1 + ﬂ1~

Neither N1 nor Ny are sharp bounds. Indeed, for §Z¥v 5 > 0 we have stab(a, 8,7) < Ny if
v3 > 0, and stab(a, 3,7) < N if y5 > 0.
Moreover, N1 < Ny when 5 + 3 > 1.

O

Example 7 (The Kronecker coefficients: One of the partitions is a two-row shape). The
case when ~ has only one row, v = (p), was studied in [ ]. It was shown there
(Theorem 5.1) that

stab(a, 8, (p)) < |a| + a1 + 2p.
Notice that this bound coincides with stab(c, (p)) after Theorem 1.2. In this case,

Ny =p+l|anBl+ai + B,

is less than or equal to Ns. It is also mentioned in [ ] that, for the case when o = (3,
Vallejo’s bound Ny does beat this bound (that is, stab(a, ), but not always. Indeed,
when o« = 3, N5 coincides with Ny,

(]

The situation described in the previous example, where stab(a, ) < Ny («, 5,7)
raises the question of whether min(Ny, N3) is always less or equal to stab(c, 5) when
gl_’ 5> 0. This is indeed the case since, as a direct consequence of Theorem 3.2 ,N, <
la| + 8] + a1 + B

Example 8 (Vallejo’s example). In [ Jthe case o = (3,2), 8 = (2,2,1), v = (2,2)
was considered. In this case stab(a, 3,7) = 10, but

NB(%@’Y) = NV(aaﬁa’y) = Nl(Oé,ﬁ,’Y) =11.
Nevertheless, Na(«, 3,7) = 10.
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