TWISTED CONJUGACY IN BRAID GROUPS

JUAN GONZALEZ-MENESES AND ENRIC VENTURA

ABSTRACT. In this note we solve the twisted conjugacy problem for braid
groups, i.e. we propose an algorithm which, given two braids u,v € B, and
an automorphism ¢ € Aut(B,), decides whether v = (p(x)) lux for some
x € B,. As a corollary, we deduce that each group of the form B, x H, a
semidirect product of the braid group B, by a torsion-free hyperbolic group
H, has solvable conjugacy problem.

1. INTRODUCTION

Let G be a group, and ¢ € Aut(G) an automorphism (which we shall write on the
left of the argument, g — ¢(g)). We say that two elements u, v € G are @-twisted
conjugated, denoted u ~, v, if there exists = € G such that v = (¢(x)) tuz. It is
straightforward to see that ~, is an equivalence relation on G, which coincides
with standard conjugation in the case ¢ = Id (we shall use the symbol ~ instead
of ~r4). Reidemeister was the first author considering this concept (see [14]),
which has an important role in modern Nielsen fixed point theory.

As one might expect, in general, twisted conjugacy classes are much more compli-
cated to understand than standard conjugacy classes in a group G. For instance,
algorithmic recognition of them already presents big differences. The twisted con-
jugacy problem for a group G consists on finding an algorithm which, given an
automorphism ¢ € Aut(G) and two elements u,v € G, decides whether u ~, v
or not. While the conjugacy problem (i.e. the Id-twisted conjugacy problem)
is very easy for free groups, both conceptually and computationally, the twisted
conjugacy problem is solvable but much harder in both senses, see Theorem 1.5
in [3].

Of course, a positive solution to the twisted conjugacy problem automatically
gives a solution to the (standard) conjugacy problem, which in turn provides a
solution to the word problem. The existence of a finitely presented group G with
solvable word problem but unsolvable conjugacy problem is well known (see [13]).
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2 JUAN GONZALEZ-MENESES AND ENRIC VENTURA

In the same direction, there exists a finitely presented group with solvable con-
jugacy problem, but unsolvable twisted conjugacy problem (see Corollary 4.9
in [2]).

A subgroup A < Aut(G) is said to be orbit decidable if there is an algorithm
which, given two elements u,v € G as input, decides whether one can be mapped
to the other up to conjugacy, by some automorphism in A, i.e. whether v ~ a(u)
for some o € A (see [2] for more details). For example, the conjugacy problem in

G coincides precisely with the orbit decidability of the trivial subgroup {Id} <
Aut(Q).

Let

1—>FL>GLH—>1.

be a short exact sequence of groups. Since «(F') is normal in G, for every g € G,
the right conjugation 7, of G induces an automorphism of F', z +— g~ 'zg, which
will be denoted ¢, € Aut(F) (note that, in general, ¢, does not belong to
Inn(F)). It is clear that the set of all such automorphisms,

Ag={py | g€GY,

forms a subgroup of Aut(F') containing Inn(F’). We shall refer to it as the action
subgroup of the given short exact sequence.

Such a sequence is said to be algorithmic provided it is given along with al-
gorithms: (i) to compute in the groups F, G and H (i.e. multiply and invert
elements), and compute images under « and [3; (ii) to compute one pre-image in
G of any given element in H; and (iii) to compute pre-images in F' of elements
in G mapping to the trivial element in H. The typical example (though not the
unique one) of an algorithmic short exact sequence occurs when groups are given
by finite presentations and maps are given by images of generators. In fact, (i)
is immediate, we can use the positive part of the membership problem for 3(G)
in H to compute pre-images in G of elements in H, and use the positive part of
the membership problem for a(F) in G to compute pre-images in F' of elements
in G mapping to 1y (see Section 2 in [2]).

Assuming certain conditions on the groups F' and H, the main result in [2] estab-
lishes the following characterization of the solvability of the conjugacy problem
for GG, in terms of the orbit decidability for the corresponding action subgroup.

Theorem 1.1 (Bogopolski, Martino, Ventura [2]). Let
1—F %G L H—1

be an algorithmic short exact sequence of groups such that

(i) F has solvable twisted conjugacy problem,
(ii) H has solvable conjugacy problem, and
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(iii) for every 1 # h € H, the subgroup (h) has finite index in its centralizer
Cy(h), and there is an algorithm which computes a finite set of coset
representatives, zp1, ..., 2ny, € H,

CH(h) = <h>2’h71 L---ud <h>zh,th-

Then, the conjugacy problem for G is solvable if and only if the action subgroup
Ag < Aut(F) 1is orbit decidable.

Many groups satisfy conditions (ii) and (iii); for example, they are easily verified
for a finitely generated free group, and with a bit more work, they can also be
proven for torsion-free hyperbolic groups, see Proposition 4.11 in [2].

On the other hand, solvability of the twisted conjugacy problem is a stronger
condition on F. In this sense, the introduction of [2] contains the following
comment: “In light of Theorem 1.1, it becomes interesting, first, to collect groups
F where the twisted conjugacy problem can be solved. And then, for every such
group F, to study the property of orbit decidability for subgroups of Aut(F'): every
orbit decidable (undecidable) subgroup of Aut(F') will correspond to extensions of
F having solvable (unsolvable) conjugacy problem”.

The goal of the present paper is to contribute a new result into this direction,
taking as a base group the braid group, F' = B,,.

Consider the braid group on n strands, given by the classical presentation
005 = 040 ‘Z—j’>1 >

UinUiZO'jO'Z'Uj ‘Z-j’zl

(1) Bn: <O’1,0’2,...,O’n_1

It is well known that the conjugacy problem is solvable in B,,. The first, non-
efficient solution was given by Garside [8]. It was subsequently improved in [6, 7,
1,9, 10], in such a way that the current solution is very efficient in most cases.

Theorem 1.2 (Garside [8]). The conjugacy problem is solvable in B,,.

Also, the automorphism group of B, is quite well understood. Among other
results, the following one will be crucial for our argumentation.

Theorem 1.3 (Dyer, Grossman [5]). Let B,, be the braid group on n strands.
Then |Out(B,)| = 2. More precisely, Aut(B,) = Inn(B,)U Inn(B,,) - ¢, where
e: B, — B, is the automorphism which inverts each generator, o; — o; L

Using the above two results, we will solve the twisted conjugacy problem in B,,
and the orbit decidability problem for every subgroup A < Aut(B,). As a con-
sequence, we deduce that the conjugacy problem is solvable in certain extensions
of B,,.
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Theorem 4.9. The twisted conjugacy problem is solvable in the braid group B,.
Theorem 5.1. Fvery finitely generated subgroup A < Aut(B,,) is orbit decidable.

Theorem 5.2. Let G = B,, x H be an extension of the braid group B, by a
finitely generated group H satisfying conditions (ii) and (iit) above (for instance,
take H torsion-free hyperbolic). Then, G has solvable conjugacy problem.

The structure of the paper is as follows. In Section 2 we review some known
facts about normal forms for braids that will be used later. In Section 3 we
determine a well defined finite subset of each e-twisted conjugacy class in B,.
And in Section 4 we give an algorithm to construct such set from a given element
in the class, solving the twisted conjugacy problem in B,. Finally, in Section 5
we solve the orbit decidability problem for subgroups of Aut(B,) and conclude
Theorem 5.2.

2. NORMAL FORMS OF BRAIDS

In this section we will recall the notion of normal form for braids, as explained
in [15, Chapter 9] and [6], and we shall also provide some technical lemmas that
will be used to prove our main results.

In the braid group B,, an element is called positive if it can be written as
a product of non-negative powers of the generators oy,...,0, 1. It turns out
that if we regard the standard presentation of the braid group (1) as a monoid
presentation, it yields a monoid B;" which embeds in B, and is precisely the
submonoid of positive braids [8]. This means that two positive words represent
the same braid if and only if one can be obtained from the other by a finite
sequence of the following operations: Either replacing a subword o,;0; by o;0; for
li — j| > 1, or replacing a subword o,0;0; by 00,0, for |i — j| = 1.

There is a partial order < on the elements of B,,, called the prefix order, defined
by a < b if and only if a~'b is positive. If a and b are positive this means that b
can be written as a positive word in which a appears as a prefix. There is also
a suffix order, =, defined by a = b if and only if ab~! is positive. These orders
are known to be lattice orders, meaning that for every a,b € B,, there is a unique
greatest common divisor a Ab (resp. a Agb) and a unique least common multiple
a Vb (resp. a Vg b) with respect to < (resp. =).

The order < is, by definition, invariant under left-multiplication. That is, a <
b < ca =< c¢bfor all a,b,c € B,. This implies that cx A cy = c(z A y) and
cx V ey = c(x Vy) for all ¢,z,y € B,. Similarly, = is invariant under right-
multiplication, and one has zc Agr yc = (x Agy)c and zc Vg yc = (z Vg y)c for all
c,r,y € B,.
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The braid group B, has a special element called Garside element or half twist,
A= 0'1((720'1>(030'2(71) cee (Un,1 cee 01).

Conjugation by A preserves < and »=. We denote by 7 the inner automorphism
of B, defined by A, that is, 7(x) = A7'zA for all x € B,,. We recall that the
center of B,, is infinite cyclic, generated by A?. Hence 7 preserves < and 3= (thus
it preserves A, V, Ag and Vg), and 72 = id.

The set of positive prefixes of A, denoted [1,A] = {s € B,; 1 < s < A}, is called
the set of simple elements of B,. This set is finite, namely it has n! elements.
Simple elements are the building blocks that conform the usual normal forms of
braids. A simple element will be said to be proper if it is neither 1 nor A.

The right complement 0(s) of a simple element s is a simple element ¢ such
that st = A, that is, 9(s) = s"'A. The map 9 is a bijection of the set of
simple elements. Moreover, 9> = 7. The left complement of a simple element
is precisely 07'(s) = As™!. If a positive element is written as a product of
two simple elements s;s9, we say that such a decomposition is left weighted if
s1 is the maximal simple prefix of sysy, that is s A A = sq, or alternatively
(multiplying from the left by s; 1), if s5A0(s;) = 1. We say that the decomposition
5189 is right weighted if sy is the maximal simple suffix of s;s5, that is s;59 Ag
A = sy, or alternatively (multiplying from the right by s5'), if sy AR 97 (sq) = 1.

Given an element x € B,,, we say that a decomposition x = APz - - -z, is the left
normal form of x if p is the maximal integer such that A™Px is positive, each z;
is a proper simple element, and x;x;, is left weighted fori =1,...,r—1. We say
that a decomposition x = ] - - - 2. A? is the right normal form of z if p is the
maximal integer such that tA™P is positive, each x} is a proper simple element,
and zjz}, is right weighted for ¢ = 1,...,7 — 1. The left and right normal forms
are unique decompositions, and the numbers p and r are determined by x and
do not depend on the normal form (left or right) which is used to define them.
In this way, one defines the infimum, supremum and canonical length of x
as, respectively, inf(x) = p, sup(z) = p+ r and £(z) = r.

It will be convenient for our purposes to use the following notation. When we deal
with a positive element x, and we say that its left normal form is x = z; - - - .,
(with no power of A on the left), we are allowing some of the initial factors to be
equal to A. That is, if inf(z) = p > 0, this will mean that 1 =--- =2, = A, so
the actual normal form of x would be APz, ;- z,.

There is still another normal form that we shall use. It is well known [15, 4]
that, for every x € B, there exist unique positive elements v and v, with
uAv = 1, such that x = v~tv. If the left normal forms of u and v are, re-
spectively, © = uy---u, and v = v;---v,, the mixed normal form of z is
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defined to be x = u; ! ---u; vy - - -v,. We recall from [15] that, if x can be writ-
ten as = u~'v with v and v positive elements with left normal forms u; - - - u,
and vy - - - v, then u;l . -ul_lvl -+ 04 is the mixed normal form of z if and only

iful/\vlzl.

We remark [15] that if = u '+ -uy vy - - - v, is in mixed normal form as above,

the left normal form of u™' is A™"u/ ---u} (where v, = 97%71(u;)), and the
left normal form of x is equal to = A7 ---ujv; - - -vs. Therefore, from the
mixed normal form one can already obtain inf(z) = —r, ¢(z) = r + s and hence
sup(z) = s.

The following technical results will be used later.

Lemma 2.1. Let a and b be positive braids whose left normal forms are a =
ay---ap, b = by---bs, and whose right normal forms are a = a}---al, b =

by---b,. Consider x = a™'b. If {(x) < r+s—2k+1 for some integer k > 0,
then either ay---aj < by-- by orb)-- b, < ay---ay.

Proof. Let d = aAb, and write @ = da and b = d3. Then x = a~'b = o~ 3, where
« and (3 are positive elements such that aAS = 1. Hence sup(«a)+sup(f)+2k—1 =
{(x)+2k—1 < r+s = sup(a)+sup(b). This implies that either sup(a)+k < sup(a)
or sup(f3) + k < sup(b).

Suppose that sup(a) + k& < sup(a) = r. This means that a can be written as
a product of at most r — k simple elements. But da = a = a] - - - a]., where the
latter decomposition is in right normal form. It follows that o must be a suffix of
a1 -ay., and then a} ---a;, < d. Hence a} ---aj, < dB =b=0by---b,. Since the
latter decomposition is in left normal form, one finally obtains @} - - - aj, < by - - - by.
In the case sup(3) + k < sup(b) = s, one can apply the above reasoning to $ and
b, to obtain b} --- b, < ay - - - a. O

Let us denote by e the automorphism of B, that sends o; to o;' for
it = 1,...,n — 1. Also, let rev: B,, — B, be the anti-automorphism that
sends each o; to itself, that is, it sends a braid represented by a word w, to the
braid represented by the same word written backwards. We will write, for every
r € B,, rev(r) = T. Let us also denote inv: B, — B, the anti-automorphism
inv(z) = 271, Notice that the composition of any two of the maps in {¢, rev, inv},
in any order, yields the third one.

Lemma 2.2. Let x be a positive braid with sup(x) =r + k, where r > k > 1. If
((e(x)x) < 2r + 1 then there exist positive braids a and b such that x = ‘@ ba and
sup(b) <.

Proof. Let x1 - - - x4 be the left normal form of x and let y; - - -y, be its right
normal form. Hence &, 4---2; is the right normal form of = and ¥,1r--- U1
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—

is its left normal form. Notice that e(z)z = (z)~'z. Hence, if {(s(x)z) =
(((7)'x) < 2r + 1, Lemma 2.1 tells us that either T, 4 ---Z,41 < 21 ---Tp Or

—— —
Yoo Uk < Yrk o Urpts

— — . — —
Suppose that &, - T,11 < 1+ 2k, and write x1 -+ = Tpyg - T for
some positive a.. Since r > k, one can then write

T = (Tyrg - Tri1) Ok To(Trg1 -+ Trpi),

so the result follows in this case taking a = z,,1 -+ x4 and b = axpyq - -z, (if
k = r then b = «). Notice that sup(b) < r as b is a suffix of x; - - - z,.

Now suppose that y1 - yx < Uik Urr1, and write - yr+1 = Y1 ykP
for some positive 3, which is equivalent to v, - y,,«+k = ﬁ R fy—l Then
«— «—

= (Y1 Yr)Yrs1 - Y B (<y—k<y—1) Takinga: yk"'yl and b=y -y 3,
which is a prefix of Y11 - - - yr+r, the result follows also in this case. O

We define a palindromic-free braid as a positive braid = that cannot be decom-
posed as z = ‘a ba for positive braids a and b, where a is nontrivial (see the
equivalent definition 3.1). Palindromic-free braids will be crucial to show our
main results. The above Lemma implies the following.

Corollary 2.3. Let u be a positive braid with {(x) = m. Then {(e(x)z) < 2m.
If moreover w is palindromic-free and m > 1, then {(e(x)x) = 2m.

Proof. Recall that e(x) = ()~!. Since the canonical length of a braid is pre-
served under reversing (by symmetry of the relations in B,,) and also under taking
inverses (by [6]), it follows that ¢(¢(z)) = m. Multiplying two braids of canonical
length m yields a braid of canonical length at most 2m, hence ¢(e(z)x) < 2m.

If u is palindromic-free and m > 1 we have the equality, as if we had ¢(e(x)z) <
2m, then by setting r = m — 1 and k = 1, we would have {(e(z)z) < 2r + 1,
which by Lemma 2.2 implies that = is not palindromic-free. D

3. e-TWISTED CONJUGACY AND PALINDROMIC-FREE BRAIDS

Due to Theorem 1.3, the twisted conjugacy problem in B, will easily reduce
to the e-twisted conjugacy problem, namely given two braids u,v € B, decide
whether there exists another one w € B,, such that

v = (e(w)) tuw.

This problem has a very particular nature because (¢(w))™' = w, i.e. e-twisted

conjugatlng u by w amounts to multiply u on the right by w and on the left by
W, v="wuw. Let us concentrate on this case, where the twisting is given by e.
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Note that the e-twisted conjugation of a positive braid by a positive braid yields a
positive braid. Also, note that, for any braid x € B,, and any generator o;, + and
o,x0; are e-twisted conjugated. Imposing positivity, this yields to the following
definition:

Definition 3.1. A positive braid = is said to be palindromic-free if o; 'zo; "
s mot positive, for everyi=1,... n— 1.

In other words, if z is a positive, palindromic-free braid and o; < =z, that is,
x = oy for some positive y, then y % ;. However, notice that even if z is
palindromic-free, one may have simultaneously o; < x and x = o; for some 7. For
instance if © = o, or if x = 0,0, with |i — j| > 2.

Proposition 3.2. Every braid x € B,, is e-twisted conjugated to some positive,
palindromic-free braid y.

Proof. 1t is well known Egat for every braid z < B,,, the braid zA? is pgitive
for p big enough. Since A is positive (actually A = A), it follows that APzAP
is positive for some p big enough. Hence z is e-twisted conjugated to a positive
braid z.

If z is not palindromic-free, there will exist a letter o; such that z = 0,20y
for some positive braid z’ whose word length is smaller than that of z. And,
since o; = 0y, z is e-twisted conjugated to z/. Repeating this process, as the
word length of the resulting braid decreases at each step, one finally obtains a
palindromic-free positive braid e-twisted conjugated to z, thus to x. 0

By the above argument, every positive braid z has the form = = ¢ yc for some
positive, palindromic-free braid y. We remark that the element y is not unique.
For instance, if © = 090109 = 0109071, then y could be equal to either o; or o».
Another example is x = 0302010903 = 0301020103 = 01020302071, S0 y could be
equal, in this case, to either oy or o, or 3.

Recall that we are trying to find an algorithm to solve the e-twisted conjugacy
problem in B,. After the above discussion, one may think that a possible solu-
tion could be to compute the set of positive, palindromic-free braids, e-twisted
conjugated to a given one. Clearly, two braids u and v are e-twisted conjugated
if and only if their corresponding sets coincide. Unfortunately, this attempt does
not work because the mentioned set is not always finite, as one can see in the
following example.

Example 3.3. The set {o}0y0304050102030407; n > 0} C Bg is an infinite
family of positive, palindromic-free braids, which are pairwise e-twisted conju-
gated.
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Proof. We will show that for every n > 0 one has:
08 (05090304050109030407) 08 = (0103)"0203040501020304(03071)".

So all braids in the above family are e-twisted conjugated to oo03040501090304,
and so to each other. To see this, first notice that

05 (0203040501020304) 0903) 05 (040501090304)

= (
= (0'20'30'40'5> 04 (0'10'20'30'4)
= (090304050102) 04 (0304)

= (0'20'30'40'50'10'20'30'4) 3.
On the other hand, by commutativity relations,
0203040501020304 = 0201030204030504,
hence

01 (0'20'30'40'50'10'20'30'4) = 01 (0'20'10'30'20'40'30'50'4)

0201) 02 (030204030504)

02010302) 03 (04030504)

0201030204050504) 05

(
(
(020103020403) 04 (0504)
(
(

0'20'30'40'50'10'20'30'4) 05.
Therefore, as o1, 03 and o5 commute, one has

n __n n__n ___ n n __n__n
020y (0203040501020304) 0108 = 04 (0903040501090304) 05070

n__n n__n
= 0103 (0203040501090304) 0507,
and the claim follows.

It just remains to show that every element in the above family is palindromic-
free. This could be easily done by using the standard topological representation
of braids as collections of strands in R3, but we will show it algebraically.

If n = 0, we have the braid ag = 0203040501020304. We recall that the monoid
B¢ of positive braids embeds in Bg, so we just need to use positive relations
from the standard presentation (1) to determine which generators are prefixes or
suffixes of . But notice that in the above word, no matter how many commu-
tativity relations we apply, we can never obtain a subword of the form o;0;0;,
because between two appearances of the letter o; one always has both o, ; and
o;+1. Hence, only commutativity relations can be applied, and it follows that this
braid can only start with o5, and can only end with o4, thus it is palindromic-free.
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For n > 0, the braid we are considering is a,, = 0% (0203040501020304)0}. Notice
that:

03 (0'20'30'40'50'10'20'30'4) 0'20'3) (o) (0'40'50'10'20'30'4)

09030405) 09 (01090304)

0'20'30'40'50'10'2) g1 (0'30'4)

= (
= (
= (
= (0903040501020304) 071.

Hence a,, = 02"(0203040501090304), and also a,, = (0903040501020304)03™.

On one hand, the above two expressions of «,, show that it can start with o3
and also with oy. Suppose that it can also start with o;. As 03" < «, and
we are assuming that o; < a, it follows that 02" V 0, < a,, that is 02"0; <
ay,. Multiplying by oy 27 from the left we obtain oy < 0903040501020504. But
this is not possible as the latter braid can only start with o,. Hence o1 € a,.
Analogously, as 03" V 04 = 030403, and also 03" V 05 = 03"05, it follows that

o4 X a, and o5 € a,,. Therefore «;,, can only start with either o or os.

The symmetric argument shows that «a,, can only end with either o; or o4. There-
fore «, is palindromic-free, as we wanted to show. 0

Hence, the attempt to compute the set of all positive, palindromic-free braids,
e-twisted conjugated to a given one does not work. However, we shall save the
idea by imposing a further condition which will assure the required finiteness of
the set: we shall consider only elements with minimal canonical length. The set
we will compute is then the following.

Definition 3.4. Given a braid x € B,, we define MPF(x) to be the set of
positive, palindromic-free braids, e-twisted conjugated to x, of minimal canonical
length.

Notice that if a positive braid x is palindromic-free, then inf(z) = 0, so sup(x) =
((x). This gives us finiteness of M PF(x):

Proposition 3.5. For every © € B, the set MPF(x) is nonempty and finite,
and it is an invariant of its e-twisted conjugacy class.

Proof. M PF(x) is an invariant of the e-twisted conjugacy class of = by definition.
It is nonempty by Proposition 3.2, and it is finite since the set of elements of
infimum zero, and given canonical length, is finite. O
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4. THE TWISTED CONJUGACY PROBLEM FOR B,,.

In order to find a solution to the e-twisted conjugacy problem in braid groups,
we need a method to compute M PF(x), given x € B,. For that purpose, we
shall need the following technical results.

Lemma 4.1. Let u be a positive, palindromic-free braid. Let ¢ be a positive
braid with inf(c) = 0, whose left normal form is ¢ = ¢;---cs. Denote k; =

inf(¢---ctuer--¢). Then kiyy < ki +1 fori=0,...,5s— 1. In particular,
inf(¢---Ctuc---¢)<ifori=0,...,s.

Proof. Recall that, since u is palindromic-free, inf(u) = 0. As the infimum of an
element can increase by at most one when multiplied by a simple element, one
has either inf(uc;) = 0 or inf(uc;) = 1.

Suppose that inf(ucy) = 0, that is, A is not a prefix of uc;. It is well known that,
as ¢ --- ¢ is in left normal form, then inf(uc; ---¢;) = 0. Since the infimum of
an element can increase by at most one when it is multiplied by a simple ele-

ment, one has inf(¢; --- ¢ uc;---¢,) < 4, moreover inf(¢ - ¢l ucy---c,) <
inf(&_1---¢iuc---cy) +1fori = 1,...,s. It suffices then to show that

ki = inf(c;---¢lucy---¢c) fori =0,...,s. But since we already showed that
inf(¢ ---C uer---cg) < i, and ¢;--- ¢ is in left normal form, then AP is a
prefix of ¢ --- ¢ wcp---c, (necessarily p < i) if and only if it is a prefix of

— — . e — T «—
ci---ciucy---c. Henceinf(e; ---ciucy---cg) =inf(e; - ciuey-¢) =k
fori =0,...,s, as we wanted to show.

Now suppose that inf(uc;) = 1, that is, uc; = vA for some positive v, pre-
fix of u. This means that u = vd '(c;). Since u is palindromic-free, one

. . &

has 07'(c;) Av=1. But it is easy to see that 97'(¢;) = 9(¢;), so one has
d(c1) Av =1, that is, the decomposition ¢;v is left-weighted as written. This
. . . . . < . — «— . . .

in particular implies that inf(c;v) = 0 and, since ¢, ---¢; is in right normal

form, that inf(¢; - -- Zyv) = 0. Hence inf(%, --- Clucy) = inf(C; --- GvA) =1 =

k1 = ko + 1. As the infimum can increase by at most one when an element is

multiplied by a simple one, then one has inf(¢;, --- ciuc; ---¢;) < i, moreover
inf(C - Cucy - -¢;) < inf(Cy -+ Clucy---¢i_y) + 1 for i = 1,...,s. Repeat-
ing the argument of the previous case, one has k; = inf(¢; --- ¢ uc;---¢;) for
1=20,...,s, and the result is shown. 0

Corollary 4.2. Let u be a positive, palindromic-free braid. Let ¢ be a posi-
tive braid with inf(c) = 0, and whose left normal form is ¢ = ¢y ---cs. If

inf(Cs---Crucy---cy) =s, theninf(c; ---Clucy---¢;) =i fori=0,...,s.
Proof. Let k; = inf(¢; --- Clucy---¢;) fori = 0,...,s. We know that ky = 0 since

u is palindromic-free, and that k; ;1 < k; + 1 by the previous result. By induction
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on s, it follows that k; < s and the equality holds if and only if k;,; = k; + 1 for
1=0,...,5s — 1. But we have k; = s by hypothesis, hence k; =i for i =0,...,s,
as we wanted to show. 0

Corollary 4.3. Let u,v € B,, be positive, palindromic-free braids. Let a and b

be nontrivial positive braids such that a Ag b = 1 (hence inf(a) = inf(b) = 0).
H

Suppose that ‘@ua = bvb. Then {(a) = ((b).

Proof. Denote ¢(a) = p and {(b) = ¢, and write a = a;---a, and b = by ---b,
in right normal forms. Consider b* = b~1AY. Then b* is a positive braid with
inf(b*) = 0. Namely, its right normal form is b* = 9(b,)0(by—1) - - - 9%~ (by).
Then consider the product

ab® = ag .- apa(bq)ag(bq,l) s 82(171(1)1).

We claim that the above decomposition is the right normal form of ab*. We
just need to show that a,0(b,) is right-weighted as written. But a Agp b = 1, so
1 = a, Agb, = a, Ag 071(9(b,)), which precisely means that a,d(b,) is right-
weighted, showing the claim. This implies in particular that inf(ab*) = 0 and
lab*) =p+q.

Notice that b* ‘@ uab® = b* b vbb* = A%AY. Since inf(v) = 0 as v is palindromic
H
free, one has inf(b* ‘@ uab*) = inf(A%A9) = 2. On the other hand, inf(ab*) = 0
H
and £(ab*) = p + ¢, so Lemma 4.1 implies that inf(b* ‘@ uab*) < p + q. Therefore

2q < p+ q, that is, ¢ < p. By symmetry, one also has p < ¢, so the equality
holds. 0

Recall that we want to find a method to compute, for any given braid = € B,,, the
set M PF(x)i.e. the (finite) set of positive, palindromic-free, e-twisted conjugates
of x of minimal canonical length. Notice that if two elements v and v are &-
twisted conjugated, that is, if ¢ uc = v for some braid ¢, then we can multiply
on both sides by a suitable power of A such that cAP is positive, in such a way
that AP CucA? = APuAP, so we have written AuA = BuB with A and B
positive. Moreover, if d = A Ar B is the maximal common suffix of A and B,
then multiplying the above eglality from the right by d=! and from the left by

(7)*1, we finally get ‘@ ua = b vb, with a and b positive and such that aAgb = 1,
as in the hypothesis of the above result. We will be specially interested in the
case in which a and b are simple elements.

Definition 4.4. We will say that two elements u,v € B,, are simply e-twisted
conjugated, or that they are related by a simple s-twisted conjugation, if

H
there exist simple elements a and b such that ‘@ ua = b vb.
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The main result of this section is analogous, with respect to e-twisted conjugacy,
to the following famous result by El-Rifai and Morton with respect to conjugacy.

Theorem 4.5. [6] Let u,v € B, be conjugated braids such that {(u) < r and
l(v) <r for some r. Then there is a chain u = ug,uy, ..., up = v, with {(u;) <7
for all i, such that u;_1 is conjugated to u; by a simple element, fori=1,... k.
Namely, if ¢ is a positive element such that ¢ ‘uc = v, and ¢ = ¢ - - - ¢}, is its left
normal form, then one can take u; = c;l e cflucl cee .

In our case, dealing with e-twisted conjugacy, we will restrict to positive, palin-
dromic-free braids.

Theorem 4.6. Let u,v € B, be positive, palindromic-free, e-twisted conjugated
braids such that ((u) < r and £(v) < r for some r. Then there is a chain
U = Ug, Uy, ..., U = v of positive, palindromic-free braids, with {(u;) < r for all
1, such that u;_q is simply e-twisted conjugated to u;, fori=1,... k.

Proof. As we saw above, there are positive elements a and b, with a Ap b = 1,

such that ‘@ ua = <Evb. Since u and v are palindromic free, a is trivial if and only
if so is b. If a and b are nontrivial, the hypotheses of Corollary 4.3 are satisfied,
thus {(a) = ¢(b) = p in any case. We will show the result by induction on p. If
p = 0 the result is trivially true, so we will assume that p > 0 and that the result
is true for all values between 0 and p — 1.

The strategy of the proof will be to find some palindromic-free braid w with
{(w) < r, such that 5 us = t wt for some simple braids s and ¢ (this is a chain
of length 1 from u to w), and also ywy = Z vz for some positive elements v, z
such that y Ag z = 1 and ¢(y) = ¢(z) < p— 1. The induction hypothesis provides
a chain from w to v, so the result will follow by concatenating both chains.

We start as in the proof of Corollarl 4.3, defining b* = b 'AP, and noticing
that inf(ab*) = 0, £(ab*) = 2p and b* ‘@ uab* = APvAP. Denote ¢ = ab*, and
let ¢ = ¢1---cyy be its left normal form. Then Cuc = APvAP. Since v is
palindromic-free, thus inf(v) = 0, one has inf(c uc) = 2p. By Corollary 4.2 one
has inf('c; -+ Ciucy ---¢;) =i for i = 1,...,2p. In particular inf(¢; ¢ ucicy) = 2,
hence ¢ ¢;ucica = Aw’A for some positive braid w'.

Multiplying the above equality on the right by ¢;* and on the left by its reverse,
(—

we obtain ¢yuc; = 07 (co)w'07 (cy). Hence u and w' are simply e-twisted con-
jugated. But w’ is not necessarily palindromic-free, and one does not necessarily
have {(w") < r. Let us see that we can replace w’ by some w that satisfies the
required hypothesis.

Recall that & ¢ ucics = Aw’A. Since the left hand side is a product of at most
r+4 simple elements, it follows that sup(w') < r+2. Moreover, multiplying each
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side of the equality, from the left, by its image under ¢, one has
(e(EzCrucicy)) (G crucicy) = (s(Aw'A)) (Aw'A) .
Hence:
(3 e(u)e(er)e(er)) (Ga crucics) = (A7 e(w) AT (Aw'A).
Since £(c;) = (¢;)~", one obtains:
cy ey He(u)u)erey = T(e(w)w').
In the same way, from the equality
(<C—2p-"<c_1)u(01 ccgp) = APUAP,

one gets:

(c;p1 . ) e(u)u(cy - cop) = TP (e(V)V).

Recall that ¢(u) < r and f( ) < r, so by Corollary 2.3 one has {(s(u)u) <
2r and l(e(v)v) < 2r, thus £(7P(e(v)v)) < 2r. Therefore, by Theorem 4.5,
((r(e(ww")) = llcy ey 15(u)u0162) < 2r. Hence {(e(w")w') < 2r.
We claim that there are positive braids # and w, such that w' = 7wz and
sup(w) < r. First, if sup(w’) < r one can take z = 1 and w = w’. Second, if
sup(w') = r + 1, notice that r > 1 and f(e(w’)w’) < 2r, so the claim follows
from Lemma 2.2, taking £ = 1. We must then show the claim in the case
sup(w') =r + 2.

Suppose that sup(w’) = r+ 2, and recall that ¢(e(w")w’) < 2r = 2sup(w') — 4. If
sup(w') > 4, the claim follows from Lemma 2.2, taking k = 2. Therefore the only
remaining case is sup(w') = 3, r = 1 and {(e(w")w’) < 2. Let d = w’ Arev(w’) and
write w' = da and rev(w') = dB. Notice that e(w’)w’ = rev(w') v’ = f~1dda,
hence the mixed normal form of e(w')w’ is precisely 3~'a. Moreover, since the
word length of w’ and rev(w’) coincide, one has a = 1 if and only if g = 1.
Hence, since sup(«) + sup(3) = ¢(e(w")w’) < 2, one must necessarily have either
sup(a) = sup(f) = 0 or sup(«) = sup(f) = 1, that is, a and 3 are (possibly
trivial) simple elements.

Write w’ = ajaqas in left normal form. The right normal form of rev(w’ ) is then
Gzasay. Since rev( ") = dp and f is simple, it follows that a3z < d, hence
a3z < da = w' = ajasas. Since the latter decomposition is in left normal form,
one has G343 < a1as, and also a3 < a;. Write then w' = <a_g(cag)ag for some
positive ¢. Now if cas is simple we are done, as one can take r = a3 and w = cas.
Otherwise, write cas = byby in left normal form, and recall that @zas < a1as, SO
a3 < cay = biby. Then @3 < b;. On the other hand, since cas = b;by and the latter

h
decomposition is left weighted, one has as = by and then by < @3. Concatenating
(_
the last two inequalities, one finally obtains by < Gz < by. Therefore one can
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— —
write by = byw for some simple element w, and one has w' = (s by )w(byas).
Taking x = bsag, the claim is shown.

Notice that if w is not palindromic-free, we can still decompose w = ywy
where y is positive and w” is palindromic-free. Moreover, sup(w”) < sup(w) < r.
Therefore, replacing x by yx and w by w” if necessary, we can assume that

w' = T wzx, where z is positive and w is palindromic-free with sup(w) < r.

H
Now recall that ciuc; = 97 (co)w'd7!(cy) for simple elements ¢; and c. By
. <— . . . .
the above claim, cjuc; = (8 Yeg)w > (x0'(cz)). Multiplying this equality

from the rlght by (¢1 Ag (207 (c5))) " and from the left by its reverse, we obtain

Sus = {wt for positive braids s and ¢ such that s At = 1. Now s is simple
as it is a prefix of ¢;, hence t is simple by Corollary 4.3. Therefore u and w are
simply e-twisted conjugated, positive, palindromic-free braids, whose canonical
length is at most r. This is the first step of our required chain.

Now notice that

< <— / < —<— 1 / 1
Cop o C3AWACg -+ Cop = Cop -+ 30207 (c2)w' 0™ (c2)cacs -+ - Cop

= Cgp - CRCLUCICy -+~ Cop
= APvAP,
Hence
7 e C3)w T (e300 cgp) = APTIOAPTE
For simplicity, we will denote d; = 77 1(¢;42) for i = 1,...,2p—2. Hence we have:

— “—
(dgp,Q s d1> w’ (d1 s dgp,Q) = ApilvApil.

Recalling that w' = T waz, and multiplying the above equality from the right by
(dy---dgy—2)~" and from the left by its reverse, we finally obtain:

— «—
(dp_r“df?) w (Id1---dp_1) — (ép—_l---fe_l) v (61...61)_1),

where ey,...,e, 1 are simple elements and e;---e, ; = AP7'(d, - -d2p,g)_1.
Reducing the above equality, if necessary, by the biggest common suffix of
(xdy---d,—1) and (e1---e,-1), it follows that there exist positive braids y and
z such that y Ag 2 = 1, and ywy = Zvz. Recall that w and v are palindromic-
free and, by Corollary 4.3 and as z is a prefix of e; - --e,_1, {(y) = {(z) <p— 1.
Therefore the induction hypothesis provides the remaining part of the required
chain, and the result is shown. O

Corollary 4.7. Let u,v € B,, be positive, palindromic-free, e-twisted conjugated
braids of minimal canonical length in their e-twisted conjugacy class, say r =
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l(u) = L(v). Then there is a chain u = ug,uy, . .., ur = v of positive, palindromic-
free braids, with canonical length ¢(w;) = r for all i, such that u;_q is simply
e-twisted conjugated to u;, fori=1,... k.

Corollary 4.8. There exists an algorithm to compute M PF(x) for any given
braid x € B,,.

Proof. If x =1 then MPF(x) = {1}. So, let us assume = # 1.

First of all, compute a positive, palindromic-free, e-twisted conjugate of x, say y,
as it is explained in Proposition 3.2. Let » = ¢(y) > 1, and let S = {y} C B,.

Now, consider the following operation, which will have to be subsequently applied
until all elements in S have been processed:

Choose z € S which has not been processed, compute all positive palindromic-free
elements which are simply e-twisted conjugated to z and have canonical length
less than or equal to r (this is clearly a finite, computable set), and then do the
following: 1) if one of them, say z’, has length less than r, kill the whole process,
resety = 2, S ={Z'}, r = (') and start the algorithm again; 2) otherwise, add
to S all the computed elements (which have canonical length exactly equal to ),
and mark z as processed.

At each application of such operation, either the set S gets restarted and r strictly
decreased, or the set S gets increased by the addition of the new elements com-
puted (some of which could already be present in the former S). But r > 1 can
only decrease a finite number of times, and |S| can only increase a finite number
of times, since the number of braids with infimum zero and given canonical length
is finite (recall that palindromic-free elements have infimum zero).

Hence, after a finite number of applications of the previous operation (running
over all elements z € S), we shall get a set S # ) closed under this operation, i.e.
such that when applying that operation to any z € S the set neither gets restarted
nor gets increased (that is, all the elements computed are already present in 5).
At this time, Theorem 4.6 implies that the canonical length of the elements in
S (which is constant) is the smallest possible among all positive palindromic-free
braids which are e-twisted conjugated to z. That is, S C M PF(x).

Now, let u € M PF(z). Choosing an arbitrary v € S, Corollary 4.7 tells us that
u and v are connected by a chain of positive, palindromic-free braids of minimal
canonical length, each simply e-twisted conjugated to the following one. Hence,
by construction of S, we have u € S. Therefore, S = M PF(x). O

Theorem 4.9. The twisted conjugacy problem is solvable in the braid group B,,.
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Proof. Suppose we are given an automorphism ¢: B,, — B,, (by the images of the
generators), and two braids u,v € B,,. We have to decide whether there exists
x € B, such that v = (¢(z)) 'uz, and in the positive case compute such an z.

By Theorem 1.3, either ¢ is a conjugation (¢ = 7, for some w € B,), or it is ¢
followed by a conjugation (¢ = 7, for some w € B,). We can clearly make this
decision effective, and compute such a w. Indeed, in order to check whether ¢ =
Yw, We need to find some braid w such that w™lo;w = ¢(0;) fori=1,...,n— 1.
This is an instance of the so-called multiple simultaneous conjugacy problem in
B, and algorithms to solve it (and to find such w) can be found in [12, 11].
On the other hand, checking whether ¢ = v,¢ and finding such w reduces to
solving another instance of the multiple simultaneous conjugacy problem in B,,:
namely, it amounts to find w such that wo; 'w = ¢(0;) for i = 1,...,n — 1.
(Alternatively, in our specific situation, we can make the following conceptually
much easier brute force algorithm: knowing, by Theorem 1.3, that there exists
w € B, such that either w™lo;w = ¢(0;) fori =1,...,n—1, or w™lo; 'w = ¢(0;)
fori =1,...,n—1, one can always enumerate all words w € B,, and keep checking
both conditions until finding the good one with the correct w.) We can therefore
assume that w is known, and that ¢ is equal either to v, or to y,e.

In the first case ¢(r) = w™lzw, and the equation v = (p(x)) luz is equivalent
to wv = 7! (wu)z. Deciding the existence of such an z and finding it, is just an
instance of the standard conjugacy problem in B, (applied to wv and wu), which
is well-known to be solvable, see Theorem 1.2.

In the second case, p(z) = w'e(x)w, and the equation v = (p(x)) tuz is equiv-
alent to wv = (e(z)) ' (wu)z = 7 (wu)x. Deciding the existence of such an z and
finding it, is an instance of the e-twisted conjugacy problem in B,, (applied to wv
and wu), which can be solved by computing the sets M PF(wu) and M PF (wv)
(see Corollary 4.8) and checking whether they coincide or not (meaning that wu
and wv are or are not e-twisted conjugated, respectively). Notice that, during
the computations of M PF(wu) and M PF(wv), we can keep track of a e-twisted
conjugating element at each step, so that we can explicitly find a value for z in
the case it exists.

We remark that the full computation of the sets M PF(wu) and M PF(wv) will
usually not be necessary. We can start the construction of both sets simulta-
neously, and kill the whole process giving a positive answer, as soon as we find
an element z in common in both sets (since, in this case, both wu and wv are
e-twisted conjugated to z, an so to each other). 0

5. THE CONJUGACY PROBLEM FOR SOME EXTENSIONS OF B,,.

Theorem 5.1. Every finitely generated subgroup A < Aut(B,,) is orbit decidable.
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Proof. Let ¢1,...,0m € Aut(B,) be given, and consider A = (p1,...,0m) <
Aut(B,). For every i = 1,...,m, compute w; € B, and ¢ = 0,1 such that
©i = Y, €5" (see the first part of the proof of Theorem 4.9).

Given two braids u,v € B, we have to decide whether or not v is conjugated
to a(u) for some a € A. If ¢, = 0 for every i, then A < Inn(B,) and so, the
set {a(u) | a € A} is a certain collection of conjugates of w. In this case, our
problem just consists on deciding whether or not v is conjugated to w. This is
doable by Theorem 1.2.

Otherwise, the set {a(u) | « € A} is a certain collection of conjugates of u and
of e(u). In this case, our problem just consists on deciding whether or not v
is conjugated to either w or £(u). This is again doable by two applications of
Theorem 1.2. U

The following theorem (and the interesting particular case expressed in the corol-
lary below) are immediate consequences of Theorems 1.1, 4.9, and 5.1.

Theorem 5.2. Let G = B, x H be an extension of the braid group B, by a
finitely generated group H satisfying conditions (ii) and (iii) above (for instance,
take H torsion-free hyperbolic). Then, G has solvable conjugacy problem. 0

Corollary 5.3. For any ¢1,...,pm € Aut(B,,), the group
(Bp,t1, ... tm |t ot; = pi(0) (0 € B,))

has solvable conjugacy problem. 0J
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