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Abstract

In this paper, we present new controllability results for some nonlinear
coupled parabolic systems considered in a bounded domain Q of RY
(with N > 1 being arbitrary) when the control force acts on a unique
equation of the system through an arbitrarily small open set w C Q. As
a model example, we consider a nonlinear phase field system with certain
superlinear nonlinearities and prove the null controllability, the exact
controllability to the trajectories and the approximate controllability of
the model. The crucial point in this paper is the new strategy developed
to deal with the null controllability of linear coupled parabolic systems
by a unique control force. Global Carleman estimates and the parabolic
regularizing effect of the problem are used.

Key words. Controllability; Nonlinear coupled systems of parabolic
type.

1 Introduction

The aim of the present paper is the description of a new approach that allows
one to prove new controllability results for some (linear and nonlinear) coupled
parabolic systems considered in a bounded domain Q@ C RY (for arbitrary
N > 1) when they are controlled by a unique control force that acts on an
arbitrarily small open set w C €. In order to describe our strategy, we will
consider (as a model example) a system of two nonlinear coupled parabolic PDEs
that generalizes the phase field model introduced by Caginalp in its enthalpy
formulation (cf. [1]).

Suppose that a material that may be in either of two phases (e.g. solid and
liquid) occupies a bounded region 2 in the space RN (N > 1 arbitrary), with
boundary 02 of class C2. For a given T > 0, the nonlinear phase field system
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reads as follows:

0w — Au+ f(u, Vu,p, Vo) = —A¢d +vl, in Q=0 x (0,T),
O — AP+ h(p) =u inQ, (1)
u=0, $=0 on, U(ZL',O) = UO(x)v ¢($70) = ¢0($) in €,

where f : R x RY x R x R¥ — R is a locally Lipschitz-continuous function,
h : R — R is a C'-function, the initial datum (ug,¢o) is given in a suitable
space, and v € L%(Q) is a control function to be determined. Here, w C Q
is an arbitrarily small open control set, ¥ = 9 x (0,T), and 1, denotes the
characteristic function of w.

This model provides a mathematical description of free boundary problems
arising from physical phenomena that occurs with a phase transition, such as
the phenomenon of solidification of a liquid. The variable ¢ is the so-called
phase field function and is used to distinguish between the two phases of the
material involved in the solidification process. The enthalpy of the system, u, is
given by u = 0+ ¢, where 0 is the temperature of the material. From a physical
point of view, observe that 6 (which satisfies a nonlinear heat equation such as
O + Orp — AO + F(0,V0) = vl, in Q) is the variable to be controlled. Thus,
in system (1) we control on the equation satisfied by wu.

We are interested in analyzing the controllability properties of system (1)
when nonlinearities with a slight superlinear growth at infinity are considered.
This analysis is more intricate than the study of the controllability properties
for a scalar superlinear heat equation (cf. [2] and [3], for instance) since we want
a coupled parabolic system to be controlled by a unique distributed control
and, even in the linear case, additional technical difficulties arise owing to the
coupling of the equations.

The first controllability results for a nonlinear phase field system by one
control force are proved in [4] under certain restriction on the dimension N.
For 1 < N < 5, Ammar Khodja et al. prove the exact controllability to the
trajectories when f = 0 and h satisfies h(0) = 0 and

h(o)]
712 || log® (1 + |o])
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In [5], the authors introduce a new approach to deal with the null controllability
of some linear coupled parabolic systems that makes it possible to generalize
the results in [4] to a more general phase field system such as (1), where both
f and h are allowed to have a slight superlinear growth at infinity. The proof
of these results as well as the above-mentioned strategy, sketched in [5], are
developed in the present paper. To be precise, assume that f(0,0,0,0) = 0 and

f(sapa g, 7T) = gl(sapaaa 7T)S + Gl(sapa g, 7T) 'p+92(8,p, g, 7T)0+ GQ(Sapa g, 7T) t

for any (s,p,0,m) € R x RV x R x RV, where g; : Rx R¥Y x Rx RY - R

and G; : RxRY x R x RV — RV, i = 1,2, are some L. functions. First,



we prove a null controllability result for system (1) (see Theorem 2.1) when the
nonlinearities satisfy, together with other assumptions, hypothesis (2) and

. |gl(s,p,a,7r)| _ . |G1(S,p,0’,7r)|
im 3/2 =0, lim /3 =
sl ol o0 Tog® (1 + [s| + |o]) sol oo Tog /2(1 + |s| + o)
|92(Sapa Uaﬂ.)l |GQ(Sapa 077T)|

and

: - lim o T
Isllo| =00 log?(1 + || + |o]) |sl.lo—o0 log(1 +[s| + |o])

uniformly in p, 7 € RV.

Under slightly different hypothesis on the nonlinearities, we also show a result
on the exact controllability to the trajectories for system (1), Theorem 2.2, that
extends the results given in [4]. As a consequence, an approximate controllability
result for (1) is obtained (see Theorem 2.3).

Theorem 2.1 in the present paper and the main results in [4] can be
proved, as is already usual (see [6], [3], and [7], for instance), by combining
a similar controllability result for the corresponding linearized system with and
appropriate fixed-point argument. The presence of superlinear nonlinearities
leads to obtain, in the linear case, a ‘good’ control to the effect that a fixed
point in an appropriate space can be obtained. One of the main goals of the
present paper is to develop the strategy sketched in [5] to obtain such a good
control in the linear case. It is worth pointing out that this approach, which
is completely different from the one used in [4], makes it possible to obtain
controllability results which are valid for arbitrary N > 1.

In Section 4, we develop in detail the above-mentioned strategy to prove the
null controllability of a linear phase field system by one control force. For the
sake of clarity, let us describe in this introduction the main ideas in our method
to deal with a simpler linear null controllability problem.

The strategy of fictitious control functions: We consider the linear null
controllability problem
O — Au=aju+b1¢p +vl, inQ,
01 — VAP = asu +bagp in Q, (3)
u=0, $=0 onX, U(ZL',O) = UO(x)v ¢($70) = ¢0($) in €,
w(@, T) =0, ¢z, T)=0 inQ, (4)

where a;,b; € L>(Q) (i = 1,2), ug, o € L3(Q) (at least), and v € L?(Q) is a
control function to be determined (w C  is the control open set and v > 0 is the
diffusion coefficient of the second PDE). Assume that there exist a nonempty
open set B and a constant ag > 0 such that

B CCuw, laz| > ap >0 in B x (0,7T).

We are interested in obtaining a control v such that the corresponding solution
(u, @) to (3) not only satisfies (4) but also lies in L>°(Q)?. Appropriate estimates



of the control v and the solution (u, ¢) with respect to the size of the data must
also be obtained.

We proceed in two steps. Let By be a nonempty open set such that By CC B.
In the first place, we introduce a fictitious control in the second PDE in (3) and
prove the null controllability of the linear system

ou—Au=aju+bip+011p, in Q,
Orp — VAP = asu + bap + 021, in Q, (5)
u=0, ¢=0 onX, wu(z,0)=ue(z), ¢(x,0)=d¢de(z) in .

It is proved that there exist two control functions o1,9, € L?*(Q), with
supp 1, supp 92 C Bo x [0, T, such that the corresponding solution (i, ¢) to (5)
satisfies (4). Moreover, 91 and 05 can be chosen so that

611320y + 12l 32y < exp (CHo) (1luoll3aay + 160l ey )

with C = C(Q, Bo,v) > 0 and Hy = Ho(T, ||a1]|co, |a2||cos [|161]lco, [|02]lcc) > O
(the explicit dependence of the constant Hy with respect to T' and the size of
the potentials can be given). This controllability result is a consequence of the
observability inequality

le(0)1 20 + 1401220y Sexp(CHo>//B o (lel* + [[?) dzat
0 X (0,

(C and Hy as above) for the solutions to the adjoint system

0 — AY = a1y +azp  in Q,

—0ip —VvAp = b1 +bap inQ,

p=0, =0 on X,

p(a,T) = ¢°(z), P, T)=9%) inQ (¢ ¢°e L*(Q),

which is deduced by combining an appropriate Carleman inequality and the
energy estimates for these solutions.

In a second step, we eliminate ¥2 and construct a control v € L"(Q)
(r € [2,00) being arbitrary) that gives the null controllability of system (3),
with associated solution (u, ¢) in L°(Q)2. This can be carried out by adapting
to the present situation the technique of construction of regular controls (from
L?-controls) introduced in [8] (also see [9]). We proceed as follows. Let
n € C*([0,T]) be such that n = 1in [0,7/3],n=0in [2T/3,T],and 0 < n < 1,
[7'(t)] < C/T in [0,T]. We introduce the change of variables u = U + 1,
¢ = ® + 1o, where (T, ¢) is the weak solution to

D Q
< <l

T — AU =a1T+bd in Q,
i — VAP = asli + by in Q,
u=0, ¢=0 onY, u(x,0)=uy(r), ¢(r,0)=¢o(z) inQ.



Observe that a control v solves the null controllability problem (3), (4) if and
only if v solves:

U — AU = a1 U + 019 — 'u+ vl, in Q,

0y® — VAD = ayU + bo® — 1/ in Q,

U=0, =0 onx,

U(z,0) =0, ®(z,0)=0, U(z,T)=0, ®&(x,T)=0 in Q.

(6)

Thus, we are reduced to obtaining a control force in L™(Q) (r € [2,00)) that
solves (6). To this end, let (4, ¢) be the solution to system (5) associated to two
arbitrary L2-controls 97 and 93 that give the null controllability of (5). We can
write & = U + 5 and ¢ = ® 4 n¢, with 1 and (@, ¢) as above and (U, ®) being
the solution to

8tU - AU = (110 + bl(i) - U/ﬂ + ’LA)l]_BO in Q,

0,® — VAD = asU + by® — n'¢ + iolp, in Q,

U=0, =0 on®, U(x,0)=0, &,0)=0 inQ,

which also satisfies U(z,T) = 0 and ®(x,T) = 0 in Q. We now consider a
function 6 € D(B) satisfying 8 = 1 in a neighborhood of By. We set

N N 1 _ N ~
=(1-0)® U=1-0)0+— (9n’¢+2yV9-V<I)+V(A9)<I>),
2
and
N ~ 1 _ ~ ~
v = Oy T+2V0-VU+(AO)U+(0—A—ay) [— (03 +20v0 - Vo + V(Ae)@)] .
a2

By local parabolic regularity, under appropriate assumptions on the potentials
az and bs, the functions U, @, and v are regular enough. In addition, for regular
initial data, the functions u = U + 77 and ¢ = ® +n¢ are also regular. Suitable
estimates for (u,¢) and v can be obtained. Furthermore, v (together with
(U, ®)) solves (6), thus v (together with (u,®)) solves the null controllability
problem (3), (4). Notice that, in fact, it suffices to assume that |az| > ag > 0 in
B x (0,Tp) for certain Ty € (0,T), since we can drive, in this case, system (3)
to zero at time T and set v = 0 for the rest of the time interval.

Let us end this introduction with a brief comment on the last main result in
this paper. We consider the linear coupled system:

~up— Ap+ep—V - (F) +ep = —A¢ in Q,
~O— A~V - (BY) +ab=¢ inQ, (7)
p=0, =0 on%, ¢@T)=¢ @), $(xT)=y ) i,

where a,c,e € L®(Q), B, F € L*(Q)", and ¢°,° € L?(2). For a given open
set By, Theorem 2.4 provides a Carleman inequality for the solutions (¢, )



to (7), by means of which, some global terms of ¢ and ¢ are bounded just in
terms of ¢ ‘localized’ in By (see (12)). Although we have opted in this paper
for the strategy of introducing a fictitious control, Theorem 2.4 leads to an
observability result for the solutions to (7) that allows one to prove the null
controllability of a linear phase field system such as (16) by a control ¥ € L?(Q)
supported in By x [0,T], and the L?-norm of ¢ can be estimated.

The rest of the present work is organized as follows. Our main results
are stated in the following Section. In Section 3, we compile some technical
results which will be used later. Section 4 provides an exhaustive study of the
null controllability property for a linear phase field system. In the next three
Sections, we prove the controllability results for system (1) stated in Section 2,
and Section 8 is devoted to proving Theorem 2.4. We end the paper with further
results and comments.

2 Main results

We devote this Section to stating the relevant results in this paper. Assume
that f: R x RY x R x RY — R is a locally Lipschitz-continuous function,
with £(0,0,0,0) = 0, and h € C*(R), both with certain superlinear growth at
infinity (which is specified below). Notice that, under these assumptions, one
can write

f(sapa g, 7T) = gl(sapaaa 7T)S + Gl(sapa a, 7T) 'p+92(8,p, g, 7T)0+ GQ(Sapv g, 7T) -

for any (s,p,0,m) € R x RV x R x RV, where g; : Rx R¥Y x Rx RY - R
and G; : Rx RY x R x RY — RY, i = 1,2, are the L{° -functions defined,
respectively, by

g1(s,p,0,m) = /1 Os f(As, Ap, Ao, Amr) d\,
0
Gi(s,p,o,m) = /01 Opf(As, Ap, Ao, Am) dA,
g2(s,p,o,m) = /01 05 f(As, Ap, Ao, Am) dA, and
Ga(s,p,0,m) = /01 Ox f(As, Ap, Ao, Amr) dA,

for any (s,p,0,7) € RxRY x R x RY. Here we denoted by 0, f (resp. 0, f) the
derivative of f with respect to s (resp. o) and by 0, f (resp. Oz f) the gradient
of f with respect to p (resp. w). Our first main result establishes the null
controllability of system (1).

Theorem 2.1 Let f : RxRY x RxRY — R be a locally Lipschitz-continuous
function such that f(0,0,0,0) =0 and let h € C*(R) satisfy h" € LS.(R) and
h(0) = 0. Let us assume that:



i) For any R > 0, there exists M > 0 such that
|g1(8,p, 0-77T)| + |G1(Sap7 0-77T)| + |92(57p50ﬂ 7T)| + |G2(S,p,0’, 7T)| < Mg
for every s, € [-R, R] and p,7 € RY;

i)

lg1(s,p,oom)| , G1(s,p, 0, )|
im 372 =0, 1l 3 =0,
shlol—=o0 log™ = (1 + |s| + |o|) sl lol—=o00 log™=(1 + |s| + |o|)
|92(Sapa g, 7T)| =0, and |GQ(Sapa g, 7T)|

1m 3 = hm T . N =
Islilol—oo log>(1 + |s| + |o|) lsl,lo|—oc log(1 4 [s| + [o])

uniformly in p, T € RY;

h@)
=5 o] 1og™ > (1 + o)

(8)

Then, for any T > 0 and (ug, ¢o) € (W2=2/50:5(Q) N HY(Q))?, with s; €
(N/2 + 1,00), there exists a control function v € L*(Q) such that system (1)
possesses a solution (u,p) € L>(Q)? that satisfies

w(z, T)=0, ¢(x,T)=0 1inQ.

The proof of this Theorem combines a similar null controllability result for the
corresponding linearized system with and appropriate fixed-point argument, and
will be given in Section 5.

Remark 2.1 In particular, under the hypothesis in Theorem 2.1, for any
(ug, po) € (W2=2/s1:51(Q) N HE(Q))?, with s1 € (N/2 + 1,00), there exists a
control v such that system (1) admits a solution (u,®) which is globally defined
in [0,T]. Observe that this assertion does mot remain wvalid for any control
term v and any initial datum (ug, ¢o) since we are in the range of nonlinearities
for which blow-up phenomena may occur at an instant T* < T'.

Under hypothesis (on the nonlinearities) slightly different from the ones
in Theorem 2.1, one is able to show a result on the exact controllability to
the trajectories of system (1). To be precise, for arbitrary (so, po, 0o, 7o) and
(s,p,0,7) in R x RY x R x RY, let us now write

f(s0+s,po +p, 00+ 0,m +7) = f(50,P0,00,70)
+ 91(s0,P0, 00, T03 8,0, 0, ™) s + G1(S0, Po, 00, T0; S, D, 0, ) - P

+92(303p03 00,70, S,P,0, 7T)0' + GQ(SOaPOa 00,7T0,5,P,0, 7T) s,

where

1
gl(SOap()a 00,T0;S,P, 0, 7T) = / asf(so + )\S,pO + )‘pa oo + )\U, mo + )\77) d)‘a
0

1
Gl(SOaPOa 00, To5 S, P, 0, 7T) = / apf(s() + )\S,pO + )‘pa oo + )\U, T + )\7T) d)‘a
0



1
gQ(SOapOaUOaﬂ-O; s,p,0, 7T) = / ao’f(so + )\Sapo + )‘pa ] + )‘Ua o + )‘ﬂ-) d)‘a
0

and
1

GQ(SOaPOa 00,705 S,DP, 0, 7T) = / aﬂ—f(SQ + )\S,pO + )‘pa ] + )‘Ua o + )‘ﬂ-) .
0
The following result holds, which generalizes the main results in [4] and [10].

Theorem 2.2 Let h € CY(R) satisfy b € L (R) and hypothesis (8) and let

loc

f:RxRYN xRxRYN = R be alocally Lipschitz-continuous function such that

m |gl(50;p050—05ﬂ-0;57p50—5 ﬂ-)| _
shlol=oc  1og®?(1 4 |s| + |o])

)

|G1 (507p07 00,705 S, P, 0—77T)|
[sllol=oo  logt2(1+|s| + |o])

)

|92(s0,Po, 00, 03 8, p, 0, )| _
lshlol—oe log?®(1+ [s| + [o])

)

lim |G2(503p03005770;85p3 O’aﬂ.)|
Is,]o]— 00 log(1 + |s| + |o|)

=0

uniformly in (so,po,p, 00, mo, ) € K x RN x RN x K x RN x RY, with K C R
being compact. Assume, in addition, that for any R > 0 and k* > 0, there exists
Mp = > 0 such that

|gi(505p050—05ﬂ-0;57p50—5 7T)| S MR,k*; 1= 172; (10)
|Gi(30,p0,0’0,7’(’0; s,p,0, 7T)| S MR,k*a 1= 1) 23

for every so,00 € [~k*,k*], s,0 € [-R,R], and po,p, 70,7 € RY. For an
arbitrary T > 0, let (u*,¢*) be a weak solution to (1) in L>(Q)? associated
to v* € L*(Q) and (ul, ¢f) € (W2=2/5051(Q) N HY(Q))?, with s1 > N/2 + 1.
Then, for any (ug,d0) € (W?=2/5051(Q) N HF(Q))?, there exists a control
v € L*(Q) and a state (u,¢) € L>°(Q)? associated to v and (uo, ¢po) such that
u(z, T) =u*(z,T) and ¢(x,T) = ¢*(x,T) in Q.

Remark 2.2 Notice that, when f(0,0,0,0) = h(0) = 0, the null controllability
can be read as the exact controllability to the trajectory (u*,¢*) = (0,0)
(associated to v* = 0 and (uf, ¢f) = (0,0)). Thus, the hypothesis (9) and (10)
required to prove Theorem 2.2 are, as natural, slightly stronger than those in
Theorem 2.1. On the other hand, assumption (8) on the growth of h, which is
not other that

1 v B
)/O h'(Ao) dX\ = 0,

lim ————
lol—o0 1og®/2(1 + |o]
s equivalent to
1

1
lim —m—— / B (oo + Ao d)\‘ =0,
lol—o0 1og®%(1 + |o]) /o (0 )

uniformly in oy € K for any compact set K C R,



as already observed in [11].

A consequence of Theorem 2.2 is the following approximate controllability
result for system (1).

Theorem 2.3 Let f and h be two functions as in Theorem 2.2. Then, for any
T > 0, ug,pg € W2=2/51:51(Q) 0 HY(Q)), with s1 > N/2 4+ 1, ug, g € L*(Q)
and any € > 0, there exists a control v € L*(Q) and a state (u, ) in L*(Q)?
associated to v and (ug, o) such that

|u(-,T) = uallL2) < e and |[¢(,T) — ¢dllL2() < & (11)

Our last main result is concerned with a Carleman estimate for the solutions
to the linear (adjoint) system (7).

Theorem 2.4 Let By C w be a nonempty open set. Then, there exists a
function ag € C?(Q) and there ewist two constants C,6 > 0 (that only
depend on Q and By) such that the solution (p,v) to (7) associated to any
(@9, 90) € L2(Q)? satisfies

S// 672sat71(T7t)71|Vg0|2+83// 6725at73(T7t)73|g0|2
Q Q

+ st //Q e—2sat—4(T _ t)_4|V’L/J|2 4 86 //Q e—2sat—6(T _ t)_6|’t/1|2 (12)

< 057// 672sat77(T7t)77|1/)|2,
Box(0,T)

for every s > 8 = 6(Q, Bo)(T + T*M), where

1/2 1/2 2/3 2/3 1/4 1/3
M = 1+ [la+ |3 + [lall3 + al|35® + [|cll35 + [lefl " + [le]l &

1/4 1/3 2/5 1/2
+ Bl + IBI1% + [ FIIS* + | FIISS + | FI2° + || F ||

In (12), the function « is given by a(x,t) = %, z e, te(0,T).
Remark 2.3 Theorem 2.4 improves the Carleman estimate established in [4].
To be precise, Ammar Khodja et al. consider the adjoint system (7) with
a=e=0and B=F = 0 and, by using a technique completely different
from ours, are able to bound some global terms of ¢ and v by

c(Q,T, ||c||oo)// e P dedt  (with € (0,2)).
B()X(O,T)

Observe that, owing to the structure of the function a(z,t), the weight function
e~ is worse than the weight e=25%t="(T —t)~7 in the right-hand side of (12).
Such a Carleman inequality enables the authors to obtain controls in LIV (Q),
together with appropriate estimates, that give the exact controllability to the



trajectories (thus also controls that give the null controllability) of the linear
system, with gy € (2,00) if N =1 0r2, and N/2+1 < gy <2(N+2)/(N-2)
if 3 < N <5. It is worthy of remark that their strategy uses the global terms of
|AY|? and |0pp|? appearing in the left-hand side of the Carleman inequality, thus
it cannot be applied in our case because of the presence of the term —V - (B)
in (7).

Remark 2.4 Let us consider a nonempty open set By such that By CC w
(w C Q being the control set). By combining Theorem 2.4 with the corresponding
energy estimates, the following observability inequality for the solutions to (7)
18 easily derived:

1o (O) 120 + [H(O)]2(y < exp (CH) / /B o P VR 00 € 12(@),
o X (0,

where C = C(,By) > 0 and H = H(T, ||allco; |I¢]lco, [€lloos | Blloos || Fllec) s
given by

1
H=M+=+T (14 aloo + llelloo + lleloo + 1B + 1F1%)

with M > 0 as in Theorem 2.4. By a standard argument, the previous
observability result enables us to prove the existence of a control © € L*(Q)
supported in By x [0, T] that gives the null controllability of a linear phase field
system such as (16), for initial data in L*(2) and potentials in L>. Moreover,
we can estimate

1811220y < exp (CH) (Iluol2(a) +11éolEz(q )
with C = C(, By) > 0 and H > 0 being the constants above.

Remark 2.5 Theorem 2.4 would imply, in particular, the following unique
continuation property for the solutions to the adjoint system (7): “If %, % €
L2(Q), (p,1) is the associated solution to (7) and ¢p = 0 in w x (0,T), then
w =1 =0 i Q”. Nevertheless, such a unique continuation property cannot
be obtained as a direct consequence of the classical unique continuation property
for the heat equation, owing to the coupling of the PDEs in (7).

3 Some technical results

The strategy developed in this paper to deal with the null controllability of some
linear coupled parabolic systems uses the parabolic regularizing effect. For this
reason, we devote this Section to stating some technical results on parabolic
regularity of a linear phase field system which will be used later. Although
these results are naturally expected, we include them here so as to obtain the
explicit dependence of the constants in the corresponding estimates with respect
to the size of the potentials, which is essential in our analysis.

10



We previously introduce the following notation, which is used all along the
paper. For p € [1,00] and a given Banach space X, || - ||1»(x) will denote the
norm in the space L?(0,T; X) (for simplicity, || - ||c Will stand for the norm in
L*(Q)). For arbitrary r € [2,00), 6 € [0,T), and any open set V C RY, we
introduce the Banach space

X"(6,T;V)={u:ue L'(5,T;W?"(V)), Qu € L"(,T; L"(V))}

and its natural norm |\uHXr(57T;V) = HuHLT(67T;W2,7‘(V)) + ||atuHLT(6,T;LT(V)). We
denote by X" the Banach space

X" ={u:ueL"0,T;W?"(Q)nW," (), due L"(Q)}

and by || - || x~ its natural norm |u||x- = HuHLr(er(Q)) + [|0sul| L ()
On the other hand, for 3 € (0,1) and u € C°(Q), we define the quantity

u(z,t) —ul(z’,t u(z,t) —u(x,t
] o = sup B DO ) e )]
= o] |z — 2| a [t — |2
z#ax! t£t!
We will consider the space Ch3 {u €C'(@Q ]B s < oo} , which is a
Banach space with its natural norm [ul, 5.5 HUHOO [ J5,5- We will also
12 72

consider the Banach space defined by

1 _ _ _ _ /
@) - {u = C@): Ve @)Y, sp IR < oo} ,
Q t—t |72

with norm denoted by |- |, 5 145.5. The norm in the space L*(0, 75 H'(Q)) N
C([0,T); L*(2)) will be denoted by || - || L2(g1ync(r2) and W(0,T) will stand for
the space

W(0,T)={y:y € L*0,T; Hy()), oy € L*(0,T; H*(Q))} .

Finally, throughout the paper C will stand for a generic positive constant
that only depends on the geometric data ({2, the control set w, and/or other
open sets which will be considered further) and, eventually, on the dimension N
(and/or a given number r € [2,00)), whose value may change from one line
to another. We will denote by K another generic positive constant that only
depends on N, whose value may also change from line to line. From now on, we
will only specify the dependence of the constants with respect to the arguments
which will be relevant in our analysis (thus, for instance, the dependence on N
and 7 will usually be omitted).

We start with a result on existence, uniqueness, and regularity of solution
for linear phase field systems such as

Ou—Au+B-Vu+au+F-Vo+ep=—-Ad+g1 inQ,
O —Ap+D-Vo+cp=u+gs inQ, (13)
u=0, ¢=0 on, u(z0)=up(x), ¢(x,0)=do(z) in Q,

11



where a,c,e € L>®(Q), B,D,F € L¥(Q)N, ug,¢0 € L*Q), and g1,92 €
L2(0,T; H7Y(Q)) (at least).

Proposition 3.1 Let a,c,e € L>®(Q) and B,D,F € L>®(Q)N be given. It
holds that:

a) If ug, 0 € L?(Q) and g1,92 € L*(0,T; H-1(Q)), there exists a unique
weak solution (u,¢) to (13) satisfying (u,¢) € W(0,T)* together with the
estimate

[ (w, §)lwo,7y2 < exp(CH1) (I|(uo, o)l L2(0y2 + (91, 92)ll L2 (-1 (02))2) »

where C = C(Q) > 0 and Hy = Hi(T, [|allsc, [|c]loc; [[€]lco, | Blloc, [| Dlloo, [1F][c)
s gwen by

Hy=1+T (1+[lalloc + llelloe + llello + 1BIZ + D15 + IFIZ)  (14)

(here, lyllwo,r) = 1yl 2y )y + 10vull L2 (m-1(0)), vy € W(0,T)).

b) If ug, b0 € W2=2/mm(Q) N HF(Q) and g1,92 € L"(Q), with v € [2,00)
being arbitrary, the weak solution (u, ) to (13) lies in X" x X" and there exist
positive constants C = C(2, N,r) and K = IC(N) such that

1(w, )l < exp(CH1)H5 (|| (uo, éo)llwz-2/rr()2 + (91, 92) | £r(@)2) »

with Hy > 0 as above and Hy = Hy(|allso, [[clloo; [l€lloos [[ Bllsos [ Dlloo: 1 F'lloo)
given by

Hy =1+ lafoo + llelloc + llellco + [[Blloo + [ Dlloo + [ F1loo- (15)

The proof of this Proposition is sketched in Appendix A.
One can also obtain the following result on local parabolic regularity of the
linear phase field system (13):

Proposition 3.2 For given a,c,e € L>®(Q), B,D,F € L*(Q)V, g1,92 €
L?(0,T; H-Y(Q)), and ug, ¢o € L*(Q), let us consider the weak solution (u,¢) €
W(0,T)% to (13). Let V C Q and O CC 2 be two open sets and let r € [2,00)
be given. The following holds:

a) If g1,92 € L7(0,T;L"(2)), with § € [0,T) being arbitrary, then (u,¢)
lies in X7 (8, T;Q)? for any &' € (§,T) and there exists a positive constant C
independent of T such that

K
1
(. 8)lx- (o702 < exp[C(1L+T)] (1 e a) &

x (g1, 92) | e s sm @y + (s D)llwo.m)2) »

with K€ = K(N) >0 and Ha = Hy([|al|co; [[¢]|oc, ll€lloc, | Blloos [[Plloc, [| o) > 0
as in Proposition 3.1.
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b) Suppose, in addition, that u(z,0) = 0 and ¢(z,0) = 0 in Q and
g1,92 € L™(0,T;L"(V)) (resp. gi1,92 € L"(0,T;L"(Q\ O))). Then, for any
open set V' CCV (resp. O such that O CC O’ CC Q), it holds that

(u, ¢) € X"(0,T;V')? (resp. (u,¢) € X"(0,T;Q\ O)?).
Moreover, there exists a new positive constant C' independent of T such that

[ (w, &) xr(0,707)2
< exp[C(1+ ) HE (g1, 92) | 1wy + (W )l wio.ry2)

(resp.

(s D)l xv0,150007)2
< exp (O + D) HE (192 92) - 2 anye + 1) lwioiryz) )

with K = KK(N) > 0 and Hy = Hs([|al[c, [|¢[loc, [[€]lo, | Blloc, [| Dlloo, | F][oc) >0
as above.

c) Assume the hypothesis in the previous point together with ga,u €
L7(0,T; WL (V)), Ve € LY(Q)N, with v given by (24), and D = 0. Then,
for any open set V' CC V, one has

¢ € L7(0,T;W3"(V"), e L™(0,T;Whr(V")).

Furthermore, for a new positive constant C independent of T, the following
estimate holds

1
Bl rws.roryy + 100 Lr(wr(vryy < exp [C(14T)] (1 + f) HY (1 + |lclloo)

x (1+ IVellrr) (lgrllorzrovoy + (g2, Wl Lrwrr oy + élwo,r)) -
with K = K(N) > 0.

The proof of this Proposition combines the local regularity of the heat equation
with an argument of ‘bootstrap’ type and, far from being the aim of this paper,
it will be omitted.

We end this Section by recalling the following result, which is readily
obtained by rewriting Lemma 3.3 in [12] with our notation (also see Lemma 2.2
in [9)):

Lemma 3.1 Let V C RY be a bounded open set with 0V € C? (N > 1 being
arbitrary) and let r € [1,00) be given. The following continuous embeddings

hold:
2

N 1 1
i)If r< 5+1, then X7(0,T;V) — LP(Vx(0,T)), where PR oS

N
i) If r= 5 + 1, then X7(0,T;V) < LUV x (0,T)) for any q < co.
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iii) If g +1<r<N+2, then X7(0,T;V) < CP%(V x [0,T)), where
B=2—(N+2)/r.
) If r=N+2, then X"(0,T;V) < C-2(V x [0,T)) for any | € (0,1).

v) If v > N +2, then X"(0,T;V) — CYe"2*(V x [0,T]), where
a=1—(N+2)/r.

Moreover, the constant in each embedding can be written as C (14 1/T), with
C=CWV,N,r)>0.

4 Null controllability of a linear phase field
system

The purpose of this Section is to prove the null controllability of the linear phase
field system

Ou—Au+B-Vu+au+ F-Vo+ep=—-A¢p+vl, inQ,
0t — Adp+cp=u in Q, (16)
u=0, ¢=0 on, u(z0)=up(x), ¢(x,0)=do(z) in Q,

where a,c,e € L*(Q), B,F € L®(Q)V, up,¢0 € L*Q) (at least), and
v € L*(Q) is a control function to be determined (w C € is the control open
set). Since the present analysis is directed towards the study of the interesting
nonlinear case when certain superlinear nonlinearities are considered, we are
indeed interested in obtaining a null control v for system (16) so that the
associated solution (u, ¢) lies in L>°(Q)2. Furthermore, appropriate estimates
of v and (u, ¢) with respect to the size of the data must be obtained. As in
the example described in the introduction to the paper, we proceed in two
steps. First, we introduce a fictitious control in the second PDE in (16)
and give a null controllability result with two controls 9; and 95 in LQ(Q)
(see Theorem 4.1). In Subsection 4.2, we develop the strategy to remove o
and construct a control v € L"(Q) (r € [2,00) arbitrary) that gives the null
controllability of system (16), with associated solution (u, ) in L*°(Q)%. We
again adapt to the present case the technique of construction of regular controls
(from L2-controls) introduced in [8].

4.1 The linear null controllability problem with two con-
trols

Let By be a regular nonempty open set such that By CC w. Let us consider the
linear system

Ou—Au+B-Vu+au+F-Vo+ep=—-A¢p+011p, in Q,
at¢7A¢+C¢:u+ﬁ2]-Bo in Qa (17)
u=0, =0 onX%, u(x,0)=ue(z), ¢(x,0)=d¢go(z) inQ,
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where 1,92 € L?(Q) are two control functions to be determined. The following
null controllability result for system (17) can be proved:

Theorem 4.1 Let a,c,e € L>¥(Q), B,F € L>®(Q)N, and ug, ¢ € L*(Q) be
given. Then, there exist two control functions 01,02 € L?(Q), with supp 1,
supp 0y C By x [0, T, such that the corresponding solution (i, ) to (17) satisfies
a(x,T) =0, ¢(x,T) = 0 in Q. Moreover, 01 and by can be chosen so that

61]132q) + 118213200y < exp (CHo) (Jluol 32a) + éol32ey ), (18)

with C'= C(Q,By) > 0 and Hy = Ho(T, [|al|so; llcllos, [l€lloc; [| Blloos | F'lloc) > 0
given by

1
Ho = 145+ [lal2l + [1el20 + llell 22 + |1 BIIZ + 11F12°
+ T (1+llalloo + llelloo + llelloo + [1BII% + I1F11%,) -

(19)

The proof of this Theorem is a standard consequence of the observability
result for the solutions to the adjoint system (7) established in the following
Theorem, and will be omitted.

Theorem 4.2 There ezist positive constants C = C (82, By) and
Ho = Ho(T, [[alsc, llclloo, lellocs [ Blloo, [17]o0)

such that, for every ©°,¢° € L2(2), the corresponding solution (p,1) to (7)
satisfies

IO + WO ey < exp(@Ho) [[ (1ol + [oP) ot
o XU,

To be precise, Hy is given by (19).

The proof of this observability result combines a suitable Carleman estimate
for the solutions to (7) with the corresponding energy estimates for these
solutions. The basic tool used in the proof is a global Carleman inequality
(which we recall in Lemma 4.1) for linear systems such as

{ Orz—Az=f in Q, (20)
z=0 on Y%, z(z,0)=2%2) inQ,

with 20 € L2(Q) and f € L2(0,T; H=X(Q)).
Lemma 4.1 Let B CC ) be a nonempty open set. Let us assume that

= o~ Ofi o
f=Ffo+) oot with fi € L*(Q), i
i=1 v

0,1,...,N. Then, there exist a function
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o € C%*(Q) and two positive constants Cy and oo (that only depend on Q and B)
such that, for any z° € L%(2), the associated solution z to (20) satisfies

81+l // 672sat717Z(T _ t)flfllvz|2 + 83+l // 6725at737Z(T _ t)737l|z|2
Q Q
S CO S3+l // e—QSat—S—l(T _ t)—B—l|Z|2
Bx(0,T)
N
-‘rSl // 672sat7l(T _ t)fl|f0|2 + 82+l Z // 672sat727Z(T _ t)2l|fi|2> ’
Q i=177@Q

for any s > so = 0o(Q,B) (T + T?) and | > 0. The function o is given by

ao(z)
it) = ,z e, te(0,T).
ofet) = o 0.7)
The proof of this Lemma can be found in [13] although the authors do not
precise the way the constant sy depends on T'. This explicit dependence can be
obtained arguing as in [14] (also see [11] and [15]).
The following Carleman estimate for the solutions to (7) is proved:

Proposition 4.1 Let B CC (2 be a nonempty open set. There exist a function
ag € C?(Q) and two positive constants C and & (that only depend on 2 and B)
such that the solution (p,v) to (7) associated to any (p°, %) € L?(2)? satisfies

S// e—QSat—l(T o t)_1|Vg0|2 + S3 // e—2sat—3(T o t)_3|50|2
Q Q

+ 84 // e*QSatfél(T _ t)74|v,¢]|2 4 86 // 672sat76(T _ t)76|1/1|2 (21)

Q Q
+ S C / e—Qsa (S3t_3(T _ t)_3|(,0|2 + Sst_G(T _ t)_6|’t/1|2)
Bx(0,T)

for every s >'s, where
5 =0(Q,B) (T+ T2 (1+|al2? + 1|2 + lell* + 1B + I FII2) ) . (22)

ap(x)

In (21), the function « is given by a(x,t) = -0

,xeN, te(0,T).

Proof. Let (¢,1) be the solution to (7) associated to (¢°,9°) € L*(Q)? and let

ag and «a be the functions in Lemma 4.1 associated to B. _
Firstly, we apply Lemma 4.1 to the function ¢, with [ = 0 and f =

—cp — e + V- (Fip — Vo). Secondly, we apply the same Lemma to ¢, by

taking this time [ = 3 and :fv = ¢ —ay + V - (By). By combining both

Carleman estimates for ¢ and v, one infers the existence of two positive
constants C; = C1(Q,B) and o1 = 01(9, B) such that, for any s > s; =
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o1(Q, B) (T + T2 (1 + [lal| 23 + [lel|2® + HB||§O)) , it holds that

s//Qe_Qsat_l(T—t)_1|Vgo|2+83// e 250 73(T — 1) 732
R I e

( I e @ el el // e
Bx(0,T)
+86// 725at 6( 6|w|2+82||F||2 // 72sat 2 2|’l/1|2
Bx(0,T)

This immediately yields estimate (21) for every s > 3, with § given by (22),
which was our claim. O

In the proof of Theorem 4.2, we also use the following Lemma whose proof,
being an easy matter, will be omitted.

Lemma 4.2 Let v € C%(Q) be such that yo(z) > m > 0Vx € Q. Let us set

y(z,t) = Yo(2) for (x,t) € Q, and mo = min~yy. Then,
t(T —t) Q
6, —2sv;,—6 -6 3 \° 37°
SLeTNMTN(T —t) P < | — for any s > — and (x,t) € Q.
emy 4mg

We end this Subsection by proving Theorem 4.2.

Proof of Theorem 4.2. Let (p,%) be the solution to (7) associated to
%, 4% € L%(Q). The proof uses Proposition 4.1 and the energy estimates for ¢
and .

For ¢ almost everywhere (a.e.) in (0, 7)), it is seen that

d
— = [l @120 + W ®IEa@)| < He (le®Z20) + 1O

with H. =1+ 2 (lallec + llefloc + llelloo + 1 BlIZ + [ FII%,) > 0, whence

IO 0 + 19030 < 7 exo(.7) [ (0P + [P). @3)

% (T/2,3T/4)

The proof will be completed by combining (21) and (23). Let ap and «
be the functions in Proposition 4.1 associated to By and consider an arbitrary
s >3, with § given by (22). Observe that

e T — 1) 7% > 2°T Oexp (—=2°Mos/(3T?%))  V(x,t) € Q x (T/2,3T/4),
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with Mo = max . On the other hand, since s > CT?, one has s3t=5(T'—t)=6 >
)

Ct=3(T —t)=3 for all t € (0,T). Then,
// e—Qsa (ﬁ_s(T—t)_3|(p|2 +S3t_6(T—t)_6|’L/J|2)
Qx(T/2,3T/4)

> CT %exp (C—§> // (lo]* + [¥]?) dadt.
T Qx(T/2,3T/4)

Now, by applying Proposition 4.1 (with B = Bp) and Lemma 4.2, one can

estimate
C
Il (Ipl2 + [[2) < CT® exp (—j) x
Qx(T/2,3T/4) T
// 672sat73(T _ t)73|50|2 4 83 // 6725at76(T _ t)76|1/)|2
Box(0,T) Box(0,T)

Cs
< CTSexp (ﬁ) // (ol + |%)
B()X(O,T)

for every s > §, where
5= 6(0,80) (T + T2 (1+ lall2 + el2* + llell 12 + I BIZ + 1 FI2) )

with (9, By) = max{7 (R, By),3/(4mo)} and mo = min ag. Finally, by setting
)

s = § in the previous estimate and by recalling (23), we end the proof. (I

4.2 The linear null controllability problem with one con-
trol

For a given s; € [2,00), we set
p L0, T; Wy ™' (2)) if s €[2,N/2+1],
S1 —
L0, T; Wy ()N COQ) if s3> N/2+1,

and X*' = {¢ : ¢ € L (0, T; W>51(Q) N W,*(Q)), di¢p € L*(Q)}. In this
Subsection, we prove the following null controllability result for system (16).

Theorem 4.3 Let r,s1 € [2,00) and T > 0 be given. Assume that ug, ¢ €
W2=2/s1s1(Q) N HY(Q), a,e € L¥(Q), B,F € L¥(Q)", and ¢ € L>=(Q) N
LY(0,T; WH7(Q)), with «y defined by

7:{ max {r, N/2 + 1} if r#N/241, (24)

N/2+1+¢€ (¢ >0 arbitrarily small) if r=N/2+ 1.
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Then, there exists a control function v € L"(Q) supported in w x [0,T] such
that the corresponding solution (u,®) to (16) lies in Z%* x X*' and satisfies
u(z,T) =0 and ¢(x,T) =0 in Q. Moreover,

[ullzer + (@]l x=2 < exp (CHo) [[(u0, ¢o)llw2=2/51.41 (q2)2 (25)

and
[vllzr(@) < exp(CHo) (1 + [[VellLv(@))ll(vwos ¢o)llL2(0)2: (26)

with €' = C(Q,w) > 0 and Hy = Ho(T,|allco; [[¢lloc, le]loc, | Blloo; [[Flloc) > 0
given by (19).

Proof. Let By be a regular nonempty open set such that By CC w. Let
01,92 € L*(Q) be two controls provided by Theorem 4.1 (associated to Bp)
and denote by (@, ¢) the corresponding solution to (17). We will eliminate the
control 75 and construct a new control v as in the statement.

We proceed as follows. First, we consider a function n € C*°([0,7T]) such
that p=11in [0,7/3],n=0in [27/3,T],and 0 <n <1, |#'(t)| < C/T in [0, T].
Then, we introduce the change of variables

u=U+ni, ¢=2e+no, (27)
where (T, ¢) is the weak solution to

0T — AT+ B-Vi+au+F-Vo+ep=—-A¢ inQ,
o —Ap+cp=1u inQ,
T=0, $=0 onX, u(x,0)=ug(x), ¢(x,0)=¢o(x) in Q.

Observe that the proof is reduced to obtaining a control v as in the statement
that solves the null controllability problem

U —-AU+B - VU +aU+F -V®+ed =—-A® —n'u+vl, in Q,
0®—AD+cd=U—-1n'¢ inQ,
U=0, =0 on X,
U(z,0) =0, ®(z,0)=0, U(z,T)=0, ®(z,7)=0 in Q.
A o o (28)
We can also write & = U + nu and ¢ = ® 4 n¢, where (U, ®) solves
QWU —-AU+B-VU+aU+F-V®+ed=—Ad—nu+01z, inQ,

0P —AD+cd=U —n/¢+o1p, inQ,

(29)
We now consider three new regular open sets By, Bs, and B such that

ByccByccByccBCcCuw,
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and a function § € D(B) satisfying 6 = 1 in By. We set
d=(1-0)d, U=(1-0)U+01¢+2V0-Vd+ (A9)D, (30)

and
v =0T —2V0 -V — (AF)d + 2V0 - VU + (AO)U — Vo - (BU)
—VO - (FO)+ (9, — A+ B-V +a) [9n’5+ 2V - Vb + (Ae)é)} :

The rest of the proof is a consequence of the parabolic regularity results in
Section 3. For clarity, it will be divided into three steps.

Step 1. Let r € [2,00) be given. First, the above-introduced function v is
supported in B x [0, T] (by the choice of #). On the other hand, Proposition 3.2
yields (@, ) € X"(5,T;9)? for all § > 0. By observing the right-hand side of
the PDEs in (29), Proposition 3.2 now gives (U, ®) € X"(0,7;Q\ B;)? and (by
the first point of Proposition 3.1 and the properties on 1) we have

H (U, (I))HXT(O,T;Q\El)?
1 .
< bl + T (1Bl risros + 10 Dlwore) 62
< exp(C M) MY (|| (uo, do)ll 202 + (81, D2) [l L2(0)2) -

with K = K(N) > 0 and My, M2 > 0 given by
1
My =1+ +T (1+|lallc + llelloc + llelloe + 1 BI% + I1FI1Z)

Mz =1+ [laflec + llelloo + llelloo + [ Blloo + [ co-

Since Ve € LV(Q)fV, with 7 given by (24), the third point of Proposition 3.2
can be applied to ® inferring that

b e L0, T; W (B\ By)), 8,d e L"(0,T;W""(B\ By))
and

1P L wsr \Bo)) F+ 10ePl Lo (0B
<exp[C(1+T) Mz (1+ Vel (o) (H =16+ 0218l w0\ B )

+HU||LT(W1,T(Q\EI)) + H‘i’HW(o,T))

(here, M3 = (1 +1/T) HX(1 + ||c||s), with K = K(N) > 0) which, combined
with (32) and (18), gives

1Pl 2 warnBa) + 1002 e 518))
< exp(CHo) (14 Vel r()) (o, do)ll r2()2-
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Then, the term (8; — A)[2V6 - V] in (31) lies in L"(Q), thus v € L"(Q) and
estimate (26) holds.

Step 2. First, assume that ug, ¢ € L2(2). Let us have in mind that (U, &) e
XP(0,T;9Q\By)? for all p € [2,00) together with estimates (32) and (18). Then,
(U, ®) defined in (30) lies in LP(0, T; W, ?(Q)) x XP. By taking any p > N + 2,
Lemma 3.1 gives

(U, ) e CF 5" (Q\ By x [0,T])% Va € (0,1).
In particular, (U, ®) € (L?(0,T; Wy () N C°(Q)) x XP for any p € [2,00) and
||U||LP(W01’p(§2))ﬁCO(5)+||®||Xp S eXp(CHo)H(Uo, ¢0)||L2(Q)2 (HO > 0 as above).

Now, suppose that ug, g € W2~2/51:51(Q) N H} (Q), for a given s; € [2,00).
Proposition 3.1 immediately yields

(@, ¢) € X5 x X*1, |[(W @) || xerxxe1 < exp(CHy) My || (w0, ¢o)|lywa-2/e1.01 ()2

with £ = K(N) > 0 and H; > 0 given by (14) (here, D = 0). Just by recalling
the change of variables (27), we have (u,¢) = (U + nu, ® + np) € Z% x X
and estimate (25) holds (we again use here Lemma 3.1 and, in particular, the
continuous embedding X*1 < C°(Q) if s; > N/2 +1).

Step 3. Notice that the functions U and ® introduced in (30) satisfy

U=®=0onX%, U(z,0) =30 =U(zT)=2(z,T)=0 in Q.

In particular, we use that supp (V#), supp (Af) CC €, P e C([0,T7; HL (),
U € C([0,T); L*(£2)), and

U=d=0ony, U0 =0 =UT)=>oxT)=0 inQ.

It is already a simple matter to check that the control function v given by (31)
(together with (U, ®)) solves (28). Hence, v (together with v = U + nu and
¢ = ® + 1) gives the null controllability of system (16). This completes the
proof of Theorem 4.3. (|

Remark 4.1 It is worthy of remark that the regularity of the control v
(resp. estimate (26)) is obtained independently of the regularity of v and ¢
(resp. estimate (25)). Indeed, the regularity of v only depends on the local
parabolic regularizing effect (thus on the regularity of the term Vc¢), while the
regularity of (u, ¢) just depends on the regularity of the initial condition (ug, ¢g).

5 Proof of the null controllability of a nonlinear
phase field system

This Section is devoted to proving Theorem 2.1. The proof will be divided into
two steps. Firstly, we will prove the result in the case when g; and G; (i = 1, 2)
are continuous functions and h € C%(IR), by applying an appropriate fixed-point
argument. A suitable regularizing argument will give us the result in the general
case.
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5.1 The case when the functions g;, G; (i = 1,2), and h”
are continuous

Assume that the hypothesis in the statement hold and that g¢;, G; (i = 1,2),
and A" are continuous functions. Let H : R — R be the C'-function defined by

M if o
H(o) = o fo#0,
r'(0) ifo=0.

Then, for each £ > 0, there exists a positive constant C. (which only depends
on g, f, and h) such that

|gl(sapaaa 7T)|2/3 + |G1(S,p, g, 7T)|2 + |92(Sapaaa 7T)|1/2 + |G2(S,p, g, 7T)|

33
+|H(o)?? < C. + elog(1 + |s| + |o]), (33)

for any (s,p,0,7) € RxRY x Rx RY. Let s; € (N/2+1,00) be given and set
P if N=1,

: — s si |s] <R,
q= qc (2,81) if N 2, TR(S) — ] (34)
N Rsgn(s) sils| >R,
Sl i N =3,

with R > 0 to be determined later.
For any (z,¢) in L2(0,T; H(Q)) x LI(0,T; Wy *(52)), we consider the linear
coupled system (for simplicity, we omit the dependence on R):
Ou—Au+ B, - Vutacut+F,c - Vo+e,cop=—-Ap+vl, inQ@Q,
O —Ap+ccp=u inQ,
u=0, =0 onX, u(x,0)=ue(z), ¢(x,0)=d¢go(z) in{,
(35)
with potentials given by
az¢ = 91(Tr(2),Vz, Tr((), V(), e:¢ =g2(Tr(2), Vz, Tr((), V()
B¢ = Gi(Tr(2), V2, Tr((), V(). F.¢=G2(Tr(2),Vz, Tr((), V(),

and ¢, = H(Tr(¢)), which satisfy
arcresc € L°(Q), Bog, Foe € L(Q)N, and ¢c € L®(Q)NLI(0,T; Wy ().

Moreover, for any (z,¢) € L2(0,T; HA(Q)) x L9(0, T; W, (Q)), one can see that

o <arr, escllo € a2r,  [|Baclloo < Bur,
[F:¢lloo < Ba,r, and |le¢lloo < KR,

||a’21<| (36)

where

Q; R = Sup |gi(sapa g, 7T)|’ 572,R = Ssup |Gi(sapa g, 7T)|a 1= 1) 23 (37)
Isl,lo|<R Isl,lo|<R
p,meRN p,meRN

22



and
= H(o). 38
KR ‘g@%I (0)] (38)

In particular, we have used hypothesis i) in the statement and the continuity
of H', together with Stampacchia’s Theorem (see Theorem A.4.2., p. 256 of [16])
and the fact that Tg is a globally Lipschitz-continuous function.

Let us now reason as in [3] (also see [11]). Let us associate, to each pair (z, ()
in L2(0,T; HE () x L1(0, T; Wy 4(£2)), a family of controls that lead system (35)
to zero at time T. The idea is to applying Theorem 4.3 to (35) in an appropriate
time interval (eventually smaller than [0,T]). To be precise, let us set

. —1/3 _—1/2  —1/3 ,—1
TRfmm{T,alyR ) vﬁz,R}'

For any (z,¢) € L2(0,T; H}(2)) x Lq(O,T;WOl’q(Q)), one applies Theorem 4.3
in the time interval (0,7g), with s; > N/2+ 1 and r = 2 (observe that, in
this case, v given by (24) is equal to q). If ug, o € W2=2/51:51(Q) N HE (), one
deduces the existence of a control v, ¢ € L*(2x (0, Tg)) such that the associated
solution, (uz ¢, ¢z ¢), to (35) in the cylinder Q x (0,Tr) satisfies

Use € L0, Tr; Wy ™ () N CO(Q x [0, TR]),  ¢zc € X(0,Tr; Q),

and
uZaC(za TR) = 07 Qsz,c(x,TR) =0 in .

Moreover, the following estimates hold

||Uz,§||le (0,Tr;Wo 1 (2))NCO (A% [0,Tr]) + [1pzcllxe (0,Tr;9)

(39)
< Cl (Qv W, f7 h’a TR} 2 C)” (’ll,o, ¢0)||W2*2/31'51 Q)2
||UZ,CHL2(Q><(O,TR)) S 02(97 w, f7 h’a TR} Z, C)” (U‘Ov ¢0)||L2(Q)’ (40)
where
C1 = exp[C(Q,w) HR,2 ¢
02 = Cl (Qa W, fa h) TR) 2 C)(l + HH/(TR(C))V(TR(C))||Lq(Q)),
and Hp . ¢ > 0 is given by
1
Hrze = 13-+ llaz 2% + el Z® + ez clls® + 1 Bacllz + 1Fxc 12

+ Tr(1+ llazclloo + lleclioo + lezclloo + 1B2c 3 + 17 cll3) -

We now extend the functions v, ¢, u.¢, and ¢, ¢ by zero to the whole
cylinder Q). Denote such extensions by v, ¢, 4. ¢, and (Ez,g, respectively. Then,
(Uz.c, fc) lies in Z% x X (here Z% = L (0,T; Wa* () N C°(Q), since
s1 > N/2 4+ 1), solves the linearized system (35) in @ with control term
v =", € L*(Q), and satisfies

a27<($’ T) =0, (Ez,((-r,T) =0 in Q.
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Furthermore, by recalling the definitions of Hg . and Tr and (36), from
estimates (39) and (40), one infers

[z cllzer + 16zl < Ca(@,w, fo Ty R) [ (uos $o) lwo—s/ern (s (41)

||5Z,CHL2(Q) < 04(93 w, f7 ha T7 R) C)H (an ¢0)HL2(Q)2) (42)
with

03(va7 f7 h’a T7 R) = €exp [C(Qa ) T) (1 + O[i/]?% + O[;/]?{ + K’?Q/z% + /BiR + /BQ,R):| )

C4(Qawa fa tha R7 g) = C3(va7f7h’aT7 R) (1 + HVCHL’;(Q) |I£§)}(%|H/(O—>|) ’

for a new positive constant C' which now depends on (2, w, and also on T'.

For a fixed control v € L2(Q), we now denote by (u,,¢,) the solution
to (35) associated to v and the potentials a. ¢, c¢, €.¢, Bz¢, and F, ¢ (we
have omitted the dependence on (z,() to simplify the notation). For any
(2,¢) € L2(0,T; HY(Q)) x LI(0,T; Wy %(Q)), one defines the family of controls

Ar(2,¢) = {v € L*(Q) : (uy, ¢y) € Z°* x X*, uy(2,T) = ¢p(2,T) =0 in Q,
and v satisfies (42)}.

Thus, one can introduce the multi-valued mapping
Ar:(2,0) €Y := L*(0,T; Hy () x L9(0, T Wy (Q)) — Ar(2,) C Y,

where Ag(z,() is the family of functions (u,,¢,) in Z%1 x X' such that
v € Ar(z,() and (uy, ¢, ) satisfies (41).

It can be seen that, for any R > 0, the Kakutani fixed-point Theorem can
be applied to Ag, thus ensuring the existence of (at least) one fixed point of Ag
in Y. First, it is easy to check that Ar(z, () is a nonempty closed convex subset
of Y, for any (z,¢{) € Y. Moreover, for any (z,{) € Y, each (u,¢) € Ar(z,()
satisfies the uniform estimate (41). Hence, Ar maps the whole space Y in a
bounded subset of Y. On the other hand, let C C Y be a bounded set. From
estimate (42), A(C) = J{A(z,¢) : (2,¢) € C} is uniformly bounded in L?(Q).
By using Proposition 3.1 (with » = 2) and estimate (41), Ag(C) is a bounded
set in X2 x X!, whence each Ag(z,() is compact in Y and Ag(C) is relatively
compact in Y (we use here the compact embeddings X2 = L?(0,T; H}(2))
and X*1 = L9(0,T;W,9(Q))). Finally, one is able to prove that Ag is upper
hemicontinuous, that is, for any linear and continuous form p defined on Y, the
real-valued function

(2,{) €Y — sup (i, (u, @))
(u,#)€EAR(2,C)

is upper semicontinuous (see [9] and [11], for instance, for similar proofs). Thus,
the Kakutani fixed-point Theorem can be applied to Ar and one infers the
existence of (at least) a fixed point (ug,¢r) of Ag in Y.
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To conclude the proof in this case, it is sufficient to find R > 0 such that
Tr(ugr) = ugp and Tr(dr) = ¢dr. Let us see that there exists R > 0 (large
enough) such that

[urlloo < R, [[Prllec < R. (43)

Indeed, it will be seen that any fixed point of Ag satisfies (43). Let (u, ¢) be a
fixed point of Ag. From (41), (37), (38) and (33), it is deduced that
[ulloo + [[#llcc < exp[C' (1 + Cz +€log(1 + R))] [ (uo, do)llyz-2/51.01 (02
=exp [C(1 + C)] (1 + R)°?||(uo, G0)llw2-2/51.01 (02)2
with C = C(Q,w,T) > 0 (observe that, for s;1 > N/2+ 1, X* — L*(Q), with

continuous embedding). Then, by taking (for instance) ¢ = (2C')~1, one infers
that

lulloo + [ 6lloc < C(2,w, T)(L+ R)Y2 | (uo, d0)llwz-2/01.01 (2

is thus complete when g;, G; (i = 1,2) are continuous and h € C?*(R).

whence ||t|loo + ||#]lcc < R, for R > 0 large enough. The proof of Theorem 2.1

5.2 The general case

Assume the hypothesis in the statement. We consider two functions p €
D(R x RY x R x RY) and p € D(R) such that p > 0 in R x R x R x RY,
p>01in R, suppp C B((0,0,0,0);1), suppp C [—1, 1], and

//// p(s,p,0,m)dsdpdodr = / p(o)do = 1.
RxRN xRxRN R

For every n > 1, we introduce the following functions

n?NT2p(ns, np,no,nmw) Y(s,p,o,m) € R x RY x R x RV,

pn(sapa g, 7T) =
pn(0) =np(no) Vo eR,
9gi,n = Pn * g1, Gl,n = Pn * Gl; 92.n = Pn * g2, GQ,n = Pn * G27 Hn - ﬁn * H7
with H defined in page 22. Finally, for any n > 1, we set
fn(sapv g, 7T) = gl,n(svpa g, ﬂ')S + Gl,n(svpa g, ﬂ-) P
+ g?,n(sapv g, 7T)O' + GQ,n(Svpa g, ﬂ-) © T
for every (s,p,0,7) € R x RY x R x RY and
hn(c) = Hy(o)o Vo € R.

The functions that we have just introduced satisfy the following properties:

1,2),

i) gin € CORXRY xRxRY), Gip € CORX RN x Rx RM)V (i =
= 0, an

hn, € C?(R) (indeed, they are C*-functions), f,(0,0,0,0)
hn(0) =0, for any n > 1.
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ii) fn — f uniformly in the compact sets of R x RY x R x R".
itt) H, — H uniformly in the compact sets of R.

iv) For any M > 0, there exists C'(M) > 0 such that, for every n > 1, it holds
that

sup (|g¢,n(8,p,0, 7T)| + |Gi,n(sap7 0-77T)|) < C(M)a 1= 1725
[s],lo|<M
p,meRN

sup (|Hy(o)| + [H,,(0)]) < C(M).
lo|<M

v) The functions ¢;n, Gin (i = 1,2), and h, satisfy hypothesis ii) in
Theorem 2.1 uniformly in n, that is to say, for every € > 0 there exists
M, > 0 such that, whenever |s|,|o| > M., p,m € RY, and n > 1, one has

|gl,n(57p; a, 7T)|2/3 + |G1,n(57p; a, 7T)|2 + |g2,n(57p; a, 7T)|1/2
+|Gon(s,p,o,m)| + [Hu (o) < elog(l+|s| + |o]).

For any n > 1, we consider the linear system

Ortn, — Ay, + fr(Un, Vg, on, V) = —=Ad, + v,1,  in Q,
Orpn — Agy, + Hn(¢n)¢n =u, in@,

U, =0, ¢, =0 on X,

Un(z,0) = ug(x), én(x,0)=¢o(z) in Q,

(44)

where g, o € W272/50:51(Q) N H}(Q), with s; > N/2+ 1. As a consequence
of the properties above, by proceeding as in Subsection 5.1, for any n > 1 there
exists a control v, € L?(Q) such that system (44) admits at least one solution
(Un, o) € Z%1 x X1 satisying

un (2, T) =0, ¢n(x,T)=0 in Q. (45)

Moreover, {v,}tn>1 (resp. (un,¢y)) is uniformly bounded in L?(Q) (resp. in
71 x X*1). From Proposition 3.1 and the estimates obtained in Subsection 5.1,
there exist subsequences (still denoted by {v, }n>1 and {(un, ¢n)}n>1) such that
v, — v weakly in L*(Q) and (un,¢n) — (u,®) strongly in L?(0,T; H}(Q)) x
L9(0,T; Wy U(Q)), for some v € L*(Q) and (u,¢) € Z* x X*1. Finally, one is
able to pass to the limit in (44) and (45) to infer that v (together with (u, ¢))
gives the null controllability of system (1), which proves Theorem 2.1.

Remark 5.1 By inspection of the proof of Theorem 2.1, it is observed that
the same result remains wvalid for more general nonlinear terms such as
f(z, t;u(x, t), Vu(a, t), p(z,t), Vo(z,t)) and h(x, t; ¢(x,t)), with (z,t) € Q. Itis
not difficult to see that the result holds if f and h satisfy the following properties:

1. f(x,t;0,0,0,0) =0 and h(z,t;0) =0 for (z,t) a.e. in Q.
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In this Section, we prove Theorem 2.2. We proceed as follows.
w=u—u* and ¢ = ¢ — ¢*, with (u*,¢*) as in the statement. Observe that
(u, @) solves (1) with control term v if and only if (w, q) satisfies

0%h )

. h(x,t;) € C*(R) and W(m,t; ) € L2 (R) for (z,t) a.e. in Q.

. f can be written as

f(7 S, D, O’aﬂ.) = 91(7 5D, 0’,7'(')8 + G1(7 S, D, O’aﬂ.) P
+ 92(7 S, D, O',T(')O' + G2(7 s, D0, ﬂ-) CT

for any (s,p,o,7) in R x RN x R x RN, with

lim |91($7t;8,P7077T)| _ im |G1($,t;s,p,0,ﬂ')| _
Isllol—o0 log® 2(1 + |s| + |o])  lshlol=oc log"?(1 + |s| + |o])
|92(x7t;55p70—77r)| _ d . |G2($,t;8,p,0’,ﬂ')|

m 5 =
Isl,le]—o0 log=(1 + |s| + |o])

uniformly in (p, ) € RN x RN and in (z,t) a.e. in Q.

\h(z,t;0)|
lo1=+00 || log®?(1 + o)

=0 uniformly in (z,t) a.e. in Q.

. For any R > 0, there exists Mpr > 0 such that

l91(x,t;5,p,0,7)| + |G1(z,t; 5,p,0,7)| + |ga(2,t; 5,p,0,7)|
oh 02%h
—(z,t;0)| + ‘—(m,t; o)

G t;
+| 2(:1;’ 78,]),0’,7T)|+ 80'

80'2 S MR)

for any s,0 € [-R,R], p,m € RN, and (x,t) a.e. in Q.

. h(;;0) = H(;;0)o for all 0 € R, where H has the property that for any

R > 0 there exists wr € LY(Q) (q given in (34)) such that

(z,t;0)

OH
8:@-

We will omit the proof in this case.

tories

atw - A’LU + f(x,t,w, vwv‘]a v(]) = 7Aq + V]-w in Q7
0iq — Aq+ h(z,t;q) =w in Q,
w=0, ¢=0 onX, w(0)=uy—us ¢0)=¢)—¢; inQ,
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1im =
Isl,|o]—oo log(1 + |s] + |o])

)

<wg(z,t), 1<i< N, Voé€|-R,R], (z,t) ae. in Q.

6 Proof of the exact controllability to the trajec-

Let us set

(46)



where v = v — v* and :fv, h are given by

f(z,t;8,p,0,m) = f(u*(x,t) + s, Vu*(z,t) + p, 9" (2, t) + 0, Vo* (z,t) + )
- f(u*(a:,t),Vu*(x,t),qﬁ*(ac,t),Vqﬁ*(m,t)),

h(z,t;0) = h(¢"(2,1) + 0) — h(¢" (,1)),
for any (z,t) € Q, s,0 € R, and p,7 € RY. Thus, the proof of Theorem 2.2 is
reduced to proving the existence of a control v € L?*(Q) such that system (46)
possesses a solution (w,q) € L>=(Q)? satisfying

w(z,T)=0, ¢z, T)=0 inf

So as to ensure the existence of such a control, it suffices to check that fand h
satisfy the properties in Remark 5.1. Notice that f can be written as

fz, t;8,p,0,m) = g1 (u*(z,t), Vu™ (2,t), ¢" (x,t), Vo' (,t); 8, p,0,7)s
+ Gy(u*(z,t), Vu*(x,t), 9" (x,t), Vo™ (x,t); 8, p,0,7) - D
+ go(u*(z,t), Vu*(z,t), 0" (x,t), Vo' (z,1); s,p,0,7)0
+ Go(u*(z,t), Vu*(x,t), " (x,t), Vo* (z,t); s,p,0,m) - T

(47)

for any (z,t) € Q, s,0 € R, and p,7 € R, with g; and G; (i = 1,2) defined in
page 7, and

h(z,t;0) = H(x,t;0)o for any (z,t) € @ and 0 € R,

where

H(z,t;0) = /0 B (¢*(z,t) + Ao) dA.

Now, by taking into account the regularity of h and (u*,¢*), the expressions
above and hypothesis (8), (9), and (10) (also see Remark 2.2), it is an easy

exercise to check that f and h satisfy the conditions in Remark 5.1, which ends
the proof.

7 Proof of the approximate controllability result

The goal of this Section is to prove Theorem 2.3. Let f and h be as in the
statement. Let 7 > 0 and ug, po € W2=2/51:51(Q) N HE(Q) (with 51 > N/2+1)
be given. Observe that we only need to prove the result for final data
Ug, g € W22/5151(Q) N H}(Q), since this space is dense in L?(2). The proof
will be divided into some steps.

Firstly, there exists dg > 0 (that just depends on Q, ug4, ¢4, f, and h) such
that the system

ow — Aw + f(w, Vw,q,Vq) = —=Aq in Q x (0,0),
Org — Aq+ h(g) =w in Q x (0,0d),
w=0, ¢g=0 ondx(0,0), w(z,0)=u4(z), qlx,0)=¢4(x) in Q,
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possesses a solution (w,q) € L(2 x (0,80))? satisfying
w(-,t), q(-,t) € WT20o1(Q) N H(Q) Vit € [0, 6]
For a given ¢ > 0, one can choose d; € (0, dp] small enough so that
lw(-t) —willLz) <&, lla(,t) = ¢allzz) <& VE € [0,d1]. (48)

Secondly, for a given d; for which (48) is satisfied, let us fix m € IN such
that 6 := T/m < 6;. In view of Theorem 2.2, there exists v; € L%(Q x (0,6))
such that the system

O — Au+ f(u, Vu,p, Vo) = —A¢ +v11, in Q x (0,9),
g — Ap+h(p) =u in Q x (0,9),
u= 07 ¢) =0 ondQ x (075)5 u(x,()) = UO(x)v ¢($70> = d)o(SC) in Qa

admits a solution (u1,¢1) € L>(Q x (0,6))? such that
up(z,9) = w(x,0), ¢1(x,d) =q(x,d) in Q.

In the third place, again from Theorem 2.2, there exists a control v €
L?(Q2 x (0,4)) such that the system

o — Au+ f(u, Vu, ¢, Vo) = —A¢p + 71, in Q x (0,9),

O — Ap + h(¢p) = u in Q x (0,0),

u=0, ¢=00ndNx(0,0), u(z,0)=w(x>d), ¢,0)=qx,d)inQ,
has a solution (7, ¢) € L°°(2 x (0,6))? that satisfies

u(z,0) = w(x,9), ox,0)=q(x,0) in Q.

The required control v is now constructed as follows. Let us set I =
[(k—1)0,kd], for 1 <k < m. For (z,t) a.e. in @, we define

(1) = vi(z,t) if (z,t) € Q x I,
UPUZY Bt - (k—-1)8) () eQxI, 2<k<m

By the construction above, the control v lies in L?(Q) and the corresponding
system (1) admits a solution (u, ) € L>(Q)? such that

u(z, T) =w(x,d), &, T)=q(x,d) in Q.

Finally, by recalling (48) (and that § < d1), (11) holds, which was our claim.
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8 Proof of Theorem 2.4

In this Section, we prove the Carleman inequality stated in Theorem 2.4. The
structure of the proof is similar to that of Lemma 1 in [17] (also see [18]). Here,
we adapt the method exhibited in [17] to the lack of regularity in the terms
-V - (BY) and =V - (F¢) in (7).

For a given By as in the statement, let us consider an auxiliary nonempty
open set By such that By CC By. Let (p,1) be the solution to (7) associated
to an arbitrary (¢°, %) € L?(Q)2. Firstly, by applying Proposition 4.1 (with
B = B1), there exist two positive constants Cy = C1 (€, By) and o1 = 01(Q, By)
such that

S// 672sat71(T7t>71|Vg0|2+83// 6725at73(T7t)73|g0|2
Q Q

+ 84 // e—2sat—4(T _ t)_4|V’L/J|2 T 86 // e—2sat—6(T _ t)_6|’t/1|2
Q Q
(49)
<c ( I ey
B1x(0,T)

o [ e t)GW) ,
Box (0,T)

for any s > s, with
s1=01(2Bo) (T+T2 (14 a2 + el2* + el & + | BIZ + 1FI1X2))

In (49), ap is the function associated to B = B; provided by Proposition 4.1

ao(z)
= Q T .
and o(z,t) t(Tft)’xE ,t€(0,7)
Let us now consider a function & € C§°(Q) satisfying
0<&<1inQ, & =1 inB;, suppé& C By, (50)
A& /67 € L2(Q), and V& /67 e Lo(Q)N. (51)

This is achieved by setting & = (%, with ¢ € C§°(Q) satisfying (50). Let s > s;
be, with s; as above. We set u = e=25%s3¢=3(T — t)=3. Multiply by @& u the
PDE satisfied by ¢ and integrate in Q). We get

. //Q BT~ 1) ol = | /Q [~ — AY =V - (BY) + ay)] péru
- //Q P10 + //Q erul-Ag+ ap + MY — V- (Fi) + e

+//Q(V¢.v(€1u))so+//Q(V¢.v@)§1u+//Q((B¢).v(p)&u

+ //Q ((BY) - V(Ew)e + //Q atrn,
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whence (just by integrating by parts)

3//@ eI — 1)l = // a+cww§1u+// (B- Vo)t

+// oY Elatu —A(&Gu)+ B-V( Elu + 2/ (Vip - Vp)éru

// (Exu) - T w+// (Fy) - Vo §1u+// (Fy) - V(Exu)w
+//Qe«sw|w|2—//QWF&u::kZJk.
B (52)

Let us estimate each Ji, 1 < k < 10 (notice that Jy1 = 7/ |Vap|?&u < 0).
Q
By using Holder and Young inequalities, it holds that

g = //Q (@ + g < | [ ol + ol el | [ Gt

Jo = // §1U<715// e N T — 1) Ve’
Bl // ~2s04=5(T — 1) S|yp 2,

for any d1,v1 > 0 to be determined later. Observe that
|Opu| < Ts®e™ ¢~ 5(T — )75 (Cs + 3T%/4) < CTs'e "¢ (T —t)~°

since s > 01(92, Bp)T?. Thus, we can estimate

Js = // U610 < CTs! // 20— )l
< b5 //Q 2T — 1) PG
+ L J[ et e
<t [ el + 5" [] oo

for any d2 > 0, since s > 01(2, By)T

(53)

In order to estimate Jy = — // e A(& u), notice that
Q

AGru) = s%73(T — 1) 7% (A& )e > +2VE1 - V(e ™) + & A(e>)),
with

|v(e—25a)| — 286_25at_1(T — t)_1|va0| < 086_2sat_1(T - t)_la (54)
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|A(e™25%)| < 2se™25t72(T — )72 (25| Vao|? + (T — t)| Ac))
< Cse 2597 2(T —t)"%(s + T?) < Cs?e 24~ 2(T — t) =2

These considerations together with (51) give
3 —2say;—3 -3 1/2
o f[ s -l
Q
pat [ i@ il + 5 [ s - olle)
Q Q

We now use Holder and Young inequalities and (50) to get

<t [[ qulel + £ [[ eer@ -,
Q g3 JJg
+QS5 6725at75(T7t)75|1/)|21 g 7 —2s03—T7 N7 2
B, + =S5 e t= (T —t)""|Y|*18,,
5° /g 5° Mg

with d3 > 0 to be fixed later. Notice that, for any n,m € IN with n > m, we

have
s™MT(T — )T =T — ) (T —t)" "

T2\"""™ (55)
<smtT™M(T —t)" (I) <Cs"t™(T —t)™",
since s > 01(Q, Bo)T?. Then
C
gzt [[ eulel + S5 [ et -0 s,
Q 3 Q
In a similar way, we can estimate

Js = //Q o (B - V(&)
<4, //Q ulel + 15" //Q €20 =5(T — 1)~ [y[*1 .

=2 [ (- e
R e e R U )

for any d4,v2 > 0. On the other hand, we have

p== [ e - vow =3 [ v e =5[] s

< s //Q eI = ) P lPe? (14 s(UT - )71 + 2T - 1) 2]

<Cs® // e U™ (T — )Y 15,.
Q
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Finally, we can bound

Jg = //Q((F1/)) - Vip)eru < d5s* //Q e T — )T VY PG
1
ra P ] e i

Jo — // (Fy) - V(&1u)y

= CllFlloes” // (T — 1) P E 2L 4 st (T — 1)),

Tio = // €1yl < [elloos® // ~2s0=3(T _ )=y,

Let us now deal with the terms in which |V1|? appears. As it will be seen
later, the constants v and J5 only depend on Q2 and By. We use this fact to
deduce that, for a new constant C' = C (2, By) > 0, it holds that

—s // e (T — 1) 7| VY26
st //Q BT — ) Ve < = //Q V26T

for any s > CT?, where u = e~25*s5t=5(T — t)~°. Thus, to estimate Js and
Js, it suffices to bound the right-hand side of (56). To this end, we multiply by
Y& u the PDE satisfied by v and integrate in @, obtaining

for any &5 > 0,

and

(56)

//QW/)&ﬂ/Q [—00) — Ay — V - (Bi) + a)] &1

_ %//Q |¢|2§1am+// |v¢|2§1ﬂ—1/ [WPAET)
+//Qa|w|2m+//Q( VY w&w// vEm)ll.

- L vowansy [ ivorens sz [ wean

the term // |Vep|2€,7 is bounded as follows:
Q

//QWIQ&ES2//Q|so||w|£ﬁ+//Q |w|2£1|am|+/Q WA D)

5

4 2]B] / [ 1619 €]+ Cllalle + 1512 //Q Pem =3 A
=1

Since
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We now estimate A;, 1 <i < 4. Firstly,

ar=2 [ feliea<a [ e+ 57 [ et T,

for any ¢ > 0 (to be chosen further). Observe that
|0a| < TsPe >t~ "(T —t)~" (Cs +5T°/4) < CTs%e >+ "(T —t)~",

since s > 01(Q, Bo)T?. Then

A = // p[26, 0] < CsT // 2T — 1) T 1,
Q Q

since s > 01(Q, By)T. To estimate Az = // [¥]?|A(€,)], notice that
Q

AGw) = $172(T = )7 ((A&)e™ ™ +2VE - V(e ™) + &A(e7>7)),

which (together with (51), (54), and (55)) yields
Az < Cs” // e 25T — ) " |[¢)*15,.
Q

In a similar way, we estimate

A=l [ [PV < CUBlas® [ oo i,

(here, we use that V(&) = (V&)U — 26e72595%6(T — )=V ay, together
with (51) and (55)). By combining the above-obtained estimates for A;,

1< <4, from (57) we then deduce

//Q Vi PET < 6//@ Erulpl?

1 X
+ (5 + C) s7 //Q e BUT(T — ) "y 15,

+OBlst [[ 00T~ 0P 1s,
Q
# ol 18IS [] e -0 s,

which is valid for any s > C(T + T?) and 6 > 0.

We now take the corresponding estimates of Ji (1 < k < 10) to (52). By
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using (56), (58), and (50), we get

/Q§1U|Sﬁ|2§ <Z5 + )/ &rulpl®

(v + Tl (T — )T V| %¢
(o w)s//Qe (T -0 Vele
1

L R

1 )
+ (EIIH % + llefloo + c|F||oo) § // 20 =3(T — 1) 73|y 1,
1
+O|F oot // “2s0 44T )42,

4 12 Cen
+<c+—||a||oo+<—+—+ )|B||2) // 20457 )5 |y|P15,
Y2 4y 9
2B // BT — ) O g,

C C 2 —92 — 7 2
v+ —=+= sy =T( ¢ 15,
(52 03 726 ) // )7l s

for any s > s3 = 02(Q, Bo)(T +T?). We now set §; = 1/10 (for 1 <i < 4 and,
for instance, 6 = §5 = 1), 71 = 72 = 1/(8C1), with C1 = C1(2, Bo) as in (49),
and 6 = v2/20. For any s > s9, it holds that

83// 672sat73(T7t)73|50|2§1 < fs// 725&15 1(T )71|V<,0|2
Q Box(0,T)
4 O||F|I%s // 22T )2
BUX(OT
C (late|2 + flefloo + [ Flloo) s // e 29T )32
BUX OT)
+ CJ[F s // e~ =4(T — 1)~ H|y|?
BUX(OT
C (14 allw + | B12) s // 29T — 1)~ |y
BUX(OT
OB s // e=2504=8(T — )=0}y|?
BoX OT)
+CS // 725&15 7( ) 7|1/}|2
Box(0,T)

whence it is immediately inferred that

83// 672sat73(T7t)73|50|2§1 < —S// 725&15 1(T )71|V<,0|2
Q 2C Box(0,T)
+CS // 72sat 7( ) 7|’l/1|2
BoX OT)
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for any s > s3 = 03(Q, By) (T+ TQM’), with
M’ =1+ lla+ I3 + [lalli + llell 32" + 1 Bllos + 1 FI* + 1 FII + 17120

Finally, by combining the previous estimate with the Carleman inequality (49),
we infer the desired Carleman estimate (12), valid for any s > 8§ = (T +T?M),
with 6 = 6(Q, By) and M > 0 as in the statement.

9 Further results and comments

1. The proof of Theorems 2.1 and 2.2 can be adapted to give other controllability
results for system (1):

a) The null controllability property of system (1) remains valid if hypo-
thesis ii) in Theorem 2.1 is replaced by this other slightly weaker one:

lim sup |g1(8,p,0, 7T)| 1 lim sup |G1(5apa o, 7T)| I
|sl-+lo|—o0 log®/ (1 + |s| + |o]) ~ |s|+lo|—o0 log"/2 (1 + |s] + |o]) ~
lim su 192(5,p, 0, ) <lz, and limsup G2(s,p,0,m)|_ ls
Is]+]o |00 Jog? (1 4 [s] +[o]) ~ |s|+|o|—oc 108(L + [s| +[o])

uniformly in p, 7 € RV;

lim su |h(0)|
jol—oo |0 log®?(1 +|o])

55

where [;, 1 < i < 5, are positive constants small enough that only depend on €2,
w, and T.

b) A local null controllability result for system (1) under no restrictions
on the growth of f nor h can also be obtained. More precisely, if f :
R x RY x R x RV — R is a locally Lipschitz-continuous function such that
f(0,0,0,0) = 0 and h : R — R is a C'-function, with h” € L (R) and
h(0) = 0, there exists a positive p = p(Q,w, T, f, h) with the following property:
“ For any initial data (ug,do) in (W2=2/5151(Q) N HE(Q))? (s1 > N/2+1)
satisfying |[uollyw2—2/01.01(q) + [[@ollw2-2/51.00(0) < p, ome is able to find a
control v € L*(Q) such that system (1) admits a unique solution (u,¢) €
(le(O,T;Wol’sl(Q)) ﬂCO(@)) x X satisfying u(z,T) = 0 and ¢(x,T) = 0
in 7. This result generalizes the main result in [10], which establishes the
local null controllability, by two control functions, of a nonlinear phase field
system such as (1), when f = 0 and Q is a bounded domain in RY, with
1< N <3

¢) By adapting the proof of Theorem 2.2, a result on the local exact
controllability to the trajectories for system (1) is immediately deduced.

2. The strategy developed in this paper to deal with the null controllability
of linear coupled parabolic systems by a single control force (by introducing a
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fictitious control) can be applied in the case of cascade systems such as (for
instance):

Ou —viAu+ B-Vu+au+ F-Vo+ep=vl, inQ,
0t — v Ad+ D -Vo+cdp=gu in Q,
u=0, ¢=0 on, u(z0)=uo(x), ¢(,0)=do(z) inQ,

when regular potentials are considered and there exist a constant gy > 0 and
an open set wq such that

wo CC w, lgl > g0 > 0in wp x (0,7y) for some Ty > 0.

(in particular, when the system has constant potentials, with g # 0). Observe
that different diffusion coefficients v1, 5 > 0 can be considered. Indeed, in such
a case, a result similar to Proposition 4.1 can be obtained for the corresponding
adjoint system, with constants C' and & that depend on B, 2, and v;, ¢ = 1,2.
This yields the existence of two L2-controls that give the null controllability of
the system, and our technique allows us to get rid of the fictitious control.

We would like to remark that all the known null controllability results for
coupled systems by one control force are proved when cascade systems are
considered (cf. [4], [9], [19], [20],...). The case when the system is not written
in a cascade form, which is a much more complicated situation, cannot be dealt
with our technique and is at present open.

3. The above-mentioned strategy can also be applied to control to zero a
linear heat-wave cascade system such as

Oy —Ay=v( nQ,

g —Ag=ylo inQ,

y=0 onX, y(z,0)=yo(x) inQ,

g=0 onX%, ¢(z,0)=qo(z), 0tq(x,0)=gqi(z) in Q,

(59)

where v is a control function supported in an arbitrarily small open control set
w CQ, O CQisan open set such that wN O # (), and ¢ € D(w) is a function
such that ( =1 in a nonempty open set By CC w N O. More precisely, suppose
that ©; and 05 are two control functions supported in By x [0, T] that give the null
controllability of the heat-wave cascade system (93 being a fictitious distributed
control introduced in the wave equation). Observe that the existence of such
controls U7 and ¥ is guaranteed if certain geometrical condition on @ N O is
satisfied (see, for instance, [19] and the references therein). By adapting our
strategy to the present situation, one is able to eliminate ¥3 and to construct
a control v € L?(0,T; D(—A)’) that drives the cascade system (59) to zero. It
is worthy of mention that the irregularity of this control v is not related to the
technique used to obtain it but to the fact that we are dealing with the wave
equation, as already observed in [20].

4. Our strategy cannot be applied to infer the null controllability of (1)
when nonlinearities h(¢, V¢) with certain superlinear growth at infinity are
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considered. Indeed, we ought to be able to construct a control v that solves the
linear null controllability problem

OU—-AU+B-VU +aU+F-V® +ed=—-Ad—nu+vl, inQ,
0@ — AP+ D -VO+cd=U—-n'¢p inQ,

U=0, =0 onX,

U(z,0) =0, ®(x,0)=0, U(z, T)=0, ®(x,7)=0 1in Q,

with associated (U, ®) in L°°(Q)2. Here, (T, ¢) is now the weak solution to

O — AT+ B-Vi+au+F -Vo+ep=—-A¢ inQ,
0p—Ap+D-Vo+co=1 inQ,
=0, $=0 onY, 7u(zr,0)=ue(x), d(z,0)=d¢o(xr) in Q.

Let By C w be a nonempty open set. Suppose that we have already obtained
two controls 91, 92 € L%(Q), with sop 91,s0p 62 C By x [0, T], that give the null
controllability of the linear coupled system

QWU —AU+B-VU+alU+F -V +ed=—-Ad—nu+011p, inQ,
D —AD+D -V 4cd=U—1n¢+islp, inQ,
U=0, =0 on®, U(z,0)=0, &(,0)=0 inQ.
(60)
The expression of a new control obtained (from 91, 02, and the corresponding
solution (U, ®) to (60)) by means of our strategy would be:

v =0T —2V0 -V — (A0)D +2V0 - VU + (A9)U — V0 - (BU)
—VO - (F®)+ (8 — A+ B-V+a)fn¢+2V0 -V + (AG)D — VI - (DD)],

where § € D(w) satisfies = 1 in a neighborhood of By. Nevertheless, observe
that, if D € L*>(Q)", some terms in this formula are not regular enough to
make the state (U, @) lie in a suitable space to apply an appropriate fixed-point
argument. Thus, our technique cannot be applied in this case.

5. Controllability results for some coupled systems of m parabolic PDEs by
one control force. In [21], the authors are able to control to zero some cascade
systems of m linear parabolic PDEs by a single distributed control. The crucial
point in the referenced work is a Carleman inequality for the solutions (¢,
1 < ¢ < m) to the corresponding adjoint system by means of which some global
terms of these solutions are bounded in terms of only one of them “localized” in
a nonempty open subset By of the control set w. The proof of such a Carleman
estimate is a generalization of that of Theorem 2.4. An appropriate fixed-
point argument enables M. Gonzalez-Burgos and L. de Teresa to show the null
controllability of some cascade systems of m nonlinear parabolic PDEs by one
control force when certain superlinear nonlinearities are considered. Both the
exact controllability to the trajectories and the approximate controllability for
certain superlinear cascade systems can also be obtained.
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6. Other comments. All along this paper, other kind of boundary conditions,
such as Fourier (or Robin) boundary conditions, could have also been considered.
In such a case, one is able to obtain a Carleman estimate analogous to
inequality (21) (with the same weight functions) for the solutions to the
corresponding adjoint system. The existence of two L2-controls that give the
null controllability of the system is then guaranteed. Finally, our strategy, being
local in time and space, enables one to remove the second control.

A null controllability result for system (1) analogous to Theorem 2.1,
as well as the exact controllability to the trajectories and the approximate
controllability under slightly different hypothesis, can also be obtained for an
unbounded domain 2 such that Q \ @ is bounded (cf. [22]).

In view of known controllability results for a semilinear heat equation, it
would be natural to wonder wether the main results in this paper remain
valid when one considers boundary controls. Nevertheless, there exist negative
results for some 1-d linear coupled parabolic systems (cf. [23]), which reveals
the different nature of the controllability properties for a single heat equation
and for coupled parabolic systems.

A Proof of Proposition 3.1

The proof of the first point of Proposition 3.1 and that of the second one for
r = 2 uses the Galerkin method and the energy estimates of the corresponding
approximate solutions, and being a standard proof, it will be omitted. We sketch
here the proof of the second point for r > 2, which combines Theorem 2.3 in [24]
with an argument of ‘bootstrap’ type. We will restrict our attention to the case
when N > 2, the discussion being similar but more direct when N =1 or 2.

Firstly, the weak solution (u,®) to (13) lies in X2 x X? and satisfies the
estimate

1(u, @)l x2x x2 < exp(CH1)Hy (||(Vuo, Vo)l L2z + (91, 92) I £2(@)2)

with Hy, Hy > 0 as in the statement (recall that K stands for a generic positive
constant that only depends on N, whose value may also change from one line
to another). Notice that ¢ solves

hp—Ap=fr inQ,
¢p=0 onX%, ¢&x,0)=do(z) inQ,
with fo = =D - V¢ — c¢ + u + g2. From usual Sobolev embeddings, we have
D -V e L*(0,T; L¥ () N L>=(0,T; L*(2)),

1 1 1
with =35 N (recall that N > 2), whence f5 lies in L"(0,T; LP°(Q)), with
po = min {r,2Nr/(Nr —4)}, and

If2llz-(zro@)) < € (14 llelloo + [1Dllso) (I1(ws @)llx2xx2 + llg2llLr(@)) »  (61)

39



by classical interpolation estimates. Then, in view of Theorem 2.3 in [24], it
holds that

¢ € L"(0,T;W*P(Q)), 0pp € L"(0,T; LP(9)),
16l Lr(w2-r0 () + 10:¢l Lr (o)) < C ([ f2llLr(zro @) + ldollwz-2/rr@))

where C' is a positive constant independent of 7. By combining the previous
estimate with (61), we get

101l (w2r0 )y + [10:llLr(zro(2)) < C (1 + [lelloc + [ Dlloo)

(62)
X (1w, )| x2xx2 + 192l L7(@) + ||¢0||W2*2/T’T(Q)) .

On the other hand, u solves
Gtu—Au:fl in Q,
u=0 onX%, wu(x,0)=ue(r) inQ,

where fi = —B-Vu—au— A¢p — F - Vo — ep + g1. Reasoning as above and
using (62), one deduces that f; € L™(0,T; LP°(£2)) and

[ f1llrzro )y < CHa (1w, @)l x2xx2 + 191, 92) [ L-(@)2 + | P0llwz—2/rr(q)) »

where Hy = 1+ [|alloo + llcloo + lleloe + [ Blloo + [ Dlloc & | Flloc: We now apply
the above-mentioned Theorem 2.3 in [24] to the function w, inferring

w e L0, T;W2P(Q)), 0w € L"(0,T; LP°(Q)),
[ull Lr(w2.p0 () + 10kl oo )y < C (f1llrzro )y + lluollwa-2/rr (o))
for a new positive constant C' independent of T', whence
1wl Lrw2ro @)y + 0wl Lr(Lro ()
< CHa (||(u, 9) | x2xx2 + [| (w0, do)llw-2/rr (02 + 191, 92)l - (@)2) »

by using the estimate of || f1||1r(zro()) obtained above.
Finally, one can apply an argument of “bootstrap” type which yields the
result in a finite number of steps.
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