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Abstract. We construct a fully discrete numerical scheme for three-dimensional incompress-
ible fluids with mass diffusion (in density-velocity-pressure formulation), also called the Kazhikhov–
Smagulov model. We will prove conditional stability and convergence, by using at most C0-finite
elements, although the density of the limit problem will have H2-regularity. The key idea of our
argument is first to obtain pointwise estimates for the discrete density by imposing the constraint
lim(h,k)→0 h/k = 0 on the time and space parameters (k, h). Afterwards, under the same constraint

on the parameters, strong estimates for the discrete density in l∞(H1) and for the discrete Laplacian
of the density in l2(L2) are obtained. From here, the compactness and convergence of the scheme
can be concluded with similar arguments as we used in [Math. Comp., to appear], where a differ-
ent scheme is studied for two-dimensional domains which is unconditionally stable and convergent.
Moreover, we study the asymptotic behavior of the numerical scheme as the diffusion parameter λ
goes to zero, obtaining convergence as (k, h, λ) → 0 towards a weak solution of the density-dependent
Navier–Stokes system provided that the constraint lim(λ,h,k)→0 h/(λ

2k) = 0 on (h, k, λ) is satisfied.
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1. Introduction.

1.1. The model. Let Ω ⊂ R
3 be an open bounded set with boundary Γ. We

denote by [0, T ] (0 < T < +∞) the time interval of observation. We will use the
notation Q = Ω × (0, T ), Σ = Γ × (0, T ), and n(x ) the outwards unit normal vector
to Γ at the point x ∈ Γ.

We consider the Navier–Stokes system with mass diffusion (the so-called
Kazhikhov–Smagulov model) in Q:{

ρut + ((ρu− λ∇ρ) · ∇)u−∇ · (μ∇u− λρ(∇u)t) + ∇p = ρf,
∇ · u = 0, ρt + u · ∇ρ− λΔρ = 0.

(1.1)

The unknowns for this model are ρ : Q → R
+, the density of the fluid, u : Q → R

3, the
incompressible (averaged) velocity vector field, and p : Q → R, a potential function
(modified pressure).

Model (1.1) can be derived from the compressible Navier–Stokes system, by im-
posing that the compressible velocity v can be decomposed as v = u− λ∇ log ρ, with
∇·u = 0 (it decomposes into an incompressible part u and a potential part −λ∇ log ρ),
and eliminating λ2-terms (see [11]).
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We complete (1.1) with the boundary conditions on Σ:

u|Σ = 0,
∂ρ

∂n

∣∣∣∣
Σ

= 0(1.2)

and the initial conditions in Ω:

ρ|t=0 = ρ0, u|t=0 = u0,(1.3)

where ρ0 : Ω → R
+ and u0 : Ω → R

d are given functions.
Throughout this work, we assume the hypothesis on the initial density:

0 < m ≤ ρ0(x) ≤ M in Ω.(1.4)

1.2. Known results. Concerning the simplified model (1.1), Kazhikhov and
Smagulov [12] proved, via a semi-Galerkin method, the existence of global weak so-
lutions, under the following hypothesis:

λ < 2μ/(M −m),(1.5)

and the existence of local strong solutions (which is global in the two-dimensional
case). Salvi [14] proved the existence of weak solutions for noncylindrical domains.
On the other hand, Secchi [16] studied the problem for Ω = R

3, proving the local
existence and uniqueness of strong solutions by using a fixed point argument.

For the complete model (including the λ2-terms), Beirão da Veiga [2] and Secchi
[15] established the local existence of strong solutions by using linearization and a
fixed point argument. In [15], global existence and uniqueness are shown for two-
dimensional (2D) domains by imposing that λ/μ is small enough as well as the
asymptotic behavior as λ → 0 towards a weak solution of the density-dependent
Navier–Stokes problem:⎧⎨⎩

ρ [ut + (u · ∇)u] − μΔu + ∇p = ρf in Q,
∇ · u = 0, ρt + u · ∇ρ = 0 in Q,

u = 0 on Σ, u|t=0 = u0, ρ|t=0 = ρ0 in Ω.
(1.6)

In the case of nonnegative initial density and 3D domains, Guillén-González [9] proved
the global existence of weak solutions and the behavior, as λ → 0, towards the
density-dependent Navier–Stokes system (1.6). Recently, the existence and regularity
of strong solutions have been proved in [10] by means of an iterative method (jointly
with some error estimates).

A time-space numerical scheme has been recently developed by using C0-finite
elements for density and velocity in [11] for model (1.1) in 2D domains, which is
unconditionally stable and convergent towards the (unique) weak solution of the con-
tinuous problem. This scheme is of the backward Euler type, where in each time step
the computation of the density and the velocity pressure are decoupled, by means of
linear problems.

Concerning the numerical analysis for the density-dependent Navier–Stokes prob-
lem, a stable and convergent scheme is proposed in [13], by using in particular a
discontinuous Galerkin finite element method to approximate the density transport
equation.
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1.3. Main results of the paper. Our main objective is to design a linear
scheme by using finite elements to approximate all unknowns (density, velocity, and
pressure) of problem (1.1)–(1.3). To this end, we consider for simplicity a uniform
partition of [0, T ], (tn = nk)n=N

n=0 , with k = T/N being the time step, and propose a
backward Euler time scheme, implicit with respect to the diffusion terms and semi-
implicit with respect to the convection terms. The finite element spaces must verify
specific properties which we will describe in section 3.1.

In what follows we consider the notation (·, ·) and | · | for the L2(Ω)-inner product
and the L2(Ω)-norm, respectively. Also, we denote that ‖u‖ = |∇u|, which is an
equivalent norm to the usual one in H1

0 (Ω).
The scheme is described as follows:
Initialization: Let (u0

h, ρ
0
h) ∈ Vh ×Wh be an approximation of (u0, ρ0) as h → 0.

Time step n + 1: Given (ρnh,u
n
h, p

n
h) ∈ Wh ×Vh ×Mh,

1. find (wn
h, q

n
h) ∈ Ṽh × M̃h such that, for each (w̄h, q̄h) ∈ Ṽh × M̃h,(

∇wn
h,∇w̄h

)
−
(
qnh ,∇ · w̄h

)
=
(
∇un

h,∇w̄h

)
,
(
∇ ·wn

h, q̄h

)
= 0;(1.7)

2. find ρn+1
h ∈ Wh such that, for each ρ̄h ∈ Wh,(

ρn+1
h − ρnh

k
, ρ̄h

)
+
(
wn

h · ∇ρn+1
h , ρ̄h

)
+ λ
(
∇ρn+1

h ,∇ρ̄h

)
= 0;(1.8)

3. find (un+1
h , pn+1

h ) ∈ Vh ×Mh such that, for each (ūh, p̄h) ∈ Vh ×Mh,⎧⎪⎪⎨⎪⎪⎩
(
ρnh

un+1
h − un

h

k
, ūh

)
+

1

2

(
ρn+1
h − ρnh

k
un+1
h , ūh

)
+ a
(
ρn+1
h ,un+1

h , ūh

)
+ c
(
ρn+1
h un

h − λ∇ρn+1
h ,un+1

h , ūh

)
=
(
ρn+1
h f n+1, ūh

)
+
(
pn+1
h ,∇ · ūh

)
,

(1.9) (
∇ · un+1

h , p̄h

)
= 0,(1.10)

where

f n+1 =
1

k

∫ tn+1

tn

f(t) dt,

a(ρ,u, v) = μ(∇u,∇v) + λ

∫
Ω

(
M̃ + m̃

2
− ρ

)
(∇u)t : ∇v dx,

with M̃ > M , 0 < m̃ < m such that λ M̃−m̃
2 < μ (here (1.5) is imposed), and

c(w,u, v) =
1

2

[
((w · ∇)u, v) −

(
(w · ∇)v,u

)]
.

The following properties of continuity and coercivity hold:

a(ρ,u,u) ≥ μ1

2
‖u‖2 if m̃ ≤ ρ ≤ M̃, with

μ1

2
= μ− λ

M̃ − m̃

2
(> 0),

a(ρ,u, v) ≤ Cλ ‖u‖ ‖v‖ (if ‖ρ‖L∞(Ω) ≤ C),(1.11)

c(w,u,u) = 0, c(w,u, v) ≤ C ‖w‖L3‖u‖ ‖v‖.

D
ow

nl
oa

de
d 

05
/1

6/
16

 to
 1

50
.2

14
.1

82
.1

69
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

CONVERGENCE FOR 3D MASS DIFFUSION FLUIDS 2279

Here and in what follows, we denote by Cλ and C different positive constants
independent of (h, k) and (h, k, λ), respectively.

From the computational point of view, scheme (1.7)–(1.10) decouples density ρn+1
h

and velocity pressure (un+1
h , pn+1

h ), whereas wn
h is an intermediate velocity obtained

as the H1 orthogonal projection of un
h onto a discrete free-divergence space. We

will see that scheme (1.7)–(1.10) is conditionally stable and convergent. As in many
practical situations, the diffusion parameter is small; we will prove that, when the
diffusion parameter λ and the space and time parameters (h, k) goes to zero, scheme
(1.7)–(1.10) approximates to a weak solution of the density-dependent Navier–Stokes
system (1.6), under a constraint involving the parameters h, k, and λ. In fact, to
our knowledge, it is the first convergent scheme to (1.6) based on C0-finite elements
for the discrete density, avoiding to perform directly an algorithm for (1.6) which
presents important difficulties by itself, mainly for the approximation of the density
transport equation. Recall that in [13] a convergent scheme for (1.6) is given based
on a discontinuous Galerkin method for the density.

The corresponding study for the complete model, with λ2-terms, will be the
subject of a forthcoming paper.

By defining in [0, T ] piecewise constant functions uh,k, ρh,k such that uh,k,
ρh,k
∣∣
(tn−1,tn]

= un
h, ρ

n
h, respectively, that we will denote by uh,k,λ, ρh,k,λ when the

case of diffusion parameter λ → 0 is considered, we present the following main results
of this paper.

Theorem 1.1. Assume hypotheses (H0)–(H5) given in section 3.1. If the con-
straint on the parameters

(S) h/k → 0 as (h, k) → 0

holds, then there exists a convergent subsequence of (uh,k, ρh,k) (denoted in the same
way) as (h, k) → 0 towards a weak solution (u, ρ) of problem (1.1)–(1.3) (see Definition
2.1), in the following sense: (uh,k, ρh,k) → (u, ρ) in L2(0, T ; L2(Ω))×L2(0, T ;H1(Ω))-
strong, in L∞(0, T ; L2(Ω)) × (H1(Ω) ∩ L∞(Ω))-weak�, and in L2(0, T ; H1

0(Ω)) ×
L4(0, T ;W 1,3(Ω))-weak. Moreover, m̃ ≤ ρh,k ≤ M̃ .

Theorem 1.2. Under the hypotheses of Theorem 1.1 and by extending (H2) by
(H2′) (given in section 8.1) and changing (S) by the more restrictive constraint

(S′) h/(kλ2) → 0 as (λ, h, k) → 0,

then there exists a convergent subsequence of (uh,k,λ, ρh,k,λ) as (h, k, λ) → 0 to-
wards a weak solution (u, ρ) of the density-dependent Navier–Stokes problem (1.6)
(see Definition 8.1) in the following sense: uh,k,λ → u in L2(0, T ; L2(Ω))-strong,
in L∞(0, T ; L2(Ω))-weak�, and in L2(0, T ; H1

0(Ω))-weak, and ρh,k,λ → ρ in L∞(Q)-
weak�.

The main ideas for the derivation of this scheme can be found in [11], where the
following scheme has been studied:

Time step (n + 1): Given (ρnh,u
n
h, p

n
h) ∈ Wh ×Vh ×Mh,

1. find ρn+1
h ∈ Wh such that, for each ρ̄h ∈ Wh,

(
ρn+1
h − ρnh

k
, ρ̄h

)
+ λ
(
∇ρn+1

h ,∇ρ̄h

)
= −

(
un
h · ∇ρnh, ρ̄h

)
;(1.12)
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2. find (un+1
h , pn+1

h ) ∈ Vh ×Mh such that, for each (ūh, p̄h) ∈ Vh ×Mh,⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(
[ρnh]T

un+1
h − un

h

k
, ūh

)
+

1

2

(
[ρn+1

h ]T − [ρnh]T
k

,un+1
h · ūh

)
+a
(
[ρn+1

h ]T ,u
n+1
h , ūh

)
+ c
(
ρn+1
h un

h − λ∇ρn+1
h ,un+1

h , ūh

)
−
(
pn+1
h ,∇ · ūh

)
=
(
[ρn+1

h ]T f n+1, ūh

)
,

(1.13)

(
∇ · un+1

h , p̄h

)
= 0,(1.14)

where

[wh]T (xi) =

⎧⎨⎩
wh(xi) if wh(xi) ∈ [m,M ],
m if wh(xi) < m,
M if wh(xi) > M,

with xi the nodes of the mesh Th of Ω.
By comparing both schemes we can observe the following differences: The discrete

density involved in the mixed variational problem for velocity pressure (1.13)–(1.14),
which requires the property of the maximum principle, are truncated, whereas this
truncation is not necessary for scheme (1.7)–(1.10). Moreover, in (1.12) the convective
term for the density scheme is considered in the explicit form (un

h · ∇ρnh, ρ̄h), and it is
now taken in the semi-implicit form (wn

h · ∇ρn+1
h , ρ̄h), where wn

h is a projection of un
h

onto a discrete zero-divergence space. This space is chosen to hold (∇ ·wn
h, ρ̄hρ̄h) = 0

for all ρ̄h ∈ Wh.
Concerning the numerical analysis we remark on the following three main differ-

ences between both schemes:
1. The argument to obtain pointwise estimates for the discrete density under

the constraints (S) done in subsection 3.4 of this paper is completely new.
Moreover, the extension of this argument to the scheme studied in [11] is not
clear even assuming some constraints on the discrete parameters. This justi-
fies the presence of the truncation operator in the discrete momentum system
(1.13). On the other hand, the scheme (1.12)–(1.14) of [11] is unconditionally
stable, and now the scheme (1.7)–(1.10) is stable and convergent under the
constraint (S).

2. Strong estimates for the discrete density are obtained in two different ways
in [11] and in the present paper. In [11], we used the discrete version of
the Gagliardo–Nirenberg interpolation inequality ‖∇ρ‖2

L4 ≤ C ‖ρ‖H1‖Δρ‖L2

which does not need pointwise estimates for the discrete density. Since this
interpolation is exclusive for two-dimensional domains, we cannot use it for
three-dimensional domains. Accordingly, we change this Gagliardo–Nirenberg
interpolation by a discrete version of the interpolation inequality ‖∇ρ‖2

L4 ≤
C ‖ρ‖L∞‖Δρ‖L2 and make a discrete integration by parts (which mimics the
argument of the exact problem to obtain strong estimates of the density).
Observe that we have to assure a maximum principle or at least pointwise
estimates for the discrete density in order for this other interpolation to work.

3. Another difference is the asymptotic behavior with respect to the diffusion
parameter λ (jointly with the discretization parameters (k, h)). Due to the
fact that the convective term of the discrete density equation is handled in
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different ways, we find that the strong estimates of the discrete density fur-
nished in [11] degenerate when λ → 0, and we cannot pass to the limit towards
a weak solution of the density-dependent Navier–Stokes problem (1.6). How-
ever, now the dependence of λ is improved, and the scheme (1.14)–(1.10) gives
a numerical approximation for the density-dependent Navier–Stokes problem
(1.6) by means of continuous finite elements.

The rest of the paper can be described as follows. The main ideas for the math-
ematical analysis of problem (1.1)–(1.3) are provided in section 2. In section 3, by
using appropriate auxiliary schemes, we establish conditional stability estimates, en-
ergy estimates for the velocity, and pointwise estimates for the density. In section 4,
strong estimates for the density are obtained, by using the discrete Laplacian of the
density. In sections 5, 6, and 7, weak and strong convergences and the passage to
the limit are shown, respectively, concluding the proof of Theorem 1.1. In section 8,
we study the asymptotic behavior as the diffusion parameter λ goes to zero, proving
Theorem 1.2.

2. Analysis of the continuous model. To define the concept of a weak solu-
tion of problem (1.1)–(1.3), we introduce the following function spaces:

H = {u : u ∈ L2(Ω),∇ · u = 0 in Ω,u · n = 0 on Γ},
V = {u : u ∈ H1

0(Ω),∇ · u = 0 in Ω},

L2
0(Ω) =

{
p : p ∈ L2(Ω),

∫
Ω

p(x)dx = 0

}
,

H2
N (Ω) =

{
ρ ∈ H2(Ω) :

∂ρ

∂n
= 0 on Γ,

∫
Ω

ρ(x)dx =

∫
Ω

ρ0(x)dx

}
.

In V the ‖u‖H1(Ω)-norm is equivalent to |∇u| (which will be denoted by ‖u‖). H2
N (Ω)

is an affine space: H2
N (Ω) = 1

|Ω|
∫
Ω
ρ0(x)dx + H2

N,0(Ω), and in H2
N,0(Ω) (zero-average

function space) the norm ‖ρ‖H1(Ω) is equivalent to |∇ρ| and the norm ‖ρ‖H2(Ω) is
equivalent to |Δρ|. In particular, in H2

N (Ω) the following norms are equivalents:
‖ρ− 1

|Ω|
∫
Ω
ρ0‖H1(Ω) ∼ |∇ρ| and ‖∇ρ‖H1(Ω) ∼ |Δρ|.

Definition 2.1. A pair (ρ,u) is called a weak solution of (1.1)–(1.3) in (0, T ) if
it verifies:

(a) u ∈ L∞(0, T ; H)∩L2(0, T ;V), ρ ∈ L∞(0, T ;H1(Ω))∩L2(0, T ;H2
N (Ω)), with

0 < m ≤ ρ(x, t) ≤ M, a.e. (x, t) ∈ Q.
(b) ∀φ ∈ C1([0, T ];V) such that φ(T ) = 0,∫ T

0

{
−
(
u, ρφt + (ρu− λ∇ρ) · ∇φ

)
+
(
μ∇u− λρ(∇u)t,∇φ

)}
dt

=

∫ T

0

(
ρf, φ

)
dt +

(
ρ0u0, φ(0)

)
.

(c) The equation of mass diffusion (1.1)c is verified a.e. in Q.
Remark 2.2. As usual, the pressure p can be obtained by using (b) and De

Rham’s lemma [18].
We state the existence of (global in time) weak solutions of problem (1.1)–(1.3)

(see [12, 1]).

Theorem 2.3. Let u0 ∈ H, ρ0 ∈ H1(Ω) satisfying (1.4), and f ∈ L2(0, T ; L6/5

(Ω)). Suppose that the constants λ, μ, m, and M satisfy (1.5). Then there exists at
least a weak solution of (1.1)–(1.3) in (0, T ).
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Proof (outline of proof). The proof is divided into four steps:
(a) Pointwise estimates for the density. From the maximum principle applied to

the density equation (1.1)c and hypothesis (1.4), one gets

0 < m ≤ ρ(x, t) ≤ M in Q.

(b) Weak estimates for the velocity. Adding the momentum system (1.1)a by u
to the density equation (1.1)c by 1

2u · u, one arrives at the following energy equality:

1

2

d

dt

∫
Ω

ρ|u|2dx + μ‖u‖2 = λ

∫
Ω

ρ(∇u)t : ∇u dx + (ρf,u).(2.1)

The first term on the right-hand side of (2.1) can be rewritten as

λ

∫
Ω

ρ(∇u)t : ∇u dx = λ

∫
Ω

(
ρ− M + m

2

)
(∇u)t : ∇u dx ≤ λ

M −m

2
‖u‖2,

where we have used the pointwise inequality | ρ− (M +m)/2 |≤ (M−m)/2 (obtained
from m ≤ ρ ≤ M). By imposing the constraint on the coefficients (1.5), one arrives
at the estimate

max
0≤t≤T

|u(t)|2 +

∫ T

0

‖u(t)‖2dt ≤ C.

(c) Strong estimates for the density. By multiplying the density equation (1.1)c
by −Δρ and bounding the convective term (previously integrated by parts) thanks to
the interpolation inequality

‖∇ρ‖L4(Ω) ≤ C‖ρ‖1/2
∞ |Δρ|1/2 ≤ C|Δρ|1/2,(2.2)

as ∫
Ω

u · ∇ρΔρ ≤ C

∫
Ω

|∇u| |∇ρ|2 ≤ C |∇u| ‖∇ρ‖2
L4 ≤ C |∇u| |Δρ|,

the following estimate holds:

max
0≤t≤T

|∇ρ(t)|2 +

∫ T

0

|Δρ(t)|2dt ≤ Cλ.

(d) Compactness for the velocity. By using a rather technical argument [1], one
can get the following estimate of the “time fractional derivative”:∫ T−δ

0

|u(t + δ) − u(t)|2 dt ≤ Cλ δ
1/2 ∀δ ∈ (0, T ),

which implies [17] compactness for the velocity u in L2(0, T ; L2(Ω)).
From here, it is rather standard to obtain the existence of weak solutions, by

using, for instance, the semi-Galerkin method [1].

3. Weak and pointwise estimates. Since (1.7), (1.8), and (1.9)–(1.10) can be
reduced to three independent algebraic linear systems, it suffices to check the unique-
ness of the solution to guarantee that these problems are well-posed. In particular,
the uniqueness will be a consequence of the weak and pointwise estimates that we will
obtain in this section.
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3.1. Hypotheses. Throughout this work the following hypotheses will be as-
sumed:

(H0) Hypotheses for the data: Assume (1.5), and let M̃ > M and 0 < m̃ < m such

that λ M̃−m̃
2 < μ. Let u0 ∈ V, ρ0 ∈ H1(Ω), with 0 < m ≤ ρ0 ≤ M in Ω, and

f ∈ L2(0, T ; L6/5(Ω)).
(H1) Assume that Ω is an open, bounded set of R

3 whose boundary is polyhe-
dral and such that the continuous dependence in H2-norm of the Poisson–
Neumann problem and in the H2 × H1-norm of the Stokes problem holds
(see (4.4) and (3.6), respectively). This is verified, for example, if Ω is convex
[8].

(H2) The triangulation of Ω and the discrete spaces verify
• the inverse inequalities:

|∇ρ̄h| ≤ C h−1|ρ̄h|, ‖∇ρ̄h‖L3(Ω) ≤ C h−1/2|∇ρ̄h| ∀ ρ̄h ∈ Wh,

‖ρ̄h‖L∞(Ω) ≤ C h−1/2‖ρ̄h‖H1(Ω) ∀ ρ̄h ∈ Wh,

• and the interpolation errors:

‖ū− J̃hū‖H1(Ω) + ‖ū− Jhū‖H1(Ω) ≤ C h|ū|H2(Ω) ∀ ū ∈ H2(Ω) ∩ H1
0(Ω),

|p̄− K̃hp̄| + |p̄−Khp̄| ≤ C h|p̄|H1(Ω) ∀ p̄ ∈ H1(Ω) ∩ L2
0(Ω),

‖ρ̄− Ihρ̄‖L∞(Ω)∩W 1,3(Ω) ≤ C h1/2|ρ̄|H2(Ω) ∀ ρ̄ ∈ H2(Ω),

|ρ̄− Ihρ̄| + h ‖ρ̄− Ihρ̄‖H1(Ω) ≤ C h2|ρ̄|H2(Ω) ∀ ρ̄ ∈ H2(Ω),

where Jh, J̃h, Kh, K̃h, and Ih are interpolation operators from H2(Ω)∩
H1

0(Ω) into Vh, H2(Ω) ∩ H1
0(Ω) into Ṽh, H1(Ω) ∩ L2

0(Ω) into Mh,

H1(Ω) ∩ L2
0(Ω) into M̃h, and H2(Ω) into Wh, respectively. Here and

in what follows, we denote by |v|Hk(Ω) =
∑

|α|=k |Dαv| the standard
seminorm of higher order derivatives.

(H3) Inf-sup conditions. There exist β > 0 and β̃ > 0 (independent of h) such

that, ∀ p̄h ∈ Mh and ∀ q̄h ∈ M̃h,

‖p̄h‖L2
0(Ω) ≤ β sup

ūh∈Vh\{0}

(
p̄h,∇ · ūh

)
‖ūh‖

, ‖q̄h‖L2
0(Ω) ≤ β̃ sup

w̄h∈Ṽh\{0}

(
q̄h,∇ · w̄h

)
‖w̄h‖

.

(H4) Compatibility condition between M̃h and Wh: (Wh ·Wh)∩L2
0(Ω) ⊂ M̃h, i.e.,

∀ ρ̄1
h, ρ̄

2
h ∈ Wh, ρ̄1

h ρ̄
2
h − 1

|Ω|

∫
Ω

ρ̄1
h(x) ρ̄2

h(x) dx ∈ M̃h.

(H5) Compatibility condition between (Mh, M̃h):

Mh ⊂ M̃h.

For instance, a way of defining the discrete spaces (Wh,Vh,Mh, Ṽh, M̃h) veri-
fying (H2)–(H5) is the following: Let {Th}h>0 be a regular, quasi-uniform family of
triangulations of Ω, with h = maxK∈Th

hK (hK = diameter of K), and

X l
h = {xh ∈ C0(Ω) such that xh|K ∈ Pl(K) ∀K ∈ Th, }.

D
ow

nl
oa

de
d 

05
/1

6/
16

 to
 1

50
.2

14
.1

82
.1

69
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2284 F. GUILLÉN-GONZÁLEZ AND J. V. GUTIÉRREZ-SANTACREU

Then we define Wh = X1
h. There are several possibilities to define (Vh,Mh) [8], by

using the Taylor–Hood element (P2 × P1) or the minielement (P1 + bubble× P1), for

instance. For the spaces (Ṽh, M̃h) we choose Ṽh = X3
h∩H1

0(Ω) and M̃h = X2
h∩L2

0(Ω).

Note that if Vh = Ṽh and Mh = M̃h are chosen, we need not consider the
projection problem (1.7).

Remark 3.1. Hypothesis (H4) implies that (∇ ·wn
h, ρ̄

1
hρ̄

2
h) = 0 for all ρ̄1

h, ρ̄
2
h ∈ Wh

(this property will play an important role in our analysis). Indeed, we shall write

0 =

(
∇ ·wn

h, ρ̄
1
hρ̄

2
h − 1

|Ω|

∫
Ω

ρ̄1
hρ̄

2
h

)
=
(
∇ ·wn

h, ρ̄
1
hρ̄

2
h

)
− 1

|Ω|

∫
Ω

ρ̄1
hρ̄

2
h

∫
Ω

∇ ·wn
h

=
(
∇ ·wn

h, ρ̄
1
hρ̄

2
h

)
.

As a consequence, by taking ρ̄h = 1 in (1.8) we have that
∫
Ω
ρnh =

∫
Ω
ρ0
h, for

each n. This property is the discrete version of the continuous one
∫
Ω
ρ(x, t1) dx =∫

Ω
ρ(x, t2) dx for any t1, t2 ∈ [0, T ], whose physical meaning is the conservation of

mass.

3.2. Auxiliary truncated scheme. To prove a priori estimates for scheme
(1.7)–(1.10), we will introduce an auxiliary scheme in which some of the densities
appearing in the discrete problem of the momentum system are truncated between m̃
and M̃ as follows:

Initialization: Let u0
h and ρ0

h be given as in scheme (1.7)–(1.10).
Time step n + 1: Given (ρnh,u

n
h, p

n
h) ∈ Wh ×Vh ×Mh,

1. find (wn
h, q

n
h) ∈ Ṽh × M̃h such that, for each (w̄h, q̄h) ∈ Ṽh × M̃h,(

∇wn
h,∇w̄h

)
−
(
qnh ,∇ · w̄h

)
=
(
∇un

h,∇w̄h

)
,
(
∇ ·wn

h, q̄h

)
= 0;(3.1)

2. find ρn+1
h ∈ Wh such that, for each ρ̄h ∈ Wh,(

ρn+1
h − ρnh

k
, ρ̄h

)
+
(
wn

h · ∇ρn+1
h , ρ̄h

)
+ λ
(
∇ρn+1

h ,∇ρ̄h

)
= 0;(3.2)

3. find (un+1
h , pn+1

h ) ∈ Vh ×Mh such that, for each (ūh, p̄h) ∈ Vh ×Mh,⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

(
[ρnh]T

un+1
h − un

h

k
, ūh

)
+

1

2

(
[ρn+1

h ]T − [ρnh]T
k

un+1
h , ūh

)
+ a
(
[ρn+1

h ]T ,u
n+1
h , ūh

)
+ c
(
ρn+1
h un

h − λ∇ρn+1
h ,un+1

h , ūh

)
=
(
[ρn+1

h ]T f n+1, ūh

)
+
(
pn+1
h ,∇ · ūh

)
,

(3.3) (
∇ · un+1

h , qh

)
= 0.(3.4)

Here the truncation [·]T is defined as follows: Given ρh ∈ Wh, then

[ρh]T (x) =

⎧⎨⎩
ρh(x) if ρh(x) ∈ [m̃, M̃ ],
m̃ if ρh(x) < m̃,

M̃ if ρh(x) > M̃.

The idea was to truncate in those density terms which required to hold either
L∞ estimates or positivity in order to obtain weak energy estimates (see the
proof of Theorem 2.3).
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We may again deduce that (3.1), (3.2), and (3.3)–(3.4) are well-posed problems,
obtaining a priori estimates.

3.3. Weak estimates for the truncated scheme.
Lemma 3.2. The solution of scheme (3.1)–(3.4) verifies the following estimates:

(i) max
0≤n≤N

|un
h| ≤ C, (ii) k

N∑
n=0

‖un
h‖2 ≤ C, (iii)

N−1∑
n=0

|un+1
h − un

h|2 ≤ C,

(iv) max
0≤n≤N

|ρnh| ≤ C, (v)λ k

N−1∑
n=0

|∇ρn+1
h |2 ≤ C, (vi)

N−1∑
n=0

|ρn+1
h − ρnh|2 ≤ C,

where C > 0 depends on the data (ρ0,u0, f) but is independent of k, h, and λ.
Proof. To obtain a priori estimates for the velocity (un

h), we take ūh = 2kun+1
h

and p̄h = pn+1
h as test functions in (3.3)–(3.4), resulting in [11]:

|
√

[ρn+1
h ]Tun+1

h |2 − |
√

[ρnh]Tun
h|2 + |

√
[ρnh]T (un+1

h − un
h)|2 + μ1k‖un+1

h ‖2

≤ 2k
(
[ρn+1

h ]T f n+1,un+1
h

)
≤ 2k‖[ρn+1

h ]T ‖L∞(Ω)‖f n+1‖L6/5(Ω)‖un+1
h ‖L6(Ω)

≤ μ1k

2
‖un+1

h ‖2 + C k‖f n+1‖2
L6/5(Ω).

Consequently,

|
√

[ρn+1
h ]Tun+1

h |2 − |
√

[ρnh]Tun
h|2 + |

√
[ρnh]T (un+1

h − un
h)|2

+
μ1

2
k‖un+1

h ‖2 ≤ C k‖f n+1‖2
L6/5(Ω).

(3.5)

By adding (3.5) for n = 0, . . . , r with any r < N , estimates (i), (ii), and (iii) hold.
On the other hand, to obtain weak energy estimates for the density (ρnh), we take

ρ̄h = 2 k ρn+1
h in (3.2) and use the fact that (∇ ·wn

h, (ρ
n+1
h )2) = 0 (see Remark 3.1):

|ρn+1
h |2 − |ρnh|2 + |ρn+1

h − ρnh|2 + 2λ k|∇ρn+1
h |2 = 0.

By adding over n, one deduces estimates (iv), (v), and (vi).
Corollary 3.3. The following estimates hold:

(vii) max
0≤n≤N

|wn
h| ≤ C, (viii) k

N∑
n=0

‖wn
h‖2 ≤ C,

where C > 0 is independent of k, h, and λ.
Proof. By taking w̄h = wn

h in (1.7) and using (H5), (∇(wn
h − un

h),∇wn
h) = 0,

and hence one has |∇wn
h| ≤ |∇un

h|. So from (ii) we get (viii). Now we are going
to get estimate (vii) by using a duality technique and the constraint (S). Indeed, let
(z, ξ) ∈ (V∩H2(Ω))× (L2

0(Ω)∩H1(Ω)) be the strong solution of the Stokes problem

−Δz + ∇ξ = wn
h − un

h, ∇ · z = 0 in Ω, z = 0 on Γ.(3.6)

By taking wn
h − un

h as a test function in the variational formulation of (3.6), we get

|wn
h − un

h|2 =
(
∇z,∇(wn

h − un
h)
)

+
(
ξ,∇ · (wn

h − un
h)
)
.(3.7)
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Let (zh, ξh) ∈ Ṽh × M̃h be the discrete approximation of (3.6) defined as⎧⎨⎩
(
∇zh,∇w̄h

)
−
(
ξh,∇ · w̄h

)
=
(
wn

h − un
h, w̄h

)
∀w̄h ∈ Ṽh,(

∇ · zh, q̄h
)

= 0 ∀q̄h ∈ M̃h.

In view of hypothesis (H5), (Khξ,∇ · (wn
h − un

h)) = 0, and hence we write (3.7) as
follows:

|wn
h−un

h|2 =
(
∇z−∇zh,∇(wn

h−un
h)
)
+
(
∇zh,∇(wn

h−un
h)
)
+
(
ξ−Khξ,∇·(wn

h−un
h)
)
,

where Kh is the interpolation operator defined in hypothesis (H2). From (1.7), it
follows that (∇zh,∇(wn

h − un
h)) = 0. Thus, we find

|wn
h − un

h|2 ≤ |∇z−∇zh||∇(wn
h − un

h)| + |ξ −Khξ||∇ · (wn
h − un

h)|
≤ Ch(‖z‖H2(Ω) + ‖ξ‖H1(Ω))|∇(wn

h − un
h)| ≤ Ch|wn

h − un
h||∇(wn

h − un
h)|,

where in the second line we have used the approximation property (see [8]) |∇z −
∇zh| ≤ C h(‖z‖H2 + ‖ξ‖H1), the interpolation error |ξ − Khξ| ≤ C h‖ξ‖H1(Ω) as-
sumed in (H2), and the H2 ×H1 continuous dependency of the Stokes problem (3.6)
‖z‖H2(Ω) + ‖ξ‖H1(Ω) ≤ C |wn

h − un
h| assumed in (H1).

Therefore, we have

|wn
h − un

h| ≤ C h|∇(wn
h − un

h)|.(3.8)

Now, in view of (S), we may get h ≤ Ck for (h, k) small enough. Then, since
k1/2|∇wn

h| ≤ k1/2|∇un
h| ≤ C (thanks to the estimate |∇wn

h| ≤ |∇un
h| and estimate (ii)

of Lemma 3.2), it is easy to see that |wn
h| ≤ Ck1/2 + |un

h| ≤ C, and we get estimate
(vii).

3.4. Discrete maximum principle (of the truncated scheme). In this sub-
section we prove that the discrete density of scheme (3.2) has pointwise estimates by
excess and defect with respect to the upper and lower bounds of the initial density
ρ0, respectively. Namely, we will see that m̃ ≤ ρnh ≤ M̃ in Ω for all k and h small
enough satisfying constraint (S).

3.4.1. Study of an auxiliary time discrete scheme. We define a sequence
(ρn) associated to (wn

h) by means of the following time discrete scheme:
Initialization: Let ρ0 = ρ0.
Time step n + 1: Given ρn, we compute ρn+1 ∈ H2(Ω), verifying

ρn+1 − ρn

k
+ wn

h · ∇ρn+1 − λΔρn+1 = 0 in Ω,
∂ρn+1

∂n
= 0 on Γ.(3.9)

Lemma 3.4. Let {wn
h}Nn=0 ⊂ H1

0(Ω) such that k
∑N

n=0 ‖wn
h‖2 ≤ C. Then there

exists a unique solution ρn+1 ∈ H2(Ω) of (3.9), which also verifies:

0 < m ≤ ρn+1(x) ≤ M ∀x ∈ Ω, ∀n = 0, . . . , N − 1,

λ2 k
∑N−1

n=0 ‖ρn+1‖2
H2(Ω) ≤ C,

(3.10)

where C > 0 is a constant independent of k, h, and λ.
Proof. The proof of this lemma can be found in Appendix A.
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3.4.2. Error estimates between ρn+1 and ρn+1
h . Denote by en+1

ρ = ρn+1 −
ρn+1
h the difference between the solutions of problems (3.9) and (3.2). Our intention

now is to state the following error estimate:

‖en+1
ρ ‖H1(Ω) ≤ C

(
h2

λ
√
λk

+
h
√
h

λ2k
+

hh1/4

λ3/2k3/4
+

h

λ
√
k

)
.(3.11)

Indeed, by subtracting (3.9) multiplied by ρ̄h ∈ Wh and (3.2), one has(
en+1
ρ − enρ

k
, ρ̄h

)
+
(
wn

h · ∇en+1
ρ , ρ̄h

)
+ λ
(
∇en+1

ρ ,∇ρ̄h

)
= 0

for each ρ̄h ∈ Wh. By decomposing the convective term as(
wn

h · ∇en+1
ρ , ρ̄h

)
=
(
wn

h · ∇(ρn+1 − Ihρ
n+1), ρ̄h

)
+
(
wn

h · ∇(Ihρ
n+1 − ρn+1

h ), ρ̄h

)
,

taking ρ̄h = 2k(en+1
ρ − ρn+1 + Ihρ

n+1) = 2 k(Ihρ
n+1 − ρn+1

h ), with Ihρ
n+1 ∈ Wh, and

using the fact that (∇ ·wn
h, ρ̄

2
h) = 0 for all ρ̄h ∈ Wh (see Remark 3.1), we get

|en+1
ρ |2 − |enρ |2 + |en+1

ρ − enρ |2 + 2λk|∇en+1
ρ |2

≤ 2
(
en+1
ρ − enρ , ρ

n+1 − Ihρ
n+1
)
− 2k

(
wn

h · ∇(ρn+1 − Ihρ
n+1), en+1

ρ

)
−k
(
∇ ·wn

h, (ρ
n+1 − Ihρ

n+1)2
)

+ 2λ k
(
∇en+1

ρ ,∇(ρn+1 − Ihρ
n+1)

)
.

Next, by integrating by parts the second term on the right-hand side and bounding
adequately, we infer that

|en+1
ρ |2 − |enρ |2 + |en+1

ρ − enρ |2 + 2λk|∇en+1
ρ |2

≤ 2|en+1
ρ − enρ | |ρn+1 − Ihρ

n+1| + Ck‖wn
h‖ ‖en+1

ρ ‖H1(Ω) ‖ρn+1 − Ihρ
n+1‖L3(Ω)

+k‖wn
h‖‖ρn+1 − Ihρ

n+1‖2
L4(Ω) + 2λ k|∇en+1

ρ | |∇(ρn+1 − Ihρ
n+1)|

≤ 1

2
|en+1

ρ − enρ |2 + C|ρn+1 − Ihρ
n+1|2 + Cλk|∇(ρn+1 − Ihρ

n+1)|2

+
C

λ
k‖wn

h‖2‖ρn+1 − Ihρ
n+1‖2

L3 + k‖wn
h‖‖ρn+1 − Ihρ

n+1‖2
L4 + λk|en+1

ρ |2 + λk|∇en+1
ρ |2,

and then, by taking into account the interpolation errors

|ρn+1 − Ihρ
n+1| + h|∇(ρn+1 − Ihρ

n+1)| ≤ C h2‖ρn+1‖H2 ,

and

‖ρn+1 − Ihρ
n+1‖L3 ≤ C h3/2‖ρn+1‖H2 , ‖ρn+1 − Ihρ

n+1‖L4 ≤ C h5/4‖ρn+1‖H2

(the last two are a consequence of the previous one and the 3D interpolation inequali-

ties ‖ρ‖L3 ≤ C|ρ|1/2‖ρ‖1/2
H1 and ‖ρ‖L4 ≤ C|ρ|1/4‖ρ‖3/4

H1 ) and the estimate k‖wn
h‖2 ≤ C

thanks to estimate (vii) of Corollary 3.3, one arrives at

|en+1
ρ |2 − |enρ |2 + λ k |∇en+1

ρ |2

≤ C

(
h4 +

h3

λ
+ k1/2h5/2 + λ k h2

)
‖ρn+1‖2

H2 + λ k|en+1
ρ |2.
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By adding up for n = 0, . . . , l and using the fact that λ2 k
∑l

n=0 ‖ρn+1‖2
H2 ≤ C and

by virtue of the generalized discrete Gronwall lemma, we infer that for all (k, λ), with
λ k < 1 (for instance, λ k ≤ 1/2), there exists C > 0 independent of λ such that

|el+1
ρ |2 + λ k

l∑
n=0

|∇en+1
ρ |2 ≤ C

(
h4

λ2k
+

h3

λ3k
+

h5/2

λ2k1/2
+

h2

λ
+ |e0

ρ|2
)
.

By taking |e0
ρ|2 = |ρ0 − ρ0

h|2 ≤ C h2, we deduce the bound

|en+1
ρ |2 + λk

l∑
n=0

|∇en+1
ρ |2 ≤ C

(
h4

λ2k
+

h3

λ3k
+

h5/2

λ2k1/2
+

h2

λ

)
,

whence, in particular, (3.11) holds.

3.4.3. Pointwise estimates of the truncated scheme. Here we will prove
the following pointwise estimates [6]:

ρn+1
h ≥ m− C h−1/2

(
h2

λ3/2k
+

h
√
h

λ2k
+

hh1/4

λ2k3/4
+

h

λ
√
k

)
,

ρn+1
h ≤ M + C h−1/2

(
h2

λ3/2k
+

h
√
h

λ2k
+

hh1/4

λ2k3/4
+

h

λ
√
k

)
.

(3.12)

To prove (3.12) it suffices to prove that

‖ρn+1
h − ρn+1‖L∞(Ω) ≤ C h−1/2

(
h2

λ3/2k
+

h
√
h

λ2k
+

hh1/4

λ2k3/4
+

h

λ
√
k

)
.

For this, from the triangle inequality

‖ρn+1
h − ρn+1‖L∞(Ω) ≤ ‖ρn+1

h − Ihρ
n+1‖L∞(Ω) + ‖Ihρn+1 − ρn+1‖L∞(Ω)

≤ ‖ρn+1
h − Ihρ

n+1‖L∞(Ω) + C
h1/2

λ k1/2
,

where in the last line we have used the approximation inequality ‖ρn+1−Ihρ
n+1‖L∞ ≤

C h1/2‖ρn+1‖H2 and the estimate ‖ρn+1‖H2 ≤ C
λk1/2 (see (3.10)). Hence, it suffices

to obtain the inequality

‖ρn+1
h − Ihρ

n+1‖H1(Ω) ≤ C

(
h2

λ3/2k
+

h
√
h

λ2k
+

hh1/4

λ2k3/4
+

h

λ
√
k

)
(3.13)

and to use the inverse inequality (see [3]) ‖ρ̄h‖L∞(Ω) ≤ C h−1/2 ‖ρ̄h‖H1(Ω) ∀ρ̄h ∈ Wh.
Let us prove (3.13). From the triangle inequality,

‖ρn+1
h − Ihρ

n+1‖H1(Ω) ≤ ‖ρn+1
h − ρn+1‖H1(Ω) + ‖ρn+1 − Ihρ

n+1‖H1(Ω),

and, by using the error estimate (3.11) and the interpolation error ‖w− Ihw‖H1(Ω) ≤
h‖w‖H2(Ω) for w = ρn+1 jointly with the estimate h‖ρn+1‖H2 ≤ C h/λ

√
k (thanks to

(3.10)), one easily deduces (3.13).
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Now, by taking into account hypothesis (S), one has

lim
(h,k)→0

(
h2

k
+

h
√
h

k
+

hh1/4

k3/4

)/( h√
k

)
= 0,

and consequently, for each (h, k) small enough,

C h−1/2

(
h2

λ3/2k
+

h
√
h

λ2k
+

h

λ
√
k

)
≤ C h−1/2 h√

k
= C

√
h

k
.

In particular, thanks to (3.12), by imposing h ≤ h0, k ≤ k0 such that

C

√
h

k
≤ min{m− m̃, M̃ −M},(3.14)

one gets 0 < m̃ ≤ ρn+1
h ≤ M̃ .

3.4.4. Identification between the truncated and nontruncated schemes.
Now it is clear that if ρn+1

h is the solution of the truncated scheme, then [ρn+1
h ]T =

ρn+1
h , and consequently the truncated scheme and the nontruncated scheme coincide,

arriving at the following result.
Theorem 3.5. Assume that h ≤ h0, k ≤ k0 satisfying (3.14) and λ k ≤ 1/2;

then scheme (1.7)–(1.10) is well-posed and verifies estimates (i)–(vi) of Lemma 3.2,

(vii)–(viii) of Corollary 3.3, and 0 < m̃ ≤ ρn+1
h ≤ M̃ in Ω.

4. Strong estimates for the density. Let −Δh : Wh → Wh be the linear
operator defined as follows:

−
(
Δhρh, ρ̄h

)
=
(
∇ρh,∇ρ̄h

)
∀ ρ̄h ∈ Wh.(4.1)

Then the discrete density equation (1.8) can be rewritten as(
ρn+1
h − ρnh

k
, ρ̄h

)
+
(
wn

h · ∇ρn+1
h , ρ̄h

)
− λ
(
Δhρ

n+1
h , ρ̄h

)
= 0.(4.2)

Theorem 4.1. Under the hypotheses of Theorem 3.5, the solution ρn+1
h of scheme

(1.8) verifies the following estimates, for each h and k small enough:

(ix) λ max
0≤n≤N

|∇ρnh|2 ≤ C, (x) λ2 k

N∑
n=0

|Δhρ
n+1
h |2 ≤ C,

(xi) λ

N−1∑
n=0

|∇(ρn+1
h − ρnh)|2 ≤ C,

where C > 0 is independent of h, k, and λ.
Proof. By taking ρ̄h = −2kΔhρ

n+1
h in (4.2), we arrive at:

|∇ρn+1
h |2−|∇ρnh|2+ |∇(ρn+1

h −ρnh)|2+2λk|Δhρ
n+1
h |2 = 2k

(
wn

h ·∇ρn+1
h ,Δhρ

n+1
h

)
:= I.

(4.3)

To bound I, we use an idea given in [11], where a regular function associated to the
discrete Laplacian function −Δhρ

n+1
h is considered. But here, the type of estimates
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used in [11] must be changed, making use of the pointwise estimates of ρn+1
h . We

define ρ(h) ∈ H2(Ω) as the solution of the problem:

−Δρ(h) = −Δhρ
n+1
h in Ω,

∂ρ(h)

∂n

∣∣∣
∂Ω

= 0,

∫
Ω

ρ(h) =

∫
Ω

ρ0
h.(4.4)

From the H2-regularity of the previous problem ‖ρ(h)− 1
|Ω|
∫
ρ0
h‖H2(Ω) ≤ C |Δhρ

n+1
h |,

and hence one has in particular

|ρ(h)|H2(Ω) ≤ C|Δhρ
n+1
h |.(4.5)

We write I as I = 2k(wn
h · ∇ρ(h),Δρ(h)) + 2k(wn

h · ∇(ρn+1
h − ρ(h)),Δhρ

n+1
h ). By

integrating by parts the first term on the right-hand side, and using (2.2),

2k
(
wn

h · ∇ρ(h),Δρ(h)
)

= −2k
(
∇wn

h,∇ρ(h) ⊗∇ρ(h)
)
− 2k

(
(wn

h · ∇)∇ρ(h),∇ρ(h)
)

= −2k
(
∇wn

h,∇ρ(h) ⊗∇ρ(h)
)

+ k
(
∇ ·wn

h, |∇ρ(h)|2
)

≤ C k‖wn
h‖‖∇ρ(h)‖2

L4(Ω) ≤ C k‖wn
h‖ ‖ρ(h)‖L∞(Ω)|Δρ(h)|

≤ C k‖wn
h‖ ‖ρ(h)‖L∞(Ω)|Δhρ

n+1
h |,

where a ⊗ b denotes the tensorial product matrix of two vectors a = (ai)
2
i=1, b =

(bi)
2
i=1, with coefficients (a⊗ b)i,j = aibj . Accordingly,

I ≤ C k‖wn
h‖
(
‖ρ(h)‖L∞(Ω) + ‖∇(ρn+1

h − ρ(h))‖L3(Ω)

)
|Δhρ

n+1
h |.(4.6)

Now we will prove the inequality:

‖∇(ρn+1
h − ρ(h))‖L3(Ω) ≤ C h1/2|ρ(h)|H2(Ω).(4.7)

For this, we write

‖∇(ρn+1
h − ρ(h))‖L3 ≤ ‖∇(ρn+1

h − Ihρ(h))‖L3 + ‖∇(Ihρ(h) − ρ(h))‖L3 .(4.8)

By multiplying (4.4) by ρ̄h ∈ Wh and subtracting to (4.1), one gets(
∇ρn+1

h −∇ρ(h),∇ρ̄h

)
= 0 ∀ ρ̄h ∈ Wh.

By adding and subtracting ∇Ihρ(h), and considering ρ̄h = ρn+1
h − Ihρ(h) ∈ Wh, we

obtain

|∇ρn+1
h −∇Ihρ(h)|2 = −

(
∇Ihρ(h) −∇ρ(h),∇ρn+1

h −∇Ihρ(h)
)

≤ |∇Ihρ(h) −∇ρ(h)| |∇ρn+1
h −∇Ihρ(h)|,

whence

|∇ρn+1
h −∇Ihρ(h)| ≤ |∇Ihρ(h) −∇ρ(h)| ≤ C h|ρ(h)|H2(Ω)(4.9)

|∇ρn+1
h −∇ρ(h)| ≤ C h|ρ(h)|H2(Ω).(4.10)

Thus, by using the inverse inequality [7]

‖∇ρn+1
h −∇Ihρ(h)‖L3(Ω) ≤ Ch−1/2|∇ρn+1

h −∇Ihρ(h)|
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and (4.9), we arrive at

‖∇ρn+1
h −∇Ihρ(h)‖L3(Ω) ≤ C h1/2|ρ(h)|H2(Ω).(4.11)

So, from (4.8) and (4.11) one gets (4.7) by taking into account the interpolation error
‖∇(ρ(h) − Ihρ(h))‖L3(Ω) ≤ Ch1/2|ρ(h)|H2(Ω).

By getting back to (4.6) and using (4.7), we bound

I ≤ C k‖wn
h‖
(
‖ρ(h) − ρn+1

h ‖L∞ + ‖ρn+1
h ‖L∞ + h1/2|ρ(h)|H2

)
|Δhρ

n+1
h |.(4.12)

Now we write

‖ρn+1
h − ρ(h)‖L∞(Ω) ≤ ‖ρn+1

h − Ihρ(h)‖L∞(Ω) + ‖Ihρ(h) − ρ(h)‖L∞(Ω).

By using the interpolation error ‖ρ(h)−Ihρ(h)‖L∞(Ω) ≤ Ch1/2|ρ(h)|H2(Ω), the inverse
inequality in 3D

‖ρn+1
h − Ihρ(h)‖L∞(Ω) ≤ C h−1/2‖ρn+1

h − Ihρ(h)‖H1(Ω)

≤ C h−1/2(‖ρn+1
h − ρ(h)‖H1(Ω) + ‖ρ(h) − Ihρ(h)‖H1(Ω))

≤ C h−1/2(|∇(ρn+1
h − ρ(h))| + h |ρ(h)|H2(Ω)),

where the generalized Poincare inequality has been used in the last line, since
∫
Ω
ρn+1
h

=
∫
Ω
ρ0
h (see Remark 3.1) and

∫
Ω
ρ0
h =

∫
Ω
ρ(h) (see (4.4)). By using (4.10) and (4.5),

‖ρn+1
h − ρ(h)‖L∞(Ω) ≤ C h1/2|ρ(h)|H2(Ω) ≤ C h1/2|Δhρ

n+1
h |.

By applying the above estimate in (4.12), we bound

I ≤ C k‖wn
h‖
(
h1/2|Δhρ

n+1
h | + M̃

)
|Δhρ

n+1
h |

≤ C k‖wn
h‖h1/2|Δhρ

n+1
h |2 +

C

λ
k‖wn

h‖2 +
λ

2
k|Δhρ

n+1
h |2.

By Corollary 3.3 we infer the bound ‖wn
h‖ ≤ C/k1/2 (with C independent of λ, h, k),

and, by choosing h and k small enough such that

C

√
h

k
≤ 1

2
λ,

we get

I ≤ C

λ
k‖wn

h‖2 + λ k|Δhρ
n+1
h |2.

Therefore, from (4.3) we get the inequality

|∇ρn+1
h |2 − |∇ρnh|2 + |∇(ρn+1

h − ρnh)|2 + λk|Δhρ
n+1
h |2 ≤ C

k

λ
‖wn

h‖2.(4.13)

By adding (4.13) for n = 0, . . . , r, with r < N , we arrive at

λ|∇ρr+1
h |2 + λ

r∑
n=0

|∇(ρn+1
h − ρnh)|2 + λ2 k

r∑
n=0

|Δhρ
n+1
h |2 ≤ C k

r∑
n=0

‖wn
h‖2 + λ|∇ρ0

h|2.
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Finally, from estimate (ii) of Lemma 3.2, one gets the desired estimates
(ix)–(xi).

Corollary 4.2. The following inequality holds:

‖∇ρn+1
h ‖L3(Ω) ≤ C |∇ρn+1

h |1/2|Δhρ
n+1
h |1/2.(4.14)

Consequently, under the hypotheses of Theorem 4.1, one has the estimate

λ3k

N−1∑
n=0

‖ρn+1
h ‖4

W 1,3(Ω) ≤ C,

where C > 0 is independent of h, k, and λ.
Proof. Thanks to estimates (ix) for (ρnh) and (x) for (Δhρ

n
h), it suffices to prove

(4.14). For this, by considering ρ(h) the solution of problem (4.4), we have

‖∇ρn+1
h ‖L3(Ω) ≤ ‖∇(ρn+1

h − ρ(h))‖L3(Ω) + ‖∇ρ(h)‖L3(Ω).

By using inequality (4.7) and the interpolation inequality

‖∇ρ(h)‖L3(Ω) ≤ C|∇ρ(h)|1/2‖∇ρ(h)‖1/2
H1(Ω) ≤ C|∇ρ(h)|1/2|ρ(h)|1/2H2(Ω),

we arrive at

‖∇ρn+1
h ‖L3(Ω) ≤ C h1/2|ρ(h)|H2(Ω) + C |∇ρ(h)|1/2|ρ(h)|1/2H2(Ω).

Next, we bound the term |∇ρ(h)| by using (4.10) as follows:

|∇ρ(h)| ≤ |∇(ρ(h) − ρn+1
h )| + |∇ρn+1

h | ≤ C h |ρ(h)|H2(Ω) + |∇ρn+1
h |.

Therefore, by using (4.5)

‖∇ρn+1
h ‖L3(Ω) ≤ C h1/2|ρ(h)|H2(Ω) + C |∇ρn+1

h |1/2|ρ(h)|1/2H2(Ω)

≤ C h1/2|Δhρ
n+1
h | + C |∇ρn+1

h |1/2|Δhρ
n+1
h |1/2.

On the other hand, by considering ρ̄h = −Δhρ
n+1
h in (4.1), we get

|Δhρ
n+1
h |2 ≤ |∇ρn+1

h ||∇Δhρ
n+1
h | ≤ C

h
|∇ρn+1

h ||Δhρ
n+1
h |,

where we have used the inverse inequality between L2 and H1. The last two estimates
imply (4.14).

5. Weak convergence. To study the convergence of scheme (1.8)–(1.10), we
define the following functions.

Definition 5.1. One defines uh,k (respectively, ûh,k, ŵh,k, and ph,k) as the
piecewise constant functions taking values un+1

h on (tn, tn+1] (respectively, un
h, wn

h,
and pn+1

h ). Analogously, we define ρh,k and ρ̂h,k. Moreover, one defines ρ̃h,k ∈
C0([0, T ];Vh) as the piecewise linear functions such that ρ̃h,k(tn) = ρnh.

Lemma 3.2, Corollary 3.3, Theorem 3.5, Theorem 4.1, and Corollary 4.2 imply
the following estimates (independent of h and k, but some of them depend on λ):

{uh,k}h,k, {ûh,k}h,k, {ŵh,k}h,k in L∞(0, T ; L2(Ω)) ∩ L2(0, T ; H1
0(Ω)),

{ρ̃h,k}h,k, {ρh,k}h,k, {ρ̂h,k}h,k in L∞(0, T ;H1(Ω)) ∩ L∞(Q),

{ρh,k}h,k in L4(0, T ;W 1,3(Ω)).
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Now let us pass to the limit in both discrete free-divergence equations (1.10) and
(3.1). Consider q ∈ C0([0, T ];C∞(Ω)) such that

∫
Ω
q(x) dx = 0, qnh = Khq(tn) ∈ Mh,

and q̄nh = K̃hq(tn) ∈ M̃h. Define qh,k and q̄h,k as ph,k in Definition 5.1. On the other
hand, we know that there exist two limit functions w and u belonging to H1

0(Ω) such
that uh,k → u and wh,k → w weakly in L2(0, T ; H1

0(Ω)) as (h, k) → 0. Thus, we
write from (1.10)

0 = k

N∑
n=1

(∇ · un
h, q

n
h) =

∫ T

0

(∇ · uh,k, qh,k) dt →
∫ T

0

(∇ · u, q) dt = 0

for all q ∈ C0([0, T ];C∞(Ω)), with
∫
Ω
q(x) dx = 0. A density argument says u ∈ V.

In an analogous way, we can also prove that w ∈ V.
Next, we wish to derive a test function for (1.7), a discrete free-divergence ap-

proximation of a function v ∈ C∞
c (Ω), with ∇ · v = 0.

Lemma 5.2. Let w̄ ∈ C∞
c (Ω). Then there exists w̄h ∈ Ṽh such that:

w̄h → w̄ in H1
0(Ω) and (∇ · w̄h, q̄h) = (∇ · w̄, q̄h) ∀ q̄h ∈ M̃h.

A proof of this result can be found in [11].
By taking into account previous arguments, we can arrive at the following result.
Lemma 5.3. Under the hypotheses of Theorem 3.5 there exist subsequences of

{uh,k}h,k, {ûh,k}h,k, {ŵh,k}h,k, {ρh,k}h,k,λ, {ρ̂h,k}h,k, and {ρ̃h,k}h,k (denoted in the
same way) and limit functions u, ρ verifying the following weak convergences as
(h, k) → 0:

uh,k → u, ûh,k → u, ŵh,k → u in

{
L2(0, T ; H1

0(Ω))-weak,

L∞(0, T ; L2(Ω))-weak∗,

ρh,k → ρ, ρ̂h,k → ρ, ρ̃h,k → ρ in

{
L∞(Q)-weak∗,
L∞(0, T ;H1(Ω))-weak∗,

ρ̂h,k → ρ in L4(0, T ;W 1,3(Ω))-weak.

Proof. Let us prove only that ŵh,k → u in L2(0, T ; H1
0(Ω)-weak. Consider

v ∈ C0([0, T ];C∞
c (Ω)), with ∇ · v = 0 and vnh ∈ Ṽh an approximation of v(tn) given

by Lemma 5.2. Define vh,k ∈ L∞(0, T ; Ṽh) as the piecewise constant functions taking
values vn+1

h on (tn, tn+1] which verifies vh,k → v in L∞(0, T ; H1
0(Ω)). Next, by

testing (1.7) by the test function vnh, we have (∇(wn
h − un

h),∇vnn) = 0, since the
pressure term vanishes. By multiplying by the time step k, summing over n, and
passing to limit as (h, k) tend to zero, we infer that∫ T

0

(∇(w− u),∇v) = 0 ∀v ∈ C0([0, T ];C∞
c (Ω)), with ∇ · v = 0.

A density argument provides that this equality holds for any v ∈ L2(0, T ;V). There-
fore, we can choose v = w − u (since ∇ · u = 0 and ∇ · w = 0); then
w = u.

6. Strong convergence. As usual for nonlinear systems, strong convergence in
some suitable space is necessary to identify the limit of the nonlinear terms.
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6.1. Strong convergence for the density in L2(Ω).
Lemma 6.1. Under the hypotheses of Theorem 4.1, one has:

k

N∑
n=0

∣∣∣∣ρn+1
h − ρnh

k

∣∣∣∣4/3 ≤ Cλ,

where Cλ > 0 is independent of h and k (but depends on λ).
Proof. We consider Ph : L2(Ω) → Wh the orthogonal projector, defined as (Phw−

w,wh) = 0 for any wh ∈ Wh. Let w ∈ L2(Ω). By taking in (1.8) as a test function
wh = Phw, we arrive at(

ρn+1
h − ρnh

k
,w

)
+
(
wn

h · ∇ρn+1
h , Phw

)
− λ
(
Δhρ

n+1
h , w

)
= 0,

where we have used the definition of Ph in the first and last terms. By taking into
account the stability of the projector operator |Phw| ≤ |w|, we get∣∣∣∣ρn+1

h − ρnh
k

∣∣∣∣ ≤ ‖wn
h‖L6(Ω)‖∇ρn+1

h ‖L3(Ω) + λ |Δhρ
n+1
h |.

By summing up over n and using the estimates of {ŵh,k}h,k in L2(0, T ; L6(Ω)) (due
to the estimates in L2(0, T ; H1(Ω))), of {λΔhρh,k}h,k in L2(0, T ;L2(Ω)), and of
{∇ρh,k}h,k in L4(0, T ; L3(Ω)) (this last estimate depends on λ), we can conclude
the result.

Remark 6.2. As a consequence of the previous lemma, the estimate∥∥∥∥ d

dt
ρ̃h,k

∥∥∥∥
L4/3(0,T ;L2(Ω))

≤ Cλ

holds. On the other hand, from Lemma 3.2, we get ‖ρ̃h,k‖L∞(0,T ;H1(Ω)) ≤ Cλ. Then,
thanks to an Aubin–Lions compactness argument, one has ρ̃h,k → ρ in L∞(0, T ;Lp(Ω))
as (h, k) → 0, with p < 6. From this convergence, we deduce that ρh,k, ρ̂h,k → ρ in
L2(0, T ;L2(Ω)) as (h, k) → 0, since

‖ρ̃h,k − ρk,h‖2
L2(0,T ;L2(Ω)) ≤ ‖ρ̂h,k − ρk,h‖2

L2(0,T ;L2(Ω)) = k

N−1∑
n=0

|ρn+1
h − ρnh|2 ≤ C k.

6.2. Strong convergence for the velocity.
Proposition 6.3. Under the hypotheses of Theorem 4.1, the following estimate

holds: ∫ T−δ

0

∣∣∣√ρh,k(t + δ)(uh,k(t + δ) − uh,k(t))
∣∣∣2 dt ≤ Cλ δ

1/4 ∀ δ : 0 < δ < T,(6.1)

where Cλ > 0 is independent of h, k, and δ (but depends on λ).
Proof. Throughout the proof we will keep in mind Lemmas 3.2 and 4.1 and

Remark 3.3. As ρh,k and uh,k are piecewise constant functions, it suffices to suppose
that δ is proportional to the time step k, i.e., δ = r k for any r = 0, . . . , N . Then, to
obtain (6.1), it suffices to prove that

k

N−r∑
m=0

|
√
ρm+r
h (um+r

h − um
h )|2 ≤ Cλ (r k)1/4 ∀ r : 0 ≤ r ≤ N.(6.2)
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Let us write the time derivative of the discrete momentum system (1.9) in con-
servative form. By adding at the right- and left-hand sides of (1.9) the term

1

2

(
ρn+1
h − ρnh

k
,un+1

h · ūh

)
:

⎧⎪⎪⎨⎪⎪⎩
(
ρn+1
h un+1

h − ρnhu
n
h

k
, ūh

)
+ a
(
ρn+1
h ,un+1

h , ūh

)
−
(
pn+1
h ,∇ · ūh

)
+ c
(
ρn+1
h un

h − λ∇ρn+1
h ,un+1

h , ūh

)
=
(
ρn+1
h f n+1, ūh

)
+

1

2

(
ρn+1
h − ρnh

k
,un+1

h · ūh

)
.

(6.3)

By multiplying (6.3) by k and summing for n = m, . . . ,m− 1 + r, we have⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
ρm+r
h um+r

h − ρmh um
h , ūh

)
+ k

m−1+r∑
n=m

a
(
ρn+1
h ,un+1

h , ūh

)
−

m−1+r∑
n=m

(
pn+1
h ,∇ · ūh

)
+ k

m−1+r∑
n=m

c
(
ρn+1
h un

h − λ∇ρn+1
h ,un+1

h , ūh

)
= k

m−1+r∑
n=m

(
ρn+1
h f n+1, ūh

)
+

k

2

m−1+r∑
n=m

(
ρn+1
h − ρnh

k
,un+1

h · ūh

)
.

By taking ūh = um+r
h − um

h and making use of the identity

ρm+r
h um+r

h − ρmh um
h = ρm+r

h (um+r
h − um

h ) + (ρm+r
h − ρmh )um

h ,(6.4)

we get⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

|
√
ρm+r
h (um+r

h − um
h )|2 = −

(
ρm+r
h − ρmh ,um

h · (um+r
h − um

h )
)

− k

m−1+r∑
n=m

{
a
(
ρn+1
h ,un+1

h ,um+r
h − um

h

)
+ c
(
ρn+1
h un

h − λ∇ρn+1
h ,un+1

h ,um+r
h − um

h

)}
+ k

m−1+r∑
n=m

{(
ρn+1
h f n+1,um+r

h − um
h

)
+

1

2

(
ρn+1
h − ρnh

k
,un+1

h · (um+r
h − um

h )

)}
.

(6.5)

On the other hand, by taking ρ̄h = ρm+r
h −ρmh as a test function in the density scheme

(4.2), multiplying by k, and summing for n = m, . . . ,m− 1 + r, we obtain

|ρm+r
h − ρmh |2 = −k

m−1+r∑
n=m

(
wn

h · ∇ρn+1
h − λΔhρ

n+1
h , ρmh − ρm+r

h

)
≤ k

m−1+r∑
n=m

(‖wn
h‖L6(Ω)‖∇ρnh‖L3(Ω) + λ|Δhρ

n+1
h |)|ρmh − ρm+r

h |.

Therefore,

|ρmh − ρm+r
h | ≤ C

(
k

m−1+r∑
n=m

‖wn
h‖2

L6(Ω)

)1/2(
k

m−1+r∑
n=m

‖∇ρnh‖4
L3(Ω)

)1/4

(rk)1/4

+ C

(
k

m−1+r∑
n=m

λ|Δhρ
n+1
h |2

)1/2

(rk)1/2 ≤ Cλ (rk)1/4 + C(rk)1/2,

D
ow

nl
oa

de
d 

05
/1

6/
16

 to
 1

50
.2

14
.1

82
.1

69
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 
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where Cλ > 0 is a constant independent of h and k (and depending on λ). Then we
have

max
1≤m≤N

|ρmh − ρm+r
h | ≤ Cλ (r k)1/4.(6.6)

By multiplying (6.5) by k and summing for m = 0, . . . , N − r, we are going to
get the desired bound (6.2) using (6.6). Indeed, from (6.6), one can obtain (with a
similar argument as in [11])

−k
N−r∑
m=0

(
ρmh − ρm+r

h ,um
h · (um+r

h − um
h )
)
≤ Cλ(rk)1/4.

We analyze only the two terms whose estimates will be different from the ones
done in [11]:

J1 := −k2
N−r∑
m=0

m−1+r∑
n=m

c
(
ρn+1
h un

h − λ∇ρn+1
h ,un+1

h ,um+r
h − um

h

)
,

J2 :=
k2

2

N−r∑
m=0

m−1+r∑
n=m

(
ρn+1
h − ρnh

k
,un+1

h · (um+r
h − um

h )

)
.

To estimate J1, we use (1.11) as follows:

J1 ≤ C k2
N−r∑
m=0

m−1+r∑
n=m

‖ρn+1
h un

h − λ∇ρn+1
h ‖L3(Ω)‖un+1

h ‖‖um+r
h − um

h ‖

≤ C k2
N−r∑
m=0

m−1+r∑
n=m

(
‖ρn+1

h ‖L∞(Ω)‖un
h‖L3(Ω) + λ‖∇ρn+1

h ‖L3(Ω)

)
‖un+1

h ‖‖um+r
h − um

h ‖.

By interchanging the sum order (Fubini’s discrete rule) and using the fact that
‖ρn+1

h ‖L∞(Ω) ≤ C,

J1 ≤ C k2
N−1∑
n=0

(
‖un

h‖L3(Ω) + λ‖∇ρn+1
h ‖L3(Ω)

)
‖un+1

h ‖
n∑

m=n−r+1

‖um+r
h − um

h ‖,

where

n =

⎧⎨⎩
0 if n < 0,
n if 0 ≤ n ≤ N − r,
N − r if n > N − r.

Next, by taking into account that |n− n− r + 1| ≤ r and Corollary 4.2, we get

J1 ≤ C k

N−1∑
n=0

(
‖un

h‖L3(Ω) + λ‖∇ρn+1
h ‖L3(Ω)

)
‖un+1

h ‖

⎛⎝ n∑
m=n−r+1

k‖um+r
h − um

h ‖2

⎞⎠1/2⎛⎝ n∑
m=n−r+1

k

⎞⎠1/2

≤ C(r k)1/2

(
k

N−1∑
n=0

(
‖un

h‖L3(Ω) + λ‖∇ρn+1
h ‖L3(Ω)

)2
)1/2(

k

N−1∑
n=0

‖un+1
h ‖2

)1/2

≤ C (r k)1/2.

In the same way, we can bound the term k2
∑N−r

m=0

∑m−1+r
n=m a(ρn+1

h ,un+1
h ,um+r

h −um
h ).
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We bound J2 as follows:

J2 ≤ C k2
N−r∑
m=0

m−1+r∑
n=m

∣∣∣∣ρn+1
h − ρnh

k

∣∣∣∣ ‖un+1
h ‖L3(Ω)‖um+r

h − um
h ‖

(Fubini) ≤ C k2
N−1∑
n=0

∣∣∣∣ρn+1
h − ρnh

k

∣∣∣∣ ‖un+1
h ‖1/2|un+1

h |1/2
n∑

m=n−r+1

‖um+r
h − um

h ‖

≤ C k

N−1∑
n=0

∣∣∣∣ρn+1
h − ρnh

k

∣∣∣∣ ‖un+1
h ‖1/2

⎛⎝k

n∑
m=n−r+1

‖um+r
h − um

h ‖2

⎞⎠1/2

(rk)1/2

≤ C (rk)1/2

(
k

N−1∑
n=0

∣∣∣∣ρn+1
h − ρnh

k

∣∣∣∣4/3
)3/4(

k

N−1∑
n=0

‖un+1
h ‖2

)1/4

≤ Cλ(rk)1/2.

Remark 6.4. From the weak estimates of the discrete velocity uh,k in L∞(0, T ;
L2(Ω))∩L2(0, T ; H1

0(Ω)) and the fractional in time estimate of uh,k given in (6.1), we
can apply a compactness result [17] and obtain uh,k → u in L2(0, T ; L2(Ω))-strong.
Consequently, thanks to estimate (iii), ûh,k → u in L2(0, T ; L2(Ω))-strong. Finally,
since {uh,k}h,k is bounded in L∞(0, T ; L2(Ω)) we improve the compactness of {uh,k}h,k
to the Lp(0, T ; L2(Ω)) space, with p < ∞.

6.3. Strong convergence for the density in H1(Ω). By using the com-
pactness of the discrete density in L2(0, T ; L2(Ω)) and comparing the equation for
the discrete Laplacian and its limit (see [11]), one can obtain the convergence of the
L2(0, T ; L2(Ω))-norm of ∇ρh,k towards the same norm of ∇ρ. Consequently, one has

‖ρh,k − ρ‖L2(0,T ;H1(Ω)) → 0 as (h, k) → 0.

7. Passing to the limit.

7.1. Convergence for the density scheme. Thanks to the previous conver-
gences, we can prove [11] the convergence of the density scheme as (h, k) → 0, ob-
taining

ρt + u · ∇ρ− λΔρ = 0 in Q,
∂ρ

∂n

∣∣∣
Σ

= 0, ρ(0) = ρ0 in Ω.(7.1)

7.2. Convergence for the momentum scheme. We use the following con-
vergence result, which is similar to Lemma 5.2.

Lemma 7.1. Let ū ∈ C∞
c (Ω). Then there exists ūh ∈ Vh such that:

ūh → ū in H1
0(Ω) and

(
∇ · ūh, qh

)
=
(
∇ · ū, qh

)
∀ qh ∈ Mh.

To pass to the limit in the discrete momentum system, we consider v ∈ C1([0, T ];
C∞

c (Ω)), with ∇·v = 0 and v(T ) = 0. We define vnh as the projection of v(tn) furnished
by Lemma 7.1. We define vh,k ∈ L∞(0, T ;Vh) as the piecewise constant functions tak-
ing values vn+1

h on (tn, tn+1] and let ṽh,k ∈ C0([0, T ];Vh) be the piecewise linear, glob-
ally continuous functions and such that ṽh,k(tn) = vnh. It is known that, as (h, k) → 0,

vh,k → v in L∞(0, T ; H1
0(Ω)), ṽh,k → v in W 1,∞(0, T ; H1

0(Ω)).
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By taking ūh = vn+1
h as a test function in (6.3), multiplying by k, summing over n,

and using the expression (discrete integration by parts in time)

N−1∑
n=0

(
ρn+1
h un+1

h −ρnhu
n
h, v

n+1
h

)
=
(
ρNh uN

h , vNh

)
−

N−1∑
n=0

(
ρnhu

n
h, v

n+1
h −vnh

)
−
(
ρ0hu0h, v

0
h

)
and the fact that vNh = 0 (since v(T ) = 0), the following “conservative” formulation
holds: ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− k
N−1∑
n=0

(
ρnhu

n
h,

vn+1
h − vnh

k

)
−
(
ρ0hu0h, v

0
h

)
+ k

N−1∑
n=0

c(ρn+1
h un

h − λ∇ρn+1
h ,un+1

h , vn+1
h ) + k

N−1∑
n=0

a(un+1
h , vn+1

h )

= k
N−1∑
n=0

(
ρn+1
h f n+1, vn+1

h

)
+ k

N−1∑
n=0

1

2

(
ρn+1
h − ρnh

k
,un+1

h · vn+1
h

)
.

Next, by taking into account Definition 5.1,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−
∫ T

0

(
ρ̂h,kûh,k,

∂

∂t
ṽh,k

)
−
(
ρ0hu0h, v

0
h

)
+

∫ T

0

c
(
ρh,kûh,k − λ∇ρh,k,uh,k, vh,k

)
+

N−1∑
n=0

a
(
ρh,k,uh,k, vh,k

)
=

∫ T

0

(
ρh,kfk, vh,k

)
+

1

2

∫ T

0

(
∂

∂t
ρ̃h,k,uh,k · vh,k

)
.

This variational formulation of the discrete momentum system allows us to pass
to the limit in a standard way. We pass to the limit only in the last term on the right-
hand side since this term does not appear in the theoretical analysis. We know that
∂
∂t ρ̃h,k → ∂

∂tρ weakly in L4/3(0, T ;L2(Ω)) and uh,k → u strongly in Lp(0, T ;L2(Ω)),

with p < ∞, and is bounded in L4(0, T ; L3(Ω)), and hence ∂
∂t ρ̃h,kuh,k → ∂

∂tρu weakly

in L1(0, T ; L6/5(Ω)). As vh,k → v in L∞(0, T ; H1
0(Ω)), we have∫ T

0

(
∂

∂t
ρ̃h,k,uh,k · vh,k

)
→
∫ T

0

(
∂

∂t
ρ,u · v

)
as (h, k) → 0.

This concludes the proof of Theorem 1.1.
Remark 7.2. A variant of the Kazhikhoz–Smagulov model is obtained by replacing

the linear diffusion term −∇·(μ∇u) in (1.1) by a nonlinear diffusion term −λ∇·(ρ∇u)
(i.e., taking μ = λρ). It is a model of pollution studied by Bresch, Essoufi, and Sy
in [4, 5], where they prove the existence of a global in time weak solution, without
imposing the restrictive hypothesis (1.5) on the coefficients.

The scheme that we design for this model is obtained by replacing the stabilizing
term of the momentum system

−λ

∫
Ω

M + m

2
(∇un+1

h )t : ∇ūh dx

by the term λm
2 (∇ · un+1

h ,∇ · ūh) and the remainder with the following scheme:
Given (ρnh,u

n
h, p

n
h) ∈ Wh ×Vh ×Mh,
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1. find (wn
h, q

n
h) ∈ Ṽh × M̃h such that, for each (w̄h, q̄h) ∈ Ṽh × M̃h,(

∇wn
h,∇w̄h

)
−
(
qnh ,∇ · w̄h

)
=
(
∇un

h,∇w̄h

)
,
(
∇ ·wn

h, q̄h

)
= 0;(7.2)

2. find ρn+1
h ∈ Wh such that, for each ρ̄h ∈ Wh,(

ρn+1
h − ρnh

k
, ρ̄h

)
+
(
wn

h · ∇ρn+1
h , ρ̄h

)
+ λ
(
∇ρn+1

h ,∇ρ̄h

)
= 0;(7.3)

3. find (un+1
h , pn+1

h ) ∈ Vh ×Mh such that, for each (ūh, p̄h) ∈ Vh ×Mh,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
ρnh

un+1
h − un

h

k
, ūh

)
+

1

2

(
ρn+1
h − ρnh

k
,un+1

h · ūh

)
+ c
(
ρn+1
h un

h − λ∇ρn+1
h ,un+1

h , ūh

)
+ λ
(
ρn+1
h (∇un+1

h − (∇un+1
h )t),∇ūh

)
+

λm

2

(
∇ · un+1

h ,∇ · ūh

)
=
(
ρn+1
h f n+1, ūh

)
+
(
pn+1
h ,∇ · ūh

)
,

(7.4)

(
∇ · un+1

h , p̄h

)
= 0.(7.5)

By following the arguments of this paper, one may establish the same conclusions of
Theorem 1.1 for this scheme.

8. Asymptotic behavior when λ → 0. In this section we are interested in
the asymptotic behavior of scheme (1.8)–(1.10) when the diffusion parameter λ goes
to zero. More precisely, we will see that, by imposing the stability condition

(S′) h/(kλ2) → 0 as (λ, h, k) → 0

and completing (H2) with the additional approximation property

(H2′) |ρ̄− Ihρ̄| ≤ C h2/3‖ρ̄‖W 1,3/2(Ω) ∀ ρ̄ ∈ W 1,3/2(Ω),

then scheme (1.8)–(1.10) approximates, as (h, k, λ) → 0, to a weak solution of the
density-dependent Navier–Stokes problem (1.6), which is defined as follows.

Definition 8.1. A pair (ρ,u) is said to be a weak solution of (1.6) in (0, T ) if:
(a) u ∈ L∞(0, T ; L2(Ω)) ∩ L2(0, T ;V), ρ ∈ L∞(Q), with 0 < m ≤ ρ(x, t) ≤ M

a.e. (x, t) ∈ Q;
(b) for all φ ∈ C1([0, T ];V), with φ(T ) = 0,∫ T

0

{−(ρu, φt + (u · ∇)φ) + μ(∇u,∇φ)} dt =

∫ T

0

(ρf, φ) dt + (ρ0u0, φ(0));

(c) for all ϕ ∈ C1([0, T ];H1(Ω)), with ϕ(T ) = 0,

−
∫ T

0

(ρ, ϕt) dt−
∫ T

0

(ρu,∇ϕ) dt = (ρ0, ϕ(0)).

The rest of this section is devoted to the proof of Theorem 1.2.
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8.1. Uniform estimates with respect to (h, k, λ). By following arguments
of the previous sections and assuming (S′) and (h, k, λ) small enough, we can obtain
the following estimates independent of h, k, and λ (now we denote piecewise functions
associated to the scheme also with the parameter λ explicitly):

{uh,k,λ}h,k,λ, {ûh,k,λ}h,k,λ, {ŵh,k,λ}h,k,λ in L∞(0, T ; L2(Ω)) ∩ L2(0, T ; H1
0(Ω)),

{ρ̃h,k,λ}h,k,λ, {ρh,k,λ}h,k,λ, {ρ̂h,k,λ}h,k,λ in L∞(Q),

λ1/2{ρh,k,λ}h,k,λ, λ1/2{ρ̂h,k,λ}h,k,λ in L∞(0, T ;H1(Ω)),

λ3/4{ρh,k,λ}h,k,λ in L4(0, T ;W 1,3(Ω)),

λ3/4

{
∂

∂t
ρ̃h,k,λ

}
h,k,λ

in L4/3(0, T ;L2(Ω)).

In addition, 0 < m̃ ≤ ρh,k,λ, ρ̂h,k,λ, ρ̃h,k,λ ≤ M̃ in Q,

‖ρ̃h,k,λ − ρh,k,λ‖L2(0,T ;L2(Ω)) ≤ ‖ρh,k,λ − ρ̂h,k,λ‖L2(0,T ;L2(Ω)) ≤ C
√
k,

‖uh,k,λ − ûh,k,λ‖L2(0,T ;H1
0(Ω)) ≤ C

√
k.

In fact, we have the following result.
Lemma 8.2. By assuming (S′) and (h, k, λ) small enough, there exist subsequences

of {uh,k,λ}h,k, {ûh,k,λ}h,k, {ρh,k,λ}h,k,λ, {ρ̂h,k,λ}h,k, and {ρ̃h,k,λ}h,k (denoted in the
same way) and limit functions u and ρ, such that ∇·u = 0 a.e. in Ω, and the following
weak convergences hold as (h, k, λ) → 0:

uh,k,λ → u, ûh,k,λ → u, ŵh,k,λ → u in

{
L2(0, T ; H1

0(Ω))-weak,

L∞(0, T ; L2(Ω))-weak∗,

ρ̃h,k,λ → ρ, ρh,k,λ → ρ, ρ̂h,k,λ → ρ in L∞(Q)-weak ∗ .

8.2. Compactness.
Proposition 8.3. Under the hypotheses of Lemma 8.2, the estimate∫ T−δ

0

∣∣∣√ρh,k,λ(t + δ)(uh,k,λ(t + δ) − uh,k,λ(t))
∣∣∣2 dt ≤ C δ1/2 ∀ δ : 0 < δ < T(8.1)

holds, with C > 0 independent of h, k, δ, and λ.
In particular, since ρh,k,λ ≥ m̃, then

uh,k,λ → u, wh,k,λ → u in L2(0, T ; L2(Ω)) as (h, k, λ) → 0.

Proof. Again, since ρh,k,λ and uh,k,λ are piecewise constant functions, (8.1) is
equivalent to

k

N−r∑
m=0

|
√
ρm+r
h (um+r

h − um
h )|2 ≤ C (r k)1/2 ∀ r : 0 ≤ r ≤ N.(8.2)

By following the proof of Proposition 6.3, one observes that the terms which are
not necessarily bounded independent of λ are

T1 := k2
N−r∑
m=0

m−1+r∑
n=m

(
ρn+1
h − ρnh

k
,un+1

h · (um+r
h − um

h )

)
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and

T2 := −k

N−r∑
m=0

(
ρm+r
h − ρmh ,um

h · (um+r
h − um

h )
)
.

Here we are going to bound these terms.
We consider the projection operator on Wh with respect to L2(Ω)-inner product:

Ph : L2(Ω) → Wh such that (Phv, w) = (v, w) ∀w ∈ Wh.

We take ρ̄h = Ph(un+1
h · (um+r

h − um
h )) ∈ Wh in (4.2), arriving at(

ρn+1
h − ρnh

k
,un+1

h · (um+r
h − um

h )

)
+ (wn

h · ∇ρn+1
h , Ph(un+1

h · (um+r
h − um

h )))

− λ
(
Δhρ

n+1
h ,un+1

h · (um+r
h − um

h )
)

= 0,

(8.3)

where we have used the definition of projection operator in L2(Ω) in the first and the
last term. Thus, we decompose T1 = T1,1 + T1,2, where:

T1,1 = −k2
N−r∑
m=0

m−1+r∑
n=m

(wn
h · ∇ρn+1

h , Ph(un+1
h · (um+r

h − um
h ))),

T1,2 = λk2
N−r∑
m=0

m−1+r∑
n=m

(Δhρ
n+1
h ,un+1

h · (um+r
h − um

h )).

By writing T1,1 as follows:

T1,1 = −k2
N−r∑
m=0

m−1+r∑
n=m

(wn
h · ∇ρn+1

h , Ph(un+1
h · (um+r

h − um
h )) − un+1

h · (um+r
h − um

h ))

− k2
N−r∑
m=0

m−1+r∑
n=m

(wn
h · ∇ρn+1

h ,un+1
h · (um+r

h − um
h )) := T 1

1,1 + T 2
1,1,

we bound it as

T 1
1,1 ≤ C k2

N−r∑
m=0

m−1+r∑
n=m

‖wn
h‖L6(Ω)‖∇ρn+1

h ‖L3(Ω)h
2/3‖un+1

h ‖‖um+r
h − um

h ‖,

where we have used the inequalities |ρ̄ − Phρ̄| ≤ |ρ̄ − Ihρ̄| ≤ C h2/3‖ρ̄‖W 1,3/2(Ω) and

‖un+1
h · (um+r

h −um
h )‖W 1,3/2(Ω) ≤ ‖un+1

h ‖‖um+r
h −um

h ‖. Next, by taking (λ, h, k) small
enough and such that

h2/3 ≤ C λ3/4k1/2,(8.4)

using the fact that λ3/4k1/2‖∇ρn+1
h ‖L3(Ω) ≤ C (with C independent of λ, h, k), and

applying the discrete Fubini rule, we arrive at the estimate T 1
1,1 ≤ C (rk)1/2.
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The bound T 2
1,1 ≤ C (rk)1/2 is obtained easily by integrating by parts and using

the pointwise bound ‖ρn+1
h ‖L∞(Ω) ≤ C (where C is independent of λ):

T 2
1,1 ≤ k2

N−r∑
m=0

m−1+r∑
n=m

(|∇ ·wn
h||un+1

h · (um+r
h − um

h )| + ‖wn
h‖L6 |∇un+1

h |‖um+r
h − um

h ‖L3)

+ k2
N−r∑
m=0

m−1+r∑
n=m

‖wn
h‖L6‖un+1

h ‖L3 |∇(um+r
h − um

h )|

≤ C k2
N−1∑
n=0

‖wn
h‖‖un+1

h ‖
n∑

m=n−r+1

‖um+r
h − um‖ ≤ C(r k)1/2.

The bound T1,2 ≤ C(rk)1/2 is obtained using the fact that λ2 k
∑N−1

n=0 |Δhρ
n+1
h |2 ≤ C

and Fubini’s rule.
By summing up (8.3) multiplied by k2 for n = m, . . . ,m+r−1 and then summing

up for m = 0, . . . , N − r, we can write T2 as:

T2 = −k2
N−r∑
m=0

m+r−1∑
n=m

(wn
h ·∇ρnh, Ph(um

h · (um+r
h −um

h ))−λ(Δhρ
n+1
h ,um

h · (um+r
h −um

h )).

These new terms are bounded in an analogous manner (now, without using Fubinis’s
rule), resulting in

T2 ≤ C(rk)1/2.

Note that the restriction on the parameters (8.4) imposed to get the bound of
T 1

1,1 is included in the constraint (S′) imposed to obtain a priori estimates. Indeed,

(8.4) is equivalent to 1
λ3/4

h2/3

k1/4 ≤ C. But as

lim
(h,k,λ)→0

(
1

λ

√
h

k

)/( 1

λ3/4

h2/3

k1/4

)
= lim

(h,k,λ)→0

1

λ1/4k1/2h1/6
= ∞,

then 1
λ3/4

h2/3

k1/4 ≤ C 1
λ

√
h
k → 0 (thanks to (S′)).

Remark 8.4. By comparing the fractional in time estimates for the discrete
velocity in the case of λ fixed (done in Proposition 6.3) with respect to the case of
λ → 0 (done now in Proposition 8.3), one can observe that condition (8.4) on the
parameters h and k imposed now in the proof of Proposition 8.3 is not necessary in
the case of λ fixed; however, in this case only order (rk)1/4 is obtained. Now, in the
case λ → 0, we have to impose constraint (8.4), and the estimate order is improved
from (rk)1/4 to (rk)1/2.

8.3. Passing to the limit.

8.3.1. Density equation. Let η ∈ C1([0, T ];C∞
c (Ω)) such that η(T ) = 0. We

define ηnh as the interpolation in Wh of η(tn) and ηh,k ∈ L∞(0, T ;Wh)) as the piecewise
constant function taking values ηn+1

h in (tn, tn+1] and let η̃h,k ∈ C0([0, T ];Wh)) be
the piecewise linear, globally continuous function such that η̃h,k(tn) = ηnh . One has,
as (h, k) → 0,

ηk,h → η in L∞(0, T ;H1(Ω)) and η̃k,h → η in W 1,∞(0, T ;H1(Ω)).
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By using these discrete test functions in the discrete density formulation (1.8), to-
gether with an integration by parts in time, we arrive [11] at the formulation

∫ T

0

(
ρ̂h,k,λ,−

d

dt
η̃h,k

)
+λ(∇ρh,k,λ,∇ηh,k) + (ŵh,k,λ · ∇ρh,k,λ, ηh,k) = (ρ0h, η

0
h).(8.5)

Before taking a limit in (8.5), we rewrite the convective term in the following form:

∫ T

0

(ŵh,k,λ · ∇ρh,k,λ, ηh,k) dt = −
∫ T

0

(∇ · ŵh,k,λρh,k,λ, ηh,k) dt,

−
∫ T

0

(ρh,k,λŵh,k,λ,∇ηh,k) dt = −
∫ T

0

(ρh,k,λŵh,k,λ,∇ηh,k) dt,

where we have used Remark 3.1. Therefore, (8.5) remains as

∫ T

0

(
ρ̂h,k,λ,−

d

dt
η̃h,k

)
+ λ(∇ρh,k,λ,∇ηh,k) − (ŵh,k,λ ρh,k,λ,∇ηh,k) = (ρ0h, η

0
h).

By taking into account the weak and strong convergences obtained in previous sub-
sections, it is possible to pass to the limit. Notice that, by arguing as in [9], one can
prove that

λ

∫ T

0

(∇ρh,k,λ,∇ηh,k) dt → 0 as (h, k, λ) → 0.

8.3.2. Velocity system. Before taking a limit in the discrete momentum system
(1.9), we will write (1.9) in a completely conservative form. For this, summing to both
sides of (1.9) the terms

1

2

(
ρn+1
h − ρnh

k
,un+1

h · ūh

)
− 1

2
(ρn+1

h un
h − λ∇ρn+1

h ,∇(un+1
h · ūh))

provides that, for each ūh ∈ Vh,

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(
ρn+1
h un+1

h − ρnhu
n
h

k
, ūh

)
− ((ρn+1

h un
h − λ∇ρn+1

h ) ⊗ un+1
h ,∇ūh)

+ a
(
ρn+1
h ,un+1

h , ūh

)
= (ρn+1

h f n+1, ūh) + (pn+1
h ,∇ · ūh)

+
1

2

(
ρn+1
h − ρnh

k
,un+1

h · ūh

)
− 1

2
(ρn+1

h un
h − λ∇ρn+1

h ,∇(un+1
h · ūh)).

(8.6)

Now we consider Qh the projector operator onto Wh with respect to the H1-norm:

Qh : H1(Ω) → Wh such that (Qhv, w)H1(Ω) = (v, w)H1(Ω) ∀w ∈ Wh,

where (·, ·)H1(Ω) denotes the usual H1-inner product.
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By subtracting from the second member of (8.6) the result of taking ρ̄h = 1
2Qh(un+1

h ·
ūh) as a test function in (1.8) and integrating by parts the convective term, one has⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
ρn+1
h un+1

h − ρnhu
n
h

k
, ūh

)
−
(
(ρn+1

h un
h − λ∇ρn+1

h ) ⊗ un+1
h ,∇ūh

)
+ a
(
ρn+1
h ,un+1

h , ūh

)
=
(
ρn+1
h f n+1, ūh

)
+
(
pn+1
h ,∇ · ūh

)
+

1

2

(
ρn+1
h − ρnh

k
,un+1

h · ūh −Qh(un+1
h · ūh)

)
− 1

2

(
ρn+1
h wn

h,∇(un+1
h · ūh −Qh(un+1

h · ūh))
)

− 1

2

(
ρn+1
h (un

h −wn
h),∇(un+1

h · ūh)
)

+
1

2

(
∇ ·wn

h ρ
n+1
h , Qh(un+1

h · ūh)
)

− λ

2

(
ρn+1
h ,un+1

h · ūh −Qh(un+1
h · ūh)

)
,

where we have used the definition of Qh in the last term on the right-hand side. Note
that the term (∇ ·wn

h ρ
n+1
h , Qh(un+1

h · ūh)) = 0 thanks to Remark 3.1.
In a similar way to section 7, we arrive at⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−
∫ T

0

(
ρ̂h,k,λûh,k,λ,

∂

∂t
ṽh,k

)
−
(
ρ0hu0h, v

0
h

)
−
∫ T

0

(
ρh,k,λûh,k − λ∇ρh,k,λ ⊗ uh,k,λ,∇vh,k

)
+ a
(
ρh,k,λ,uh,k,λ, vh,k

)
=

∫ T

0

(
ρh,k,λfk, vh,k

)
+

1

2

∫ T

0

(
∂

∂t
ρ̃h,k,uh,k,λ · vh,k −Qh(uh,k,λ · vh,k)

)
− 1

2

∫ T

0

(
ρh,k,λŵh,k,λ,∇(uh,k,λ · vh,k −Qh(uh,k,λ · vh,k))

)
− 1

2

∫ T

0

(
ρh,k,λ(ûh,k,λ − ŵh,k,λ),∇(uh,k,λ · vh,k −Qh(uh,k,λ · vh,k))

)
− λ

2
k

∫ T

0

(
ρh,k,λ,uh,k,λ · vh,k −Qh(uh,k,λ · vh,k)

)
:=

∫ T

0

(
ρh,k,λfk, vh,k

)
+ R1 + R2 + R3 + R4,

where vh,k and ṽh,k are suitable approximations of a test function v∈C1([0, T ];C∞
c (Ω)).

Again, by using the estimates independent of λ and arguing as in the continuous
case [9], one can prove that

λ

∫ T

0

(∇ρh,k,λ ⊗ uh,k,λ,∇vh,k) → 0 as (h, k, λ) → 0,

λ

∫ T

0

(
ρh,k,λ − M̃ + m̃

2

)
(∇uh,k,λ)t,∇vh,k → 0 as (h, k, λ) → 0.
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To finish the passage to the limit, we show only that the residual terms Ri vanish
as (h, k, λ) → 0. For this, we impose that the sequence of test functions vh,k is
bounded in L∞(0, T ;W1,3(Ω) ∩ L∞(Ω)).

We bound R1, thanks to estimates (ii) and (vi) of Lemma 3.2, as follows:

R1 ≤ C

N−1∑
n=0

|ρn+1
h − ρnh|h‖un+1

h ‖‖vnh‖W 1,3∩L∞ ≤ C
h

k
→ 0 (thanks to (S′)).

By integrating by parts R2,

R2 = −
∫ T

0

(
ûh,k,λ · ∇ρh,k,λ,uh,k,λ · vh,k −Qh(uh,k,λ · vh,k)

)
−
∫ T

0

(
∇ · ûh,k,λ ρh,k,λ,uh,k,λ · vh,k −Qh(uh,k,λ · vh,k)

)
:= R1

2 + R2
2.

By using the (duality) result of the Aubin–Nitsche type |u−Qhu| ≤ C h‖u‖H1(Ω), the
first term of R2 can be estimated as follows:

R1
2 ≤

∫ T

0

‖ûh,k,λ‖‖∇ρh,k,λ‖L3(Ω)h‖uh,k,λ‖‖vh,k‖W 1,∞(Ω)

≤ C
h

k1/4λ3/4
‖ûh,k,λ‖L2(0,T ;H1

0 (Ω))λ
3/4k1/4‖∇ρh,k,λ‖L∞(0,T ;L3(Ω))

‖uh,k,λ‖L2(0,T ;H1
0 (Ω))

≤ C
h

k1/4λ3/4
λ3/4‖∇ρh,k,λ‖L4(0,T ;L3(Ω)) ≤ C

h

k1/4λ3/4
→ 0 (thanks to (S′)).

The convergence to zero of the other term R2
2 can be made in a similar way.

The term R3 is handled as follows:

R3 ≤
∫ T

0

‖ρh,k,λ‖L∞(Ω)|ûh,k,λ − ŵh,k,λ||∇(uh,k,λ · vh,k −Qh(uh,k,λ · vh,k))|

≤ C h

∫ T

0

‖ûh,k,λ − ŵh,k,λ‖‖uh,k,λ‖‖vh,k‖W 1,3(Ω)∩L∞(Ω) ≤ C h → 0,

where we have used (3.8) and the stability property of Qh in the H1-norm.
Finally, the convergence to zero of R4 is easy to deduce. This concludes the proof

of Theorem 1.2.
Remark 8.5. The asymptotic behavior as λ goes to zero of the scheme (7.2)–(7.5)

(see Remark 7.2), associated to a problem with density-dependent diffusion, remains
as an open problem. In fact, when λ → 0, both diffusion coefficients (viscosity and
mass diffusion) vanish. Therefore, we find a viscosity-vanishing problem, which is an
open problem even in the continuous case.

Appendix A: Proof of Lemma 3.4. We consider the following auxiliary semi-
discrete scheme: Find ρn+1 ∈ H2(Ω) as the solution of the problem:

ρn+1 − ρn

k
+ wn

h · ∇TM
m ρn+1 − λΔρn+1 = 0 in Ω,

∂ρn+1

∂n

∣∣∣
∂Ω

= 0,(A.1)

where

TM
m ρn+1(x, t) =

⎧⎨⎩ ρn+1(x, t) if ρn+1(x, t) ∈ [m,M ],
m if ρn+1(x, t) < m,
M if ρn+1(x, t) > M.
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Lemma A.1. Problem (A.1) has a unique solution.
Proof. Let R : H1(Ω) → H1(Ω) be defined by Rw = v, where v is the weak

solution of the elliptic problem:

v

k
− λΔv = −wn

h · ∇TM
m w +

1

k
ρn in Ω,

∂v

∂n

∣∣∣
∂Ω

= 0.(A.2)

Notice that TM
m w is defined a.e. in Q. In addition, as −wn

h · ∇TM
m w + 1

kρ
n ∈ H1(Ω)′,

R is well-defined, that is, there exists a unique v ∈ H1(Ω) such that Rw = v.
By using v as a test function in (A.2) and integrating by parts, we arrive at

1

k
|v|2 + λ|∇v|2 ≤ |∇ ·wn

h| ‖TM
m w‖L∞(Ω)|v| + |wn

h|‖TM
m w‖L∞(Ω)|∇v| + 1

k
|ρn| |v|.

Since ‖TM
m w‖L∞(Ω) = M , then ‖v‖H1(Ω) ≤ C, with C > 0 a constant independent of

w. Therefore, by taking any r ≥ C, one has that if ‖w‖H1(Ω) ≤ r, then ‖Rw‖H1(Ω) ≤
r. To apply Schauder’s fixed point theorem we have to prove that R : H1(Ω) → H1(Ω)
is continuous and compact. For this, it suffices to demonstrate that

if wl ⇀ w in H1(Ω), then Rwl → Rw in H1(Ω) as l → ∞.

Indeed, from wl ⇀ w in H1(Ω), it holds by compactness that wl → w in L2(Ω).
Therefore, there exists a subsequence, that to simplify notation is denoted in the same
way, such that wl → w a.e. in Ω. By virtue of dominated convergence theorem, we
have

wn
h · ∇TM

m wl +
1

k
ρn −→ wn

h · ∇TM
m w +

1

k
ρn in H1(Ω)′ as l → ∞.(A.3)

On the other hand, the mapping h ∈ H1(Ω)′ → z ∈ H1(Ω), where z is the
solution

1

k

(
z, z̄
)
− λ
(
∇z,∇z̄

)
=
〈
h, z̄
〉
H1(Ω)′H1(Ω)

∀z̄ ∈ H1(Ω),

is linear and continuous (by the Lax–Milgram theorem). Then from (A.3) we have
Rwl → Rw in H1(Ω).

In conclusion, R|B(0,r) : B(0, r) → B(0, r) is continuous and compact. By
Schauder’s fixed point theorem, we have the desired result after a regularity result for
elliptic equations.

Theorem A.2. The solution of problem (A.1) verifies the maximum principle;
i.e., if m ≤ ρ0 ≤ M , then m ≤ ρn ≤ M for each n ≥ 1.

Proof. Let us first see that if ρn ≤ M , then ρn+1 ≤ M . By multiplying (A.1)

by (ρn+1 −M)+ and integrating over Ω (we denote f(x)+ =
{ f(x) if f(x) > 0,

0 if f(x) ≤ 0,
), this

gives us (
ρn+1 − ρn

k
, (ρn+1 −M)+

)
+
(
wn

h · ∇TM
m ρn+1, (ρn+1 −M)+

)
+ λ(∇ρn+1,∇(ρn+1 −M)+) = 0.

By using properties of the positive part function and the fact that TM
m ρn+1 = M as

(ρn+1 −M)+ �= 0, we rewrite it as(
ρn+1 − ρn

k
, (ρn+1 −M)+

)
+ λ
(
∇(ρn+1 −M)+,∇(ρn+1 −M)+

)
= 0.(A.4)
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Therefore, we deduce from (A.4) that (ρn+1 − ρn, (ρn+1 −M)+) ≤ 0. By adding and
subtracting M , one arrives at ((ρn+1 −M)− (ρn −M), (ρn+1 −M)+) ≤ 0. Again, by
the properties of the positive part function, we obtain(

(ρn+1 −M), (ρn+1 −M)+
)

=
(
(ρn+1 −M)+, (ρ

n+1 −M)+
)

= |(ρn+1 −M)+|2.

By the induction hypothesis ρn − M ≤ 0, and then (ρn − M, (ρn+1 − M)+) ≤ 0.
Consequently, |(ρn+1 − M)+|2 ≤ (ρn − M, (ρn+1 − M)+) ≤ 0, and then ρn+1 ≤ M
holds.

The proof of the other bound—if ρn ≥ m, then ρn+1 ≥ m—can be obtained in
the same way.

Corollary A.3. Problem (A.1) is equivalent to problem (3.9).
Proof. Since ρn+1 the solution of problem (A.1) verifies the maximum principle

m ≤ ρn+1 ≤ M , then, in particular from the definition of truncating operator TM
m ,

one has TM
m ρn+1 = ρn+1, and problem (A.1) is rewritten as problem (3.9).

From the uniqueness of the solution of problem (3.9), we have, in particular, that
problem (3.9) verifies the maximum principle

0 < m ≤ ρn(x) ≤ M ∀x ∈ Ω ∀n.

Therefore, to finish the proof of Lemma 3.4, it remains to prove strong estimates
(independent of λ, h, k) for the ρn+1 solution of (3.9). For this, it will be fundamental
to use the pointwise estimates m ≤ ρn+1 ≤ M in Q.

We define ηn+1 = ρn+1 − 1
|Ω|
∫
Ω
ρn+1, and hence 1

|Ω|
∫
Ω
ηn+1 = 0. Then the

‖ηn+1‖H1-norm is equivalent to |∇ηn+1|, and the ‖ηn+1‖H2-norm is equivalent to
|Δηn+1|. Since m ≤ 1

|Ω|
∫
Ω
ρn+1 ≤ M , the estimates for ‖ηn+1‖H1 and ‖ηn+1‖H2

imply estimates for ‖ρn+1‖H1 and ‖ρn+1‖H2 , respectively.
With this definition of ηn+1, problem (3.9) can be rewritten as:

ηn+1 − (ρn − 1
|Ω|
∫
Ω
ρn+1)

k
+ wn

h · ∇ηn+1 − λΔηn+1 = 0 in Ω,
∂ηn+1

∂n

∣∣∣
∂Ω

= 0.

By multiplying by −2 kΔηn+1, we arrive at

|∇ηn+1|2 −
∣∣∣∣∇(ρn − 1

|Ω|

∫
Ω

ρn+1

)∣∣∣∣2 + |∇(ρn+1 − ρn)|2 + 2λ k|Δηn+1|2

≤ 2k
(
wn

h · ∇ηn+1,Δηn+1
)

:= K1.

By integrating by parts in K1,

K1 = −2k(∇wn
h,∇ηn+1 ⊗∇ηn+1) + k(∇ ·wn

h, |∇ηn+1|2).

By using ‖∇ηn+1‖L4(Ω) ≤ C ‖ηn+1‖1/2
L∞ |Δηn+1|1/2 ≤ C |Δηn+1|1/2, we get

K1 ≤ Ck‖wn
h‖ ‖∇ηn+1‖2

L4(Ω) ≤ Ck‖wn
h‖ |Δηn+1| ≤ Cε

λ
k ‖wn

h‖2 + ε λ k|Δηn+1|2.

Therefore,

|∇ηn+1|2 −
∣∣∣∣∇(ρn − 1

|Ω|

∫
Ω

ρn+1

)∣∣∣∣2 + λk|Δηn+1|2 ≤ C

λ
k‖wn

h‖2.
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By using the fact that ∇(ρn − 1
|Ω|
∫
ρn+1) = ∇ρn = ∇ηn, we have

λ‖ηn+1‖2
H1 − λ‖ηn‖2

H1 + λ‖ρn+1 − ρn‖2
H1 + λ2k ‖ηn+1‖2

H2 ≤ C k‖wn
h‖2.

By summing over n and applying k
∑N

n=1 ‖wn
h‖2 ≤ C, we get the following bounds:

λ max
0≤n≤N

‖ρn‖2
H1(Ω) ≤ C, λ2 k

N∑
n=1

‖ρn‖2
H2(Ω) ≤ C,

where C > 0 is independent of λ, h, k. This concludes the proof of Lemma 3.4.
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[11] F. Guillén-González, and J. V. Gutiérrez-Santacreu, Unconditional stability and conver-
gence of fully discrete schemes for 2D viscous fluids models with mass diffusion, Math.
Comp., to appear.

[12] A. Kazhikhov and Sh. Smagulov, The correctness of boundary value problems in a diffusion
model of an inhomogeneous fluid, Sov. Phys. Dokl., 22 (1977), pp. 249–252.

[13] C. Liu and N. J. Walkington, Convergence of numerical approximations of the incompressible
Navier-Stokes equations with variable density and viscosity, SIAM J. Numer. Anal., 45
(2007), pp. 1287–1304.

[14] R. Salvi, On the existence of weak solutions of boundary-value problems in a diffusion model
of an inhomogeneous liquid in regions with moving boundaries, Port. Math., 43 (1986),
pp. 213–233.

[15] P. Secchi, On the motion of viscous fluids in the presense of diffusion, SIAM J. Math. Anal.,
19 (1988), pp. 22–31.

[16] P. Secchi, On the inicial value problem for the equations of motion of viscous incompressible
fluids in the presence of diffsion, Boll. Unione Mat. Ital., 6 (1982), pp. 117–1130.

[17] J. Simon, Compact sets in the Space Lp(0, T ;B), Ann. Mat. Pura Appl., 146 (1987), pp. 65–97.
[18] R. Temam, Navier-Stokes Equations. Theory and Numerical Analysis, North-Holland, Ams-

terdam, 1977.

D
ow

nl
oa

de
d 

05
/1

6/
16

 to
 1

50
.2

14
.1

82
.1

69
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


