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Abstract

Assuming that the external forces of the system are small enough, the reference temper-
ature being a periodic function, we study the existence, the uniqueness and the regularity of
time-periodic solutions for the Boussinesq equations in several classes of unbounded domains

of R™. Our analysis is based on the framework of weak-L? spaces.
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1 Introduction

Let €2 be as either the whole space R",n > 3, either the half space R’} ,n > 3, either a bounded

domain in R”, n > 3, or an exterior domain in R, n > 4, with boundary 99 of class C2*#(u > 0).
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We consider the following nonstationary Boussinesq equations in €2 :

gltl—yAu—i-(u‘V)u%—;Vp = BOg+ P, xe, teR, (1.1)
Vu = 0, xe, teR, (1.2)

gf_XAng(u.v)e = f, x€eQ, teR, (1.3)

u = 0on 09, (1.4)

= 0on 09, (1.5)

where g represents the gravitational field at x, f is the reference temperature, W is an external
force and p, v, B, x are positive physical constants which denote, respectively, the density, the
kinematic viscosity, the coefficient of volume expansion and the thermal conductance. The un-
knowns are u(x,t) € R", p(x,t) € R and 0(x,t) € R representing respectively, the velocity field,
the pressure and the temperature of the fluid at point (x,t) € Q x R. Boussinesq equations de-
scribe the evolution of the temperature and velocity field of a viscous incompressible Newtonian
fluid. For an extensive discussion on the physical origin of the equations (1.1)-(1.3), see [4].

We are interested in the study of the time-periodic solutions for the system (1.1)-(1.5) when
the reference temperature is a periodic function with the same period. Without loss of generality,
we have taken the constants p, v, 5, x equal to one. To avoid some technical complexities in the
study of (1.1)-(1.5), throughout this paper we assume ¥ = 0. Several works have been made in
the mathematical analysis of system (1.1)-(1.5); see, for instance, [3], [5], [7], [13], [6] and papers
cited therein. The time-periodic solutions for the Boussinesq equations in bounded domains
was considered in [13]. The analysis was made via the Galerkin’s method. Indeed, in [13] it
was considered a class of nonlinear evolution equations in a separable Hilbert space generalizing
several models of hydrodynamics. However, the study of periodic solutions for system (1.1)-(1.5)
has not been investigated in unbounded domains. Hence, the purpose of the present paper is
to prove the existence and uniqueness of strong periodic solutions for problem (1.1)-(1.5) in
the framework of Semigroups Theory on the Lorentz spaces, more explicitly, on the theory of
weak-L? spaces. We construct the time-periodic solutions using LP¢ — L"™® estimates for the
semigroups generated by the Stokes and Laplace operators. If ) is an exterior domain, we need
to assume n > 4 in order to obtain the gradient bounds for the semigroups generated by the
Stokes and the Laplace operators in L(P>) (see Lemma 3.2).

This work is motivated by the existence results of periodic solutions for the Navier-Stokes
equations. In unbounded domains, this subject has been investigated in [11], [14], [15], [18§]
and [19]. In particular, in [14] was proved the existence of a unique time-periodic solution on
the whole space R? for small external force. The problem in the half-space Ri”r was considered
in [15]. In [11], making use of L? — L" estimates for the semigroup generated by the Stokes

operator, time-periodic solutions were constructed for small time-periodic forces. The stability



of these solutions was considered in [18]. However, the existence of strong time-periodic solutions
in general unbounded domains is still an open problem. More complete references, including
results for bounded domains, can be found in [11], [14], [15].

This paper is organized as follows. In Section §2, we give some preliminaries about Lorentz
spaces and state our main results. Section §3 is devoted to prove the existence and the uniqueness

of strong periodic solutions.

2 Preliminaries and Results

Before stating our results we introduce some functional spaces. Cg%,(§2) denotes the set of all
C>°—real functions ¢ = (¢1, ..., n) with compact support in , such that div ¢ = 0. The
closure of C§%, with respect to norm L",1 < r < oo, is denoted by Lg(€2). Let us recall the
Helmbholtz decomposition: L"(2) = L7 () & G"(2), 1 < r < oo, where G"(Q2) = {Vp € L"() :
pe€ L ()} (c.f. [8]). P, denotes the projection operator from L"(£2) onto L’ (€2). The Stokes
operator A, = —P.A with domain D(A,) = {u € H>"(Q) : u|go = 0} NL.. Tt is well known
that —A, generates a uniformly bounded analytic semigroup {e_tAT}tzo of class Cp in L, (c.f.
9)).

We denote by B, the Laplace operator in L9(€2),1 < ¢ < oo, with homogeneous Dirichlet
boundary conditions: B, = —A with domain D(B,) = W24(Q)N WO1 1(€)). We recall that the
operator —B, generates a uniformly bounded analytic semigroup {e=*51};5q in L9(Q) of class
Cop .

Now we introduce some preliminaries about the Lorentz spaces. For details see [1]. Let
l1<p<oand1l<qg<oo. A Lebesgue measurable function f defined on a domain 2 C R"
belongs to Lorentz space L9 (Q) if the quantity

1
<f0 {tpf** }%)q i T<p<oo,1<g<
1

Supgso b7 f**(t) Jif 1<p<oo,g=00

Hf”(p,q) =

)

is finite, where
1 t
= t/ f(s) ds, f*(t)=inf{s>0:m{xe Q:|f(x)] > s} <t},t>0,
0

with m denoting the Lebesgue measure on R”. The spaces L9 with the norm || f | (p,q) are Ba-
nach spaces. Note that LP(Q) = L®?)(Q). When q = co, LP>)(Q) are called the Marcinkiewicz
spaces or weak-LP? spaces. Moreover, LP9)(Q) c LP(Q) ¢ LWP®2)(Q) ¢ LP>)(Q) for 0 <
@1 < p < g < oo. We recall that the space C§°(Q) is not dense in L(P>)(Q). Borchers
and Miyakawa [2] established the following Helmholtz decomposition of the Lorentz spaces ex-
tending the operator P, to a bounded operator on L(“d)(Q), which we denote by P, 4. Setting
Lgr’d)(Q) Range(P,4) and G (Q) = Kernel(P,4), then L (Q) = L,(f’d)(Q) @ G (Q),



with L"(Q) = {u € LOD(Q) 1 V-u =0, u-nlpg = 0} and GrI(Q) = {Vv € LOD(Q)
(r.d)

loc

v € L, (Q)}. For simplicity, we shall abbreviate the projection operator and the Stokes and
Laplace operators on Lorentz spaces by P, A, B, respectively. In view of [2], the operators
—A, — B generate bounded analytic semigroups on L((,p ) (Q) and LP9(Q), respectively. How-
ever, we recall that if ¢ = oo, this semigroups are not strongly continuous at ¢t = 0.

Applying the operator P on the equations (1.1)-(1.2), from (1.1)-(1.5) we obtain the following

problem of parabolic type:

u; +Au+ Pl(u-V)u] = P(fg), teR (2.6)
6, +BO+(u-V)0 = [, teR. (2.7)

The system (2.6)-(2.7), with periodic in time conditions, has associated the following system of

integral equations

t t
ult) = - / e TIRP[(u- V)u] ds + / e ("% P(Bg) ds (28)
o) = — /t e =B (- V)9 ds + / UL fds. (2.9)

Throughout this paper we assume the following assumptions on the external force f and the
field g:

Assumption 1.

(CASE 1). If Q is either the whole space R", a bounded domain in R"™, with boundary of
class C?*#(p > 0), or the half space R, n > 3, we consider r, 7, q, ¢ verifying 2 < r,7 <n, § <
q,q <mn, %—%<min{f—f 2 — 21

(CASE 2). If Q is an exterior domain in R”, n > 4, with boundary of class C?*#(u > 0), we
consider r, 7, q, ¢ such that % <rr<n, 5 <qq<n, %— = <min{z — -, = — 2},

For each r,7 and ¢,§ we assume that f satisfies
f € BOR; L®>)(Q) 0 LE)(Q)), (2.10)

for 1 < p, | < co with %+% < %, % < % < %—I—% provided n > 4 in both CASES (1,2). (Note
that as n < 2§, 7 < n, then the inequality 1/§ < 1/I < 1/§+ 1/n implies that 1/I < 2/n + 1/7).
If n = 3, in the CASE 1, we assume that f satisfies

(i,oo) .
{ f € BO(R, L"*°)(Q)) such that (2.11)

f(s) = ngoh(s) for some h € BC (R, D(ngo)),



for 1 < p < min{r,q}, and § > 0 satisfying 2% +8>1+maz{l+ 2,1+ 2%} and 1/G < 1/ <
1/G+1/3, where Bg,oo denotes the power § of the operator B on L»*°. With respect to the field

g we make the following assumptions:

g € L) nLO<)(q),

where a and b are such that: % > 24 % -1 % <

n

+

<=

1 1
n a ; (b>1,a>1)

Remark 2.1 Condition (2.11) can be replaced by f(s) = V - G(s), G(s) = (Gi,...,Gy) €
BC(R; L®>)(Q)) with VG(t) € BC(R;L®>)(Q))" for 1 < p < oo with 1/7+1/3 < 1/p. This
implies that f(s) = Ah(s) for some h € BC(R; D(Bjoo))-

Our main results are stated as follows:

Theorem 2.2 Let f be a periodic function with period T > 0 (i.e, for allt € R, f(t) = f(t+7))
satisfying Assumption 1. Then, if the quantities
sup ||f(S)H(@OO) + sup Hf(s)H(ZOO), n >4, in the CASES 1 and 2,
s€ER seR ’
sup [|h(s) | (5,00) + SHIE 1) 700y n =3, in the CASE 1,
se€

seR
||gH(b,oo) + HgH(a,oo)a in the CASES 1 and 2,

are small enough, then there exists a periodic solution (u, ) of (2.8),(2.9), with the same period
T of the external force, in the class u € BC(R, LE,T’OO)(Q)), 6 € BC(R; L(")(Q)), with Vu €
BC(R; L@>)(Q))*, VO € BC(R; L\%>)(Q))™. Moreover, within this class, if

sup [[u(s) o0y +sup [[VU(s)[l(goo)s  SUp [10(5)l(,00) + sup [VO(5) |l (g,00)
seR seR seR seR

are small enough, then the solution is unique.

Theorem 2.3 Under the assumptions of Theorem 2.2, if f is Hélder continuous with values in
LU5®)N(Q) and g € LU"2°)(Q), then, for all n < r* < ¢* = nq/(n — q), the periodic solution
given by Theorem 2.2 satisfies

1. u € BCR; LI (Q)) N CHR; LY (Q)), 6 € BC(R; L™>)(Q)) N CL(R; L ().
2. A,uc C(R;LY(Q)), Buo € C(R; L7 (Q)).

3. For allt € R, (2.6) and (2.7) are satisfied in LY (Q) and L™ (Q), respectively.



3 Existence, Uniqueness and Regularity of Periodic Solutions

In this section we prove Theorem 2.2 and Theorem 2.3. Let us first recall the Holder’s inequality

and some L") — L(P*) estimates for the semigroups {e "4 };>0, {e P }1>0.

Proposition 3.1 (Generalized Holder’s inequality [16]) Let 1 < p1, po, 7 < o0, f €
) ) 1,1 ) 1_ 1,1
LPva)(Q) and g € LP>92)(Q) where +55 <1, then fg belongs to L) (Q) where =t

p1
and s > 1 is any number such that qil + q% > % Moreover,
1£9llirs) < CONFllr.a0) 191 (p2gz) - (3.12)

Lemma 3.2 (/2], [19]).

1. Let Q be either the whole space R™, a bounded domain in R3 with boundary 0 of class
C?**tH (> 0), or the half space R, n > 3. Then

IVie a1y < ct™/2H/P=HD=02 a0, 1< p <7 < o0,

for alla e Lgp’l)(ﬂ),j = 0,1 and all t > 0, where ¢ = c(n,p,r).

2. Let Q be an exterior domain in R, n > 4 with boundary 09, of class C***(u > 0). Then

at= /2= a0, 1< p <1 < o0,
et~ /2UPUN 2 a0, 1<p <r <,

le=*4all(1)

<
IVe~al|¢y <

foralla e L((,p’l)(Q) and all t > 0, where ¢ = ¢(n,p,r).

Remark 3.3 Estimates in Lemma 3.2 for e " a and Ve tAa in the norm L) with respect to
the data in L) are true, because they are obtained by duality. Similar estimates hold for the

semigroup {e 'P};>0. The estimates above hold in the particular case of LP spaces (c.f. [11]).

Lemma 3.4 ([2]). Let 2 be as the CASE 1 and CASE 2 and suppose that 1 < g <n,1<d < oo
and ¢* = ng/(n—q). If ¢ € LP>)(Q) for some p < 0o and V¢ € L&D (Q)", then ¢ € LD (Q)
and the estimate ||p||(g=.a) < ClIVPl|(q,q) holds with C' > 0 independent of ¢.

We denote by X the space of scalar functions {u € BC(R; L") : Vu € BC(R; L))"}

with the norm || - ||x defined as

[[ullx = sup [[u(s)l|(700) + sup [ Vuls)ll(G00)-
seR seR



We also defined by Y the space of vector functions {u € BC(R; L) (Q)) : Vu € BC(R; L&) (Q))"}

with the norm || - ||y defined as
[ully = sup [[u(s)ll(r,00) + sup [[Vu(s)|l(g,00)-
seR seR

X and Y are Banach spaces. We define the following operators F; and Gon Y XY and Y x X,
respectively, by

Fi(u,v)(t) = — / e~ =94 Pl(u- V)v](s) ds, (3.13)
G(u,0)(t) = —/_t e (9B (u. V)d(s) ds. (3.14)

3.1 Proof of Theorem 2.2

We construct a periodic solution of Problem (2.8)-(2.9) according to the following scheme:

U1 (6) = (s ) 1)y st (£) = Bo(t) + Ctt, 6ra) (1), (3.15)
where

w(t) = /_ tooe_(t_S)AP(Hog)ds, o(t) = /_ ;e—“—S)B fds,  (3.16)

F () () = F1 (U ) () + / tooe(ts)A{P(gHm)} ds, (3.17)

Gup,0,,)(1t) = — / ; e 9B (u,, - V)0, (s) ds. (3.18)

Remark 3.5 In (1.1), when ¥ is not zero, in the scheme above we consider

ug(t) = /t e~ A P(W)(s)ds and W1 = ug(t) + F (W, 0, (t).

—00

Let us first obtain some estimates for approximations above. We shall need the following

lemmas.

Lemma 3.6 Let r,7,q and q be as Theorem 2.2. Then, we have

sup [F1(w,v)[l(r,00) < c15upger [[u(s) (SUPIIV(S)H@,OO)+Sup!|VV(S)II(q,oo)),
seR seR seR
S [V (0,9 gy < 1 50D [T(5) g0y 50D [10(5)] 1) + 500 [1V0(5) g )
seR seR seR seR
up G, 0) [y < 2 50D [1a(8) ) (5P 10 ) + 5D [ 70(3) g ).
seR seR seR seR
5up [ VG, 0)[ o0y < 2 50D [90(3)]| ) (510 10(5) ) + 510 [ V(5 g0 ).
seR seER seER seR

for everyu,veY, 0 € X, where c; = c1(n,r,q),co = ca(n,r,q,7,q).



Proof. The proof is an application of Lemma 3.2. In fact,

Gu,0)(t) = — / o e 9B (u. V)0(s)ds — /t il e =98 (u.V)0(s) ds = G1(t) + Ga(t).

—00

Then for all ¢ € C§° and for all t € R, we have

t—1
(Gi(t),¥)] < / IVe™ B0 ey ) 100 7 -t 00y

—o0
t—1

¢ sup [|0(s) || (7,00) SUP ”u(S)H(r,oo)/ (t — ) E 2] ).
seR seER

—00

IN

Hence, by duality, for all £ € R, [[G1(t)||(7,00) < ¢ sup [|0(5)]](7,00) SUpP [[1(8) | (r,00)-
seR seR

t . .
/t (t — 5)—n/2(1/r+1/q—1/r)||u($)||(r700)Hve(s)u((jm)ds

-1

< csup [[u(s)]|(r00) sup [[VO($)]|(g,00)-
seR seR

1G2() |l (7,00

IN

Now, using Lemma 3.2 and Lemma 3.4 (for d = o0), we get

t—1
VG 0)llg) < / Ve B (- V)8(s) | 7.0 ds

— 00

t
4 / Ve =B (a - V)8](s) | g0 d
t

-1

IN

t—1
¢ sup [[u(s)|l(r.00) SuP [VO(5)]l(g,00) / (t—s)"/2r=1/2 gs
sER sER oo

t
+ e sup [[u(s)l[ (g 00) sup [[VO(5) || (g,00) / (t—s)"*ds
R seR t—1

se
< c(supser [[u(8)ll(ro0) + suPser | VU(8)ll(g,00)) SUPser [VO(5)l7,00)-

for all t € R and ¢ = ¢(n,, q). This complete the proof of the last two estimates of lemma. The

first two estimates are obtained similarly. 1§

Lemma 3.7 Let 0y be defined as in (3.16). Then 0y € X.

Proof. If f satisfies (2.10), then using Lemma 3.2 we obtain
t—1 o
100(t)l(7,00) < csgﬂg”f(s)u@m)/ (t — )~"/20/P=1/7) g

— 00

t 7 ~
+oesuwp ”f(S)H([,OO) / (t — 8)7n/2(1/l*1/7") ds.
sek t—1

This is valid for all t € R. The constant ¢ = ¢(n, 7, p,1). From (2.10), that is, 1/74+2/n < 1/p and
1/l < 2/n+1/7, we conclude that each integral above is finite and consequently, 100 ()l (7,00) <



c1 sup || £(8) [l 5,00) T2 SUpP ||f(3)H(Z o0)» Where ¢1 = ¢(n, p, 7) and ¢y = ¢(n, 1, 7). A similar analysis
s€R s€R ’

proves that

t—1 B _
VOOl g0y < @ Sg£||f(5)”(ﬁ,oo)/ (t — 5) " /PUPHD2 g
S —00

t 7 ~
+ 2 sup [[£(s)l 7.00) / (t — )~"20/=YD-1/2 g
seR t—1

for all t € R and & = ¢(n,p,q) and & = c¢(n,1,§). As 1/p > 1/F +2/n > 1/n +1/§ and
1/l < 1/G+ 1/n, the two integrals above converge.

Now, if n = 3, the previous analysis is wrong because it will be necessary 3/2(1/p—1/7) > 1,
with p > 1 and this is not possible. Consequently, we assume a new condition; in fact, if f
satisfies (2.11), using the following estimate (which is a consequence of the analytic properties

of the semigroup):

|B%e~*Bal| < Ct|al| Vae LP>®) >0, ¢=c(p,6), 6 >0,

(p,00) P,00)

and using Lemma 3.2, we obtain

t—1 t
e~ =98 BIh(s) | .00 s + / e )

160(t)llr.0) < / ro d

—00
t

t—1 o .
<e / (t — )" ¥2P=1D|| Boe=U=B2p(5) | o ds + ¢ / (t = )2V £(5)]| 1 o) s
t—1 ’

~ ~ t 7 ~
<ec / (t — 5)_3/2(1/12_1/7")_6Hh(s)”(ﬁ,oo) ds + sup Hf(s)”(ioo)/ (t — S)—3/2(1/l—1/r) ds
—0 s€R ’ t—1
< ¢ (sup,e [1(5) | 500) + 5uDscz 17(5) | 1oy )
for all t € R with ¢ = ¢(n, 7, p,1,0). A similar estimate can be obtained for 1VOol|(4,00), (7= 3).
This proves the lemma. I
Now we will estimate the terms F(u,,60,,) and G(u,,,0,,). We start with the following

lemma

Lemma 3.8 The terms ||F(wm, 0m)|ly, ||G(Wm,0m)|x given by (3.17),(3.18) satisfy

1 (W, O)lly - < 2¢1 [[umll§ + 3 1|0mlx, (3.19)
1G (W, Om)llx < 22 [[wm]ly [[0m]|x, (3.20)

where ¢y, co are as in Lemma 3.6 and c3 depends on g but is independent of m.

Proof. We will prove that

| /_too e IA P(gh)(s) ds | < e m]lx- (3.21)



In fact,

t—1
|[ e peas| s [ eI Pl s

— 00

t
T / e 92 P(gh,,) (5 (e ds.
t—1

(r,00)

Note that

t—1

t—1
| e P05l ey 5 = ) 501603y | (¢ =),

—00 —o0
where v = —n/2(1/a + 1/7 — 1/r). As 1/a > 2/n — 1/7 4+ 1/r, the last integral converges.
Moreover, for £ = —n/2(1/b+ 1/7 — 1/r) we have

t

t
/t €A Pgh)(5) o) s < el 530 105 / (t— 5)€ ds,

By Assumption 1, g € L(®)(Q) with b > 1 and 1/b < 1/n+1/q — 1/7. As r < n, n/2 < g,
we have that 1/r +1/n > 2/n > 1/q, and therefore 1/b < 1/n+1/¢q—1/F < 1/n+1/n=2/n
which implies that 1/b < 2/n + 1/r — 1/7 and thus, the last integral converges.

On the other hand

t—1

t
|v [ cempe)|, s [ 19 IA P )ge ds
— 00 q7oo

—00

t
4 / Ve~ )8 P(gh,)(5) | qoc) ds:
t—1

where we estimate the first integral as
t—1 oA t—1
| IV A P05 g 5 < gl 0 1005 sy | (= 5)¢ s,

—00 seR —00

for ( = —n/2(1/a+1/7 —1/q) = 1/2. Asn < g and 1/F — 1/r > 2/n — 1/a, we conclude
that 1/a+1/f —1/¢>2/n+1/r—1/¢ > 1/n+1/r > 1/n. Hence the last integral converges.

Analogously, we can show that

t t
/ Ve =92 P(g0,,)(5) | g0) 45 < €1l thoe) SUD 16 (5) 7009 / (t—s) ds,
t—1 seR t—1

with £ = —n/2(1/b+ 1/7 — 1/q) — 1/2 and thus the integral converges. Hence, we prove in-
)+ |\g||(a7m)) and ¢ = ¢(n,a,b,r,q,7,q) independent of m.

equality (3.21) with ¢3 = c(
Therefore, from Lemma 3.6 and estimate (3.21), we obtain (3.19). Inequality (3.20) is obtained
applying directly the last two inequalities of Lemma 3.6. 1

After these Lemmas we back to the proof of Theorem 2.2.
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Existence.

From scheme (3.15), Lemma 3.7 and Lemma 3.8, we obtain:

lmiilly < 2wl + csllfmllx, (3.22)

10mtallx < [[ollx + 2¢2 [[am [y [|m]lx- (3.23)

Let a,, = max{||un]||y, [|[0mllx}, m=1,2,... ap= 6| x.- Therefore, from (3.22) and (3.23)

it follows that a;,+1 < ag + a2, + c3am, ¢ = max(2c1,2c2). Hence, if
c3 <1, 4apc< (1—c3)? (3.24)

then, the sequence {a, }7°_ is bounded and

am < (1—c3) \/(2~ s) %o = k, Vm=0,1,... = anp <k< o (3.25)
c c

From now on, we assume (3.24) (Note that this condition implies a small condition for f).
Making w,,, = Uy, — Up—1 (u_1 =0), Oy, = Oy — 01, (—1 = 0), we have

Wint1(t) = Fi(Wp, um)(t) + Fi(w,—1, wi)(t) +/t e (mIA P(g0m)(s) ds,

Omiill) = CowmOn)(t) + Gl 1O,

This equality implies that

IN

261 (IWimlly [nlly + 1[Iy [1Winly ) + c311©mllx

2¢k ([wmlly + 19mllx), (3.26)

[Wint1lly

IN

provided c3 < ¢k (this condition and (3.24) imply a small condition for the field g in the norms

[ - ”(a,oo) and || - ||(b,oo)). Moreover,
1Omi1llx < 26 [[Wonlly |0mllx + 2¢2 [um 1]y [|Omllx < 2c2k (|Wamlly + [Omllx).  (3.27)

From (3.26)-(3.27), we obtain

max{[Wn i1 [y, 1Oms1llx} < 28k max {|wnlly, [Ollx } < ... (3.28)

< (2¢k)™ag, Ym=0,1,...

m m
Note that u,,(t) = ij(t), O (t) = Z ©,(t). Since 2¢ck < 1 (by (3.25)), from (3.28) we can
j=0 Jj=0

conclude that there exist functions u € Y, 8 € X such that when m — oo, u,, — uin Y,

0,, — 6 in X. Note that

IF1(um, wm) (1) = Fr(w,w) @)y < [F1(am —w,um)(@)[ly + [[F1(w, wn —w)(@)]ly

< 2¢1 [Jum — ally lumly + 2e1 ully [ —ully < [jun —ally, vm.
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Then, in Y
Fi(um, up)(t) — Fi(u,u)(t). (3.29)
Analogously,

1G (W, 0m)(8) = G0, 0)(1)[[x < 2¢2 [[um —ully |0l x + 2¢2 [[ully |0 — 0] x
< Num —ully +[10m — 0]l x, vm.

Then, in X
Gty 0) (1) —> G, 0)(1). (3.30)
Finally, when m — oo,
t
|- / eI (g0~ 0))(5)ds| < es 16— lx — 0 (3.31)

From (3.29), (3.30) and (3.31) we conclude that (u, ) is a solution of the system of integral
equations (2.8)-(2.9).
Periodicity.
Being f a periodic function with period 7 > 0, the functions u,, and 6,, are also periodic with

the same period 7 for all m = 0,1, 2, ... Consequently, the limit (u, ) is periodic with period 7.

Uniqueness.
Suppose that (ug, ;) is another solution of (2.8)-(2.9), such that ||ui|ly <k, ||01||x < k, being
k the constant of (3.25). Working as the proof of existence we get

10 — 01| x

[u -]y

< 2c¢0k Hu — u1||y + 2¢co k ||9 — 91”)(,
<

C3 HG — '91HX + 261 k Hu — u1||y.

Hence, if M = max{|lu—ui||y, ||#—01||x}, we have M < 2¢k M, because c3 < ¢k, which implies
that & = 01 and u = uy. Hence, the proof of Theorem 2.2 is finished.

3.2 Strong Solution. Proof of Theorem 2.3.

In this subsection we prove that if f and g satisfy adequate regularity conditions, then the
periodic solution (u, @) constructed in Theorem 2.2 is also a solution of the differential system
(1.1)-(1.5). For the proof of Theorem 2.3, we need a result about local existence of strong solu-
tions for the initial boundary value problem associated to (1.1)-(1.5) that will be presented as
Theorem 3.10. This result follows the arguments of Kato [10]. Let us first give the definition of

strong solution for the initial value problem (1.1)-(1.5).
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Definition 3.9 Leta € LE,"’O")(Q), be L) (Q), n < r* < oo, f being Holder continuous with
values in L) (Q) and g € LU°)(Q). A pair (v,w) defined on (tg,t1) x  is called a strong
solution of (1.1)-(1.5) of class S, (to,t1), with initial value (a,b) if

1. v € BC,y([to, t1); LT (Q)) N C ((to, 11); L (),
w € BCw([to,tl); L(n,oo)(Q)) N Cl((to,tl); L (Q)),

2. Av € C((to,t1); L7 (Q)), Bw € C((to, t1); L™ (Q)), to < t < t1,
3. vi+ Av + P[(v-V)v] = P(wg) in L (Q), forz € Q, tg < t < t1,
4. wy +Bw+ (v-Vw) = f in L (Q), forz € Q, tg <t < ty,

where BC,, denotes the class of bounded and weakly-+ continuous functions, together with
lim (v(t), ) = (a,), lim (w(t), ) = (b,), for all ¢ € LIV (@), € LO/-DD(q),
t t—tg

—tg

Our result about the local existence of strong solutions now reads

Theorem 3.10 (i) (Existence). Let n/2 < g <n and 1 <1 < oo be such that 1/q < 1/I <
1/q + 1/n. Supposed that a € L((,n’oo)(Q) N L((,q*’oo)(Q), b e L) (Q) N L2)(Q), where
¢ =nq/(n—q), f € BOR; L&>)(Q)) being Holder continuous with values in L") (),
g € LO®)(Q) N L") (Q) with b > n/2 and n < r* < ¢*. Then, there exists T € (0,1]
such that for all ty € R there exists a strong solution of class Sy=(to,to + T) of problem
(1.1)-(1.5) at (to,to + T) with initial value v(ty) = a,w(tg) = b. Moreover, the solution
satisfies v € BC((to, to + T); LY °(Q)), w € BCO((to, to + T); LI@°)(Q)), with

sup [[v()ll(gr,00) £ C1, supw(B)ll(gr,00) < Co, (3.32)
to<t<to+T to<t<to+T

where Cy,Cs are independent of tg. Here T is estimated as

2
k Ta

(3.33)
€1 maX{HaH(n/a,oo)7 Hb”(n/a,oo) + HfHBC(]R;L(l’OO))}

with kjey = k/e1(n, ¢, 1), o =n/q*.

(i) (Uniqueness). There exists a constant v = vy(n,r*) such that any solution (v,w) in the

above class, satisfying

lim sup /2071 |y () ||, < v, limsup ¢*/20/7=1/r7)

+ +
t—t] t—t]

w(t)[lre <,

18 unique.
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Proposition 3.11 Let n/2 < ¢ < n and 1 < | < oo be such that 1/q < 1/l < 1/q + 1/n.
Supposed that a € L((,n’oo)(Q) N LY (Q), b e L) (Q) N L) (Q), where ¢* = ng/(n — q),
f € BC(R; L4>)(Q)) with value in L) (Q), g € L®®)(Q) N LM (Q) with b > n/2. Then,

there exists T € (0,1] and functions v, w in the class
(v,w) € BCy([to, to + T); L{)(Q) x LM)(Q)),
with

(v,w) € BC((to, to + T); LI (Q) x LW)(Q)),
(t —t)Y/2V(v,w) € BCyu((to,to+T); L) (Q) x L) (Q))",

such that for allty € R the following equalities are verified in Lg,n’oo)(Q)ﬂLZ,* (Q) and L>)(Q)N
L™ (Q), n < r* < ¢*, respectively

t t
V(t) = e(tto)Aa+/ ef(tfs)AP(wg) _/ ef(tfs)AP[(V_V>V]ds7 (334)
to to
t t
w(t) = e By / e~ =98 f(5)ds — / e 9B (v . Vw)(s) ds. (3.35)
to to

Moreover, the functions (v, w) satisfy
tY4(v,w) € BC((to, to + T); LE(Q) x L>™(Q)).
Here T is estimated as (3.33), where k/ci = k/ci(n,q,1), o =n/q*.

Proof of Proposition 3.11: Let us construct the solutions of integral equations (3.34)-

(3.35) according to the following scheme:

t ¢
Vint1(t) = vo(t) + /t e =IA Py, g)ds — /t e U=IAP[(v,, - Vv ds, (3.36)
0 0
t t
Win41(t) = wo(t) + / e =B f s — / e IB (v, V)wy, ds, (3.37)
to to

where vo(t) = e~ (=) Aa 1y (t) = e~ (t-10) Bp,

Since this Lemma only deals with local existence of solutions, we may assume that 0 < 7' < 1.
We observe that o = n/q*, ¢* = nq/(n — q), and as < 2¢, then 0 < o < 1. We will need the

following lemmas

Lemma 3.12 The sequences (3.36), (3.87) satisfy the following estimates

sup (£ —1t0) "2 v (Dl njae) < K, (3.38)
to<t<to+T

sup (t — to)(l_a)/ZH'wm(t)”(n/a,oo) < Km,Qv m=0,1,... (339)
to<t<to+T

14



for some positive constants Kp, 1, Ky, 2 which are independent of tg. Moreover, there exists (v, w)
with

(t = t0) ' "2(v (1), w(-)) € BC((to, to + T); LYY *>)(Q) x LM/ (Q)), (3.40)
such that
i sup (b 1) vin(t) v (1)) = O, (3.41)
M—=00 ¢ <t<to+T
lim sup (t - 750)(1_(1)/2me(t) - w(t) |(n/a,oo) = 0. (3'42)

M—=00 ¢ <t<tg+T

Proof. The proof is done by induction. In fact, [[vo(t)|(n/a,00) < cllall(n/a,00) @0 |wo () || (n/a,00) <
cl[bll(n/a,00), for to <t <to+ T, where c is independent of ty. Consequently,

sup  (t —10) "2 [vo(t) | (n/ace) < T 2@l (n/a00) = Ko, (3.43)
to<t<to+T

sup (¢t —t0) "2 wo ()l njaoe) < TV 2)b]| (1 /000) = Koj2- (3.44)
to<t<to+T

Assume (3.38)-(3.39) are true. We will prove (3.38)-(3.39) for the case m + 1. Note that for all
¢ € Cg, and all tg <t <t + T, Lemma 3.2 1mphes

t
(= [ AP Dpvalds. )| < O A e o P

to to

t
<c / (t = )2 ()12, oy 45 - 16 e
0

< eB((1—a)/2,a)K 1 (t = t0) "2l (n/(n—a) 1)
where B(-,-) denotes the Beta function and ¢ = ¢(n, q) is independent of ¢y. By duality we have

H/to e~ =IAP[(v,, - V)V (s) ds

for all ¢, tg <t < tg+ T, with C11 = C1,1(n, q), and moreover

t t
| [ empeun@as| <o [ =0 gl lumll oo ds
0

(n/e,00) to

<c(t—to) 2 Kinp gl p.00) (t —to) /> B ( o, (”a))

< (t—to)" /20y | Ky g T2,

( o5 T 1, (1+a)> Hence

Sup (t o t())( - /2va+1H(n/a,oo) < KO,I + Cl,lKrzml + 0271 Ti-n/2b Km,2~

to<t<to+T
Moreover, for all ¢ € C3° and all ¢ty <t < to+ T, we have

(-~ [ e (o1, )] = | /tot(wm & Vim(s), Ve -8 ) ds

t
Ot

< C1a K2 (t—tg) (172,

(n/a,00)

S/ 1Vin ()l ,00) 10 () | ,00) 1V €™ P Bl 1 201,18

to

t
< 6/ (t = 5) 27211V () (.00 10 () .00) = 1611y, 1)

to
< eB((1—a)/2,0) KmiKma2(t —t0) " 20l () (n-a)1)-
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By duality, for tg <t < tg+ T, we get

< CroKpmaKma(t —tg)~1=/2,

(n/a,00)

H /tt e~ 9B (v, - V) (s) ds

Now, using Lemma 3.4 we obtain

¢ t
[ gy < e [ 1V F(5) 00

to to
< dlfllpogr;pes)(t —to)

IN

A

—(1—a)/243/2—n/21

for all tg <t < to+ T with ¢ = ¢(n,q,1). Since 1/l < 1/q+1/n, we have (1 —«)/2 < 3/2 —n/2l

and hence the above estimate yields

(t—to)(lf‘*)/zH / -9 f(S)H( / (1-a)/2.
to n/a,

< dlfllpom,LwenT
o)

Consequently,

sup  (t — t0) "2 w1 (8) ]| (n/r.00)
to<t<to+T

S KO,Q + CHfHBc(]R;L(l,oo)),_T(l_a)/2 + CLZKm,le,Q‘

Then, we can take K111, Kint1,2 being respectively,

Kmi1a = Koi+ CiiKp + Co1Kp o, (3.45)
K12 = Koz + C||f||BC(R;L<L<>0>)T(l_a)/2 + C12Km1 K 2. (3.46)

Setting Ky, = max(Ky, 1, K 2), m=1,2,..., from (3.43), (3.44), (3.45) and (3.46) we have
K1 < Ko+ C*Ki + Co 1 Ky,

Ky = ClT(l_a)/2 maX{||a||(n/a,oo)7 Hb”(n/a,oo) + ||f||BC(R;L<lv°°))} (347)

and C = max{C1 1, C12}. If we consider

1—C1)2
02’1 <1, Ko< %, (3.48)
4C
we have that
1—Cyy) —1/(1—Cy1)2 — 4CK 1
K, < ( ) \/( — ) =k<—,Vm=20,1,2, ... (3.49)
2C 2C

Assuming (3.48) and working as Subsection 3.2, due to the uniform estimate with respect
to m, we can conclude the existence of a couple (v,w) such that (3.40) holds and satisfying
(3.41) — (3.42). Thus, we finish the proof of Lemma 3.12. §
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Lemma 3.13 If K\ defined by (3.47) is small enough, then the limit (v,w) given by Lemma
3.12 satisfies the following estimate

(t— t0)/2V(v (1), w()) € BO((to, to + T); L) (Q) x L))", (3.50)

with
lim  sup  (t—t0)"*|VVvi(t) = VV (8)]| n.00) = 0,
M—=00 o <t<to+T

lim  sup  (t —t0)"*|Vwm(t) — Vw(t)|(n.oo) = 0.
M= po ct<to+T

Proof. The proof is done by induction. In fact, we will prove that

Sup (t - to)l/zuvvm(t)”(n,oo) < Jm,l, (351)
to<t<to+T

sup (¢ —t0)"/2(|Vwm () | n,00) < Jm.2; (3.52)
to<t<to+T

for some constants Jy, 1, Jym,2 which are independent of 5, m = 0,1, ...

Note that by Lemma 3.2
IVv0 ()l no0) < Ct—t0) " *1allnoe)s  [VwW0() | (no0) < C(t = t0) ™2 [1Bll (00

where C' = C(n) is independent of ty. Hence we can take Jy; and Jyo, being respectively,

Supposed inequalities (3.51)-(3.52) are true. Then

t
< [ =) I [T

(n,00) to

Hv /t t e~ =R Py, V)v,]
0

t
< CKm,ljm,l/ (t _ 8)*&/271/2(8 . to)a/zflds

to
< CKm,lJm,l (t — to)_1/2 B((l — Oé)/2, Oé/2) < 0371]€Jm71(t — to)_l/Q,

for all tg <t < to+ T, where C31 = C31(n,q) is independent of to. Moreover

t t
v [ etmpiewnas]| < [ =9 gl ey
0 b

to

t

< CHgH(n,oo) Km,2 / (t - S)_(a+1)/2 (5 — to)_(l_a)/2 ds
to

< eB((1 - 0)/2, (14 0) /2Kl o) < Cat kIl o0

Therefore,

sup (= 10)""|VVintillnoo) < Jo1 + Cs1kJm1 + Cukl|g|m,oc) T
to<t<to+T

Now, for any ¢, to <t <tg+ T,

HV /t e =9B(v, . Vw,,) ds

to

t
(n,00) < / (t— s)*n/Z(a/n)*l/Z”va(n/a’OO)HVme(moo)

to

t
< cKmidma / (t — )" 212 (s — 10)*27Yds < Coo k o (t —to) V2,

to
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where (s 5 is independent of ¢y. As

HV/; ef(tfs)Bf(s)ds
0

<t — t0)71/2HfHBC(R;L("’OO))’

(n,00)

we conclude that

sup  (t — t0) /[ wm 1 (t) | (n.o0) < Jo2 + Co2kTma + cl| fll por: i)y
to<t<to+T

Then we can take Jy,11,1 and Jy,,11,2 being respectively,
Jmi11 = Joi+ Cs1kdma + Caiklgll o) T2,
Imi12 = Joz2+ Cokdma +cllfllpomLmen-
Let Jp, = max{Jm 1, Jm2}, m=1,2,... and
Jo = Max{Jo1 + Ca1klgll(n,00) T2, Jo2 + cll fll ogespimeon }

then
Imi1 < Jo+ kCJp,

where C = max{C31,C22}. Consequently, if
k<1/C (3.53)

we have a uniform estimate for the sequence {J,,} given by J,, < 1;]05k =J, m=01,..

Assuming (3.53), we can see that the limits v, w satisfy (3.50) and the proof of Lemma 3.13

is finished. g

Lemma 3.14 The limit (v,w) given by Lemma 3.12 and Lemma 3.13 verifies
(t = t0)/*(v(-),w(-) € BC((to, to + T); LZ(Q) x L*"(%)),

with
lim  sup (¢t —to) 4| vin(t) — v(t)|j2n = O,
M—=00 ¢ ct<to+T

lim sup (¢ = t0)Hlwm(®) = w(®)]2n = 0.
M0 4 <t<tog+T
Proof. As the previous lemmas, the proof is done by induction. In fact, we will prove that there

exist some constants Ny, 1, Ny, 2, which are independent of tg, such that

IVin(@)ll20 < N1 (8 = t0) ™%, wm(®llon < Nina(t —t0) V% (3.54)
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Since L(Po:>) N LPL®) < [P and | f||, < C’(po,pl,/\)HfH%[;)’\oo) Hf||(Ap1’OO) provided that py #
p1,0 <A <land1/p=(1—X\)/po+ A/p1, we have

[vo(t)llzn < C(t —to) 4[| (1,00 [wo(®)ll2n < C(t —t0) ™4 [[bl(n,00)

where C' = C(n) is independent of to. Hence, we define No 1 and Ny 2 as C|[al|(;,,0) and C/|b| (5,.00),
respectively.

Assuming true (3.54) for a given m, we can prove that (3.54) holds for the case m + 1. In fact,
note that for all ¢ € CF,, ¢ € C§°, we get

t t
(= [ AP T vas) 9 < [ vm @ vl |9~ A s
0

to

t
<O [ vinll3 (¢ = )71l 2ny ds < e (t = t0)™* B(1/4,1/2) Niy 1 19l 2y

to

t t
(= P 0m V@) ds)| < [ villal9e7 gl ds

to to
t
< C/ [Vomll2n [ [l2n (E = 8) "2/l 2ny ds < ¢ (t = to)™/* B(1/4,1/2) Nw1s Non2 |01l 2
to

Hence by duality

t
H/ e~ AP (v, Vv, (s)ds , < Cra N2, (t—to)~ /4,
to n
t
H / e~ =B (v, V) (s)ds . < CraNo N (t—to) ™%
to n

We also note that
t t

| [ etmpeuaeas], < [ =7 Pl ()lan ds
0 0

< clglln00) B(1/2,3/4) (t — to)/* < Co1 Nz (t — to)/*

and
H /tt e 9B (5)ds
0

The inequalities above imply that

t
< / (t = 5) 4 F (5l noo) d5 < el1f | porspomeen (= t0)*™.

2n to

sup  (t—t0) [ Vinsilzn < Nog + C1aNZ + Co N T2
to<t<to+T

sup (¢ = t0)!lwinsillzn < Nog+ C12Nm1 N2 + el fll poqgsp oo T-
to<t<to+T

As before, setting N,;, = max(Ny, 1, Npp2),m = 1,2, ... and Ny = max(Nog—l—cHf||BC(R;L(n,oo)) T,No1),
we obtain Ny,i1 < Ny 4+ CN2 + Cy1 Ny, with Cy = Co1 T2 where C = max(C 1, Cy ). If

we consider )
(1-Co1)

021<1, Ny <
’ 4C

; (3.55)
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we have that the sequence {N,,}7"=5° is bounded with

(1 - Ca) = /(1= Ca1)? — 4N,C
2C

Np <

,m=20,1,...

Assuming (3.55) and working as Lemma 3.12 and Lemma 3.13, we conclude the proof. 1

Lemma 3.15 The limit (v,w) given by Lemma 3.12 and Lemma 3.13 verifies
(v,w) € BC((to, to + T); LY (@) NLE (@) x LT(Q) N LW>)(Q)),
with
sup (Vi (B)lltn/s,00) < M1,sms s =0, s=1,

to<t<to+T

sup me(t)H(n/s,oo) < MQ,s,ma s=a, s=1,
to<t<to+T

and M s m, Mo s m independent of to.

Proof. Computations similar to Lemma 3.12, Lemma 3.13, yield to

Mi a0 = Cllall(njac):  Mi,1,0 = Cllal|(n,00)
MQ,a,O = CHbH(n/a,oo)v MQ,I,O = CHbH(n,oo)a

(3.56)

(3.57)

(3.58)

where C' = C(n, s) is independent of ¢y3. Suppose by induction that (3.57), (3.58) are true. Note

that

(- / e IAP(v,, - Tvy)(5)ds )| <| / Vin @ Vin(s), Ve 7IA g) ds

to

T T Y.

t
SCKm,lMl,s,m/ (t—S) /2= 1/2(5_t0) (1m)/2. ”Q’)H(n/n s) )dS

to

< Cle,s,mB((l - a)/27 (1 + a)/2)H¢H(n/(nfs),1)7

for all ¢ € C§5, and all tp <t <ip+7T and C =C (n,q,s) independent of ¢y. Consequently, by

duality, for s = 1, o, we have

t
sup H / e*(t*S)AP(Vm -Vvp)(s)ds < Cs1 kM sm,
to<t<to+T (n/s,00)
where C5 1 independent of ty. Note that
t
| [ etmpeune ] <eclelo / )72 1 () 5.0
0

<CHg||boo (t_to 1 n/2b<c61M25m(t—t0)1 n/2b

20
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¢
| [ewm o] <elflsomunn T
to (n/a,00)
with a = § — 57 +1 > 0. Moreover, for all ¢ € Cg° and all o <t <to+ 1T,
t t
‘( - / e_(t_s)B(vm - Vwp,)(s) ds, go)‘ < ‘ / (Wi - Vi (8), Ve_(t_s)B)go) ds
to to
t
< [ uloaco lmlinsoo V€2l -0y ds
0
< ¢ Kot Massum (fj (¢ = 8)7/2712(s = 10)~ 0=/ ds) [l nn—s)1
< ckMasm B((1—a)/2,(1+a)/2) |l n/(n-s),1)-

Thus, for s =1, a,
t
sup H / e~ B (v, - Yy, ) (s) dsH < Cuok My g, (3.60)
to<t<to+T to (n/s,00)

where Cly 9 is independent of ¢y. Hence, from (3.59)-(3.60) we can take

Mismy1 = Migo+Cs1kMigm+ Cs1 Magm, (3.61)
Masmy1 = Maso+cl||fllpomrasey T+ Cazk Masm. (3.62)

Setting
Ms,m = maX{Ml,s,maMQ,s,m}7

Mo = max{My 0, Mas0+cllfllpomnes) T}
C = max{C571,C4,2},
from (3.61),(3.62) we obtain M 41 < Mo + ké’Msvm + Cs,1 Mg, for m =0,1,...,s = 1, .
Then, if

kC + Ceq < 1, (3.63)

M.
we have M, ,,, < 5,0

sm < T e Mm=0,1,...,s = 1,, which yields to (3.56) with (3.57)-(3.58). 1
—kC—Cs 1

Now, we continue the proof of Proposition 3.11. We can see that under conditions (3.48),
(3.53) and (3.63), the limit (v, w) belongs to the class required in Proposition 3.11. Moreover,
then following convergences hold in L((,n’oo)(ﬂ), L((,n’oo)((l) and L(">)(Q), respectively

/t e IAP(vyy - V)vi)(s) ds — te_(t_s)AP[(V - V)v](s) ds,

t t
/ e AP(w,, g)(s)ds — [ e EIAP(wg)(s) ds,

to to

/ B Pl(vy - Vwl(s)ds — [ e CIAP((v - Vywl(s)ds, (3.64)

to to
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uniformly in ¢t € (to,to +t) as m — oo. In fact, note that by Lemma 3.2, Lemma 3.12 and

Lemma 3.13, we have

H /t: e*(tfs)AP[(vm V)il (s) ds — /t e*(t*S)AP[(v V)V(s) ds

to

(n,00)

t
< / (t = 872 [Van(5) = ¥(5) | mjene) [ FVn(8) | mcy I
9
+ / (t = )2 1v() lmjec) 1V (Van(5) — v(5) oy s

0
< eB(1-0a/2,1/2)]  sup (s —t0) "2 |vin(s) = V()| (n/aco)
to<s<to+T
+B(l—-«a/2,(a+1)/2)k sup (s— t0)1/2 Vv (s) = Vv(8)lltn,0))s
to<s<to+T

which converges to 0. On the other hand

t t
H/ e DA P(wng)(s) ds—/ e A P(wg)(s)ds
to
t

to (n,00)
< t e~ A P((w, — w)g)(8)[|(n.00)d5
0,
t
< /t (t — 8) 2= 2 gl wim(8) = w(S) | (n/a.00)
0
<cT'2 sup (s —to) 12w (s) — w(S)|| n/aee) — O-

to<s<to+T

Analogously we obtain (3.64). Now we will prove the weak continuity on the initial dada. Firstly,

we note that for any ¢ € L((,nl’l)(Q) and ¢ € LD (Q) we have

|(e*(t—to)Aa —a,¢) = |(a e (t—to)Ag )|

< allpno0lle 04 — Pl 1y =0, td.
[(e=(tt0)By — b )| = |(b,e ()AL — )]

< bl 0 — gl gy 50, £

As [|[v[(g*,00)5 0]l (g#,00) < ¢ and (t — to) 4||Vl2n, (t —to)/*||wl|2n < ¢, we have

i ( / e~ (=9A Pl g)(s) ds / e8Py . V)] (s) ds, $) =0,

t—to tot . to
; —(t—s)B _ —(t=$)B(y, . =
tlgg) (/to e f(s)ds /to e (v-Vw)(s)ds, <p) 0.

Indeed, note that when ¢t — tg ,

t t
/t (97w V)l o) < / T T T L o L [
0 ¢ (0]
<e / (5 — to) VA4 (£ — 5) "2V ) o dis

to
<c(t—to)' ™ B(3/4,—n/2q+5/4) ¢l 1) —= O,
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t
| (P9 / ¥l V112 176211121

to
t
<e / (5 — to) M4 (t — ) /204 | (1) ds

to

< c(t—to) " B(3/4,—n/2q + 5/4) [ @l| 1) = O,

¢ t
/ (=94 Pl >¢) ds < [ e” IR P(wg)|n,c0) 1l .1) ds

to to
/1)/ s — o) ”/2‘] ds
<e(t—to) 1l sy — 0,
and . .
[ (et as < [ e e e i
< e / 1l 3 [y < € (t— o) = 0.

Collecting all the previous convergences and letting m — oo in (3.36)-(3.37), we see that (v, w)
is a solution of (3.34)-(3.35). Finally, we will estimate the time-interval T' of existence in terms
of the prescribed data. As k is determined by (3.49), there exists a constant k independent of
to such that if Ky < k, then conditions (3.48),(3.53), (3.63) are satisfied. Now, from (3.47) we
see that 7" may be chosen as (3.33).

Remark 3.16 The solution (v,w) of integral equations (3.34)- (5’ 35) satisfies (v, w) € BC’(to, to+
T{LE(Q)xL7(Q), for allp € (n,q°), with [v]}, < vl
where A is such that 1/p = (1 — X)/n+ \/q*.

Hpr

)7

Note that being a and b elements of L((,n’oo)(Q) N L((,q*’oo)(Q) and L) (Q) N L@®)(Q),
respectively, we have that a and b belong to space L7 () and L™ (2), respectively. Consequently,

all,~ < Cllal|,~ and ||e=(¢0)Bp]||,. < C||b||,~ are finite. Moreover, it is not

the norms ||e~(t~*0)

difficult to see that
t 72 1 1 ,l
([ 2Pl vy <c( VI (0= o) 3 g
to
<CvI < / (t - s) 7 >|¢H < Clllle,
(0]

for all ¢ € C§,. By duality, we have that ft ~(t=s)AP[(v - V)v|(s) ds € LT ().
Analogously, we can see that
t

/ t e =98 (v . Vw)(s)ds + / t e~ AP(wg)(s)ds € L™ (), / e 9B f(5)ds € L' (Q).

to to to
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Therefore we conclude that equalities (3.34)-(3.35) are satisfied in L7 (Q) and L™ (£2), respec-
tively. The proof of Proposition 3.11 is finished. U

Proof of Theorem 3.10. By the hypothesis of Theorem 3.10, we can apply Proposition

3.11 and hence, there exist T € (0, 1] and functions v and w satisfying:

v € BCy([to, to + T); LI*(Q)) N BC([to, to + T); L °(Q)),
w € BCy([to, to + T); L) () N BC([to, to + T); LT>°)(2)),
(t —to)'/2 Vv € BC((to, to + T); LM ()",
(t — to)'/2 Vw € BC((to, to + T); L") ()",

in such a way that for all ¢y € R the integral system (3.34)-(3.35) is satisfied in the L™ -norm.

Firstly, we study the uniqueness of that solution. Let (vi,w;) another solution of (3.34)-
(3.35), in the class given by Proposition 3.11, with the same initial condition. Let (V,W) =
(v —vi,w—wi). Note that (V(¢), W (t)) € L2(Q2) x L™(2) for all 0 < t < T, with

sup [|[V(t)||n < oo, sup [|[W(t)]|n < oo. (3.65)
to<t<T to<t<T

In fact, taking n < ¢ < min{2n,r*} we have for all ¢ € C§°, and all ty <t <T,

vl [ (v vi v, Ve G ds| 4 | / (A P(Wg), )|

2 2
< Clna s 20D, ) (s POl ) Yl

0<s<T o<s<T

#Ca) { (s 20D (o), 4 sup D ()], )
to<s<T to<s<T

X < sup 31/2 ”g‘(n,oo)> }Hd’”n’

to<s<T

Analogously, for all ¢ € C5° and all {9 <t < T

(W(t), o)l < C(n’Q){tquTSn/Q(l/n_l/q)HV(S)HqtquTSn/2(1/n_1/q)”w<S)Hq
0<S 0<s

v sup POy (s)], sup 5Dy (5) Yl
to<s<T to<s<T
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By duality we can conclude (3.65). We define Kv(t) = sup [[V(t)[|(no0) and Ky (t) =

to<t<T
sup [|[W(t)|l(n,c)- Let p satisfying 1/p =1—1/n —1/r*. Then
to<t<T
t t
V.9l < | [((Veve) —vive CORg |+ | [ CIRPvg)s).0)ds
to to
¢

v Vi) ) IV Il Ve 9 gl ds

< /t0<|v<s>

t
+ / (t = )2 W ()l Il ooy 01l ds

to

< CKvy(t) sup (s—to)"/Q(l/”_l/r*)Hv(s) o
to<s<to+t
+ s (s — b)Y vy s))- )
to<s<to+t

X

t ’
</t (t - S)fn/Q(l/n 71/p)71/2(8 - to)fn/Z(l/nfl/r )d8> ”d)”n'
0

t
+ Kw  sup (s —1t0)"?]|gl(n.co) (/ (t—3)1/2(5—t0)1/2d3> &I,/
to

to<s<to+t

for all @ € Cg, and for all tp < ¢ <T'. Then, using duality we obtain

||V(t)||n < Kv(t) ( sup (8 _ to)n/Q(l/n—l/r*)

to<s<to+t

v (s)[lr+

+  sup (S—to)”/Z(l/””T*)HVl(S)Hi)JrCsz(t) sup (s —10)'"? gl (nc)-  (3.66)

to<s<to+t to<s<to+t
Analogously,
(W(t),9)| < CEv(t) sup (s —to)"> ") Jwy(s)]re [l
to<s<to+t
+ CEw(t) sup (s —to)" 2V v(s) ]l o],y
to<s<to+t

for all p € C3° and all tg <t < T. By duality,

W)l < CsKv(t) sup (s— 1)/ flawy (s)]]
to<s<to+t
+ CaKw(t) sup (s —to)" /1) v (s)||,. (3.67)

to<s<to+t

Let K(t) = max{Kv(t), Kw(t)}. Then we have that

max {[|V(#)[ln, [W(#)[ln} < Cs K(t){ sup (s — to)" W/ v (s) |-

to<s<to+t

+ sup (s —to)" PV vy ()l + sup (s — t0)™ PV flaw(s) |
to<s<to+t to<s<to+t
+ sup (s —to)" P Yy (s) r*} +CuK(t)  sup (s —10)"?|gll(n,00)-

to<s<to+t to<s<to+t

We define the constant C' = Cy + Cys. From hypothesis of this theorem, there exists tg < t1 < T,
such that

sup (s — to)™ 2 ) (w(s) | + [lwi ()]l + V() [l + [[va()l]+)
to<s<to+t

1
+ sup (5 —10)"2|gllne) < ==,  fortg <t<ti.
to<s<to+t 2C
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Therefore, we have max{||V(¢t)||n, | W (t)||n} < 3K (t), for to <t < t;. As K(t) is not increasing,
we conclude that [|[V(¢)|, =0, [[W ()|, =0, for tg < t < t; and hence v(t) = vy (t),w(t) =
wi(t), on the interval [to, t1].

Now, it remains to show that
v(t) =vi(t), w(t)=wi(t), on [to,T). (3.68)

By definition, we have that

swp_[v(s)ll + sup [Vi(s)lee = My < oo,
t1<s<T t1<s<T
sup |lw(s)||p + sup |wi(s)]|x = My < oo.
t1<s<T t1<s<T

Thus, in order to conclude (3.68) we use the following proposition

Proposition 3.17 There exists a constant & = £(n,r, M1, M2) such that, if v =v1 and w = w;
on [to, 7] for all T € [t1,T), then v = vy and w = wy in [to, T + £].
Proof. We define Dy (t) = sup ||V(s)||n, and Dy (t) = sup ||W(s)||,. Working similarly as the

T8t TIs<t

calculus in (3.66)-(3.67), we have

(V(1),0)] < /(HV(S)Hr*+|!V1(8)Hr*)|!V(S)|!n!V6(”)A¢de8

t
+ / (t = )2 W () ln 1€l 0y 1B,
< CMDy(t - 7)5 8]l + CDw ()t — )2l o) |l

for all ¢ € Cg;, and all 7 <t < T Analogously, for any ¢ € Cg° and any ¢, 7 <t < T', we obtain:
W (B)lln < C (M Dy (t) + My Dy (1)) (¢ = 7) 2 [|lln. Let D(t) = max{Dv(t), Dw (t)} and
M = max{M;, M>}. Then we have

*
r—n
2

max([V(#)lln, [W(#)[la) < C M D(t) (t = 7) 7,

for €' = max{C M |||, C M [|¢lln.cc)» C l1&llw T/ |||}

Let we define ¢ as ¢ = —2— . Then, D(7+¢) < %D(T+§). Consequently, D(7+¢&) = 0.
(4G M)T =
This implies that v = vy and w = w; on [tg, 7 +&]. B

Now we prove the existence part of Theorem 3.10. Being (v,w) the integral solution of

(3.34)-(3.35), we can prove the time Holder continuity of

F(v,w)=—-P(v-Vv)+ Pwg), G(v,w)=—(v-Vw)+f,

in the L™ -space. Indeed, we follow the ideas of Kozono and Ogawa [12] (Lemma A.4), and we

use the hypothesis of Holder continuity of function f (that follows using a standard argument).
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Finally, using Theorem 3.11 of [17], we conclude that the integral solution (v, w) verifies Defini-

tion 3.9. Hence we conclude the proof of Theorem 3.10. U

Proof of Theorem 2.3. Let (u, ) be the periodic solution of (2.8),(2.9) given by Theorem
2.2. Asu € Y,0 € X, from Lemma 3.4 we have that u € BC(R; LY (Q) N L@)(Q)), 6 €
BC(R; L) (Q) N L(@>)(Q)). Let T defined by (3.33). By Theorem 3.10, for each t; € R,
there exists a unique strong solution (v,w) of (1.1)-(1.5) on (to,to + ') with the initial data
(u(to),0(tg)). From (3.25), (3.32) we have

sup  [[V(t)ll(gr00) + sup  [IVu(®)ll(g00) < C7,1, (3.69)
to<t<to+T to<t<to+T

sup  w(®)ll(gro0) +  sup VOO ll(g00) < C7,25 (3.70)
to<t<to+T to<t<to+T

where C71,C72 are independents of ¢y. Replacing (a,b) by (u(to),8(to)) in (3.34)-(3.35), and
using estimates similar to (2.8) and (2.9) (but with integrals defined in (o, t)), we can see for ¢,

to <t <to+T,

u(t) —v = - te_(t_S)A u—v)-V)ulds te_(t_S)A —w §
() - vt / Pl((n ) Fyulds + [ e IRP(0 - w)g)d .
I/ e"TIAP(v - V) (u—v)](s)ds = L (t) + Lo(t) + Is(t),
o(t) — w(t) = — /t e =98 ((u—v) - VO)ds — /t e (v V(0 - w))ds (3.72)

= I4(t) + I5(t).
Note that, for every ¢, tg <t <tg+ 1T,

1L () ooy < C 51 [Fu(s) o) 510 110 = ¥)(5) ooy (£ — £0) 1720, (3.73)
seR to<s<to+t

where C' = C(n, q) is independent of 3. Moreover, for any ¢ € Co,and t, to <t <to+T:

(L), )] <C sup [V(s)lligroe)  sup [uls) = V() (no0) (= 10)' "> Bl] 1),

to<s<to+t to<s<to+t

being C' independent of ty3. By duality, we have that for any ¢, tg <t <tg+ T,

12Ol oy C sup [V(s)liigroy  SUP  [[u(s) = V() noe)(t = t0) ™2, (3.74)
to<s<to+t to<s<to+t

t
1)l noey < C [ (E=5)""2[16(5) = w(5)l|(n,00) 8]l b.00)
to L (3.75)
< O sup 0(s) = w(s)ll(noo) (= t0) T,
to<s<to+t

with C independent of ¢y3. Analogously we have that for any t € (to,to + 1),

||I4(t)||(n,oo)SCt sup  [VO($)ll(goo) . sSuP  [[(0=V)(8) | (n.00) (£ = t0) 2D, (3.76)

0<s<to+t to<s<to+t

15D llnoe) S C sup V() (groe)  suP  [10() = w(8) | mioc) (t — t0) /29, (3.77)
to<s<to+t to<s<to+t
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with C independent of ¢y. From (3.69)-(3.77) follow that for all ¢t € (to,t0 + 1),

[u) = vl oy < 1 s u(s) = v(s) o) (£ = t) 7/

to<s<to+t
o sup [10(s) = w(s) ) (£~ 1) ), (3.78)
to<s<to+t
10) = w(B) ooy < Co( sup Juls) = v(s)llgnoc) (¢~ o) /2
to<s<to+t
s 00s) = w(s)ln o) (E — t0) T), (38.79)
to<s<to+t

where C1, Cz are independents of ¢g. Taking E(t) = max{[[u(t) —v(?)||(n,00), [10(t) = w(t) |l (n,00) }
for all t € (to, 1o+ T'), from (3.78)-(3.79) it follows that for all tg <t < tg+T

E(t)<Cs sup E(s)(t—to)' ",
to<s<to+t

where p = max(b, q). Therefore, E(t) < C5 sup E(s)Tl_n/zp,
to<s<to+t

Taking ¢ = min{(1/2C3)%/(?»=") T} we conclude that: for every t, tg < t < to 4 T,

E(t) < C3¢"™™®  sup E(T)<1/2 sup E(s),
to<s<to+t to<t<to+t

and hence we obtain E(t) = 0 on [tg, o + <). Since ¢ can be taken independently of gy, we have
E(t) =0on [to,to+T). This implies that u = v on [tg, to+7') and § = w on [ty, to+T). Finally,
as to is an arbitrary time in Theorem 3.10, we conclude that (u, ) is the required solution in
Theorem 2.3.
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