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Abstract

We study the existence of very weak solutions regularity for the Stokes, Oseen and Navier-
Stokes system when non-smooth Dirichlet boundary data for the velocity are considered in
domains of class C™1. In the Navier-Stokes case, the results will be valid for external forces

non necessarily small. Regularity results for more regular data will be also discussed.
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1 Introduction and notations

In this work, we are interested in some questions concerning the Navier-Stokes equations, defined

in Q a bounded open set of R? with boundary I':
—Au+u-Vu+Vqg = f inQ,
(NS) V-u = h in{,

u = g onl,

*The second author has been partially supported by M.E.C. (Spain), Project MTM2006-07932, and by Junta
de Andalucia, Project P06-FQM-02373.



where u denotes the velocity and ¢ the pressure and both are unknown. The external force f, the
compressibility condition h and the boundary condition for the velocity g are given functions.
The vector fields and matrix fields (and the corresponding spaces) defined over €2 or over R? are
respectively denoted by boldface Roman and special Roman.

In the homogeneous case, h = 0, it has been well-known since Leray [18] (see also [19]) that
if f € W™ P(Q) and g € WV/PP(T) with p > 2 and for any i = 0,...,1,

/Fg-ndo:O, (1.1)

where I'; denote the connected components of the boundary I' of the open set €1, then there
exists a solution (u,q) € WIP(Q) x LP(Q) satisfying (NS). In [25], Serre proved the existence
of weak solution (u,q) € WHP(Q) x LP(Q) for any 3 < p < 2 when h = 0 and g satisfies the
above conditions. More recently, Kim [17] improves Serre’s existence and regularity results on
weak solutions of (NS) for any % < p < 2 (including the case p = %), when the boundary of
Q is connected (I = 0) provided h is small in an appropriate norm (due to the compatibility
condition between h and g, then g is also small in the corresponding appropriate norm).

On the other hand, the notion of very weak solutions (u,q) € LP(Q2) x W~1P(Q) for Stokes
or Navier-Stokes equations, corresponding to very irregular data, has been developed in the last
years by Giga [15] (in a domain € of class C*°), Amrouche & Girault [3] (in a domain Q of
class C''') and more recently by Galdi et al. [14], Farwig et al. [11] (in a domain 2 of class
C?1, see also Schumacher [24]). In this context, the boundary condition is chosen in LP(T") (see
Brown & Shen [7], Conca [9], Fabes et al. [10], Moussaoui & Zine [21], Shen [26], Savaré [23],
Marusic-Paloka [20]) or more generally in W~/PP(T).

The purpose of our work is to develop a unified theory of very weak solutions of the Dirichlet
problem for Stokes, Oseen and Navier-Stokes equations (and also for the Laplace equation), see
Theorem 4.10 and Theorem 5.4. One important question is to define rigorously the traces of the
vector functions which are living in subspaces of L”(2) (see Lemma 2.10 and Lemma 2.11). We
prove existence and regularity of very weak solutions (u,q) € LP(Q) x W~1P(Q) of Stokes and
Oseen equations for any 1 < p < oo with arbitrary large data belonging to some Sobolev spaces
of negative order. In the case of Navier-Stokes equations the existence of very weak solution
is proved for arbitrary large external forces, but with a smallness condition for both A and g.
Uniqueness of very weak solutions is also proved for small enough data.

Existence of very weak solution u € L3(Q), for arbitrary large external forces f € H=1(Q),
h = 0 and arbitrary large boundary condition g € L?(I") and without assuming condition (1.1),
was proved first by Marusic-Paloka in [20] (see Theorem 5) with € a bounded simply-connected
open set of class Cb!. But the proof of Theorem 5 becomes correct only if either condition
(1.1) or condition (5.56) holds. The same result was proved by Kim [17] for arbitrary large
external forces f € [Wé’s/Q(Q) NW23(Q)], for small h € [WH3/2(Q)]" and g € W/33(T) and



where the boundary of €2 is supposed connected (I = 0). Remark that the space chosen for the
divergence condition h is not correct, because D(2) is not dense in W~1/33(T") and his dual
is not a subspace of distributions. Similar argument can be done for the space chosen for the
external forces f. The origin of this mistake (also present everywhere in the same paper [17])
is due to the fact that when we want to solve a boundary value problem, it is necessary to have
an adequate Green formula and corresponding density lemmas.

In a close context, we also consider the case where the data, and then the solutions, belong
to fractionary Sobolev spaces W*P(Q) with s a real number possibly not integer (see Theorem
4.12)

The work is organized as follows: In the remains of this section, we recall the definitions of
some spaces and their respective norms.

In §2, some preliminary results are stated, including density lemmas, general trace’s results,
characterization of dual spaces and trace’s result for very weak solutions. In §3, we present
Stokes’ results related to the very weak, weak and strong solution. Some of them generalized
those appearing in [3] in order to be extended to the Oseen and Navier-Stokes systems. In
84, we extend the results of §3 for the Oseen system. The first two main results in this paper
are presented here: one about existence and uniqueness of very weak solution for the Oseen
equations in LP(Q) x W~1P(Q) with 1 < p < oo (see Theorem 4.10), and another one related
to the regularity of solutions for the Oseen equations (see Theorem 4.12). We consider in
particular the case where the external forces f and the divergence condition h are not regular,
more precisely f € W2=2P(Q) and h € W7~1P(Q) with % < o < 2. In §5, existence of very
weak solution for the Navier-Stokes system is obtained, using a fixed point technique over the
Oseen system, first for the case of small data and then for arbitrary large external forces f but
sufficiently small A and g in a domain possibly multiply-connected. The results is stated in
Theorem 5.4. Regularity results for this system are obtained in Theorem 5.5. The complete
proofs of results can be seen in [5].

In all this work, if we do not say anything else, €2 will be considered as a Lipschitz open
bounded set of R3. When Q is connected, we will say € is a domain. We will only specify the

regularity of £ when it to be different from the regularity presented above.

1.1 Functional framework

In what follows, for any s € R, p denotes a real number such that 1 < p < oo and p’ stands for
its conjugate: 1/p+1/p’ = 1. We shall denote by m the integer part of s and by o its fractional
part: s = m+ o with 0 < o < 1. We denote by W*P?(R?) the space of all distributions v defined
in R? such that:

e D% € LP(R3), for all |a| < m, when s = m is a nonnegative integer



e v € W™P(R?) and

Do — D« P
[ D g,
R3 xR3 |z — y[3+op

for all |a] = m, when s = m + o is nonnegative and is not an integer.

The space W*P(R3) is a reflexive Banach space equipped by the norm:
1/p
oty = (3 [ 1D da)
|a|<m

in the first case, and by the norm

[D%o(@) = Du(y)P 4\
H'UHWS’I’(RS) = (’U”Wml’ R3 + Z / ‘.’L’ _y‘3+0p dxdy ’

3 %R3
lal=m

in the second case. For s < 0, we denote by W*P(R3) the dual space of W=7 (R3). In the
special case of p = 2, we shall use the notation H*(R?) instead of W% ?2(R3).

Now, we introduce the Sobolev space
H*P(R?) = {v € LP(R%); (I — A)*?ve LP(R%)}.

It is known that H*P(R3) = W%P(R3) if s is an integer or if p = 2. Furthermore, for any real

number s, we have the following embeddings:
WHP(R3) < H*P(R®) if p<2 and H%P(R3) — WP(R3) if p>2.

The definition of the space W*P(Q) is exactly the same as in the case of the whole space.
Because D(2) is not dense in W*P (), the dual space of W*P(£2) cannot be identified to a space
of distributions in Q. For this reason, we define W;*(2) as the closure of D(2) in W5?(Q) and
we denote by W% (Q) its dual space.

For every s > 0, we denote by W*P () the space of all distributions in 2 which are restrictions
of elements of W*P(R3) and by Wb () the space of functions u € W*P(Q) such that the

extension by zero outside of (2 belongs to W*P(R3).

2 Preliminary results

We present here some trace results, density results, De Rham’s theorems and characterizations
of some spaces, either known or designed specially for the Stokes, Oseen and Navier-Stokes
problems, that will be used in the following sections.

Recall now some density results ([1, 16]):

i) The space D(Q) is dense in W*P(Q) for any real s.



ii) The space D(R?) is dense in W*P?(R3) and in H*P(R?) for any real s.
iii) The space D(12) is dense in Ws’p(Q) for all s > 0.

iv) The space D(12) is dense in W*P(Q) for all 0 < s < 1/p, that means that W*P(Q) =
Wi ().

Next result gives some properties of traces of functions living in W*P(Q) ([1, 16]).

Theorem 2.1 Let Q be a bounded open set of class C¥1, for some integer k > 0. Let s be real
number such that s < k+1,s —1/p=m+ o, where m > 0 is an integer and 0 < o < 1.
i) The following mapping

Yo:u > U

WP(Q) — W 1/rp (D)

is continuous and surjective. When 1/p < s <1+ 1/p, we have Ker vg = Wy ().
i1) For m > 1, the following mapping

(v0,71) u = (U\Fv %u‘)
WsP(Q) — (W /pp(T) x Ws—1-1/p(T))
is continuous and surjective. When 1+ 1/p < s <2+ 1/p, we have Ker (yo,71) = Wy P ().
We recall also the following embeddings:
WSP(Q) — WH9(Q) fort<s, p<q suchthats—3/p=t—3/q

and
Ws’p(Q)%Ck’a(ﬁ) fork<s—-3/p<k+1, a=s—k-3/p,

where k is a non negative integer.

Then, we introduce the following spaces:
Dy(2) ={p € D(Q); V-9 =0}, D,(Q) ={y € D)’ V-4 =0}

Recall now two versions of De Rham’s Theorem, the first one proved by G. de Rham [22] and
the second by C. Amrouche & V. Girault [3]:

Lemma 2.2 (De Rham’s Theorem for distributions) Let Q be any open subset of R® and
let f be a distribution of D'(QY) that satisfies:

Yv e Dy(Q), (f,v) =0.

Then, there exists a distribution m in D'(Q) such that f= V.



Lemma 2.3 (De Rham’s Theorem in W~""P(Q)) Let m be any integer, p any real number

with 1 < p < oo. Let f€ W™"P(Q) satisfy:

» € Dy(1), (fie) =0.

Then, there exists 1 € W™"tLP(Q) such that f = V. If in addition the set Q is connected,
then m is defined uniquely, up to an additive constant, and there exists a positive constant C,

independent of f, such that:

Jnf lIm+ Kllw-m+is@0)/m < Cllflw-mr@).
The two next lemmas are density results:
Lemma 2.4 The space D, (Q) is dense in Hy(Q2) = {v e LP(Q); V- v=0}.

Proof.[Sketch of the proof] Let £ be a linear and continuous mapping in H,(€2) such that
(€,v) = 0 for any v € D,(2). We want to prove that £ = 0. Since H,, is a subspace of
LP(Q), we can extend £ to L € Lp/(Q). We will suppose that € is bounded, connected but
eventually multiply-connected (when €2 is not connected, we can repeat the procedure above in
each connected component of ), being U1§i§ ;wi its wholes, and its boundary I' is Lipschitz-
continuous. We denote by wg the exterior of 2, by I'g the exterior boundary of 2 and by I,
1 < i < I, the other components of I'. The duality between W=/PP'(I';) and W/P2(I;), and
W—1/PP (L) and W/PP(Ty), will be denoted by (-, -)r, and (-, -)1,, respectively. By De Rham’s
Lemma 2.3, there exists a unique ¢ € W (Q) N Lg/ () such that L = Vg and

17(9) = {we o) [

Q

o(@)do =0}

Moreover,
Vv € Dy(Q),  (£,v) =(g,v-n)r =0.

We extend L by zero out of 2 and denote the extension by L. Then, for any ¢ € D(R?) such

that V- ¢ = 0in R3,
/ I)-godmz/L-cpdsz.
R3 Q

From that, we deduce that, thanks to De Rham’s Lemma 2.2, there exists h € D'(R?) verifying
Vh € L (R3) such that L = Vh (see Lemma 2.1 in [4]). It is clear that h € I/Vli’f, (R3). As h

is unique up to an additive constant and VA = 0 in wg, we can choose this constant in such a

way that h = 0 in wg. Therefore, we deduce that: h =0 in wy, h =¢; in each w;, h =
qg+cy in Q,
and thus: ¢ = —¢cgp on Iy, q=c¢ —cyg only, 1 <<,



Let j € {1,...,I} be a fixed index, choosing v; € Dy(f2) such that (v; - n,1)r, = J; for
1 <k < 1T and (vj-n,1)r, = —1, we can deduce that ¢; = 0. In consequence, for every

v € Hy(Q), we have:
£, v) :/ Vh-vdx =0.
Q

Thus, we deduce that £ = 0 in H,(€2). ]

In the sequel, we will use the following space
X, p(Q) ={p e W (Q); V-peWyP(Q)}, 1<r p<oo, (2.2)

and we set X, ,(©2) = X,(€©2). Observe that the space X, ,(€2) were used in [3] in order to
define very weak solution for the Stokes problem. In the case of Navier-Stokes problem, the
generalization to the space X, ,(2) is necessary. In this sense, the proof of the next result

follows from an argument appearing in [2].

Lemma 2.5 The space D(R) is dense in X, ,(Q) and for all g € W1P(Q) and ¢ € X (),

we have
<VQ7 Lp>[XT/‘p/(Q)}/><X,,,/7p/(Q) = _<q’ v : ‘P>W71,p(Q)XW017P,(Q)‘ (23)
Next lemmas characterize the space (X, ,(€2))" and give a density result.
Lemma 2.6 Let f€ (X,,(Q)). Then, there exist Fo = (fij)1<ij<3 such that Fg € L (Q) and
fi e W=L(Q) such that
=V -Fo+Vfi. (2.4)
Moreover,
3,y = ma{lisll i 1 <6 < 3 I fillysrcon -

Conversely, if f satisfies (2.4), then fe (X, ().
As a consequence of Lemma 2.5, we have the following embeddings:
WH(Q) = (X (2)) = W2P(Q), (2.5)

where the second embedding holds if % < % + %

Lemma 2.7 Let ) be a Lipschitz bounded open set. Then, the space D(Q) is dense in (X, ,(2))".

One of the main difficulties for the definition of a very weak solution for Stokes, Oseen and
Navier-Stokes problems is to give a meaning to the trace, because we are not in the classical

variational framework. We shall use the spaces!:

T, () = {v e LP(Q); Av e Xy ()}, Tpro(Q) ={ve T, (Q); V-v=0}

"When p = r, these spaces are denoted as T,(2) and T, (), respectively. Observe that these spaces were
introduced in [2, 3]



endowed with the topology given by the norm:

v, @) = vl @) + [1Avlix,, @)

and
H,, (div;Q) ={v e LP(Q); V-v € L"(Q)},

which is equipped with the graph norm. Next density lemmas will be necessary:
Lemma 2.8 i) The space D(Q) is dense in T) ().
ii) The space D(Q) is dense in T)p,(Q) N H,,(div; Q).
Lemma 2.9 The space D, (Q) is dense in Tp, ().
For the following two lemmas, we will need to introduce the space:
Yy () = {¢ € W(Q); 4|r =0, (V-9)|r =0}

that can also be described (see [3]) as:

o

Yy (Q) = {9 € W2 (Q); ¢l =0, 5 -n| =0}. (2.6)

Observe that the range space of the normal derivative v1 : Y, () — W¥PP(I) is

Zy (D) ={z € WYPP(D): z.n =0}.

In these lemmas, we prove that the tangential trace of functions v of T), »(£2) belongs to the

dual space of Z,/(I'), which is:
(Zy (1)) = {p € WP(T); - =0}, (2.7)

Recall that we can decompose v into its tangential, v, and normal parts, that is: v = v, + (v -

Lemma 2.10 Let Q be a bounded open set of R? of class Cb'. Let 1 < p < 0o and r > 1 be such
that % < %+ % The mapping v : v~ v.|r on the space D(Q) can be extended by continuity to
a linear and continuous mapping, still denoted by 7, from T, (Q) into W=Y/PP(T'). The Green
formula reads: for any v € Ty () and ¥ € Y, (Q),

o

AU) ’ ol ! 1l _/ > .
(A PN O K On [ w-1/pa(r)xwi/n s (v)

Q

v A de— <’U7—,

Lemma 2.11 i) The space D(Q) is dense in H, . (div; ).



ii) Let 1 < p < oo and r > 1 such that% < %—i—%. The mapping yn : v — v-nlp on
the space D(Q)) can be extended by continuity to a linear and continuous mapping, still
denoted by vn, from Hy,,(div;Q) into WV/PP(T), and we have the Green formula: for
any v € Hy . (div; Q) and p € WHP'(Q),

/Q'v- Vo dx+ /Q @ div v de = (v 1,0 )yw-1/pp(r)xwi/es (1) -

Lemma 2.12 Let Q be a Lipschitz bounded open set. Let h € L"(Q) and g € W=YPP(T') be

given such that the condition (3.11) holds. For every € > 0, there exist sequences (h:) C D(2)
and (g.) € C>*(T") such that

/ he(x) de = / g.-ndo (2.8)
Q r
and verifying
1h = hellr@) <& and  |lg—gellw-1/mary <€ (2.9)
i=I =1
lhellry + D Hge-m e, <2 (IIhIILr(m +> lg-n, 1>m|) ' (2.10)
i=0 1=0

In all the rest of this work , if we do not say anything else, we assume that ) is a

bounded connected open set of class C'!.

3 The Stokes problem

Before starting the study of the Oseen and Navier-Stokes problems, we focus on the study of
the Stokes problem in order to make an appointment about all the knowing results about this

system. Recall that the Stokes problem is:
(S) —Au+Vg=f and V-u=h inQ, u=g onT,
with the compatibility condition:

/S;h(w) dr = <g ‘N, 1>W—1/p,p([‘)><W1/p7p’([‘)' (3'11)

Basic results on weak and strong solutions of problem (S) in LP(Q2) Sobolev spaces may be

summarized in the following theorem (see [3], [8], [12]).

Theorem 3.1 i) For every f, h, g with f € W~1P(Q), h € LP(Q), g € WV/PP(I"), and
satisfying the compatibility condition (3.11), the Stokes problem (S) has exactly one solu-
tion u € WHP(Q) and q € LP(Q)/R. Moreover, there exists a constant C > 0 depending
only on p and  such that:

lullwrir) + lallzr@)r < C ([[flw-100) + (1Rl 2r@) + |gllwr-1/p.0(0)- (3.12)



i) Moreover, if f € LP(Q), h € WhP(Q), g € W2 V/PP(T), then u € W2P(Q), ¢ € WP(Q)
and there exists a constant C' > 0 depending only on p and £ such that:

ullw2r) + lallwir@)yr < C (IAlLe@) + I1Rllwir@) + gllw2-1/p00))- (3.13)

In the case of a bounded domain 2 which is only Lipschitz, the result of point i) is only valid
for a more restricted p. In fact, if f = 0, h = 0 and g € W'~1/P2(I") with fl“ g-n =0, then
there exists ¢ > 0 such that if 2 < p <3 +¢, and if f € W 1P(Q), h =0 and g = 0, then the
result is valif for a € such that (3+¢)/(2+¢) <p <3+ ¢ (see [7]).

We are interested in the case of singular data satisfying the following assumptions:

1 1 1
feXupy(Q), he L'(Q), g € WVPP(D) with = < = + S andr <p. (3.14)
r p
Recall that the space (X, ,/(£2))’ is an intermediate space between W17 () and W=2P(€) (see
embeddings (2.5)).

We recall the definition and the existence result of very weak solution for the Stokes problem.

Definition 3.2 (Very weak solution for the Stokes problem) We say that (u,q) € LP(Q)x
W~LP(Q) is a very weak solution of (S) if the following equalities hold: For any ¢ € Y ()
and © € WH'(Q),

I
— /Q u-Apdr—{(q,V - SO>W*1P(Q)><W1 Y = (fie)g — (9, %ﬁv
(3.15)
w-Vrde = —/ hrdx + {(g-mn,m)r,
Q Q
where the dualities on 0 and I are defined by:
<'7 >Q = <'7 '>[XT/@/(Q)]’XXT/’p/(Q)a <‘a '>F = <'7 '>W*1/p,p(r)><wl/p,p’(1‘)' (316)

Note that W'# (Q) < L™(Q) and Y,(Q) < X, (Q) if 1 <

brackets and integrals have a sense.

Proposition 3.3 Suppose that f, h, g satisfy (3.14). Then the following two statements are

equivalent:
i) (u,q) € LP(Q) x W=LP(Q) is a very weak solution of (S),
ii) (w,q) satisfies the system (S) in the sense of distributions.

Proof.[Sketch of the proof] i) Let (u,q) very weak solution to problem (S). It is clear that
—Au+Vg=fand V-u = h in  and consequently u belongs to T,,,(£2). Using Lemma 2.11
point 7)), Lemma 2.10 and (2.3), we obtain

10



¢
- /Q u- Apdz + (ur, Gohw o mamyxwi/ee' () T 9V Py ) ant® o)
Since for any ¢ € Y,/ (Q),

op dp
<’u,.,-, %>W—1/p,p(r)xw1/p,p’(r) = <g7—a %)W—l/np(r)xwl/p,p’(r)a

we deduce that u, = g_ in W=Y/PP(I'). From the equation V - u = h, we deduce that for any
e WH'(Q), we have

(u-n,m)r=(g- -n,m)p.

Consequently u-n = g -n in W~1/PP(T) and finally u = g on I,

ii) The converse is a simple consequence of Lemma 2.11 point 4), Lemma 2.10 and (2.3).

The following result is a variation from Proposition 4.11 in [3], which was made for f = 0

and h = 0. In the case r = p, we have

Proposition 3.4 Let f, h, g be given with
fe Xy (Q), helP(Q), geW /PP(D),

and satisfying the compatibility condition (3.11). Then, the Stokes problem (S) has exactly one
solution u € LP(Q) and ¢ € W~LP(Q)/R. Moreover, there exists a constant C > 0 depending
only on p and 0 such that:

lullir ) + lallw—1r@)r < C {Hﬂ\[xp,(sz)]/ + |2l e ) + HgHw—l/m(r)} : (3.17)
Moreover u € T, (Q2) and
ullT,@ <C {Hﬂ\[x J@p TRl Le@) + 119llw-1/s, p(r)}

More generally, taking into account that now we use f € (X, ,y(€))’ instead of f € (X (2))’
and h € L"(Q) instead of h € LP(2), we can adapt Proposition 3.4 obtaining;:

Theorem 3.5 Let f,h, g be given satisfying (3.14) and (3.11). Then, the Stokes problem (.S)
has ezactly one solution u € LP(Q) and ¢ € W~LP(Q)/R. Moreover, there exists a constant

C > 0 depending only on p and Q) such that:

luller@) + lallw-1r@ym < € {Mloc, @ + Bl + lolw-vmo - (318)

11



Moreover u € T, () and

[l o < € {1l @p + Il + lgllw-vmoey -
In particular, if f € W=L0(Q) and h € L™ () with ro = 3p/(3 + p), then (u,q) € LP(Q) x

W=LP(Q) with the corresponding estimates.

Although that in [14] Theorem 3 the authors obtain a similar result, observe that the domain
is considered of class C?! instead of class C!, and the divergence term h € LP(f2) instead of
h € L"(§2). Moreover, our solution is obtained in the space T) ,(2) which has been clearly
characterized contrary to the space Wip (Q) appearing in [14] which is not charaterized, is

completely abstract and is obtained as closure of W1?(Q) for the norm
lellgrpq) = lulle@ + 1472 PrAullr o),

where A, is the Stokes operator with domain equal to W2P(Q) N W(l)’p (Q) NLE(Q) and P, is
the Helmholtz projection operator from L"(€2) onto L7 (€2).

Corollary 3.6 Let f, h, g be given satisfying (3.11) and
f=V-Fo+Vfi withFoel'(Q), fieW 'P(Q), helL'(Q), ge W1/ (D).

Then the solution w given by Theorem 3.5 belongs to WY (Q). Moreover, if f1 belongs to
L"(Q), then the solution q given by Theorem 3.5 belongs to L"(Q2). In the both cases, we have

the corresponding estimates.

Remark 3.7 i) It is clear that W' (Q) < T,,.(Q) when 1 <
T, (Q) is an intermediate space between WL (Q) and LP(1).

% + %, and therefore

ii) As a consequence of Proposition 3.4, we have the following Helmholtz decomposition: for
any f€ (X (Q))', there exist p € WLP(Q) and ¢ € W1P(Q) such that

f=curl v+ Vg, diveyp =0 in Q.

iii) In the same way, suppose that f=V -F with F € LP(Q), h € LP(Q) and g € W=1/P2(I)
verifying the compatibility condition (3.11). Then, the solution (u,q) € LP(Q) x W~LP(Q)
given by Theorem 3.5 satisfies (u,q) € WHP(Q) x LP(Q) with the appropriate estimate.

Corollary 3.8 Let us consider h and g satisfying:
her(@., gew rrm), [ n@de= (g n.
Q

with % <=+ % and r < p. Then, there exists at least one solution u € T\, () verifying

D=

V-u=h inQ, u=g¢g onl.
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Moreover, there ezists a constant C = C(2,p,r) such that:

lullz, o) < C (Ihllzr@) + Igllw-1mmry) -

The following corollary gives the existence of a unique Stokes solution (u,q) in fractionary

Sobolev spaces of type WP (Q) x W ~1P(Q), with 0 < o < 2 by using an interpolation argument.
Corollary 3.9 Let s be a real number such that 0 < s <1.
i) Let f=YV -Fo+ Vfi, h and g satisfy the compatibility condition (3.11) with
Fo € Wo(Q), fir € WHP(Q), g€ W /PP(T), h e W (Q),

+ % and r < p. Then, Stokes Problem (S) has exactly one solution (u, q) €
Ws=LP(Q)/R satisfying the estimate

ullwsre@) + llgllws—1r@)/r

<C (IFollwsr@) + [[f1llws-1o@) + [[Bllwsr@) + [ glws-1/p0(r))

ii) Assume that
FEWIP(Q), g€ WHIZUPI(D), he WHP(Q),

with the compatibility condition (3.11). Then, Stokes Problem (S) has exactly one solution
(u, q) € WtLP(Q) x WSP(Q)/R with

ullws+1o@) + lallwsr@)r < C (Iflws-1e@) + [[Rllwsr@) + [|9llwst1-1/m(r))

Remark 3.10 We can reformulate the point ii) as follows. For any
feW¥(Q), he Wt7(Q), g e W2 1/P'P (D),
with 0 < s < 1, then problem (S) has a unique solution (u, q) € W25 (Q) x W= (Q)/R.

The following theorem gives solutions for external forces f € W*~2?(£)) and divergence condition
h € W 1P(Q) with 1/p < s < 2. If p = 2, we can obtain solutions in HY/?*¢(Q) x H'/?*¢(Q),
0<e<3/2

Theorem 3.11 Let s be a real number such that % < s<2. Let f,h and g satisfy the compati-
bility condition (3.11) with

FeWs22(Q), he W*™'P(Q) and ge W 1/PP(D).

Then, the Stokes problem (S) has ezxactly one solution (u, ¢q) €  W?P(Q)
x Ws=LP(Q) /R satisfying the estimate

lullwsr + llallwe-10/r < C (Iflwe-2r@) + [1Pllws-10 + |gllws-1/p0(r)) (3.19)
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Proof.[Sketch of the proof] Theorem 3.11 is proved by Corollary 3.9 point ii) if 1 < s < 2.
Using Theorem 2.1, we can suppose g = 0. Let s be a real number such that % <s< 1l It
remains to consider the following equivalent problem:

Find (u, q) € W3P(Q) x W 12(Q)/R such that: Yw € W, *"27(Q), vr € W17 (Q)

<U, —Aw + VT[->WS’p(Q)><W_Sap,(Q) — <q, V- w>W5*1vp(Q)XWO_S+1’pI(Q)

= <f’ w>WS—27P(Q)XWJS+2’p/(Q) - <h” 7T>Ws—1,p(Q)XWO—s+l,p/(Q)'

Note that WO_sH’p/(Q) = WstLP'(Q) because —s + 1 < 1/p/. Using Riesz’ representation
theorem we deduce that there exists a unique (u, q) € WP () x W*~1P(Q)/R solution of (S)
and satisfying the bound (3.19). ]

Remark 3.12 i) If n = 2, Q convex polygon, with I' = ULy, T'; linear segments, f=0, h =0
and g € H3(L';), fori=1,...,Ip and —1/2 < s < 1/2, then uw € H"(Q) for anyr < s+1/2
and g € H~Y2(Q) (see [21]).

i) When € is a bounded Lipschitz domain in R", withn > 3, f=0, h = 0, g € L*(T)
(respectively g € W) , with [.g-n =0, then u € HY2(Q) (respectively u € H¥/?(Q))
and q € H-Y2(Q) (respectively g € HY/?(Q)) (see Fabes et al. [10]). If g € LP(I'), there
exists ¢ = £(Q) > 0 such that if 2—e < p < 2+¢, then u € W=V/P(Q) and ¢ € W—/P(Q).
For a similar result in the case where g € L2(T') and Q is a simply connected domain of

R?, we can see [6].

iit) When Q) is only a bounded Lipschitz domain, with connected boundary, the same result has
be proved by [26] with f=0 and h =0 for any p > 2.

4 The Oseen problem

We want to study the existence of a generalized, strong and very weak solutions for the problem

(O), given by:
(O) —Au+v-Vu+Vg=f and V:-u=h inQ, wu=g on T

where v € Hy(Q2) (s > 3) is given.
First, we present several results related to the existence of weak and strong solution for (O).
Then, the definition of a very weak solution for (O) will be done and a proof of their existence.

Finally, regularity results in fractional Sobolev intermediate spaces will appear.

14



Theorem 4.1 (Existence of solution for (0)) Let 2 be a Lipschitz bounded domain. Let us

consider

feH(Q), veH3Q), helL?*Q) and ge H/*(D)

verifying the compatibility condition (3.11) for p = 2. Then, the problem (O) has a unique
solution (u,q) € HY(Q) x L%(Q)/R. Moreover, there exist some constants C; > 0 and Cy > 0
such that:

lulen o) < C1 (Ifl-r@) + (1 + o) (IRl + Iglee) ). (4:20)
lallz2yz < Ca (Il + (1 + lolls@) (Il + lglazm) ) (421)
where Cy = C(Q) and Cy = Cy (1 + ||v|13(0)) -

Proof. In order to prove the existence of solution, first (using Lemma 3.3 in [3], for instance)
we lift the boundary and the divergence data. Then, there exists ug € H(Q) such that V-ug = h

in Q, ug =g on I and:
lwoller@) < € (Illze) + i) (4.22)
Therefore, it remains to find (z,q) = (u — ug,q) in H3() x L?(Q) such that:
—Az—v-Vz#—quf and V-z2=0 inQ, z=0 onI.

being f = f + Aug + (v - V)ug. Observe that f € H™1(£2). Since the space ¢ € Dy (Q) = {¢ €
D(); V- =0} is dense in the space V = {z € H}(Q); V- 2z = 0}, then the previous problem
is equivalent to: Find z € V such that:

Ve eV, /sz Veodz —b(v, z,0) = <.?7‘P>H*1(Q)><H(1)(Q)a

where b is a trilinear antisymmetric form with respect to the last two variables, well-defined for
v € L3(Q), z, ¢ € H}(Q). (We can recover the pressure 7 thanks to the De Rham’s Lemma

2.3). By Lax-Milgram’s Theorem we can deduce the existence of a unique z € H{(Q2) verifying:
1zl @) < CUIf a1 + 1Auolla-1(0) + IV - (v @ uo) lg-1(0))
< C(HfHH*l(Q) + (14 llvllLag)) (HhHL2(Q) + ”gHHl/Q(F)> )7

which added to estimate (4.22) makes (4.20).
Now, —Az —v-Vz — f € H1(Q) and:
Ve eV, (-Az—v - Vz—f, -1 (@Q)xHL Q) =0
Thanks to De Rham’s Lemma 2.3, there exists a unique ¢ € L?(£2)/R such that:

—Az—-v-Vz+Vg=f
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with [[qllz2)r < ClIValla-1(q). Finally, estimate (4.21) follows from the previous equation

and estimate for z. [

As a consequence of Theorem 4.1, Theorem 3.1 and the inequality
v - VullLssg) < vl Vel ),
we can deduce the following result:
Corollary 4.2 Let us assume
felSP(Q), veH3Q), heW'/(Q) and ge WT/60/5T)

be given verifying the compatibility condition (3.11). Then, the solution (u,q) given by Theorem
4.1 belongs to W5/5(Q) x W6/5(Q) and verifies the following estimate:

1wl w50y + lallwreso)m

< C (1+ ollay) (Iflgorsy + (1 + lolluay) (Irllwross + lgllwrsse ) )

Theorem 4.3 (Strong regularity for p > 6/5) Let p > g,
felP(Q), heW'(Q), veH,(Q) and ge W>/PP(D),

be given with

s=3 ifp<3, s=p ifp>3 s=3+¢ if p=3, (4.23)

for some arbitrary € > 0, and satisfying the compatibility condition:

/Qh(w)da::/rg-nda.

Then, the unique solution of (O) given by Theorem 4.1 verifies (u,q) € W?P(Q) x WhP(Q).

Moreover, there exists a constant C' > 0 such that:

lullw2r ) + llallwir@)r < C (1 + [|[vlLq) x

(4.24)
% (Ifluoey + (1 + 1olleo@) (allwrog) + Igliwa-1mnry ) )

Proof. First, by Corollary 4.2, we can suppose p > 6/5 and then we have the following
embeddings:

LP(Q) — H'(Q), W'(Q) < L*Q), and W VPP(D) — HY2(T).

Thanks to the regularity of f and Theorem 4.1 there exists a unique solution (u,q) € H'(2) x
L?(2) /R verifying the following estimates:

luller @ < C(If - + (U Iolluy) (bl + lglmze))  (4:25)
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and
g o) + lallrz@)r < C (14 [[v]lLs@)) X

(4.26)
% (Il + (1 + [0lsy) IAllzze) + Iglsmz))-

Observe that, a priori, the regularity for the Oseen problem cannot be deduced from the Stokes
one. This follows from the fact that v - Vu =V - (v ® u) € H1(Q).

In order to obtain the strong solution in W2P(Q2) x W1P(Q), first we apply Lemma 2.4
to function v, and we take for any A > 0, wv) as the velocity of the convection term, where

vx € D() such that V- vy = 0 and ||y — v||pso) < A. Therefore, we search for (uy,qy) €
W2P(Q) x WP(Q) solution of the problem:

—Auy —v)-Vur+Vg, = f inQ,
(On) V-uy = h in (),
uy = g onl.

From above we can obtain a unique solution (uy, ¢») bounded in H}(2) x L?(Q) /R independently
from \. Then, we obtain again estimates (4.25) and (4.26). As vy -Vuy € L2(Q), if f and h are
regular enough, then using the Stokes regularity we deduce that (uy,qy) € H2(Q) x HY(Q) if
2 < pand (uy,q\) € W2P(Q) x WLP(Q) if 6/5 < p < 2. A bootstrap argument moreover shows
that (uy,qy) € W2P(Q) x WHP(Q) if 2 < p.

Thus, we focus on the getting of a strong estimate for (wy,gy). Let € > 0 with 0 < A\ < g/2.

We consider
vy =1v]+v5y Wwhere v]=Vxp.y, and v55=v)—V*xp (4.27)

where v is the extension of v by zero to R?® and p. is the classical mollifier. By regularity

estimates for the Stokes problem, we have

luallwzr@) + laxllwir@)ymr < C(1F L) (4.28)
+ Nhllwir@) + 19llwe-1/pr@y + [lva - VuallLeo))-

Now, we use the decomposition (4.27) in order to bound the term [[vy - Vuy||lppq). We observe

first that

I952le@ = llon = vl + v = Vxpeplli S A+e/2<e

Recall that

W2P(Q) — WhHk(Q) (4.29)
for any k € [1,px], with ]% = %— %, if p< 3, for any k > 1if p = 3 and for any k € [1,00] if
p > 3. Moreover the embedding

W2P(Q) — Wh(Q) (4.30)
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is compact for any ¢ € [1,p* [ if p < 3, for any ¢ € [1,00[ if p = 3 and for ¢ € [1,00] if p > 3.
Then, using the Holder inequality and the Sobolev embedding, we obtain

va\,2'vu>\HLP(Q)§H”i,2HL9 IVuslire) < Cellurllwer () (4.31)

where § = l — =, which is well defined (see the defintion of the real number s). For the second

estimate, we con81der two cases.

i) Case p < 2. Let r € |3, 00| be such that 1+ 2 andt>1suchthat 1+ 1 =1+ 1 satisfy
0] - Vuxlle) < 1]l @)l VuallLz @
< vllws@llee 2l sy IV uallLz@)-
Using the estimate (4.25), we have
5 - Vealleooy < Cellwliuo@ (IF loiy + (14 19lluae))

(4.32)
X (IRllwry + 19 lwe-1/mnr))-

From (4.32) and (4.31), we deduce that

lurllwzsgo) + larllwroye < € (1+ [9]lL) x
X (If ooy + (1+ 10llo@) (IBllwroga) + 11gllwa-imar)

ii) Case p > 2. First, we choose the exponent ¢ given in (4.30) such that ¢ > 2. For any &', we

(4.33)

known that there exists C., > 0 such that

IVurllua@) < €llurllwer@) + Celluallm)-
Let first consider p < 3 and choose q < p* and close of px. Then, there exist r > 3 such that
% - —|— Land ¢t > 1 such that 1 + - 3 + - satlsfymg
[v] - Vurllwr@) < [[villur @)l VurlLae)

<[l llpe/2ll e ms) [ VuallLaq)
Ifp >3,
v - Vuxllrr) < [villus @l Vurllneo)
< [[vllLs @ llpe2ll L1 @) IV ur (L)

where we choose ¢ = oo if p > 3 and ¢ large enough if p = 3. In the both cases, in order to
control the first term on the right hand side of (4.28) with the term on the left hand side, we

fix £ and &’ small enough to obtain
luxllwer@) + laxllwir@)yr < C{Hf”LP(Q) + |Allwir) + lgllwe-1/p.0m)
+ Collv|lns)llpesalliLe @) (4.34)
% (If oy + (1 + 19 lue) (Rllwrsy + 19 lwe-1mmnm) |-
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Thus, we deduce that (uy, qy) satisfies (4.33), where we replace ||v||r3 by ||v||Ls.
The estimate (4.33) is uniform with respect to A, and therefore we can extract subsequences,

that we still call {wy}x and {g)}, such that if A — 0,
uy — u  weakly in W>P(Q),
and for the pressure, there exists a sequence of real numbers k) such that
qr + ky — ¢ weakly in WHP(Q).

It is easy to verify that (u,q) is solution of (O) satisfying estimate (4.24) and this solution is

unique. ]

Thanks to the strong regularity, we can deduce the following regularity:
Theorem 4.4 (Regularity in WYP(Q) x LP(Q), p > 1) Let us consider
feWLP(Q), veH3Q), heLP(Q) and ge¢ Wl_l/p’p(l‘)

be given verifying the compatibility condition (3.11). Then, the problem (O) has a unique solution
(u,q) € WHP(Q) x LP(Q)/R. Moreover, there exists some constant C > 0 such that:

i) if p> 2, then

lullwir) + gl <

) (4.35)
< C (1+ olluse)” (Iflw—roe) + Il o) + I1glwismar

holds,
ii) if p < 2, then

2
lullwie) + gl r@r < C (14 [vlLsg))” X

(4.36)
% (Iflw-ro@) + (1 + [oleag@) Il e + Iglwi-1/mnr))

holds.

Proof.[Sketch of the proof] i) First case: p > 2. Let (ug,q) € WP(Q) x LP(2) be the
solution of:

—Aug+Vg=f and V-ug=h in), wg=g onl.

verifying the estimate:

[ wollwie() + llgoll r)r < C (Hf||w—1,p(n) + |7l e (o) + ||9||w1—1/p,p(p)) (4.37)

19



and (z,0) € W2H(Q) x WHH(Q) verifying:

—Az+v-Vz+Vl0=—v-Vug and V-z2=0 inQ2, z=0 onT,

with % = % + % and satisfying the estimate

I zllwze) + [0lwreyr < C (14 [vllLa@)) v - Vuollieg) (438)

< C (1 +vllws@) vl I lw-1e@) + [Rllze@) + 1glwi-1/m0r)-

Here, we have applied Theorem 4.3 because of v - Vug € L!(2). Observe that g <t <3, if and
only if p > 2.

Thanks to the embedding W2!(Q) < WLP(Q), the pair (u,q) = (2+ug, 0+q0) € WHP(Q) x
LP(Q) verifies the problem (O). Estimate (4.35) follows from (4.37) and (4.38).

i1) Second case: p < 2. We use duality argument. |

Using quickly the reasoning given in Theorem 4.3, we can improve estimates (4.35) and

(4.36) for some values of p:

Proposition 4.5 Under the assumptions of Theorem 4.4 and supposing that g < p <606, the

solution (u,q) satisfies the estimate:

lullwir) + gl r@)r < C (14 [vllLag)) ¥

(4.39)
% (Wflw—ro) + (1 + lols@) (Il + lglwi-sma ) )

Moreover assuming v-n =0 on T, then the estimate (4.39) holds for any 1 < p < 0.

Remark 4.6 If we suppose that v € H,(R2), then estimate (4.39), where we replace the norm
vlles) by |vllLe(o), holds when p > 6 (and then also, by duality argument, when p < 6/5 and
ve Hy(R)).

Corollary 4.7 (Strong regularity for 1 < p < 6/5) Let 1 < p < 6/5 and let us
FfelP(Q), veH3(Q), hecW'(Q) and gc W2—1/p,p<F>

be satisfied the compatibility condition (3.11). Then, the solution given by Theorem 4.4 satisfies
(u,q) € W2P(Q) x WLP(Q) and the estimate

ullw2r) + lallwie@r < C (1 + v]lLs@)

(4.40)
% (Wfluoey + (1+ ollus@) (Ialwrsge) + gllwa-mny ) )

holds.
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Proof.[Sketch of the proof] Let us consider 1 < p < 6/5 and (u,q) € WHP(Q) x LP(Q2) be
the solution given by Theorem 4.4. Then

LP(Q) = WL (Q), WP(Q) = L'(Q), W2 VPP(T)— W=/ (D)

where 1 € |3, 2[ satisfies 1 = %— 1. From Theorem 4.4, we deduce that (u,q) € W () x L7 ({2
and then v - Vu € LP(Q). By Stokes regularity let us to conclude that (u,q) € W2P(Q) x
WLP(€). To obtain estimate (4.40), we proceed similarly to the proof of Theorem 4.3. ]

We can summarize Theorem 4.3 and Corollary 4.7 by the following theorem:
Theorem 4.8 (Strong regularity) Let f, h, g be such that
felP(Q), heW'(Q) and ge W2 1/PP(I)

verifying the compatibility condition (3.11) and v € Hg(Q) be with s defined by (4.23). Then,
the solution given by Theorem 4.4 satisfies (u,q) € W2P(Q) x WIP(Q) and satisfies estimate

(4-24).

The concepts of weak and strong solutions are known for the Oseen equations. Now, we

define and prove the existence of a very weak solution for the Oseen equations.

Definition 4.9 (Very weak solution for the Oseen problem) Let f, h, g be given satisfy-
ing (5.14) and (3.11) and v € Hs(QY) for s as (4.42). We say that (u,q) € LP(Q) x W~1P(Q)
is a very weak solution of (O) if the following equalities hold: For any ¢ € Y, () and
e Wh'(Q),

/Q u(Ap = V) dz— (¢, V- @)y 10 i o)
= (£ )0~ (g 500 (1.41)
/ u-Vrde= —/ hmdz+ (g-n,mr,
Q Q
where the dualities on 2 and I' are defined by (3.16).

As for the Stokes problem, the previous duality have sense. Moreover, note that lep,(Q) —
L”*(Q)) and then the integral / u - (v-V)pdz is well defined.
Q

Theorem 4.10 (Very weak solution for Oseen equations) Let us f,h, g satisfy (3.11),
1 1

Fe (X Q). heL'(Q), ge W /PP(T), with = — ~ 4+ 2
r p s

21



and v € Hy(2) with
s=3 ifp>3/2, s=p ifp<3/2, s=3+¢ if p=23/2. (4.42)

Then, the Oseen problem (O) has a unique solution (u,q) € Tp,(Q) x WLP(Q)/R verifying the

following estimates:
ullr,, @ <C (1+[|v]L:(o) (Hﬂ\[xrap,(ﬂ)]' + [l r ) + HQHW—l/N’(F)>7 (4.43)

lallw-10)m < C (1+ [|0]L())”
r(Q)/ ( @) )

% (Ilx,., @y + 1Al + 1 glw-1/mo ey )-
Proof. First, we shall prove that if the pair (u,q) € LP(2) x W~1P(Q)/R satisfies the two
first equations of (O), then w belongs to T, ,(€2) and thus the boundary condition u = g on
I' makes sense. Hence, if a pair (u,q) € LP(Q2) x W~1P(Q) satisfies the two first equations
of (O), because of v € Hy(Q2) with V- v = 0 and thanks (again) to Lemma 2.6, then Au =
V-(v®@u)+Vg—f e (X (). Therefore, u € T),,(2) and its tangential trace belongs
to W~1/PP(T"). Moreover, as u € LP(Q) and V- u € L"(Q), then w - n|p € W~Y/PP(T'), and the
whole trace u|p € W~Y/PP(T') can be identified with u|r = g.
It suffices to consider the case where g - n|p = 0 and / h(x)dx = 0, the general case is
similar to the proof given in the end of Proposition 3.4. Tﬁe result can be deduced (see [5])

applying the Riesz’s Lemma. |

Similarly to Corollary 3.9, we can prove:

Corollary 4.11 i) Let o be a real number such that 0 < o < 1. Let f=V -Fo+V f1, h and
g satisfy the compatibility condition (3.11) with

Fo € WoT(Q), fr € WoIP(Q), ge WI—V/PP(D), h e W' (),

with % =1, % and r < p. Let us consider v € Hy(Q2) with

p

s=3 ifp>3/2, s=p ifp<3/2, s=3+¢ if p=3/2.

Then, the Oseen problem (O) has a wunique solution (u, q) belonging to
WP(Q) x Wo=LP(Q)/R and satisfying the estimate

ullwor) + lallwe1mr)m < C 1+ |v]lLs @)
X (IFollwenr oy + I fllwe-voe) + (1 + o) (llwor ) + Igllwa-1/mnr))-
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ii) If moreover Ky, f1, g, h satisfy that
Fo € WOt (Q), f1 e W7P(Q), ge WITITHPP(T), b e W7t (),

with 1 <1+ 1 and v € Hy(Q), where

S

s=3 ifp<3, s=p ifp>3 s=3+¢ if p=3,

then (u, q) € W8+1’p(ﬂ) x WoP(Q) and satisfies

ullworir@) + lgllwer@)r
<C (1+ Ivle@) % (IFollwesrr) + I fillwesey
+ (1 + [|vllLs ) (A llwe+ir @) + HQHWUH—UW(F)))-

Theorem 4.12 (Regularity for Oseen equations) Let o be a real number such that % <

o < 2. Let f, h and g satisfy the compatibility condition (3.11) with
FeWo2P(Q), he Wo™P(Q), ge WO L/PP(I).

Let v € Hy(Q) satisfy (4.42). Then, the Oseen problem (O) has exactly one solution (u, q) €
WP (Q) x Wo=LP(Q) /R satisfying the estimate

[ullwor @) + [lallwe-10@r < C ([[flwe-—20@) + [[Rllwe-10@) + |9l wo-1/p000))-

Proof. The proof is similar to proof of Theorem 3.11. It suffices to study the new term

containing the function v. 1

Remark 4.13 i) When f& WYP=22(Q), we can conjecture that u ¢ W/PP(Q).

i) If 1/p < o < 1,f€ Wo=2P(Q), g € WO—V/PP(T), then the solution (u,q) of (O) belongs
to WP(Q) x Wo=LP(Q). This assumptions are weaker than those of Corollary 4.11 point

i). Moreover, they are optimal for this case.

iit) If 0 < o < 1/p, Theorem 4.12 cannot be applied. Indeed, the trace mapping is not continu-
ous (and not surjective) from WoP(Q) into Wo—1/PP(T). If we like to solve Problem (O)
with boundary condition g € W”‘l/p’p(F), it is necessary to suppose that f and h are more
reqular, precisely we must assume f=V -Fq + V f1 with Fg € W' (Q), f1 € Wo=LP(Q),
and h € W (Q), where % < % + % and r < p. The solution is then obtained by Corollary
4.11 point 1).
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5 The Navier-Stokes problem

First of all, we give the definition of a very weak solution for the Navier-Stokes equations.

Definition 5.1 (Very weak solution for the Navier-Stokes problem) Let fe (X, ,(Q)),
h e L"(Q) and g € W—YPP(T) satisfy the compatibility condition (3.11). We say that (u,q) €
LP(Q) x W=1P(Q) is a very weak solution of (NS) if the following equalities hold: For any
© €Y, (Q) and € W (Q),

/Q u- (_A(p —u- VLP) dz — <Q7 V- SO)W_I’T’(Q)XWOLP/(Q)

= (f:)a (9 500, (5.45)

/u-de:z::/hwdw+<(g-n),7r>p,
Q Q

where the dualities on Q2 and I' are defined in (3.16).

In the stationary Navier-Stokes equations, the data h and g play an special role, making
possible or not the existence of a very weak solution. If h and g are small enough, then the
result is true. Until we now, we think that it is not possible to eliminate this latest condition.

Therefore, we present first three results related to the existence of very weak solution: the
two first for the small external forces case (following the scheme used by Marusié-Paloka [20]) and
the third one for the general Navier-Stokes case, always supposing that h and g are small enough

in their respective norms. Last result involves the regularity for the Navier-Stokes equations.

Theorem 5.2 (Very weak solution for Navier-Stokes, small data case) Let us consider
fe (X330(Q), he L32(Q) and g € W—Y33(T) be given verifying (3.11).

i) There exists a constant a; > 0 such that, if

| x50 T 10 L2 T 1 9 w1300y < au, (5.46)

then, there exists a very weak solution (u,q) € L3(Q2) x W=13(Q) to the problem (NS)

verifying the following estimates:
| w[lLs@) <C (H Fllxssp@y + 10 2@+ g ”w71/3,3(r)> (5.47)

|4 lw-13/m < Cull £ llixya o0y
+2(1+ Co)C (| £ kg + I 2 sz + 1 8 -5 )

where C' > 0 is the constant given by (4.43), a; = min {(2C) ™1, (2C?)7'}, Cy and C; are

constants of Sobolev embeddings.

(5.48)
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ii) Moreover there exists a constant ag € 10, 1] such that this solution is unique, up to an

additive constant for q, if
| F x5 @) TR lzsre@ 11 g llw-/ssr) < e (5.49)

Proof. 1) Existence. The existence of a very weak solution is made through the application
of the Banach’s fixed point theorem. We do this fixed point over the Oseen equations, written

in an adequate manner. We are searching for a fixed point for the application T,

v— Tv=u .

where given v € H3(Q2), Tv = u is the unique solution of (O) given by Theorem 4.10. We also
need to define a neighborhood B, in the form:

B, = {v € Hy(Q); [[v]lLso) < ). (5.51)

In order to prove the contraction of the operator, we must prove that: there exists 6 € ]0,1]
such that
[Tv1 — TvzlLs ) = w1 — v2llLs@) < Ollvi — vallLsq). (5.52)

Searching for an estimate of ||u1 — ual|ps (), we observe that for each i = 1,2, we have
—Au; +v;-Vu; + Vg; = f in Q,

V-u;=h in{,

u;j=g onl,

with the estimates
uillLs) < C (1 + lvillLs @) (5.53)
< (I1F g ot + 1o Loy + 1 9 ww-1qry ).

where C' > 0 is the constant given by (4.43). Moreover, for estimating the difference u; — ug,

we look for the problem verified by (u,q) = (w1 — u2,q1 — q2), which is:
—Au+wvy-Vu+Vg=—v-Vus and V-u=0 inQ, =0 onl,

where u; = Tvy, up = Tve and v = v; — vy. Using the very weak estimates (4.43) made for

the Oseen problem successively for uw and for us, we obtain that:

lulls) < C (1 + llvillus) (v V)uzlx,, @)
< C%B (14 lvillLs() (1+ llvallLa) lvlls),
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where 8 = || f [Ix,,.@p + | B ll32() + || 9 lw-1ss@)- Thus, we obtain estimate (5.52)
considering C? 8 (1 + 7")2 < 1 which is verified, for example, taking:

r=(2028)""* -1  with B<(2C?)7L (5.54)

Therefore, if (5.54) is verified, using again estimate (4.43) we conclude that the fixed point
u € L3(Q) verifies:
)3 < CB (1+ |allys@) -
If we also choose 3 such that 8 < (2C)~!, then:
@z < CB(L—CB) ' <208 < 1.

Setting a; = min {(2C)~1, (2C?)~!}, then estimate (5.47) is satisfied. For the estimate of the
associated pressure, we deduce from the equations Vg = Au — u - Vu + f and (5.47) that:

lallw-130)r < IV@llw-23)
< |Aallw-23(0) + Collalisq) + Cillfllx,., @)
< Cullf s 5 0@y +2(1 + C2)C B,

where C} is the continuity constant of the Sobolev embedding [Xj 5/5(€)]" — W~23(Q) and Cy
is the continuity constant of the Sobolev embedding W(l)’3/ 2(Q) — L3(Q2), which is (5.48) and
the proof of existence is completed.

ii) Uniqueness. We shall next prove uniqueness. Let us denote by (w1, ¢1) the solution obtained
in step i) and by (w2, g2) any other very weak solution corresponding to the same data. Setting

u = w1 — ug and ¢ = q1 — go. We find that
—Au+us-Vu+Vg=—u-Vu; and diveu=0 in Q, =0 on I.

As u-Vu; belongs to W13/ 2(Q), using uniqueness argument and Proposition 4.5, the function

u belongs to W13/2(Q) and we have the estimate
lullwis2) < Crllullus@llullLs@) (14 lluelLs@)
where C > 0 is given by (4.39). Thanks to Theorem 4.10, we have also:

Juzllus) < C(+ wzllLs@) (I F Ix;50@p + 1 2 llse@) + 1 9 lw-1sssmy),
where C' > 0 is the constant given in (4.43). We deduce then

CUN Nlxss @y T 1A 82 + 1 9 llw-rs30)

|wallLs @) <2 4G,

T1=C f lxssp@p 1A sz + 1 9 lw-1s51))
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provided that 8 < ;. Using finally the embedding W3/2(Q) < L3(Q), we obtain the estimate
ullwiszg) < 2CC1C28(1 + 2C8)||lullwrszq):
where (s is the continuity constant of the above embedding. Consequently

lullwis2) <0,

provided that

B < —C1Cy + \/0102(4 + 0102)
4CC1Cs )
We deduce that w = 0 and the proof of uniqueness is completed. ]

Corollary 5.3 Let f, h, g satisfy (3.11), (5.46) and
1 1 1
fe Xy (), heL'(Q), ge W /PP, with - < S5
where max{r,3} < p and s is defined by (4.42) . Then, the solution (u,q) given by Theorem 5.2
point i) belongs to LP(Q) x W=1P(Q). If moreover f, h and g satisfy the condition (5.49), then

this solution is unique, up to a constant for q.

(5.55)

Proof.[Sketch of the proof] First, we observe that the assumptions (5.55) imply that the
assumptions of Theorem 5.2 are verified. Let (u,q) € L3(Q) x W~13(Q) then the solution given
by Theorem 5.2 and satisfying the estimate

Ity < € (I F Ny ayatory + 11 B llzavzey + 1 9 w120 ) -

Observe then that (X, ()" = (X, ,(©2))" and L"(Q2) < L™ () where 1/rg = 1/p +1/3.
Using Theorem 4.10, there exist a unique (w,7) € LP(Q) x W~1P(Q) /R satisfying —Aw + u -
Vw+Vr=f=-Au+u-Vu+ Vg divw =hin Q and w = g on I". Setting z = w — u
and 0 = m — ¢, that means that

—Az4+u-Vz4+V0=0, divz=0 inQ and z=0 onT,

and thanks to Theorem 4.10 and uniqueness argument, we deduce that z = 0, Vr = Vq and

then w = u. The uniqueness of (u,q), up to a constant for ¢, is immediate. 1

Theorem 5.4 (Very weak solution of Navier-Stokes equations, arbitrary external forces)
Let fe€ (X33/2(92), h € L32(Q) and g € WY33(T) satisfy the compatibility condition (3.11).
There exists a constant § > 0 depending only on 0 such that if

i=1

1l 20y + D g~ m I, <6, (5.56)
=0

then the problem (NS) has a very weak solution (u,q) € L3(Q2) x W~=13(Q).
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Proof.[Sketch of the proof] We decompose the problem into two parts. First, we are looking

to find a pair (v, q!) solution of the problem:
—Av.+v.-Vo.+V¢g = f—f. inQ,
(NS1) V.v. = h—h. inQ,
v. = g—g. onT,
and then to find (2., ¢?) solution of the problem:
~Az.+2.-Vz.+z.-Vo.+v.-Vz. +Vg? = f. inQ,
(NS5) V.2, = h. in,
ze = g, onl,

where f. € H1(Q), h. € L*(Q) and g, € H/?(T") satisfy

1f = Fellixs s n@p + 10— hell a2y + 19 — gellw-17s300) < €

and
=1

lhell s/ + D (g2 - s yr, | < 26
i=0

(see Lemma 2.7 and Lemma 2.12). The pair (u,q) = (ve + zc,¢ + ¢2) is then solution to
problem (NS).

The existence of solution for (INV.S7) follows from Theorem 5.2 and solution of (IN.S2) is based
on the classical theory and the use of Hopf’s Lemma (see [13], Remark VIII.4.4 for instance).
]

Theorem 5.5 (Regularity for Navier-Stokes equations) Let (u,q) € L3(Q) x W~13(Q)
be the solution given by Theorem 5.4. Then, the following regqularity results hold:
i) Suppose that

fe (Xr',p/(Q))', heL"(Q) and g€ W—l/pvp(p)

with 1 < % + % and max{r,3} < p. Then (u,q) € LP(Q) x W1P(Q).
it) Let v > 3/2 and suppose that

feW(Q), heL"(Q) and ge W=V"(D). (5.57)

Then (u,q) € WH(Q) x L™ ().
iii) Let 1 < r < oo and suppose that

fel’(Q), he W' (Q) and ge W21/m1(D). (5.58)
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Then (u,q) € W27 (Q) x WLT(Q).
iv) Suppose that 3/2 <p <3, f=V - -Fo+ Vf and

Fo € WoT(Q), f1 € Wo™tP(Q), h e WO (Q), ge W L/PP(D),

witho=32-1,1<1
P r=p
1

+ % and r < p. Then (u,q) € WoP(Q) x Wo—LP(Q).
v) Let o such that 1/p < o

<1 and o > 3/p— 1. Suppose that
FEWI2P(Q), he W LP(Q), ge WI—1/PP(D),
Then (u,q) € WP(Q) x W—LP(Q).

Proof.[Sketch of the proof] First, we remark that under the assumptions in i) ii) and iii), we
have that f € (X33/2()), h € L¥2(Q) and ge W~1/33(D).
i) Let (u,q) € L3(Q) x W=13(Q) be the solution given by Theorem 5.4. Using Theorem 4.10,
there exist a unique (w,7) € LP(Q) x W~1P(Q)/R satisfying —Aw + u - Vw + Vr = f =
—Au+u-Vu+ Vg, divw=~hin Q and w = g on I'. Setting z = w — u and § = 7 — ¢, that

means that
—Az4+u-Vz4+V0=0, divz=0 in2? and z=0 onl,

and thanks to Theorem 4.10 and uniqueness argument, we deduce that z = V# = 0 and then
w = u and ™ = ¢ + ¢, with ¢ constant. The point i) is proved.

ii) Let » > 3/2 and f, h, g be given satisfy (5.57). Let p > 3 be defined by 1/p = 1/r—1/3. Then
WL=Y/rr(T) e W1/PP(T) and W (Q) < (X0 (Q))'. If r < 3, by point i), we deduce that
(u,q) € LP(Q)xW~LP(Q) and then u®u € L™ (). But —Au+Vq = f—div (u®@u) € W-17(Q)
and by Stokes regularity, we obtain that (u,q) € WH(Q) x L"(Q). If now r > 3, we know that
u € WH3(Q) and thanks to Sobolev embeddings, u ® u € L"(£2) and again as above, we deduce
that (u,q) € WH(Q) x L™(Q).

iii) Let 1 < r < co and f,h, g satisfy (5.58). We observe first that L"(Q) — W—13/2(Q),
Wi (Q) — L3%(Q) and W2 V/""(I') — WU33/2(T') and then by step ii), we obtain that
(u,q) € WI3/2(Q) x L¥2(Q). If r < 3, we deduce thanks to Theorem 4.8 that (u,q) €
W27(Q) x W (Q). If now r > 3, then u € L>°(Q) and using again Theorem 4.8, we obtain the

same conclusion.
iv) Follows from Corollary 4.11 point i).

v) Is consequence of Theorem 4.4 (for o = 1) and Theorem 4.12 (for 0 < 1). 1

Remark 5.6 i) In particular, when p =2 and r =6/5, if

fe W265(Q) h e WH26/5(Q), ge LA(I),
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then the solution given by the previous theorem point iv) satisfies (u,q) € HY?(Q) x
H12(Q).

ii) Point i) shows in particular that for any p > 3, if
3
FEW Q) and ge WV, with % <r<p,
p

and frig- n =20 foranyi = 1,...,1 and h = 0, then Problem (NS) has a solution
(u,q) € LP(Q) x W=IP(Q). In [25], D. Serre proves that for any 3/2 < r < 2 (and then
for any r > 3/2), if

feW(Q) and ge W'TVr(D),

with frig- n =20 forany i = 0,...,1 and h = 0, then (NS) has a solution (u,q) €
WL (Q) x L™(Q). Our point i) proves that this result holds if r = 3/2 without supposing h
or the fluz g through I'; to be equal to 0, more precisely it suffices to assume the condition

of smallness:
i=I

1l o2y + > g D | < 6.
i=0

iii) Because of the relation (3.11), the condition (5.56) is automatically fullfiled when the norm

|]hHL3/2(Q) is sufficiently small and I = 0, that means that the boundary I' is connected,
which is the case considered by Kim [17].

i) Marusic-Paloka in [20] proves Theorem 5.4 with f € H™Y(Q) (which is included in the
dual space (X33/5(2))), h = 0 and g € L*(T) (which is included in W1/33(T)) with
IgllL2(ry small. Moreover, the domain €2 is assumed simply-connected. In fact, the solution

u € L3(Q) is more regqular and belongs to H/2(Q) as pointed in the point i) of this remark.

v) Galdi et al. in [14] prove Theorem 5.4 and Theorem 5.5 point i) with f = div Fo, where
Fo € L"(Q), h € LP(Q) and g € W YPP(T) with 1 < %—&-% and max{2r,3} < p.
They assume the domain Q is of class C>'. Moreover they suppose f, h and g sufficiently
small with respect to their norms. The small condition on the external forces is in fact

unnecessary.
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