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UNIFORM LOCAL NULL CONTROL OF THE LERAY-a MODEL *- **

FAGNER D. ARARUNA!, ENRIQUE FERNANDEZ-CARA? AND DIEGO A. Souzal?

Abstract. This paper deals with the distributed and boundary controllability of the so called Leray-a
model. This is a regularized variant of the Navier—Stokes system (« is a small positive parameter) that
can also be viewed as a model for turbulent flows. We prove that the Leray-o equations are locally
null controllable, with controls bounded independently of a. We also prove that, if the initial data are
sufficiently small, the controls converge as o« — 0" to a null control of the Navier—Stokes equations.
We also discuss some other related questions, such as global null controllability, local and global exact
controllability to the trajectories, etc.
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1. INTRODUCTION. THE MAIN RESULTS

Let 2 ¢ RV(N = 2,3) be a bounded connected open set whose boundary I is of class C?. Let w C £2 be a
(small) nonempty open set, let v C I" be a (small) nonempty open subset of I" and assume that 7' > 0. We will
use the notation @ = 2 x (0,T) and X' = I" x (0,T) and we will denote by n = n(x) the outward unit normal
to 2 at the points x € I'; spaces of RV-valued functions, as well as their elements, are represented by boldface
letters.

The Navier—Stokes system for a homogeneous viscous incompressible fluid (with unit density and unit kine-
matic viscosity) subject to homogeneous Dirichlet boundary conditions is given by

yi— Ay +(y-V)y+Vp=fin Q,

V.y=0 in Q,
y=0 on X, (1.1)
y(0) =yo n 2,

where y (the velocity field) and p (the pressure) are the unknowns, f = f(x,¢) is a forcing term and yo = yo(x)
is a prescribed initial velocity field.
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In order to prove the existence of a solution to the Navier—Stokes system, Leray in [26] had the idea of
creating a turbulence closure model without enhancing viscous dissipation. Thus, he introduced a “regularized”
variant of (1.1) by modifying the nonlinear term as follows:

yvi— Ay +(z-V)y+Vp=~£inQ,
V.y=0 in Q,

where y and z are related by
Z= Qo xy (12)

and ¢, is a smoothing kernel. At least formally, the Navier—Stokes equations are recovered in the limit as
a — 07, so that z — y.

In this paper, we will consider a special smoothing kernel, associated to the Stokes-like operator Id + oA,
where A is the Stokes operator (see Sect. 2). This leads to the following modification of the Navier—Stokes
equations, called the Leray-a« system (see [4]):

yvi—Ay+(z-V)y+Vp=~fin Q,

z—a?Az+Vn=y in Q,
V.y=0,V-z=0 in Q, (1.3)
y=z=0 on Y,
y(0) =yo in 0.

In almost all previous works found in the literature, {2 is either the N-dimensional torus and the PDE’s
in (1.3) are completed with periodic boundary conditions or the whole space RY. Then, z satisfies an equation
of the kind

z—a’Az =y (1.4)

and the model is (apparently) slightly different from (1.3). However, since V -y = 0, it is easy to see that (1.4),
in these cases, is equivalent to the equation satisfied by z and 7 in (1.3).

It has been shown in [4] that, at least for periodic boundary conditions, the numerical solution of the equations
in (1.3) matches successfully with empirical data from turbulent channel and pipe flows for a wide range of
Reynolds numbers. Accordingly, the Leray-a system has become preferable to other turbulence models, since
the associated computational cost is lower and no introduction of ad hoc parameters is required.

In [19], the authors have compared the numerical solutions of three different a-models useful in turbulence
modelling (in terms of the Reynolds number associated to a Navier—Stokes velocity field). The results improve
as one passes from the Navier—Stokes equations to these models and clearly show that the Leray-« system
has the best performance. Therefore, it seems quite natural to carry out a theoretical analysis of the solutions
to (1.3).

We will be concerned with the following controlled systems

yvi— Ay + (z-V)y + Vp=vl, in Q,

z—a?Az+Vr =y in Q,
V-y=0,V-z=0 in Q, (1.5)
y=z=0 on X/,
y(0) = yo in £,
and
yt— Ay +(z-V)y+Vp=0in Q,
z—a’Az+Vr=y in Q,
V.y=0,V-z=0 in Q, (1.6)
y=z=hl, on X,

yv(0) = yo in £2,
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where v = v(x,t) (respectively h = h(x,t)) stands for the control, assumed to act only in the (small) set
w (respectively on ) during the whole time interval (0,7). The symbol 1, (respectively 1,) stands for the
characteristic function of w (respectively of 7).

In the applications, the internal control v1, can be viewed as a gravitational or electromagnetic field. The
boundary control hl, is the trace of the velocity field on X.

Remark 1.1. It is completely natural to suppose that y and z satisfy the same boundary conditions on X
since, in the limit, we should have z = y. Consequently, we will assume that the boundary control hl, acts
simultaneously on both variables y and z.

In what follows, (-,-) and || - || denote the usual L? scalar products and norms (in L?(£2), L?(£2), L*(Q), etc.)
and K, C, Cq, Ca, ... denote various positive constants (usually depending on w, 2 and T'). Let us recall the
definitions of some usual spaces in the context of incompressible fluids:

H={uel?2):V-u=0in2, un=0on1},
V={ueH|):V-u=0in2}.

Note that, for every yo € H and every v € L?(w x (0,T)), there exists a unique solution (y, p,z, 7) for (1.5)
that satisfies (among other things)
y,z € C°([0, T); H);

see Proposition 1.2 below. This is in contrast with the lack of uniqueness of the Navier—Stokes system when
N =3.

The main goals of this paper are to analyze the controllability properties of (1.5) and (1.6) and determine
the way they depend on o as o — 0F.

The null controllability problem for (1.5) at time 7' > 0 is the following:

For any yo € H, find v € L?(w x (0,T)) such that the corresponding state (the corresponding solution
to (1.5)) satisfies

y(T)=0 in (. (1.7)
The null controllability problem for (1.6) at time T > 0 is the following:

For any yo € H, find h € L2(0, T; H'/2(v)) with f"/h -ndl’ = 0 and an associated state (the corre-
sponding solution to (1.6)) satisfying

y,z € C% ([0, T];L*(£2))
and (1.7).

Recall that, in the context of the Navier—Stokes equations, Lions conjectured in [27] the global distributed
and boundary approximate controllability; since then, the controllability of these equations has been intensively
studied, but for the moment only partial results are known.

Thus, the global approximate controllability of the two-dimensional Navier—Stokes equations with Navier
slip boundary conditions was obtained by Coron in [6]. Also, by combining results concerning global and local
controllability, the global null controllability for the Navier—Stokes system on a two-dimensional manifold
without boundary was established in Coron and Fursikov [7]; see also Guerrero et al. [24] for another global
controllability result.

The local exact controllability to bounded trajectories has been obtained by Fursikov and Imanuvilov [17,18],
Imanuvilov [25] and Ferndndez-Cara et al. [13] under various circumstances; see Guerrero [22] and Gonzdlez-
Burgos et al. [21] for similar results related to the Boussinesq system. Let us also mention [3,8,9,14], where
analogous results are obtained with a reduced number of scalar controls.

For the (simplified) one-dimensional viscous Burgers model, positive and negative results can be found
in [12,20,23]; see also [11], where the authors consider the one-dimensional compressible Navier—Stokes system.
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Our first main result in this paper is the following:

Theorem 1.2. There exists € > 0 (independent of «) such that, for each yo € H with ||yo|| < €, there exist
controls v, € L>®(0,T;L?(w)) such that the associated solutions to (1.5) fulfill (1.7). Furthermore, these
controls can be found satisfying the estimate

[VallLe(wz) < C, (1.8)
where C' is also independent of «.

Our second main result is the analog of Theorem 1.2 in the framework of boundary controllability. It is the
following:

Theorem 1.3. There exists 6 > 0 (independent of «) such that, for each yo € H with ||yo| < 6, there exist
controls h, € L>®(0,T; H™2(v)) with f7 h, - ndl’ = 0 and associated solutions to (1.6) that fulfill (1.7).
Furthermore, these controls can be found satisfying the estimate

[hallpee(-1/2) < C, (1.9)
where C' is also independent of «.

The proofs rely on suitable fixed-point arguments. The underlying idea has applied to many other nonlinear
control problems. However, in the present cases, we find two specific difficulties:

e In order to find spaces and fixed-point mappings appropriate for Schauder’s Theorem, the initial state
yo must be regular enough. Consequently, we have to establish regularizing properties for (1.5) and (1.6);
see Lemmas 2.7 and 4.2 below.

e For the proof of the uniform estimates (1.8) and (1.9), careful estimates of the null controls and associated
states of some particular linear problems are needed.

We will also prove results concerning the controllability in the limit, as o — 0T. It will be shown that the
null-controls for (1.5) can be chosen in such a way that they converge to null-controls for the Navier—Stokes
system
yi— Ay +(y-V)y +Vp=vl, in Q,
V-y=0 in Q,
y=0 on X,
y(0) =yo in 0.

(1.10)

Also, it will be seen that the null-controls for (1.6) can be chosen such that they converge to boundary
null-controls for the Navier—Stokes system

yt— Ay +(y-V)y+Vp=0in Q,
V.y=0 in Q,
y =hl, on X,
y(0) =yo in 0.

(1.11)

More precisely, our third and fourth main results are the following:

Theorem 1.4. Let € > 0 be furnished by Theorem 1.2. Assume that yo € H and ||yo|| < €, let vy be a null
control for (1.5) satisfying (1.8) and let (Yu, PasZa, Ta) be the associated state. Then, at least for a subsequence,

one has
Vo — v weakly-x in L>(0,T; L?(w)),
Zo —y and yo — 'y strongly in L?(Q),

as a — 0T, where (y,v) is, together with some p, a state-control pair for (1.10) satisfying (1.7).
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Theorem 1.5. Let 6 > 0 be furnished by Theorem 1.3. Assume that yo € H and ||yo| < 0, let h, be a null
control for (1.6) satisfying (1.9) and let (Ya, PasZa, Ta) be the associated state. Then, at least for a subsequence,

one has
h, — h weakly-+ in L>°(0,T; H=/?()),
Zo —y and yo — y strongly in L?(Q),
as o — 0, where (y,h) is, together with some p, a state-control pair for (1.11) satisfying (1.7).
The rest of this paper is organized as follows. In Section 2, we will recall some properties of the Stokes
operator and we will prove some results concerning the existence, uniqueness and regularity of the solution

0 (1.3). Section 3 deals with the proofs of Theorems 1.2 and 1.4. Section 4 deals with the proofs of Theorems 1.3
and 1.5. Finally, in Section 5, we present some additional comments and open questions.

2. PRELIMINARIES

In this section, we will recall some properties of the Stokes operator. Then, we will prove that the Leray-a
system is well-posed. Also, we will recall the Carleman inequalities and null controllability properties of the
Oseen system.

2.1. The Stokes operator

Let P : L2(£2) — H be the orthogonal projector, usually known as the Leray Projector. Recall that P maps
H?(2) into H*(£2) " H for all s > 0.

We will denote by A the Stokes operator, i.e. the self-adjoint operator in H formally given by A = —PA.
For any u € D(A) := VN H2%(2) and any w € H, the identity Au = w holds if and only if

(Vu,Vv) = (w,v) VveV.

It is well-known that A : D(A) — H can be inverted and its inverse A~ is self-adjoint, compact and positive.
Consequently, there exists a nondecreasing sequence of positive numbers A; and an associated orthonormal basis

of H, denoted by (w;)52,, such that

AWj = )\jo Vj Z 1.

Accordingly we can introduce the real powers of the Stokes operator. Thus, for any r € R, we set

oo oo
DA")=dueH:u= Zujwj, with ZA?W%F < 400
j=1 j=1
and
oo (oo}
A"u = Z/\;ujwj, Yu= ZUJ‘W]‘ S D(Ar)
j=1 j=1
Let us present a result concerning the domains of the powers of the Stokes operator.

Theorem 2.1. Let r € R be given, with —% <r<1. Then

D(A™?) =H"(2)NH whenever — = <71 <

b

DN | =

1
2
1
D(AT/Q) =Hy(2) "H whenever 3 <r<l1.

Moreover, u — (u, A™u)'/? is a Hilbertian norm in D(A"/?), equivalent to the usual Sobolev H" -norm. In other
words, there exist constants c1(r), ca(r) > 0 such that

cr(M)|luller < (v, ATa)Y? < eo(r)||ul|lgr Yu € D(AT/?).
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The proof of Theorem 2.1 can be found in [16]. Notice that, in view of the interpolation K-method of Lions
and Peetre, we have D(A"/?) = D((—A)"/?) N H. Hence, thanks to an explicit description of D((—A)"/?), the
stated result holds.

Now, we are going to recall an important property of the semigroup of contractions e
see [15]:

—tA generated by A,

Theorem 2.2. For any r > 0, there exists C(r) > 0 such that
A" ™| sy < C(r)t™" Vit > 0. (2.1)

In order to prove (2.1), it suffices to observe that, for any u = 37> u;w; € H, one has

J

ATe hu = E Aje” Niuw

Consequently,

2
||AT‘ —tAu||2 Z|)\T _fA7u | (maX/\r ) Hu||2

and, since max Ne™t = (r/e)" t77, we get easily (2.1).
€

2.2. Well-posedness for the Leray-a system

Let us see that, for any a > 0, under some reasonable conditions on f and yo, the Leray-a system (1.3)
possesses a unique global weak solution. Before this, let us introduce oy given by

[2 ifN=2,
IN=14/3 if N=3.

Then, we have the following result:

Proposition 2.3. Assume that o > 0 is fized. Then, for any £ € L*(0,T; H~*(£2)) and any yo € H, there
exists exactly one solution (Yu,Pa,ZasTa) to (1.3), with

Ya € L*(0,7;V) N C°([0,T];H), (ya): € L*(0,T; V'),

f (2.2)
z, € L?(0,T; D(A%?)) n C°([0, T]; D(A)).
Furthermore, the following estimates hold:
lyallzzevy + [Iyallcoqo,msey < CBo(yo, f),
|(Ya)tllLon vy < CBo(yo, f)(1 + Bo(yo, f)), 23

(o, 1)
(yo. )
|Zal17 o (51) + 202(|Zal| 7 (vy < CBo(yo, f)?,
207|217 o (v + a4Hz0¢||L°C(D(A)) < CBo(yo, ).

Here, C is independent of o and we have introduced the notation

Bo(yo,f) == llyol + [Ifl|z2—
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Proof. The proof follows classical and rather well-known arguments; see for instance [10,30]. For completeness,
they will be recalled.
e EXISTENCE: We will reduce the proof to the search of a fixed point of an appropriate mapping A,°.
Thus, for each ¥ € L?(0,T;H), let (z, ) be the unique solution to

z—a’Az+Vr=yin Q,
V-z=0 in Q,
z=0 on Y.

It is clear that z € L?(0,T; D(A)) and then, thanks to the Sobolev embedding, we have z € L%(0, T; L°°(£2)).
Moreover, the following estimates are satisfied:

121 + 20?2l 72 vy < 7117,
2022|1720y + @M llz2ll 72 peay) < 1T
From this z, we can obtain the unique solution (y,p) to the linear system of the Oseen kind

yi —Ay+(z-V)y+Vp=~Ffin Q,

V.-y=0 in Q,
y=0 on X,
yv(0) =yo in £2.

Since f € L?(0,T; H 1(£2)) and y, € H, it is clear that
y € L*(0,T; V)N C°([0,T]; H), y: € L*(0,T; V)
and the following estimates hold:

Iyllcoqo.rm) + 1¥llLecvy < CiBo(yo, f), (2.4)
Iyellzzcvy < Ca(1+ |lzllL2(p(ay)Bo(yo, f) < Ca(1+ a2|[7])) Bo(yo, £).
Now, we introduce the Banach space
W = {w e L*0,T; V) :w; € L*(0,T; V')},
the closed ball
K ={ye L*0,T;H) : |y]| < C:VTBy(yo,f) }

and the mapping A,, with A, (¥) =y, for all ¥ € L?(0,T; H). Obviously Aq, is well-defined and maps continu-
ously the whole space L?(0,T; H) into W N K.

Notice that any bounded set of W is relatively compact in the space L?(0,T;H), in view of the classical
results of the Aubin—Lions kind, see for instance [28].

Let us denote by A, the restriction to K of A,. Then, thanks to (2.4), A, maps K into itself. Moreover, it
is clear that A, : K — K satisfies the hypotheses of Schauder’s Theorem. Consequently, A, possesses at least
one fixed point in K.

This immediately achieves the proof of the existence of a solution satisfying (2.2).

The estimates (2.3),, (2.3),. and (2.3), are obvious. On the other hand,

[(¥a)illLon vy < C (Il L2a-1) + I¥allz2ov) + (2o - V)yallLon @-1)
< C (Bo(yo, f) + ||z

< C [Bo(yo, f) + (I2all Lo m) + [1Zall2v)) (IVallzoe @) + yallzov))]
< CBy(yo,f)(1 + Bo(yo,T)),

Lov @) [|yal LSN(L4))

3 Alternatively, we can prove the existence of a solution by introducing adequate Galerkin approximations and applying (classical)
compactness arguments.
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where sy = 20 y. Here, the third inequality is a consequence of the continuous embedding
L0, T;H) N L2(0,T; V) — L~ (0,T; L*(02)).

This estimate completes the proof of (2.3).

e UNIQUENESS: Let (Ya,PasZasTa) and (y5,,0 4,20, 7o) be two solutions to (1.3) and let us introduce
U:i=yo—Yh, ¢ =Da— Db, M :=2, — 2z, and h = m, — 7,. Then

u — Au+ (2o - V)u+Vg=—(m-V)y, in Q,

m— o’Am + Vh =u in Q,
V-u=0,V-m=0 in Q,
u=m=20 on Y,
u(0) =0 in 0.

Since u € L*>(0,T;H), we have m € L*>(0,T;D(A)) (where the estimate of this norm depends on «).
Therefore, we easily deduce from the first equation of the previous system that

5l + [ Vul* < fm]o || Vyg [l ull

for all t. Since ||m||o < C|lm||pa) < Ca?|lul, we get

1d -
Sl + [Vl < Ca~? Tyl

Therefore, in view of Gronwall’s Lemma, we see that u = 0. Accordingly, we also have m = 0 and uniqueness
holds. g

We are now going to present some results concerning the existence and uniqueness of a strong solution. We
start with a global result in the two-dimensional case.

Proposition 2.4. Assume that N =2 and o > 0 is fized. Then, for any £ € L?(0,T;L?(82)) and any yo € V,
there exists exactly one solution (Yo, Pa,Za,Ta) to (1.3), with

Ya € L*(0,T; D(A)) N C°([0,T}; V), (ya): € L*(0,T; H),

(2.5)
zo € L?(0,T; D(A?)) N C°([0,T]; D(A%/?)).
Furthermore, the following estimates hold:
[(¥a)ell + lyallcoqomvy + Iallzzpay) < Billlyollv, [If]), (26)

HZ(’”:)CO([O,T];V) + 2CV2||ZozHzco([o,T];D(A)) < HYaH%’O([O,T];V)v
where we have introduced the notation
Bi(r,s) == (r+s)[1+(r+ 5)2] QO +s?)?

Proof. First, thanks to Proposition 2.3, we see that there exists a unique weak solution (Y, Pa, Za, 7o) satisfy-
ing (2.2), and (2.3). In particular, z, € L?(0,7;V) and we have

[Za(®)]l < lya(@)] and [za(®)]v < [lya()lv, Vte[0,T].
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As usual, we will just check that good estimates can be obtained for y,, (ya): and z,. Thus, we assume that
it is possible to multiply by —Ay, the motion equation satisfied by y,. Taking into account that N = 2, we
obtain:

1d
§E||vy0”2 + ”AYOzHZ = - (f’ AYa) + ((Za : V)YaaAYa)
1 1/2 1/2 :
< 1 + 1850l + lza "2 20 v 1yelv | Aya /2
1
< 17 + S14Ayall® + Cllzal?llza 5 yal%-
Therefore,
d
1 Vyel® + 14yal* < C[IEI* + (Iyal*Ilyal)IVyal®] -
In view of Gronwall’s Lemma and the estimates in Proposition 2.3, we easily deduce (2.5) and (2.6). O

Notice that, in this two-dimensional case, the strong estimates for y,, in (2.6) are independent of «; obviously,
we cannot expect the same when N = 3.
In the three-dimensional case, what we obtain is the following:

Proposition 2.5. Assume that N =3 and « > 0 is fived. Then, for any f € L*(0,T;L?(£2)) and any yo € V,
there exists exactly one solution (Yo, Pa,Za,Ta) to (1.3), with

Yo € L*(0,T; D(A)) N C°([0,T); V), (ya): € L*(0,T;H),
7z, € L*(0,T; D(A%)) N C°([0,T]; D(A%/?)).

Furthermore, the following estimates hold:

[YallL=vy + [I¥allzzpay + [(ya)ell < Ba(llyollv, [If]l, @), 27)

1Za 170 vy + 20%1Zal T (pea)) < [VallZoe vy,

where we have introduced
—4 2
By(r,s,0) := C(r + 5)e¢> ()7,

Proof. Thanks to Proposition 2.3, there exists a unique weak solution (ya, Pa, Za, 7o) satisfying (2.2) and (2.3).
In particular, we obtain that z, € L*>°(Q), with

C
1Zalloc < =5 (lyoller + I£]l L2a-1)) -

On the other hand, yo € V. Hence, from the usual (parabolic) regularity results for Oseen systems, the
solution to (1.3) is more regular, i.e. y, € L*(0,T; D(A)) N C°([0,T); V) and (y4): € L?*(0,T; H). Moreover,
Yo verifies the first estimate in (2.7). This achieves the proof. O

Let us now provide a result concerning three-dimensional strong solutions corresponding to small data, with
estimates independent of a:

Proposition 2.6. Assume that N = 3. There exists Cy > 0 such that, for any o > 0, any £ € L>(0, T;L?(12))
and any yo € V with

_ 2 2/3 1
M = max { | Vol %, £172 g } < T (2.8)
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the Leray-a system (1.3) possesses a unique solution (Yo, Pa,Za,Ta) Satisfying

Ya € L*(0,T; D(A)) N C°([0,T}; V), (va): € L*(0,T; H),
2o € L*(0,T; D(A)) N C°([0,T]; V).

Furthermore, in that case, the following estimates hold:

”yaH%’D([O,T];V) + Hyoé||2L2(D(A)) < B3(M,T), (2.9)
1Za |20 o 71wy + 202 12allZ2(p(ay) < 1VallZoo vy,

where we have introduced

3
B3(M,T):=2 | M3+ M + C,T M
V1 —=2(1+ Co)M2T

Proof. The proof is very similar to the proof of the existence of a local in time strong solution to the
Navier—Stokes system; see for instance [5,30].

As before, there exists a unique weak solution (ya, Pa,Za, To) and this solution satisfies (2.2) and (2.3).

By multiplying by Ay, the motion equation satisfied by y., we see that

9 dtHVYa‘lz + HAYa||2 = (f’ AYa) - ((Za : V)Y(MAYQ)

1 1
< Sl + S1Ayal® + llzallusl| Vyaluel Ayl
1 1 1/2 :
< SIEI7 + 5145l + Cllzallvlyaly® | Ayval*.
Then,
d 1
IVyel® + Sl1Ayal® < I£17 + Coll Vyal®, (2.10)

for some Cy > 0.
Let us see that, under the assumption (2.8), we have

M
/1 =2(1+Co)MT’

IVyal?® < vt € [0, 7). (2.11)

Indeed, let us introduce the real-valued function 1 given by
(t) = max {M, |Vya(t)|I*}, Vte[o,T].
Then, v is almost everywhere differentiable and, in view of (2.8) and (2.10), one has

dv

Therefore,
M _ M
V1=2(1+Co)M2t ~— /1 —-2(1+ Co)M2T

and, since |[Vya||? <4, (2.11) holds. From this estimate, it is very easy to deduce (2.9). O

P(t) <
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The following lemma is inspired by a result by Constantin and Foias for the Navier—Stokes equations, see [5]:

Lemma 2.7. There exists a continuous function ¢ : Ry +— Ry, with ¢(s) — 0 as s — 0T, satisfying the
following properties:

a) For f = 0, any yo € H and any o > 0, there exist arbitrarily small times t* € (0,7/2) such that the
corresponding solution to (1.3) satisfies HYa(t*)H%(A) < o(|lyoll)-
b) The set of these t* has positive measure.

Proof. We are only going to consider the three-dimensional case; the proof in the two-dimensional case is very
similar and even easier.
The proof consists of several steps:

e Let us first see that, for any k& > 3/2 and any 7 € (0,7/2], the set

Ra(tr)i= { £ 071 195001 < £ ol |

is non-empty and its measure |R, (k, 7)| satisfies |R, (k,7)| > 7/k.
Obviously, we can assume that yo # 0. Now, if we suppose that |R,(k,7)| < 7/k, we have:

T k
241> 2 44 > T\ F 2
LivvaoRas [ eyaoa (- 1) Sl

a\l,

1
= (k= Dlyoll* > 5llyol*

But, since f = 0 in (1.3), we also have the following estimate:

T 1 T 1
[ 1901 @t < Slyatol + [ 19ya @17 dt = 3ol

So, we get a contradiction and, necessarily, | R, (k, )| > 7/k.
e Let us choose 7 € (0,7/2], k > 3/2, tg,a € Ra(k,7) and
72 P 372
L+ Co)k2[lyol***  8((1 + Co)k2[lyoll*]”

T t
a € l:O,a+4((

where Cp is the constant furnished by Proposition 2.6. Since ||[Vya(to,o)||? < £ |lyo||?, there exists exactly

one strong solution to (1.3) in [tg a, T starting from yq(to,«) at time ¢g o and satisfying
2 _ 2k 2 I
IVya @I < —llyoll”, vt € [fo.a, Tal.

Obviously, it can be assumed that T, < T
Let us introduce the set

_ E\?
Guoltoa, k,7) = {t € [toa, Tal: |Aya(t)]? < 65(1+ Cp) (;) llyoll® } .
Then, again G (to,a, k, 7) is non-empty and possesses positive measure. More precisely, one has

72

(1+ Co)k2[[yoll*

|Galto.ar b, 7)| 2 (2.12)
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Indeed, otherwise we would get

1 [Ta 1
—/ ||Aya<t>||2dtz—/ | Aya(6)]1? dt
2 to,a 2 Ga(to,a k,m)°
— 72 E?
>65(Ty—tgo— 14+ 0Co)( = 6
> 65 (Totoa s cpapyar) 0+ 07 o
65k, 5. k.o
> > 4— .
> PRyl > 4% ol

However, arguing as in the proof of Proposition 2.6, we also have
1 [Te — 1 [Te
5 [ 14va@IPde < [Vya@a)P+ 5 [ 1aya) de

2 to,a to,a

Ta
< IVyalton)] + Co / IVya (b)][° dt
1o,

IA

k k 3 k
Elyol2 +8 <—|Yo||2> (T — to0) < 45 1y0 ]2
T T T

Consequently, we arrive again to a contradiction and this proves (2.12).
e Let us fix 7 € (0,7/2] and k > 3/2. We can now define ¢ : Ry — Ry as follows:
13
ng(s) = 65(1 + C()); 86.

Then, as a consequence of the previous steps, the set

{t* €[0,7/2]: |[Aya(t*)]* < 6(llyol) }

is non-empty and it measure is bounded from below by a positive quantity independent of «. This ends the
proof. O

We will end this section with some estimates:

Lemma 2.8. Let s € [1,2] be given, and let us assume that £ € H*(£2). Then there exist unique functions
u € D(A%/?) and 7 € H*™' (r is unique up to a constant) such that

u—a?Au+ Vr = o?Af in (2,
V-u=0 in §2, (2.13)
u=20 on I’

and there exists a constant C = C(s, §2) independent of a such that
[ullpeasr2y < Clifllas()- (2.14)

Moreover, by interpolation arguments, £ € H*(£2), s € (m, m+1) then there exist unique functions u € D(A%/?)
and 7 € H*Y(2) (7 is unique up to a constant) which are solution of the problem above and there exists a
constant C' = C(m, §2) such that

[ullpeasr2y < Clifllas()- (2.15)

When s is an integer (s = 1 or s = 2), the proof can be obtained by adapting the proof of Proposition 2.3
in [30]. For other values of s, it suffices to use a classical interpolation argument (see [29]).
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2.3. Carleman inequalities and null controllability

In this subsection, we will recall some Carleman inequalities and a null controllability result for the Oseen
system

ye— Ay + (h-V)y +Vp=vl,in Q,

V.y=0 in Q,

y=0 on X,

y(0) = yo in 2,

(2.16)

where h = h(x, t) is given. The null controllability problem for (2.16) at time 7" > 0 is the following:
For any yo € H, find v € L*(w x (0,T)) such that the associated solution to (2.16) satisfies (1.7).
We have the following result from [13] (see also [25]):

Theorem 2.9. Assume that h € L>®(Q) and V - h = 0. Then, the linear system (2.16) is null-controllable at
any time T > 0. More precisely, for each yo € H there exists v € L>(0,T;L?(w)) such that the corresponding
solution to (2.16) satisfies (1.7). Furthermore, the control v can be chosen satisfying the estimate

2
VIl 2o ey < eIy, (2.17)
where K only depends on 2, w and T.

The proof is a consequence of an appropriate Carleman inequality for the adjoint system of (2.16).
More precisely, let us consider the backwards in time system

—p;—Ap—(h-V)p+Vg=Gin Q,

V-p=0 in Q,
s :""0 o g (2.18)
©(T) = ¢q, in £2.

The following result is established in [13]:

Proposition 2.10. Assume that h € L>(Q) and V - h = 0. There exist positive continuous functions «, o*,

a, & & andé and positive constants §, \ and 6, only depending on 2 and w, such that, for any ¢, € H and
any G € L%(Q), the solution to the adjoint system (2.18) satisfies:

/ / e 250 [s71e (g, 2 + | Agf?) + sEN2 Vol + $3€30Y 2] dxcdt
Q

§6(1+T2) (815/2)\20 //Qe4sd+25a*§*15/2|(;|2 dx dt (219)

+816)\40 // (O T) e—88@+63(1*£*16|<p‘2 dth),
wx (0,

for all s > 3(T* +T%) and for all X > 5\(1 + ||h|e + ej‘T“h“io)

Now, we are going to construct the a null-control for (2.16) like in [13]. First, let us introduce the auxiliary

extremal problem
1
Minimize — // P2ly|? dx dt + // pE|v|* dx dt
2 { o wx (0.T) 0 (2.20)

Subject to (y,v) € M(yo,T),
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where the linear manifold M(yq,T) is given by
M(yo,T) = { (y,v) : v € L3(w x (0,T)), (y,p) solves (2.16) }

and p, po are respectively given by

W 15/4y— A—sat px—15/4 A 8y A—3sa* ok —8
p=s 10/4)\ 10625(1 sa 5* 5/ . po=s BA 2064504 3sa 5* )

It can be proved that (2.20) possesses exactly one solution (y,v) satisfying

K(1+|/h|

2
[Vliz2@ewy) <e =)|yoll,

where K only depends on {2, w and T'.
Moreover, thanks to the Euler—Lagrange characterization, the solution to the extremal problem (2.20) is
given by
A2

y=p (¢, —Ap — (h-V)p +Vq) and v =—p; ¢l
From the Carleman inequality (2.19), we can conclude that p; ‘¢ € L>(0,T;L2(§2)) and

15 "l L2y < Clidg el L2z (w))s

where py = s'/2£1/2e5
Hence,

v =—(po) 2l = —(pg 2p2)(p3 ' plu) € L(0, T; L*(2))
and, therefore,

2
) < eK(IHIhHm)HyOH_

IVl @2y < Clvlize@we(w
3. THE DISTRIBUTED CASE: THEOREMS 1.2 AND 1.4

This section is devoted to prove the local null controllability of (1.5) and the uniform controllability property
in Theorem 1.4.

Proof of Theorem 1.2. We will use a fixed point argument. Contrarily to the case of the Navier—Stokes equations,
it is not sufficient to work here with controls in L?(w x (0,7T)). Indeed, we need a space Y for y that ensures
z in L>°(Q) and a space X for v guaranteeing that the solution to (2.16) with h = z belongs to a compact set
of Y. Furthermore, we want estimates in Y and X independent of «.

In view of Lemma 2.7, in order to prove Theorem 1.2, we just need to consider the case in which the initial
state yo belongs to D(A) and possesses a sufficiently small norm in D(A).

Let us fix o with N/4 < o < 1. Then, for each y € L>(0,T; D(A?)), let (z,7) be the unique solution to

z—a’Az+Vr=yin Q,
V-z=0 in Q,
z=0 on .

Since y € L*(0,T; D(A?)), it is clear that z € L*(0,T;D(A)). Then, thanks to Theorem 2.1, we have
z € L*°(Q) and the following is satisfied:

HZH%‘X’(O,T;D(A”)) +2a2||z||%m(D(A1/2+ﬂ)) < ”S’H%‘X’(O,T;D(A”))a
20,112 4y, 112 <12 (3.1)
20 HZHLOO(D(A1/2+0)) +a ||Z||Loc(D(A1+a)) < HYHL‘X’(O,T;D(A”))'

In particular, we have:
2]l Lo 0, 7:D(Aa7)) < 1YL (0,7:D(A7))-
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Let us consider the system (2.16) with h replaced by z. In view of Theorem 2.9, we can associate to z the
null control v of minimal norm in L>(0,T;L?(w)) and the corresponding solution (y,p) to (2.16).
Since yo € D(A), z € L*(Q) and v € L>=(0,T;L?*(w)), we have

y € L*(0,T; D(A) nC°([0,T]; V), y: € L*(0,T; H)
and the following estimate holds:
P 2
el Zzcen + 1¥172(pay + V17 <y <C (HYOH%/ + HVH%M(L?@)))) eClizlle (3.2)

We will use the following result:

Lemma 3.1. One hasy € L*>(0,T; D(A"/)), for all o’ € (0,1), with
=112
¥l 2o (pasy) < Cllyollpea) + [V oo (L2 ) ) ¥ o= oaen

Proof. In view of (2.16), y solves the following abstract initial value problem:

{Yt =—Ay —P((z-V)y) + P(vl,) in [0,T7,
y(0) = yo.

This system can be rewritten as the nonlinear integral equation
t t
y(t) = e Ay, — / e t=IAP((z- V)y)(s) ds —l—/ e~ =9AP(v1,)(s) ds.
0 0
Consequently, applying the operator A" to both sides, we have
t
A%y(t) = A7 Ayo + / A7 e ETIM 2 P((z- V)y)(s) + P(V1,)(s)] ds.
0
Taking norms in both sides and using Theorem 2.2, we see that
’ t ’
A7 y[I(#) < lIyoll p(ary +/O (t—)"7 [llz(s)loc[Vy(s)]| + Iv(s)Lol] ds
t
< Cliyollpay + (12llsc [yl Lo (v) + ||VHL°°(L2(w)))/O (t—s)"7 ds.

Now, using (3.1) and (3.2) and taking into account that o’ < 1, we easily obtain that

’ - 5112
1A% Y1) < Cllyollna) + IVlz=@eeon) [L+ 17l (parye ¥ li=wean] .
This ends the proof. a

Now, let us set ,
W ={w e L®0,T;D(A”)) : w; € L*(0,T; H) }

and let us consider the closed ball
K={y e L>*0,T;D(A%)) : [[¥llL=n(a-y) <1}

and the mapping A, with /Ia(y) =y forally € L*°(0,7; D(A7)). Obviously, A, is well-defined; furthermore,
in view of Lemma 3.1 and equation (3.2), it maps the whole space L>°(0,T; D(A?)) into W.
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Notice that, if U is bounded set of W then it is relatively compact in the space L*°(0,T; D(A7)), in view of
the classical results of the Aubin—Lions kind, see for instance [28].

Let us denote by A, the restriction to K of A,. Then, thanks to Lemma 3.1 and (2.17), if lyollpay < ¢
(independent of a!) A, maps K into itself. Moreover, it is clear that A, : K — K satisfies the hypotheses of
Schauder’s Theorem. Indeed, this nonlinear mapping is continuous and compact (the latter is a consequence of
the fact that, if B is bounded in L>(0,T; D(A?)), then A, (B) is bounded in W). Consequently, A, possesses
at least one fixed point in K, and this ends the proof of Theorem 1.2. O

Proof of Theorem 1.4. Let v, be a null control for (1.5) satisfying (1.8) and let (ya,DasZa,Ta) be the state
associated to v,. From (1.8) and the estimates (2.3) for the solutions yq, there exist v € L (0,7 L?(w)) and
y € L>(0,T;H)N L?(0,T; V) with y, € Lo~ (0,T; V') such that, at least for a subsequence

Vo — v weakly-x in L™ (0, T; L*(w)) ,
Yo — y weakly-x in L> (0, 7;H) and weakly in L? (0,T;V),
(Ya)t — y¢ weakly in L7V (0,T;V').
Since W := {m € L? (0,75 V) : my € L°(0,7;V')} is continuously and compactly embedded in L?(Q), we

have that
Yo — y in L?(Q) and a.e.

This is sufficient to pass to the limit in the equations satisfied by y., v, and z,. We conclude that y is, together
with some pressure p, a solution to the Navier—Stokes equations associated to a control v and satisfies (1.7). O

4. THE BOUNDARY CASE: THEOREMS 1.3 AND 1.5

This section is devoted to prove the local boundary null controllability of (1.6) and the uniform controllability
property in Theorem 1.5.

Proof of Theorem 1.3. Again, we will use a fixed point argument. Contrarily to the case of distributed control-
lability, we will have to work in a space Y of functions defined in an extended domain.

Let 2 be given, with 2 C 2 and 2N = I'\ v such that 82 is of class C2 (sce Fig. 1). Let w C 2\ 2 be
a non-empty open subset and let us introduce Q 2% (0,T) and X := 2 x (0,T). The spaces and operators
associate to the domain £2 will be denoted by H V A7 ete.

Remark 4.1. In view of Lemma 2.7, for the Proof of Theorem 1.3 we just need to consider the case in which
the initial state yo belongs to V and possesses a sufficiently small norm in V. Indeed, we only have to take
initially h, = 0 and apply Lemma 2.7 to the solution to (1.6). O

Let yo € V be given and let us introduce the extension by zero y¢ of yo. Then yo € V.
We will use the following result, similar to Lemma 2.7, whose proof is postponed to the end of the section:

Lemma 4.2. There exists a continuous function ¢ : Ry — R satisfying ¢(s) — 0 as s — 0 with the following
property:

a) For any yo € V and any o > 0, there exist times Ty € (0,T), controls h, € L*(0,Ty; HY2(I")) with
fﬂ/ h, -ndI’ =0, associated solutions (Ya,PasZasTa) to (1.6) in 2 x (0,Ty) and arbitrarily small times t* €
(0,T/2) such that the y, can be extended to 2x (0,Ty) and the extensions satisfy Hya(t*)H%(A) < o(|lyollv)-

b) The set of these t* has positive measure.
¢) The controls h,, are uniformly bounded, i.e.

||ha||L°C(O,To;H1/2(W)) <C.
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6!

FIGURE 1. The domain £2.

In view of Lemma 4.2, for the proof of Theorem 1.3, we just need to consider the case in which the initial
state yo is such that its extension yo to {2 belongs to D(A) and possesses a sufficiently small norm in D(A).
We will prove that there exists (Yo, Pa, Zas Ta, V), With v € L>=(0,T; L?(w)), satisfying

Vi — Ay + (2-V)y + Vi =¥, in Q,
z—a?Az+Vn=y in Q,
V.-y=0 in Q,
V-z=0 in Q, (4.1)
y=0 oni’7
z=y on X,
y(0) =¥o in 2

and y(T) =0 in (NZ, where z is the extension by zero of z. Obviously, if this were the case, the restriction (y, p)
of (y,p) to @, the couple (z,7) and the lateral trace h := y|, ) would satisfy (1.6) and (1.7).
Let us fix o with N/4 < o < 8 < 1. Then, for each ¥ € L>(0,T; D(A?)), let w = w(x,t) and 7 = 7(x,t) be
the unique solution to
w — a?Aw + V7 = o?Ay in Q,
V-w=0 in Q,
w=0 on .

Since y € L>®(0,T; D(A?)), its restriction to Q belongs to L>®(0,T;H2?(£2)). Then, Lemma 2.8 implies
w € L*>®(0,T; D(A?)) and, thanks to Theorem 2.1, we also have w € L>°(Q) and

HWH%‘X’(O,T;D(A”)) < C”y”i‘”(o,T;D(A”))’

where C is independent of a.
Let w be the extension by zero of w and let us set z := § + w. Let us consider the system (2.16) with h

replaced by z and {2 replaced by 2. In view of Theorem 2.9, we can associate to z the null control v of minimal
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norm in L>(0,T;L3(@)) and the corresponding solution (¥,5) to (2.16). Since yo € D(A), z € L*(Q) and
v € L>(0,T;L%(@)), we have

y € L*(0,T; D(A)) n C°([0,T); V), y. € L*(0,T; H)

and the following estimate holds:
~ ~ Z 2
190022 + 191220y, + 1912y < € (17003 + 19 mzagy ) 115 (4.2)

Also, in account of Lemma 3.1, one has § € L>(0,T; D(A?)) and

S S ClI¥lli Lo (0,7:0(A"
191 2 (p(ary) < CUIFollpa) + IVl (magay)e” ™ == O TPAM),

Now, let us set
W ={m e L>(0,T; D(A?)) : m; € L*(0,T;H) },

and let us consider the closed ball
K = {y € L*(0,T; D(A")) : ¥l e (pary) <1}

and the mapping A, with A, (¥) =y forally € L*>(0,T; D(A”)) Obviously, A, is well-defined and maps the
whole space L>(0, T} D(A")) into W. Furthermore, any bounded set U C W then it is relatively compact in
L>(0,T; D(A?)).

Let us denote by A, the restriction to K of A,. Thanks to Lemma 3.1 and (2.17), there exists € > 0
(independent of a) such that if [[yo[[ 5 a) < €, Ao maps K into itself and it is clear that A, : K — K satisfies
the hypotheses of Schauder’s Theorem. Consequently, A, possesses at least one fixed point in K and (4.1)
possesses a solution.This ends the Proof of Theorem 1.3.

Proof of Theorem 1.5. The proof is easy, in view of the previous uniform estimates. It suffices to adapt the
argument in the Proof of Theorem 1.4 and deduce the existence of subsequences that converge (in an appropriate
sense) to a solution to (1.11) satisfying (1.7). For brevity, we omit the details. O

Proof of Lemma 4.2. For instance, let us only consider the case N = 3. We will reduce the proof to the search
of a fixed point of another mapping &,,. N
For any yo € V, any Tp € (0,7) and any ¥ € L*(0,Ty; V)), let (w, ) be the unique solution to

w — a?Aw + V71 = oAy in 2 x (0,Tp),
Vow=0 in 2% (0,Tp),
w=0 on I x (0,Ty),

let w be the extension by zero of w, let us set z :=y + w and let us introduce the Oseen system

Vi —Ay+(z-V)y+Vp=0in ()x(OTO)
V-y=0 in 2% (0,Tp),
y=0 on 892 x (0,Tp),
y(0) =¥o in 2.

It is clear that the restriction of ¥ to £2 x (0, Tp) belongs to L*(0, To; H(£2)), whence we have from Lemma 2.8
that w € L*(0,Tp; V) and

HWHL“(O,To;V) < CHVHLAL(O,TO;{/)’
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It is also clear that we can get estimates like those in the proof of Proposition 2.6 for y. In other words, for
any yo € V, we can find a sufficiently small T > 0 such that

¥ € L2(0, To; D(A)) N CO([0, To); V), 3¢ € L*(0, Tp; H)

and
H§”L2(0,TO;D(A)) + ||y||00([o,TO];\7) + Hyt”m(o,q});ﬁ) <C (TOa [yollv, ||VHL4(0,TD;\7)> )

where C' is nondecreasing with respect to all arguments and goes to zero as ||yo|v — 0.

Now, let us introduce the mapping @ : L*(0, To; V) +— L*(0, Ty: V), with @, (y) =y for all y € L4(0,T; V).
This is a continuous and compact mapping. Indeed, from well-known interpolation results, we have that the
embedding

is continuous and this shows that, if ¥ is bounded in L2(0, Ty; D(A)) N CO([0,Tp); V) and ¥ is bounded in
L2(0, Ty; ITI)7 then ¥ belongs to a compact set of L*(0, Tp; \~7)

Then, as in the Proofs of Theorems 1.2 and 1.3, we immediately deduce that, whenever ||yo|v < 6 (for some
0 independent of «), @, possesses at least one fixed point. This shows that the nonlinear system (4.1) is solvable
for v =0 and ||yollv < 6.

Now, the argument in the proof of Lemma 2.7 can be applied in this framework and, as a consequence, we
easily deduce Lemma 4.2. O

5. ADDITIONAL COMMENTS AND QUESTIONS

5.1. Controllability problems for semi-Galerkin approximations

Let { w!,w? ...} be a basis of the Hilbert space V. For instance, we can consider the orthogonal base formed
by the eigenvectors of the Stokes operator A. Together with (1.5), we can consider the following semi-Galerkin
approximated problems:

yt — Ay + (2™ - V)y + Vp = v1, in Q,
(zm(t), w)+a?(Vz™(t),w) = (y(t),w) Yw € V., 2™(t) € V,,,, t € (0,7),
V.y=0, in Q, (5.1)
y=0 on X/,
y(0) = yo in £,
where V,,, denotes the space spanned by w', ..., w™.

Arguing as in the proof of Theorem 1.2, it is possible to prove a local null controllability result for (5.1). More
precisely, for each m > 1, there exists &, > 0 such that, if ||yo|| < &, we can find controls v and associated
states (y",p™,z") satisfying (1.7). Notice that, in view of the equivalence of norms in V,,, the fixed point
argument can be applied in this case without any extra regularity assumption on yg; in other words, Lemma 2.7
is not needed here.

On the other hand, it can also be checked that the maximal ¢,, are bounded from below by some positive
quantity independent of m and « and the controls v"™ can be found uniformly bounded in L*°(0, T'; L?(w)). As a
consequence, at least for a subsequence, the controls converge weakly-x in that space to a null control for (1.5).

However, it is unknown whether the problems (5.1) are globally null-controllable; see below for other consid-
erations concerning global controllability.
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5.2. Another strategy: Applying an inverse function theorem

There is another way to prove the local null controllability of (1.5) that relies on Liusternik’s Inverse Function
Theorem, see for instance [1]. This strategy has been introduced in [18] and has been applied successfully to the
controllability of many semilinear and nonlinear PDE’s. In the framework of (1.5), the argument is as follows:

1. Introduce an appropriate Hilbert space Y of state-control pairs (Yo, Pa,sZa, Ta, Va) satisfying (1.7).

2. Introduce a second Hilbert space Z of right hand sides and initial data and a well-defined mapping F : Y — Z
such that the null controllability of (1.5) with state-controls in Y is equivalent to the solution of the nonlinear
equation

F(yompaazaaﬂ—aava) = (anO)a (yaapomzomﬂ—aava) €Y. (52)

3. Prove that F is C! in a neighborhood of (0,0, 0,0,0) and F’(0,0,0, 0, 0) is onto.

Arguing as in [13], all this can be accomplished satisfactorily. As a result, (5.2) can be solved for small initial
data yo and the local null controllability of (1.5) holds.

5.3. On global controllability properties

It is unknown whether a general global null controllability result holds for (1.5). This is not surprising, since
the same question is also open for the Navier—Stokes system.

What can be proved (as well as for the Navier—Stokes system) is the null controllability for large time: for
any given yo € H, there exists T, = T4 (|lyol|) such that (1.5) can be driven exactly to zero with controls v,
uniformly bounded in L>(0, T}; L?(w)).

Indeed, let € be the constant furnished by Theorem 1.2 corresponding to the time 7' = 1 (for instance). Let us
first take v, = 0. Then, since the solution to (1.3) with £ = 0 satisfies ||y ()| "\, 0, there exists Ty (depending
on ||yo| but not on a) such that ||y, (7p)|| < . Therefore, there exist controls v/, € L>°(Tp, Ty + 1; L?(w)) such
that the solution to (1.5) that starts from y, (7o) at time Ty satisfies yo(To + 1) = 0. Hence, the assertion is
fulfilled with T, = Ty + 1 and

_J0 for 0<t<Tp,
Va = vl for Ty <t<T..

A similar argument leads to the null controllability of (1.5) for large «. In other words, it is also true that,
for any given yg € H and T > 0, there exists a, = a.(||yol|,T) such that, if & > a, then (1.5) can be driven
exactly to zero at time T'.

5.4. The Burgers-a system

There exist similar results for a regularized version of the Burgers equation, more precisely the Burgers-a
system

Yt — Yoz T Yz = Ul(a,b) in (0, L) X (07 T),
2=z =y in (0,L)x(0,7),
(5.3)
5(0,0) = y(L,1) = 2(0,6) = =(L,1) =0 on (0,7),
y(z,0) = yo(z) in (0,L).

These have been proved in [2].
This system can be viewed as a toy or preliminary model of (1.5). There are, however, several important
differences between (1.5) and (5.3):

e The solution to (5.3) satisfies a maximum principle that provides a useful L*-estimate.
e There is no apparent energy decay for the uncontrolled solutions. As a consequence, the large time null
controllability of (5.3) is unknown.
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e It is known that, in the limit @ = 0, i.e. for the Burgers equation, global null controllability does not
hold; consequently, in general, the null controllability of (5.3) with controls bounded independently of « is
impossible.

We refer to [2] for further details.

5.5. Local exact controllability to the trajectories

It makes sense to consider not only null controllability but also exact to the trajectories controllability problems
for (1.5). More precisely, let §o € H be given and let (y,p, 2, 7) a sufficiently regular solution to (1.3) for f =0
and yo = yo. Then the question is whether, for any given yg € H, there exist controls v such that the associated
states, i.e. the associated solutions to (1.5), satisfy

y(T) = $(T) in .

The change of variables
y=y+u z=2+w,

allows to rewrite this problem as the null controllability of a system similar, but not identical, to (1.5). It is
thus reasonable to expect that a local result holds.

5.6. Controlling with few scalar controls

The local null controllability with N — 1 or even less scalar controls is also an interesting question.

In view of the achievements in [3] and [9] for the Navier—Stokes equations, it is reasonable to expect that
results similar to Theorems 1.2 and 1.4 hold with controls v such that v; = 0 for some 7; under some geometrical
restrictions, it is also expectable that local exact controllability to the trajectories holds with controls of the
same kind, see [14].

5.7. Other related controllability problems

There are many other interesting questions concerning the controllability of (1.5) and related systems.

For instance, we can consider questions like those above for the Leray-a equations completed with other
boundary conditions: Navier, Fourier or periodic conditions for y and z, conditions of different kinds on different
parts of the boundary, etc. We can also consider Boussinesq-a systems, i.e. systems of the form

yvi—Ay+(z-V)y+Vp=0k+vl, in Q,
0, — A0 +z-VO=wl, in Q,
z—a?Az+Vr=y in @,
V.y=0,V-z=0 in @,
y=z=0,0=0 on X,
y(0) = yo, 0(0) = o in 2

Some of these results will be analyzed in a forthcoming paper.

Acknowledgements. The authors thank J.L. Boldrini for the constructive conversations on the mathematical model.
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