Downloaded 05/20/16 to 150.214.182.169. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

SIAM J. CONTROL OPTIM. (© 2014 Society for Industrial and Applied Mathematics
Vol. 52, No. 5, pp. 2970-3001

SHARP ESTIMATES OF THE ONE-DIMENSIONAL BOUNDARY
CONTROL COST FOR PARABOLIC SYSTEMS AND APPLICATION
TO THE N-DIMENSIONAL BOUNDARY NULL
CONTROLLABILITY IN CYLINDRICAL DOMAINS*
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GUILLAUME OLIVEf

Abstract. In this paper we consider the boundary null controllability of a system of n parabolic
equations on domains of the form Q = (0, 7) x Q2 with Q2 a smooth domain of RN-1 N > 1. When
the control is exerted on {0} X wa with w2 C Q2, we obtain a necessary and sufficient condition
that completely characterizes the null controllability. This result is obtained through the Lebeau—
Robbiano strategy and requires an upper bound of the cost of the one-dimensional boundary null
control on (0, 7). The latter is obtained using the moment method and it is shown to be bounded
by Ce€/T when T goes to 0t.
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1. Introduction. The controllability of systems of n partial differential equa-
tions by m < n controls is a relatively recent subject. We can quote [LZ98], [dT00],
[BN02] among the first works. More recently in [AKBDGB09b], the authors have
generalized the so-called Kalman rank condition using fine tools of partial differential
equations. This condition usually characterizes the controllability of linear ordinary
differential systems (see [KFAG69]). In the above reference, the authors prove that a
suitable generalized Kalman rank condition provides the distributed null-controllability
property of some classes of linear parabolic systems. See also [AKBDGB09a] where the
authors provide a Kalman rank condition in the framework of time-dependent coupled
linear parabolic systems. On the other hand, while for scalar problems the boundary
controllability is known to be equivalent to the distributed controllability, it has been
proved in [FCGBAT10] that this is no longer the case for systems. This reveals that the
controllability of systems is much more subtle. In [AKBGBdT13a, AKBGBdT13b],
it is even shown that a minimal time of control can appear if the diffusion is different
on each equation. This is quite surprising for a system possessing an infinite speed of
propagation. It is important to emphasize that the previous quoted results concerning
the boundary controllability were established in space dimension one. This restriction
is mainly due to the fact that they used the moment method, generalizing the works
of [FR71, FR75] on the boundary controllability of the one-dimensional scalar heat
equation.

In higher space dimensions the boundary controllability of parabolic systems re-
mains widely open and it is the main purpose of this article to give some partial
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answers. To our knowledge, the only results on this issue are the one of [ABL12]
and [AB12]. In these articles, the results for parabolic systems are deduced from the
study of the boundary control problem of two coupled wave equations using transmu-
tation techniques. As a result they rely on some geometric constraints on the control
domain. We will see here that those assumptions are not necessary.

Let us also mention [Olil3] for related questions for the approximate control-
lability problem. We refer to [AKBGBdAT11b] for a more detailed survey on the
controllability of parabolic systems.

In the present work, we focus on the boundary null controllability of the following
n coupled parabolic equations by m controls in dimension N > 1:

Oy =Ay+ Ay in (0,T) x £,

(1.1) y =1,Bv on (0,7 x 09,
y(0) = yo in Q,
in the case where the domain €2 has a Cartesian product structure
Q=01 x Qo,

where Q; C RYi i = 1,2, are bounded open regular domains. In (1.1), T' > 0 is the
control time, the nonempty relative subset v C 0f2 is the control domain, y is the
state, yo is the initial datum, A € M,,(C) and B € M,,x,,(C) are constant matrices,
and v is the boundary control.

Under appropriate assumptions we show that the controllability of system (1.1)
is reduced to the controllability of the same system posed in ©; (see Theorem 1.3
below). The proof is based on the method of Lebeau—Robiano [LR95]. This strategy
(already used in a different framework in [BDRO7]) requires an estimate of the cost
of the N;-dimensional control with respect to the control time when 7" — 0F.

In a second part, we establish that the cost of the one-dimensional null control
on (0,7T) is bounded by Ce®/T for some C' > 0, as T — 07 (see Theorem 1.4 below).
This is the second main result of this paper. It shows in particular that our first result
above can be applied at least in the case N7 = 1. Observe that the results obtained
in [AKBGBdT11a] do not permit to deduce the required exponential estimate on the
null-control cost. The demonstration of this result follows the approach of [FR71]
and [Mil04] (for the scalar case). In the scalar case, [Sei84] (see also [FCZ00]) gave
a similar estimate of the cost of the boundary control of the heat equation, which is
known to be optimal thanks to the work [G1i85].

Note finally, that the extension of the present results to more general domains 2
in RN as well as the study of the case with a different diffusion coefficient in each
equation, remains an open problem.

1.1. Reminders and notation. Let us first recall that system (1.1) is well-
posed in the sense that, for every yo € H=*(Q)" and v € L?(0,T; L*(92)™), there
exists a unique solution y € C°([0, T]; H=*(Q)") N L?(0,T; L*()"), defined by trans-
position. Moreover, this solution depends continuously on the initial datum yo and
the control v. More precisely,

(1.2) 191l 0o o, y; -1 0ymy < Ce“T (HyOHH—l(Q)n + ||U||L2(O7T;L2(8Q)m)) ;

where here and all during this work C' > 0 denotes a generic positive constant that
may change line to line but which does not depend on 7T or yy. We shall also sometimes
use the notation C’,C”, and so on.
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Let us now make precise the concept of controllability which we will deal with in
this paper. We say that system (1.1) is null controllable at time T if for every yo €
H=1(Q)", there exists a control v € L?(0,T; L*(92)™) such that the corresponding
solution y satisfies

y(T) = 0.
In such a case, it is well known that there exists Cr > 0 such that
(1.3) 10l 20, 7:2200)m) < Cllvoll -1y Vo € H™H ()"

The infimum of the constants Cp satisfying (1.3) is called the cost of the null control
at time 7.

Remark 1. Replacing y(t) by e #'y(t) and A by A— p, with > 0, we can assume
without loss of generality that the matrix A is stable, i.e., that all its eigenvalues have
a negative real part.

Finally, let us recall the well-known duality between controllability and observabil-
ity (for the general theory which relates observability and controllability, see [DR77]).

THEOREM 1.1. Let E be a closed subspace of HH(Q)™ and set E=' = —AFE C
H=Y(Q)". Let us denote by g (resp., Ilg-1) the orthogonal projection on E (resp.,
E~1). Let Cr > 0 be fized. For every yo € E~ there exists a control

v € L*(0,T; L*(0)™)
such that
Hg-y(T) =0,
HUHL2(O,T;L2(BQ)M) < CTHZ/OHH—l(Q)"’

where y is the corresponding solution to (1.1), if and only if

T
2 * 2
IMLp2(0) 3y < c%/o 11, B 00=(t) 2 gyt Vo € E,

where z is the solution to the adjoint system

—O0z=Az+ A%z in(0,T) xQ,
(1.4) z=0 on (0,T) x 09,
z(0) = 27 in Q.

Notation. We gather here some standard notation that we shall use throughout
this paper. For any real numbers a < b we denote [a,b] = [a,b] N Z. For z € C, R(z)
and $(z) denote the real and imaginary parts of z. Finally, x € R — |z] € Z denotes
the floor function.

1.2. Main results.

1.2.1. Boundary controllability for a multidimensional parabolic sys-
tem. The first main achievement of this work is the following.

THEOREM 1.2. Let we C a be a nonempty open subset and take Q1 = (0,7).
Then, system (1.1) is null controllable at time T on v = {0} X ws if and only if

(1.5) rank (By|Ag By|A2By| - - - |APF 1 By) = nk  Vk > 1,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/20/16 to 150.214.182.169. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

BOUNDARY CONTROLLABILITY FOR PARABOLIC SYSTEMS 2973

93t

Fi1a. 1. Typical geometric situation.

where we have introduced the following notation (recall that \j = j*):

M+ A 0 0
0 —Ao+ A :
A = : : € M, (C),
: I 0
(1.6) 0 0 M+ A
B
B
Bk = S Mnkxf,n((c)
B

One may think of a cylindrical domain where the control domain is a subset of
the top or bottom face (see Figure 1).

This result will be obtained as a corollary of some other theorems that are impor-
tant results too. The first one is the following and should be connected with [Fat75]
and [Mil05].

THEOREM 1.3. Let y;3 C 01 be a nonempty relative subset. Assume that the
following N1-dimensional system

8tyl = Arlyl + Ayl m (O,T) X Ql,
(1.7) y' =1, B! on (0,T) x 094,
y'(0) = y; in €,

is null controllable for any time T > O with, in addition, the following bound for the
control cost C¥1 :

(1.8) CFr < CeT VT > 0.
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Then, for any nonempty open set wy C o the N-dimensional system (1.1) is null
controllable at any time T > 0 on the control domain v = v1 X wa.

Remark 2. The converse of Theorem 1.3 also holds. More precisely, if the N-
dimensional system (1.1) is null controllable at time 7', then the Nj-dimensional
system (1.7) is also null controllable at time 7'. This can be proved using a Fourier
decomposition in the direction of €2,.

It is worth mentioning that such a decomposition also shows that, when wy = s,
the proof of Theorem 1.3 is much simpler and it does not need the control cost estimate
(1.8). Moreover, the domain 22 can even be unbounded in this case.

1.2.2. Estimate of the control cost for a one-dimensional boundary con-
trollability problem. The third result of this paper provides an important example
where Theorem 1.3 can be successfully applied.

More precisely, we show that the assumption (1.8) on the short time behavior of
the control cost actually holds in the one-dimensional case for the following system if
we assume the rank condition (1.5)

Oy = 02,y + Ay in (0,T) x (0,7),
(1.9) y(t,0) = Bo(t), y(t,m) =0 in (0,T),
y(0) =wo in (0, 7).

We recall that it has been established in [AKBGBdT11a] that system (1.9) is null
controllable at time 7' > 0 if and only if the rank condition (1.5) holds.

However, in the abovementioned reference, no estimate on the control cost is
provided. This is the next goal of the present paper: to give a more precise insight into
the proof of the controllability result for system (1.9) that allows a precise estimate
of the control cost as a function of 7T'.

THEOREM 1.4. Assume that the rank condition (1.5) holds. Then, for every
T >0 and yo € H=1(0,m)" there exists a null control v € L*>(0,T)™ for system (1.9)
which, in addition, satisfies

c
V]l 20.2ym < Ce“ T Nyoll gr-1(0.myn-

This theorem, combined with Theorem 1.3 and Remark 2, gives a proof of Theo-
rem 1.2.

1.2.3. Bounds on biorthogonal families of exponentials. The proof of The-
orem 1.4 is mainly based on the existence of a suitable biorthogonal family of time-
dependent exponential functions. The construction provided in [AKBGBdT11a] does
not allow us to estimate the control cost. That is the reason why we propose here
a slightly different approach which is the key to obtaining the factor e¢/”. This ab-
stract result, which is interesting in itself and potentially useful in other situations,
can be formulated as follows.

THEOREM 1.5. Let {Ar},~; C C be a sequence of complex numbers fulfilling the
following assumptions: B

1. Ax # Ay, for all k,n € N with k # n;
2. R(Ar) > 0 for every k > 1;
3. for some 3 > 0,

IS(AR)| < BVR(AR) V> 1;
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4. {Ay}y>, is nondecreasing in modulus,
[Ag] < |Ak+1] VE>1;
5. {Ak}k21 satisfies the following gap condition: for some p,q > 0,

|Ak—An|2p‘k2—n2| Vk,n:|k—mn| > g,

inf [Ar — Ap| > 0;
k#n:|k—n|<q

6. for some p,a > 0,
(1.10) IpvVr =N(r)| <a Vr>0,

where N is the counting function associated with the sequence {Ay},~,, that
is the function defined by -

(1.11) N(r)=#{k:|Ax| <r} Vr>0.

Then, there exists Ty > 0 such that, for everyn > 1 and 0 < T < Ty, we can find a
family of C-valued functions

{ekitis1jetom-1y © L*(=T/2,T/2)
biorthogonal® to {ek,j}k21’jeﬂo’n_lﬂ, where for every t € (=T/2,T/2),
er;(t) = tIe Mkt

with, in addition,

CeOVRR 4§

(1.12) ||<Pk,jHL2(_T/2,T/2) =

forany k >1, j €[0,n—1].

2. Boundary null controllability on product domains. This section is de-
voted to the proof of Theorem 1.3.

2.1. Settings and preliminary remarks. Let )\?1 (resp., )\?2), 7 > 1, be the

Dirichlet eigenvalues of the Laplacian on ©; (resp., Q2), and let gb?l (resp., (b?z) be
the corresponding normalized eigenfunctions.

Let us introduce the (closed) subspaces of H} ()" on which we will establish the
partial observability later on (section 2.2):

J
_ Q Q 1 n 1 n
Er=3)Y <u,¢j2>L2(92)¢j2 we H @\ c H ", J>1,

j=1

where the notation Zj:1<u, ¢?2>L2(92)¢§22 is used to mean the function

J
(w1,22) € QY (u@1,), 62 12(0y) 05 (w2).

j=1

. T/2 _
'That is (Px,j€1v) L2 1/27/2) = f,é/g ki (O)er, () dt = 6r1d50-
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We then define the “dual” spaces of E;
E;'=—-AE; Cc H Y Q)" J>1

Let us recall that we denote by Ilg, (resp., HE;1) the orthogonal projection in H} ()"
(resp., H~H(Q)") onto E; (vesp., E;'). Tt is not difficult to see that we have the
relation -1 (—Au) = —Allg, u for any u € HY(Q)™.
LEMMA 2.1. For any u € H}(Q)"™ we have
+oo

u = Z<ua¢§l2>L2(Qg)¢§z2-

j=1
It follows from this lemma that IIg,u = Ej:1<u,¢?2>p(92)¢?2 for any u €

HYQ)".
Proof of Lemma 2.1. Let us show that the sequence {S;u} -, defined by

J

Squ = Z<U,¢§22>L2(Qz)¢§22

j=1
is a Cauchy sequence of H}(2)". For any J > K > 1 we have

2
[Syu — SKUHH(%(Q)"
2
J

3 )
J
>

J=K+1

Hg (@)

2
<u’ ¢§22>L2(Q2)

L2 ()™ .

2 J
Q2 A2
<u’¢1 >L2(Qz) + Z . J

Hy(@)™  j=K+

Using Lebesgue’s dominated convergence theorem it is not difficult to see that these
1

H,
terms go to zero as J, K — +00. As a result Syu # v for some v € H(Q)". In
—> 00

particular, (v, ¢21¢?2>L2(Q) = (u, ¢21¢?2>L2(Q) for every j,k > 1, and it follows that
v = U. O

2.2. Partial observability. One of the key points in making use of the Lebeau—
Robbiano strategy is the estimate of the cost of the partial observabilities on the
approximation subspaces. This will be used for the active control phase.

PROPOSITION 2.2. Let Qy be of class C?. Assume that system (1.7) is controllable
at time T with cost C*'. Then,

(2.1)

T
2 Q
1ML, 2(0)]13s e < CLCE) VAT / I sxeon B 002 ()2 gyt Yoz € By,

where z is the solution to the adjoint system (1.4).

By Theorem 1.1 we deduce the following.

COROLLARY 2.3. For every J > 1 and yo € Ejl there exists a control v(yg) €
L2(0, T; L*(0Q)™) with

/2\$2
(2.2) ”U(yO)HL2(O,T;L2(89)m) < C(C:(Ph)ec A HyOHH*l(Q)"?
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such that the solution y to system (1.1) satisfies
M, 1y(T) = 0.

Proof of Proposition 2.2. Let zp € Ej so that
(21, 72) Z z% 1) (22)

for some 23, € HE(Q1)". Let z be the solution of (1.4), the adjoint system of (1.1),
associated with zp. Thus,

J
t $1,{E2 Z t $1 2)

where 27 is the solution to

—Op2) = (Awl - )\?2) 24+ A*27 in (0,T) x Qq,
2 =0 on (0,7) x 082,
2(T) = 25 in Q.

Note that IIg,2(0) = 2(0). A computation of ||z(0)||§{é(mn gives

J
2 j 2
[[2( HHl(Q ZH'Z )||H3(Ql)" +Z)‘§22||Z](O)HL2(Q1)"
j=1

Using the Poincaré inequality we obtain
! 2
2 Q j
(2.3) 12Oz @ < CXT* D 1127 O3 oy
j=1

. Q
Observe now that 27 (t) = 467(T7t)>\j ’ (t), where ® is the solution to the adjoint system
of (1.7) associated with z7.. Thus, using the assumption that (1.7) is controllable with
cost C', we obtain by Theorem 1.1 that

2O <O [ B 00 O]yt

where n; denotes the unit outward normal vector of 2. Combined with (2.3), this
gives

T J
2 . . 2
HZ(O)|‘§{(%(Q)" < C(C;h) )‘(Jb‘/o ZHlmB an1zj(t)||L2(agl)mdt'
)

Let us denote by By the kth column of B. Applying the Lebeau—Robbiano’s spectral
inequality [LR95] (see also [LRO7, section 3.A]?)

2

J
Z la;|” < Ce“V xy? Zajqﬁ T2)| dry
i=1 w2

2See also [TT11, Theorem 1.5] when Qs is a rectangular domain.
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to the sequence of scalars a; = B}y, 27 (t,01), o1 € 0 being fixed, and summing
over 1 < k < m, this gives
J - J 2
Z |B*8mzj(t,crl)|(zcn < Cecﬁ/ ZB*ﬁmzj(t,cer?z (z2)|  dra.
Jj=1 w2 Jj=1 cn

To conclude it only remains to integrate over ; and to observe that
n(o) = ( TL1(001) ) for o = (01,22) € 0 x Qa. O

2.3. Dissipation along the direction Q5. The other point of the Lebeau—
Robbiano strategy relies on the natural dissipation of the system when no control is
exerted (the passive phase). For our purpose, we need an exponential dissipation in
the direction .

PROPOSITION 2.4. If there is no control on (to,t1) (i.e., v =0 on (to,t1)) and
the corresponding solution y of system (1.1) satisfies

HEjly(tO) = 0,
then we have the following dissipation estimate
Q
||y(t)HH—1(Q)n < Oeix"il(tito)Hy(to)||H_1(Q)n YVt € (to,tl).

Proof. Let y(to) = —Ado, §o € Hi(2)". The assumption M z-1y(to) = 0 trans-
lates into Ilg, 50 = 0. '
Let § be the solution in Hg(Q)" to

(‘9@ = Ag + Ag in (to,tl) X Q,
QZO on (to,tl) x@Q,
g(to) = go in Q.

Since the matrix A is constant, we can check that
y=—Ag in (fo,t1) x €,
and thus
Hy(t)HH*l(Q)" = ||g(t)HHg(Q)m ”y(tO)HHfl(Q)" = ||§0HH5(Q)H~
As a consequence it only remains to prove the dissipation for regular data, namely,
- _ Qo _ -
138) L3 e < Ce 51 iy e VE € (f0, 1)
for §o such that Ilg, 3o = 0, i.e., of the form (see Lemma 2.1)
—+oo
do= Y G08% doj= <§oa¢§l2> € Hy()".
j=J+1 L@

Since IIg,jo = 0 and A is constant, we have IIg,§(t) = 0 for every t € (fo,t1) and as
a result the following inequalities hold:

2 o2
/\?iluy(t)”m((z)n < IVIOIL2 ) VEE (o 1),
2 o2
A?il"Vy(t)||L2(Q)" S ”Ay(t)HLz(Q)" for a.e. t € (to, t1).
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Using now standard energy estimates and the fact that the matrix A is constant and
stable (see Remark 1), we finally obtain the desired dissipation

- %2 -
||y(t)||Hg(Q)n < Ce Mol tO)HyOHHg(Q)n' O

2.4. Lebeau—Robbiano time procedure. We are now ready to prove Theo-
rem 1.3.
Let yo € H=1(Q)™ be fixed. Let us decompose the interval [0, T) as follows:

—+oo

[0, T) = U [ak, ak+1]

k=0
with

ap =0, app1 =ay+ 2Ty, T =M27F°

Nl

where p € (0, NLz) and M = 5 (1—277) has been determined to ensure that 2 ZZ;’E Ty =

T.

] I I

| I I

| I I

| | |

1 ! 1

1 CONTROL ! DISSIPATION l

I B\ e I = —p

; ~ ec(28) 2 L~ e—c(2") N2 !

] I I

| I I

| I I

| | |

3 3 3
| | A | |
| T hd T |
0 ar M1y =0 g1 T

2k

We define the control v and the corresponding solution y piecewise and by induc-
tion as follows:

oty = 4 (Mprylan)) (6) ift € (anap+T),
0 if t € (ar + Tk, aps1).

Let us show that v belongs to L?(0,T; L?(9Q)™) and steers y to 0 at time 7.
Step 1: Estimate on the interval [ak, ar + Ti]. From the continuous dependence
with respect to the data (1.2) and since Ty, < T we know that

(24)  ly(ar + Tl g-r (e < C (Ily(ak)l\Hflm)n + ||UHL2<ak7ak+n;m<amm>) :

Using the estimate of the cost of the control (2.2) we have

Qo
< OO VA

H’UHLz(ak,ak—i-Tk;Lz(aQ)m) HEz_k‘ly(ak) “H*l(ﬂ)"

and since ”HE’,:H‘C(H_l) < 1, this gives
2

Q1 Cy /202
”U||L2(ak,ak+Tk;L2(8Q)m) < CCrle 2 ”y(ak)”Hfl(Q)"'
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Using now the estimate of C*' with respect to 7' (assumption (1.8)), this leads to

+
1002 o a7z oymy < €U VD )l os e

On the other hand, Weyl’s asymptotic formula states that

VA~ o

and (by the choice of p)

1 1 k
— — —9kr <« 09Nz
Tl SO
so that
k
(2.5) 191 12 (0 ap 11 L2002)m) < C€72 2 ly(@r) -1 yn-

Combined with (2.4) this yields
IoGos + Tl = € (147 ) Iytanllyos
(2.6)
< Cecr™ 1y (@)l g1 (-

Step 2: Estimate on the interval [ay + Tk, arq1]. Since II,-1y(ax + Ti) = 0, the
ok

dissipation (Proposition 2.4) gives

(2.7) (sl e < Ce 5™ lyan + Tl g1y
Step 3: Final estimate. From (2.7) and (2.6) we deduce
2?2 T 402N Lo
[Y(arsi)ll g1 (gpn < Ce 7241 1y (@)l -1 (yn-

By induction we obtain

k
ETR =

[y (ar+1)ll g2 Q)"Sce H?JOHH HQ)n-

Since
Q5 P 5 9—Pp 19D\ T P
AaraTp CP+1)N227PP > C1(27) N2 77,
we obtain

K (c(zP)Nz ’ro(2r )NL)

ly(ar+1)ll - 1 = Ce 1Yol - H(OkS
Since p < m, there exists a pg > 1 such that
2 _ € 2 _
(2.8) —C'(2") N TP 4 O(2P) M2 < =" (2P)%2 TP Vp > po.
It follows that, for k > pg, we have
k k
Z ( C/(2p) —p + C(2p) ) < C/// _ C// Z (2;0)1\%*/3 < C/// _ C// (2k)Ni2*P.
p=0 P=Po
So that, finally,
2
k No
(2.9) ly(ars)ll-2 e < Ce= ™ o]l 1
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Step 4: The function v is a control. Estimates (2.5) and (2.9) show that the
function v is in L?(0,T; L2(99Q)):
“+o0

2 2
HU”L2(O,T:L2(BQ)M) = Z ||U||L2(ak,ak+Tk:L2(aQ)m)
k=0

2

— CoNs _cr(2+) Ve P 2
<C( e —' () ol (-
k=0

<+oo by (2.8)

Moreover, estimate (2.9) also shows that the function v is indeed a control:
(s sy > 0= 9T l2 e

3. Cost of the one-dimensional boundary null control. We prove here
Theorem 1.4 assuming Theorem 1.5 is proved (see the next section). All along this
part we shall use the notation of [AKBGBdT11al.

3.1. Arrangement and properties of the eigenvalues. Let us first recall
that the Dirichlet eigenvalues of the Laplacian —92, on (0, 7) (with domain H?(0, 7)N
H}(0,7)) are A\, = k2, k > 1.

We denote by {wu}c; ) € C the set of distinct eigenvalues of A*. For [ € [1, p],
we denote the dimension of the eigenspace of A* associated with u; by n; and the
size of its Jordan chains by 75, j € [1,7;]. In [AKBGBdT11a, Case 2, p. 583], it is
shown that we can always assume that 7;; = 7; is independent of j. Finally, we set
n= maxXjeqi,p] M-

We assume that the set {1 },cp; , is arranged in the following (nonunique) way,

R(u) = Rpus1),
[l < lpus] i R() = R(pae)-

We should point out that in [AKBGBdT11a, p. 562], it is assumed that {Ul}ze[[l,p]} is
ordered in such a way that n = nj. Actually, this is only used for convenience and
the same reasoning holds if we take n instead of n;.

Let us now recall that the eigenvalues of the operator 92, + A* (with domain
H2(0, )" N HE(0,m)") are given by —A + u;, k > 1 and 4 € [1, p]. Moreover, there
exists kg > 1 such that

(3.1) Vie[l,p—1] {

(3.2) =g+ F =N+

for every k > ko, | > 1,1 # k, and 4,5 € [1,p] with ¢ # j (see [AKBGBdT11a,
Proposition 3.2]).
From (3.1), we see that there exists k1 > 1 large enough so that

2, (R() — R(agr)) + s ) = Jl? > 0

for every [ € [1,p — 1]. Therefore, we deduce that
(3.3) M — ] < A — piga]

for every k > ky and I € [1,p — 1].
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Finally, let k2 > 1 be large enough so that
(3.4) L+ Ak — ] < [ Aeg1 — py

for every k > kg and 4,5 € [1,p] with i # j, which is always possible since A\, = k2.
We set

KO = max{ko, ]€1, kg} .

With this K we associate p > 1, the number of distinct eigenvalues of the matrix
Al defined in (1.6). Let {ve}yep gy © {=Ak + tbyeqi, o] 1e1,p) Pe the set of distinct
eigenvalues of Aj, arranged in such a way that |y,| < |ye41] for every £ € [1,p — 1].

For ¢ € [1,p], the dimension of the eigenspace of A¥, associated with ~, is
denoted by Ny, and the size of its Jordan chains by 7 ;, j € [1,N/]. Since we
assumed that 7, ; = 7 it follows that 7, ; = 7 is also independent of j. Finally, we
set ]/\\f = MaXye[1,p] Noy.

We choose to arrange the eigenvalues {Ax}, ., C C of the operator —(A + A*) as
follows:

Ap=—~; forlell,p],
Astri = Aot — . with j:{%J—I—landl:i—t%Jp for i > 1.

Observe that the sequence {Ay},~, satisfies the assumptions 1-5 of Theorem 1.5:
e 1 follows from (3.2);
e 2 holds because the matrix A is stable (see Remark 1);
e 3is clear since |J(Ax)| < maxjeqr p) [S(w)| and R(Ag) > A —maxjeqr ) R(w)
(which is positive since A* is stable);
e 4 is a consequence of (3.3) and (3.4);
finally, let us show that 5 holds for ¢ large enough. Let k = p + i, and
n =p-+iy, (the case k < p or n < p'is simpler). Let ji, jn and I, [, be such
that Ap = Axo+j, — i, and Ay, = Ago4j, — tu,,- We have

2 2
|An = Ak™ = (Aot — AKotgn + i — By
> | [ AKotje = Akotin| = [He, — 11
2
> [AKotir = AKotinl = 21 AKotii = Motin | 11, — b
2
+ [, — b |
Let us denote m = miny<; <, [ — pr|, M = maxy; <, | — pr], d =
117 11
|7k — dnl, $ = jk + Jjn, and & = d(s + 2Kj). Thus,
A, — Ak|2 > 22 —2Max + m?.

On the other hand, since |ix, — in| < p(|jk — Jn|+1) and ix+in < p(Jr+in)+2,
we have

k2 = n?[* = Jix — i (it + in + 29)? < pP(d + 1)%(sp + 2+ 2P)°.
By assumption d, s — 400, so that
|k2 - n2‘2 < Cd?(s +2Kp)? = Ca?.

Taking, for instance, p = 1/v/2C and z large enough we obtain the first
property of 5. The second property is actually satisfied for any q.
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The counting function. We recall that the counting function N associated with
the sequence {Ay},;, is given by

Nr)=#{k:|As] <1} VYr>0.

This function N is piecewise constant and nondecreasing on the interval [0, +00).
Thanks to 5 we have limy_,  |Ax| = +00, so that N'(r) < +oo for every r € [0, +00)
and lim,_, 4 oo N'(r) = +00. Moreover, 4 shows that, for every r > 0, we have

(3.5) N(r)=n<= (|As] <rand |App1| > 1),

so that, in particular, we have

VIAve | < VE <Ayl

On the other hand, from the very definition of Ay for k > p, we have

5 —~\ 2
<N15T) + E)) - M < Ay < <N1§T) i E) A st M0 2R

where M = max;eq ] [l I?O = Ky— 5%1 +1, and I?O =Ky+1. Combining the two
previous estimates, it is not difficult to obtain the last assumption 6 of Theorem 1.5.

3.2. The moment problem. In [AKBGBdT11a, Proposition 5.1] it has been
proved that, under the assumption (1.5), system (1.9) is null controllable at time T
if for every g € [1, N] there exists a solution ug € L?(0,T) to the moments problem
(3.6)

T
/0 —'ewt ug(t) dt = copq(yo; T) V€ [1,p],Vv € [0,7 — 1],

V.

T

o _

/ ;e(_)"“ﬂ”)tuq(t) dt = df , ,(yo; T) Vk > Ko,V € [1,p],Vo € [0,7 — 1],
O .

where ¢, 4 and dﬁo,q are given in [AKBGBdT11a, Proposition 5.1]. The precise
definition of those terms is not really important here, however, we recall that they
satisfy the following estimates (see [AKBGBdT11a, equations (49) and (52)]):

Ctuayoi T)| < || 0111110,y

(3.7) M (C)
< Ce“Tyoll yr-1(0,mym
and
e e ) WP (7
(3 8) l,0,q Yo, =% M, (C) Yo, Pk H*l,Hé(O,Tr) cn

VA _
< C€CTT€ )\kTHyOHH*I(OJT)"'

The control v(t) is then given as a linear combination of u, (T —t), ¢ € [1, N]],
and as a result satisfies

(3.9) [Vl 20,rym < € max ugll 2o 1y
q€[1,N]
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Assume for the moment that Theorem 1.5 is proved. Let Ty > 0 be the time
given by Theorem 1.5 and set

n=max {7, 7, |l €[1,p], £ € [1,p]}.

For T < Ty we can then introduce the biorthogonal family {(pk7j}k>1je[[0 a—1] C
L?(—=T/2,T/2) associated with the sequence {Ak}ys,- As we need to work on the
interval (—7'/2,T/2), we perform the change of variable s = ¢t — Z in (3.6) and obtain

Wc&,,)q(yo;T) Ve e [1,p],Vv € [0,7¢ — 1],

1 T\’ - T
il il (=Ak+mr)s il
/EU!<S+2> e uq<s+2>d8

. Vk > Ko,
_ e—(—Ak+uz)5dﬁa7q(y0§T) vl e [1,p],
Vo € [0, — 1].

Using the binomial formula (s + %)J = Z;.]:O (j)sJ—j (%)j we finally have

v T J A o T
Z <U> <§> /2 Y771 u, <s+ 5) ds
i=o M -3

:Cj,;z(ZJO%T) VﬂE[[l,[?ﬂ,VVE [[0,?@-1]],

T

o j AT
Z <U> z) /2 s I e(FAFHDS gy <s + Z) ds
; J 2 -T 2

7=0
/\ vk > Ko,
=d}, ,(yo;T) Vi e [1,p],
Vo € [0,71 — 1]
with
(3.10)

—

— T (x4 T
Cluqyo;T) =vle” 27, 4(y0; T), dﬁg)q(yo; T) = gle” "Mt 3 dﬁmq(yo; T).

For T < Tj, a solution to the moments problem (3.6) is then given for every
te (O,T) by (note that —A\x + = —AZ;JF(;C,KO,l)erl for k > KO)

P Te— T
:;g Zl/qy()a @Eu(t_g)
T — 1/\ T
+ Z ZZ l,0,q y(), QO;DJr(k Ko— 1)p+la<t_§>a

k>Ko l=1 0=0

—
/\/\

provided that u, lies in L2(0,7T) (see below), and where ¢, ,, and dF__ solve the

l,0,q
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triangular systems

—_—
— — 7= 7
Ce,0,q C¢,0,q dl,07q dl70,q
P(T) : = : Q) : = : :
— G —= i
6677—@717‘1 e 4 échfl q I, —1

where the coefficients of P(T") and Q(T') are, respectively, given for i > j by p;;(T) =
(E}}) (5)™ au(@) = (7)) ()", and pyy(T) = g;5(T) = 0 otherwise. Observe
that

|P(T) <cr™! <crnh

1HM? ,—1(C) ’ ||Q 1”/\/17 1(C)
-

From this, the definition (3.10) of ¢z, g and d
of ¢¢,,,4 and dl,g’q7 we obtain

Io.q and the estimates (3.7) and (3.8)

(3.11) ‘m(yo;T)‘ <orT! ‘6 CTHQOHH L(0,m)" <C THQOHH 1(0,7)n
and

i )| < CT 7 |em At E | SRR CTNT Py,
(3.12)

VA

CcT —)\ L
<Ce ¢ 1ol -1(0,m)n-

It remains to prove that u, € L?(0,7') and to estimate its norm with respect to T
and yo. It is actually thanks to the estimate (1.12) that this can be achieved. Indeed,
using also (3.11) and (3.12) we have

||uq||L2(o7T) = —t(0,mn

P
CeCT Z CV—RO)+T lvoll
(=1

CGCT Z Vlj\kef)\kgz C/ A —R(w1) +THy0HH

k>Ko =1

< 0eC <1+ Z \/ k _AkT+c\/E> ||y0||H—1(0,7r)"'

k>Ko

(313) 10,m)™

Let us now estimate the series. Young’s inequality gives
T 02
CvV Ak < /\k— + —
for every kK > 1 and T > 0, so that

02

T
—)\k— +CV AL < )\k T

Thus, using also that \;, = k2, we obtain

Z \/ k *AkT+C\/E<e% Zeilg%.

k>Ko k>0
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A comparison with the Gauss integral gives

/4
Ze*’g% <2 % < Ce%

k>0
Coming back to (3.13) we then have

c
HuqHL2(07T) < CGCT+T Hy0|‘H71(O,7T)n'

Finally, (3.9) gives, for every T' < Tp,

C
HU||L2(0,T) < Cer HQOHH—l(o,ﬂ)n-

Thus, when T' < Ty we have obtained a null control to system (1.9) which satisfies
the desired estimate. The case T' > Tj is actually reduced to the previous one. Indeed,
any continuation by zero of a control on (0, Tp/2) is a control on (0, T) and the estimate
follows from the decrease of the cost with respect to the time.

4. Biorthogonal families to complex matrix exponentials. This section is
devoted to the proof of Theorem 1.5.

4.1. Idea of the proof. For T small enough and any n > 1, we have to construct
a family {¢k,j}ys1 jeqon 1y i L2(=T/2,T/2) such that

T
5 _
/ Ok, j (t)tyeiAlt dt = 5kl5ju

%
for every k,l > 1 and j,v € [0,n — 1], with in addition the following bound,

H(Pk7j||L2(,%)%) < CeC\/%(Ak)*F%
for any k> 1 and j € [0,n — 1].

The idea is to use the Fourier transform with the help of the Paley—Wiener the-
orem (see [Rud74, Theorem 19.3]) that we recall here.

THEOREM 4.1. Let ® be an entire function of exponential type T/2 (that is?

|®(2)| < Cezl?! for all z € C) such that
2 +oo 2
HCI)HL?(_OQ_,.OO) = / |D(2)]” dx < +o0.

— 00

Then, there exists ¢ € L*>(—T/2,T/2) such that

(4.1) B(z) = \/%_W /i o(t)e"> dt Yz € C.

vlN

Moreover, the Plancherel theorem gives

||‘P||L2(_g,g) = ||q)HL2(7oo7+OO)'

3Here and only here, C' may even depend on T without affecting the result.
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Observe that the function in (4.1) is infinitely differentiable on C with, for every
veo,n—1],

) (z) =

T
vz .
(t)tVe"* dt Vz e C.
V2 /’g

Thus, Theorem 1.5 will be proved if we manage to build suitable entire functions
as stated in the following result.

THEOREM 4.2. Assume that the sequence {Ar},~, C C satisfies the assumptions
1-6. B

There exists Ty > 0 such that, for any n > 1 and 0 < T < Ty, there exists a
Jamily {®g j}r>1,5e[0,m—1] Of entire functions of exponential type T/2 satisfying

(4.2) o) (iky) = \/’%MW k> 1, Vivel[o,n—1],
and
(43) HCI)]C;]| L2(—00,+00) S Cec %(Ak)—i_%

for any k > 1 and j € [0,n — 1].
Remark 3. A sequence {Ay} k>1 C C satisfies the assumptions 1-6 if and only if

so does the sequence {Ay For this reason, we will prove Theorem 4.2 for the

c S }kzl'
sequence {Ak}kzl'

4.2. Proof of Theorem 4.2.
Some preliminary remarks. It is interesting to point out some properties of the
sequence {Ay},~; which can be deduced from assumptions 3, 4, and 6.
1. First, under assumptions 4 and 6 we have that

(4.4) > |A—1k| < +oo0.

Indeed, using that A is piecewise constant and nondecreasing on the interval
[0, +00), we can write

1 oo q oo q

E>1 A Aq|
“+o0
2
<[ OrPVI @
[A1] r |A1| V |A1|

2. Then, from assumption 3 we can also deduce the following behavior of the
sequence {Ag}r>1:

(4.5) [Ak| — R(Ag) < BVR(Ax) and |Ag| < CR(Ax) Vk>1.
Indeed, one has

2

AL = R(AL)? + S(A0)? < RAW? + BR(AL) < (R(AW) + VRN
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Let us now introduce the complex functions given, for every z € C, by

(46) 10-T(1-5). =T (- %)

k>1 k>1
k#n
Thanks to (4.4), the previous products are uniformly convergent on compact sets
of C and therefore f and f, are entire functions. Moreover, the zeros of f and f, are
exactly {Ar}ys, and {Ax},, and they are zeros of multiplicity 1 (recall that the Ay
are distinct by 1). For a proof of these facts we refer to [Rud74, Theorem 15.4].
On the other hand, let us fix d = pr + 2. For any 7 > 0 such that 7 < d?/2 we
define the real positive sequence {a, }»>0 given by

d> 4(n2—1)

With this sequence we associate a complex function M defined by

(4.7) an Vn > 0.

(4.8) Mz)=]] sz(/z% vz e C.
n>1 n
Since
sin(z)

<elfl vzec,
z

and a, o Cn?, the previous product is uniformly convergent on compact sets of C
o0

and M is an entire function of exponential type 7a; > 0, where

(4.9) ™= RN,

n>1 n
More precisely, M satisfies
(4.10) |M(2)] < e™I*l vzecC.

Observe that there is no constant in front of the term e™ %/, This point will be very
important in what follows (see the proof of Proposition 4.3 in Appendix A) to obtain
estimates with constants C' that do not depend on 7 (which will play the role of T
see below). Note also that M has only real zeros since {a,},~, is a real sequence.
Finally, we will often use that 7p; < 7. This fact is proved in Lemma A.2 in Appendix
A.

Proof of Theorem 4.2. We follow some techniques developed in [AKBGBdT11a]
(see, in particular, Lemma 4.4 in this reference).

Set Ty = d? and, for any 0 < T < Tp, set 7 = % in such a way that the condition
7 < d?/2 holds. The function M defined above will then correspond to this value of
T.

Let us consider the functions

f(=iz) M(z 4+ S(Ag))
—if'(Ak) MIR(AR))
—~ n o~ _ fe(=iz) M(z+ S(Ag))
[W’“(z)} - Wile) == F(Ar) M@R(Ag))

Bi(2) = % W), Wile) =

(4.11) '

7!
defined for every z € C and k > 1.

Dy(z) =
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Let us first give some estimates for the functions Wy, Wk (and, as a result, also
for @5 and ®;) that will be used later. a
PROPOSITION 4.3. Assume that the sequence {Ak}k21 satisfies the assumptions

1-6, and let T < d?/2. Then, for any k > 1 and z € C,

(4.12) (W (2)| + Wi (2)] < eCVERm=RA00VRO) -2,
On the other hand, for any k > 1 and x € R,

(4.13) [Wi(@)] + Wi ()| < emVIFHOVRII+E,

The proof of this rather technical proposition is given in Appendix A. For now,
let us continue with the proof of Theorem 4.2.

Since the function M only has real zeros, all the functions introduced in (4.11)
are well-defined and they are entire functions. For every [ > 1, iA; is a simple zero
of the function Wy since A; is a simple zero of f and iA; + S(Ag) is not a zero of
M (S[iA; + S(Ak)] = R(A;) # 0 by assumption 2). Thus, we deduce that, for every
1>1,iA; is a zero of &, with exact multiplicity 7, i.e.,

O (iN) = WL(iA)]" #0 and V7 (iA) =0 Vk,1>1, VYvel[o,n—1].

Observe that, in particular CDI(C") (iAx) = 1. At this point, the function ®; ; = @5 then
satisfies (4.2) for | # k.
For any k > 1, j € [0,n — 1], and z € C, let us now set

fri(z) = m

_ <£)n&)k(z)(2 —iAR).

Note that, for z € R, we deduce from (4.13), assumption 4, and (4.5), that

(4.14) |fj(2)] < Cem#VITHCOVRAI+E
From the properties of the function &, we get

() =0 WI> 1 with %k, Vv e [0, — 1],
(415) 4 @A) =0 vv e [0,5 - 1],

£ i) = %qﬁj*” (iAy) Vr>0.

We look now for ®, ; in the following form:

P j(2) = p(2) fr.i(2)

with p a polynomial function of degree n — j — 1 which depends on k, j (for simplicity,
this dependence is omitted in the notation).

As a consequence of inequality (4.12) and the fact that 7a; < 7, the function @y ;
is an entire function of exponential type nr = 7/2.4

4The constant C such that |<I>k7]-(z)| < Cenlzl for every z € C depends on k, j, 7, etc., but this
is not important as mentioned earlier.
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In view of (4.15), if we simply take p = 1, then the relations (4.2) are satisfied for
l#kandl=Fkif v<j Thus, in order to get (4.2), we have to choose p such that

) (iA) = Jo and @;{j’”) (iAg) =0 for r € [1, — j — 1], that is,

2
/ il !

(ZAk) = —
(4.16) \/_ fm(mk) "

Zaﬂp (iAg) +p™(iA) =0 Vre[l,n—j—1],
where

(j+r—10)

_ ( ) f (ZAk) _ T!T]! (n+r—2),.

o e (jir) f(J)(ZAk) pTEry

for every r € [1,n—j—1] and £ € [0,7—1] (they are well-defined since f,gjj) (iAg) #0).
These relations allow us to compute p(") (iAy,) for every r € [0,n7—j — 1] and thus
completely determine p which is then given by

n—Jj=1 ()
Z p ZAk Z—iAk)T.

In order to get the bound (4.3) for ®; ;, let us prove some estimates of the
polynomial p previously constructed. If we set P = (p( (iAk))TE[[O ] € Cn=,
then we can rewrite the identities in (4.16) as a linear system of the form AP = B
with

1 0 0
aio 1
A= a0 as € Mﬂ*j ((C)7
; 0
Up—j-1,0 Gp—j—11 “° Gpj-1pg—j-2 1
il n!
V2r j!
0
B=| : |ec
0

and a,¢ given in (4.17). Again, following [AKBGBdT11a, eq. (31), p. 570], it is
possible to show

n—j—
2
2
(4.15) Ploms <O Y [e A
re[l,n—j-1]
£e0,r]
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Finally, let us estimate |<I>,(€"+Tfé)(z’Ak)|, forr € [1,n—j—1] and £ € [0, r]. Since
®;. is an entire function, we can write

m! q)k( )
A _TRE) g vm >
(l k) = % /Iz i1 (2 — iAg)mH z VYm >0,

so that

B an| <€ sup  (@i(2).
zi|z—iAg|=1

Using inequality (4.12), the fact that |z| < 14 |Ag| for z such that |z —iAg| =1,
inequalities (4.5), and the fact that 7py < d?/2, we obtain

’@;m(mk)’ < CeCVRAITE WE > 1 Vm > 0.
Going back to (4.18), we get
Py, < CeCVRA+S
Recall that the vector P contains the coefficients p(") (iA},) of the polynomial p. Thus,
using that |z|"/r! < CetVI for any 7 € [0,7], and using (4.5), we obtain
Ip(z)] < CetVEREVRRITS v e,

Combining the previous estimate, written for z € R, and (4.14) we deduce the ex-
pected bound (4.3) for Oy ; = pfr;.

Appendix A. Proof of Proposition 4.3. We start with another property
satisfied by the sequence {Aj},~,, namely, that it behaves as k2.
LEMMA A.1. Under assumptions 4, 5, and 6, we have

(A1) Ck <+/|Ax] <C'k Vk > 1.

The second lemma was often used.

LEMMA A.2. Let T < d?/2. For the function M given by (4.8) we have Tpr < T
(where Tar is given in (4.9)).

The next lemmas are devoted to giving bounds of every term involved in the
definitions (4.11) of W), and Wy

LEMMA A.3. Under assumption 6 we have, for every z € C andn > 1,

log|f(2)| < (d—1)\/|z]| + C, log|fn(2)| < (d—1)y/|z| + C,

where f and f, are defined in (4.6).
LEMMA A.4. Under assumptions 4, 5, and 6 we have, for every n > 1,

log |f' (An)| = —C+/|Axl,

where f is defined in (4.6).
LEMMA A.5. Let 7 < d?/2. The function M given by (4.8) satisfies

(A.2) M©O) =1, log|M(z)| < —d\/|z|+ ¢ Vr € R.
T
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LEMMA A.6. Let 7 < d?/2. The function M given by (4.8) satisfies

(A.3) log|M(iy)] >0 VyeR,
and also
) C
(A.4) log |M(iy)| = mulyl = CVlyl = — Vy eR.

Proof of Proposition 4.3. Let us recall the definition of Wj:

f(=iz) M(z+S(Ax))
—if'(Ax) M(R(Ay))

From Lemmas A.3 and A.4 and |Ag| < CR(Ak) (see (4.5)) we deduce that

e(d=D/12[+C/R(Ax)

Wk(z) =

fl=iz)
(A.5) —if’ (Ak)

On the other hand, from inequality (A.4) of Lemma A.6 and using (4.10) we can
also infer

M(z + S(Ar)) ‘ < el T (S(A)| ~R(AW)+O R+ €
M@R(Ay) |~

Note that 7as |S(Ag)| < C/R(Ag) thanks to assumption 3 and 7y < d?/2. Thus,
putting both inequalities together we deduce estimate (4.12) for the function Wj.

Let us now take x € R. Applying inequality (A.2) of Lemma A.5 and, this time,
inequality (A.3) of Lemma A.6, we arrive at

M( $+\S(Ak))‘ P NIV E IS
M@ER(Ag)) | —

Note that \/|S(Ag)| < Cy/R(Ag) by (4.5). Thus, the previous inequality together
with (A.5) (written for € R) provide the estimate (4.13) for Wi (x), with z real.

The same reasoning provides the estimate for W. 0

Proof of Lemma A.1. The lower bound easily follows from assumption 5 by taking
n = 1.

To prove the upper bound, let us first observe that, for any k and n such that
|Ak| = |An|, we have, using assumption 4,

[R(AR)? = R(An)?| = [S(AR)* = S(An)?] < B2 (R(Ax) + R(An)),
so that
[R(Ax) — R(A,)| < 52

It follows that (using assumption 4 again)

Ak — Aul < [R(AR) = R(AL)| +S(Ae) — S(An)] < 62 +28V/]A4].

By using assumption 5, and the fact that k +n > k, we obtain

{ 52+2WIAT}

|k —n| < max
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Note that if k is such that 2~ +2ﬁ —— JAs| < g then /|Ax| < (5 )k and we are done. Let

us then deal with the k such that % VI >
Applying the previous estimate with n = A (JAx|) (which indeed satisfies |A,,| =
|Ak] by (3.5) and assumption 4), we deduce that

2 2 A
N<|Ak|><k+W<lAk|>—’“|<’“+%ﬁ’

and by assumption 6 we finally obtain

2
Al <at+ N(A) < k+ 2 +2£€v [Axl

For k large enough, we obtain

2 2
§\/|Ak| gk+f—k < <1+5—) k,

P

and the lemma is proved.

Proof of Lemma A.2. For the proof we will follow some ideas from [FR71] and
[Mil04] (see also [Red77]). Let us consider the counting function N associated with
the sequence {ay }n>1 given by (4.7):

Nry=#{n>1:a, <r}.
Observe that the sequence {ay, }n>0 can be written as

2 d d? 4
an:ao—i—% Vn>1 with Azi and aozﬁ—ﬁ,

and that ag > 0 since we assumed that 7 < d?/2. Thus, N(r) = 0 for r < a; and
N(r)=|AVr —ap] Vr>ay,

where we recall that |-| is the floor function. Note that

AVr — AJag < N(r) < Ayr Vr > 0.

These remarks in mind, we have

+oo 1 +° N(p too g —
TM—Z / ~dN(r / N g, </ e

- 72
n>1 1 1
+oo
2A
Y A
a1 r aq

where the last inequality is strict since ag # 0.
Proof of Lemma A.3. Given z € C, one has

+oo |Z|
log|f(2)| <) log (1+m> —/I log (1+7> AN ().

k>1 A1l=
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Taking into account lim;_, 1 oo N'(¢)/t = 0 (consequence of assumption 6) an inte-
gration by parts gives

[ s (1) avio - [ B

After the change of variable ¢ = |z|s, we obtain

o |y YD
/Al <|z|+t>N“’dt‘/Al/|z| G

From assumption 6, we conclude that

oo N(Jz]s) Fo0 1
\/|z/ ds—l—oz/ —ds
/An/z S(S+1 Adl /12l f s+1) Ax]- /12 8(s +1)
< pmy/|z| + alog (1 + |k||)

Since the function z € C — alog(l + |z|/|A1]) — 1/]2| is bounded on C, the
lemma is proved.

Repeating the arguments, we obtain the same estimate for f,.

Proof of Lemma A.4. To prove the result we are going to follow some ideas from
[LK71] and [FR75] (see also [FCGBAT10]).

First, note that

(A.6) f'(An) = _Ain 11 <1 - %:) Vn > 1.

Given n > 1, let us introduce the sets
Si(n) ={k #n:|Ak| <2|A,|} and Sa(n) = {k:|Ax| > 2|A.|}
and the infinite product

A,
(A7) Po=]] 1_A_k

k#n

Let us give a lower bound for the product P,. To this end, we split this product
into two parts using the sets S1(n) and Sa(n).
1. From the definition of S1(n) and using 5, we can write

II |- o= == 1II =5

k k
keSi(n) keSi(n) keSi(n)
|k—n|>q |[E—n|<q

2 |A | 2TAL]
kGSl n) kES1(n)
|[k—n|>gq |k—n|<q
where
A= inf |Ak — An| > 0.
k#n:|k—n|<q
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It follows that

A, — A
II i-7)= 11 5 ﬂﬁ+n)11 plk—nl(k+n)
k€S1(n) keS1(n) n k€S1(n)
[k—n|<q
Since
A ANt 1 1
Il 7x |><_) Il 5=z @reer ™20
kesy(n) PIP T Pa keS1(n) " nTa
[k—n|<q |[k—n|<q

we deduce that

— = — 1\2¢-1°
keS1im) [k —nl(k+n) — (2n+q—1)%
[k—n|<q

As |A,| > Cn? for every n > 1 (see (A.1)), we obtain

H A S o
heSi(n) |k —n|(k+n) — |An| 2
[k—n|<q

Let us define r, = #{k € Si(n) : k < n} and s, = #{k € S1(n) : k > n}.
From (A.1), we deduce that k +n > C'y/|A,| for any n,k > 1. Thus,

—g-1 P2\ 2 \"

(A.8) k€S1(n)
= C A, FPOPD wy > 1.

A"L
1_2n
Ay

Let us argue with 777(11). A similar reasoning will provide a lower bound for ”P,(f).
Observe that there exist two constants cg, c; > 0 such that

rl > ¢o (Z)T Vr>1
e
and
—c = ;gf(’)s(log s).

We can then write

(222 N s (2 )T
Po = <2|An|1/2> = O\ 2e[A, 172
2e|A,|'/? pyar pyar 2ecy
— n n 1 777, > et An 1/2 )
coesp |00 (i) s (2o ) 2 oo (5t
Putting this inequality (and the similar one for the product 731(12)) in (A.8) we obtain

(A.9) 11

keSh (n)

A

1-2

A Ze_cv|A"|_c Vn > 1.
k
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2. Let us now estimate the product (A.7) for k € S3(n) which we denote by P
Let ¢ > 0 be such that

(A.10) log(1 —s) > —cas Vs €[0,1/2].

Observe that, for k € S2(n) one has |A,|/|Ax] < 1/2, so that we can use (A.10) to
obtain

n 1 1
log PP > Y log (1 - M) > —colAn| D o = —calAn —dN(r)
k€S> (n) A b5z ¥ 2lAnl T
N(2]An]) / N(r) N(r)
=—c|lA|| ———7—+ dr | > —ca|An dr
2 |< 2|As| oAn- T2 2l 2)An- T

a+ p\r 2p
————dr = —cs|A, +
A~ T2 2| |<2|A | ‘/2|An|>

- —% — V2pea| A |2

vV

—c2| Ay

Putting (A.9) and this last inequality into (A.7), we deduce

Po=]] 1o Bel s peVIRT-C gy >,
k#n

k

Since |A,| > |A1] for every n > 1 (see assumption 4) we finally have
P, > e~ CVIrnl gy > 1.

This inequality and formula (A.6) provide the desired estimate. This ends the
proof.

Proof of Lemma A.5. For the proof we will follow some ideas from [FR71] and
[Mil04] (see also [Red77]). Let us first consider again the counting function N associ-
ated with the sequence {a,}n>1 given by (4.7):

N(ry=#{n>1:a, <r}.

Observe again that the sequence {a,}n>0 can be written as

n? ) d d? 4
(A.11) an:ao—i—p Vn>1 with Azi and aozﬁ—ﬁ,
and that ag > 0 since we assumed that 7 < d?/2. Thus, N(r) = 0 for r < a; and
(A.12) N(r) = |AVr —agp] Vr>ay,

We will often use that

AVr—AyJag < N(r) < Ayr Vr > 0.

Let us prove the inequality (A.2). Observe that M is an even function. So, we
will show (A.2) for z € (0, +00). From the definition (4.8) of M, one has

log |M(a)| = ) log :[mg(f) AN (r),

n>1 1

sin x/an
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where

e Since, g is nonincreasing on [0, 1), for any = € [0, a1] we have

2
log |M (z)| <log|M(0)] =0 < —dyz + dy/a1 < —dv/z + d—,
-

which gives the claim in that case.
e Assume now that z > a;. We write

log M) = 3 gle/an)+ 3 glafan) =1+

an<x an >

Since ¢ is negative and nonincreasing on [0, 1], the second sum J can be
bounded as follows:

J< Y glx/an) < ~[g(1/2)|(N(22) - N(x))

2x>an>x
< —lg(1/2)(AVZE a5 — 1 — AV —ap)

= 1901/2)| = Alg(1/2)| e e

l9(1/2)]
<lg(1/2)| - Amﬁ

In the first sum I, we use the inequality g(s) < —logs for any s > 0 to get

r<-% 1og(a;/an)=/: tog (7 dN(r):—/j@d

an<x
S/ l—A\/r—aodr

ai

¥ 1
log(x/al ( M — Qg Al r\/T—aO dT)

+oo
<log(z/a1) — 2A/x — ag + 2Av/a1 — ap + A\/ao/
1
—2AV/x + c1 Ay/ag + log(z) + 2

dr

<

2| =
|

—

with ¢; :2+f1+ s dr
Combining the two estlmates gives

log |M(z)] < —-A (2+ |1 1/5)_|) Vz +logx+ c1Av/ag + 2+ |g(1/2)).

Observe now that ag < d?/72, that 24 = d, and that the function

[ I(/)I

€ [0, +-o00[— — \/_\/_—i—log( x)+ 2+ |g(1/2)]
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is bounded by some number cs > 0 depending only on A = d/2. We finally
get the inequality

d2
log [ M (2)| < —dvz + 5= + e,

which gives the claim by using that 1 < %.
Proof of Lemma A.6. We start by observing that

sir.liy s1nhy >1 WyeR
vy Y

As a consequence, we obtain M(iy) > 1 for any y € R. Thus, we immediately get
(A.3).
We will now obtain the proof of (A.4) by adapting the proof of Lemma 6.3
of [FR71] to the sequence {a,},>1 given by (4.7). We set co = log v/3 > 0.
e Assume first that |y|/co < a;. Then, by using (A.3), we get

. d?
log |M(iy)| > 0 > mar|ly| — Tamrcoar = Ty — T™MC0—3
d? d?
> Tmlyl —co— VMSalz—g,
T Co T
and the claim is proved in that case.
e Assume now that |y|/co > a;. Observe that

sin(iy) 1 [e¥—eY _ elyl — e—lul w1 e 21yl
1y 2

= =e Yy # 0.
y 2|y| 2|y|

Thus, using the definitions (4.8) and (4.9) of M and s, we have

1 — e2lyl/an
(A.13) log | M (iy) |—ZM—|—21 (67) = tmlyl +Z,

n>1 n>1 2lyl/an

where the sequence {ay, }»>1 is given by (4.7).
In order to bound the series Z, we will use the inequalities
1—e 2

1—e? P
>e Y VYy>0 and — >

1
o > o =7 y > log V3 = ¢

So, for y € R with |y|/co > a1, one has
(A.14)
1 — e 2lyl/an

7= S () 2 2 2 2 «(5i7) =72

n>1 >
an>yl/co an<lyl/co

— Let us first bound from below Z; in the expression (A.14). One has

2|y T AN (r T AN (r
n=- Y Moy [Ty o
n>1 ang T yljeco T
an>lyl/co
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where ng > 1 is the smallest integer such that a,, > |y|/co and N(-)
is the counting function associated to the sequence {an }n>1 (see (A.11)
and (A.12)). Integrating by parts, we obtain

oo T N(r
Iy > =2yl | =N(r) +/ (2) dr]
r lyl/co  lyl/eo T
o0 —
> —2|y|A # dr
lyl/eco T
+oo
> —24y| r=2 dr,
lyl/co
that is to say,
(A.15) I > —40(1)/2A\/|y| Vg >a
0

— Let us deal with the second term Zy in (A.14) for |y| satisfying a; <
ly|/co. Using that for any r € [a1, |y|/co] one has r < 3|y| (co = log V/3),
we can write

L= 1Og<3| |) [ 1og(3| |)dN”

n>1 1
an<ly|/co

lyl/co r
2/ 10g<3| |> dN(r),
ap

where n; > 1 is the largest integer such that a,, < |y|/co.
Again, integrating by parts, we deduce

[yl/co /y/CO N(r)
- —dr

r

v ()

n
lyl/co —
AN

- T
ay

= —log(3co)N(Jyl/co) —

|y|/00 1
> ~log(3¢co) N(lyl/co) — A / Lar

\/F
> —A(2+ log(3co)) - VYl

In view of (A.13) and (A.14), this last inequality together with (A.15)
provides (co = log v/3)

log | M (iy)| > Tar|y| — c1dy/ 1yl

with ¢ = (1 + 2¢ + log(f&co)/Z)cgl/2
Owing to the previous calculations, we finally obtain the inequality (A.4). This
ends the proof.
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