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Abstract

The coupled Navier-Stokes and Q-Tensor system is considered in a bounded three-dimensional
domain under homogeneous Dirichlet boundary conditions for the velocity « and either non-
homogeneous Dirichlet or homogeneous Neumann boundary conditions for the tensor Q.
The corresponding initial-value problem in the whole space R? was analyzed in [Paicu &
Zarnescu, 2012].

In this paper, three main results concerning weak solutions will be proved; the existence
of global in time weak solutions (bounded up to infinite time), a uniqueness criteria and
a maximum principle for Q. Moreover, we identify how to modify the system to deduce
symmetry and traceless for @), for any weak solution. The presence of a stretching term in

the @-system plays a crucial role in all the analysis.
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1 The Q-Tensor system and main results

1.1 The model

Liquid crystals can be seen as an intermediate phase of matter between crystalline solids and
isotropic fluids. Nematic liquid crystals (N) consist of molecules with, for instance, rod-like
shape whose center of mass is isotropically distributed and whose direction is almost constant
on average over small regions. Several models of (N) are described through the velocity and
pressure (u,p) and a director vector denoted by d or n (cf. [8,13]).

The optical behaviour of liquid crystals can change from one point to the other and can
be of different types, namely uniaxial (points having one single refractive index and a unit-

vector field n(z) € S? represents the preferred direction of molecular alignment), biaxial (points



having two indices of refraction, with more than one preferred direction of molecular alignment)
or isotropic (points where the orientation of molecules is equally distributed in all directions).
The two main continuum theories for nematic liquid crystals (cf. [3,6,8]) are: the Oseen-Frank
theory, restricted to uniaxial nematic liquid crystal materials; and the more general Landau-De
Gennes theory, which can account the three types of optic for (N): uniaxial, biaxial and isotropic
phases.

In the Landau-De Gennes theory, the director vector d appearing in the Oseen-Frank the-
ory is replaced by a symmetric and traceless matrix @ € R3*3, known as the Q-tensor order
parameter, which measures the deviation of the second moment tensor from its isotropic value.
A nematic liquid crystal is said to be isotropic when Q = 0, uniaxial when the Q-tensor has two
equal non-zero eigenvalues and can be written in the special form:

Qx)=s (n(m) Rn(x)— ;H) with s € R\{0}, n € S?

and biaxial when Q has three different eigenvalues and can be represented as follows (see Propo-
sition 1 in [14]):

1 1
Q:s<n®n—dﬂ>+r<m®m—dﬂ> s,r€R; n,m e S?.

The definition of the @Q-tensor is related to the second moment of a probability measure
p(z,-) : L(S?) — [0,1] for each x € Q, being L£(S?) the family of Lebesgue measurable sets on
the unit sphere. For any A C S?, u(x, A) is the probability that the molecules with centre of
mass in a very small neighborhood of the point & € €2 are pointing in a direction contained in
A. This probability (cf. [21]) must satisfy u(x, A) = p(x, —A) in order to reproduce the so-
called “head-to-tail” symmetry. As a consequence, the first moment of the probability measure

vanishes, that is
@) = [ pidnta.p) =0
Then, the main information on 4 comes from the second moment tensor

M(:u)ij = /Szpipj d/L(p), 1,0 =1,2,3.

It is easy to see that M (u) = M ()t and tr(M) = 1. If the orientation of the molecules is equally
distributed, then the distribution is isotropic and p = po, duo(p) = & dA and M(uo) = 3 1L

The deviation of the second moment tensor from its isotropic value is therefore measured as:

Q= M(0) ~ M(u) = [ (p®p— ;H) au(p). (L.1)

From (1.1), @ is symmetric and traceless. These properties are assumed (but not rigourously

justified) in the problem studied by Paicu & Zarnescu in [16] and Abels et al. in [1] (and in



the more complete problem studied by the same authors in [15] and [2], respectively). These
equations are also described in [9,19] for fluids with constant density.

Now, firstly a generalization of the Q-tensor model given in [16] will be studied, and secondly
some terms of this generic model will be rewritten appropriately to assure that any weak solution
must be symmetric and traceless.

We are going to start studying a generic (-tensor model in a smooth and bounded domain
Q C R3, for the unknowns (u,p, Q) : (0,7) x Q — R3 x R x R3*3 satisfying the momentum and

incompressibility equations

Diu —vAu+Vp=V - -7(Q)+ V- -0(H,Q) inQx(0,T),

V-u=0 inQx(0,7),

and the @)-tensor system:
DQ - S(Vu,Q) = —yH(Q) inQx (0,T). (1.3)

Here, D; = 0;+ (u - V) denotes the material time derivative, v > 0 is the viscosity coefficient
and v > 0 is a material-dependent elastic constant.

In (1.3), S(Vu,Q) = Vu Q' — Q' Vu is the so-called stretching term.

In (1.2) the tensors 7 = 7(Q) and 0 = o(H, Q) € R3*3 are defined by

7i;(Q) = —e(0;Q : 0;Q) = — 0jQp 0iQri, € > 0 (symmetric tensor)
o(H,Q) = HQ - QH (antisymmetric if ) and H are symmetric),

where the tensor H = H(Q) is related to the variational derivative in L?(2) of a free energy

functional £(Q), in fact

_6E(Q)
="

Here, we denote A : B = A;j B;; the scalar product of matrices (where the Einstein summation

£(Q) = 5IVQP + F(Q). (1.4)

convention over repeated indices will be used) and the potential function F'(Q) is defined by

b
FQ =310 - 3(@: Q)+ lal", (15)
with a, b € R and ¢ > 0. We denote by |Q| = (Q : Q)'/? the matrix euclidean norm. Then, from
(1.4) and (1.5)
H=H(Q)=—-eAQ+ f(Q) (1.6)

where

Q) =aQ -3 (@+QQ'+QQ) +clQP e



oF

Remark 1.1 [t is easy to check that f(Q) = 70

(Q) using the equalities:

NQ*:Q) o QP a(Q")
W_Q +QQ'+Q'Q, 00 20

Finally, the system is completed with the following initial and boundary conditions over
= 0Q:

=4|QP Q.

=20,

uli=0 = uo, Qli=o = Qo in Q, (1.7)
ulp=0 in (0,7), (1.8)

and
either 0,Qr=0 or Qr=Qr in (0,7), (1.9)

where n denotes the normal outwards vector on the boundary I'.

Remark 1.2 The case of time-dependent Dirichlet boundary conditions:

Qlr = Qr with Qr = Qr(t) (1.10)

will be presented separately because its treatment is a little more technical (see Section 4).

1.2 The main results of this paper
We denote by V and H the solenoidal spaces:
H={vecl?Q),V-v=0v-nlspg=0} V={vecH\Q), V- -v=0}
Now, we introduce the notion of weak solution we are going to handle with:
Definition 1.3 (Weak solution) [t will be said that (u,Q) is a weak solution in (0,400) of
problem (1.2)-(1.9) if:

w e L0, +o00; H) N L2(0, 400; V),
(1.11)
Q € L>(0, +oo; HY(Q)) N L2(0; T; H2(Q)), VYT >0
and satisfies the variational formulation (2.23) and (2.24) (defined below), the initial condition
(1.7) and the boundary conditions (1.8)-(1.10).

Note that the regularity imposed in (1.11) is imposed up to infinite time excepting the
H?(Q2)-regularity for Q.

Now, we state the main results of this paper.

Theorem 1.4 (Existence of weak solution for time-independent b.c.) Assume (ug, Qo) €
HxH'(Q) and Qr € H32(T) for the case of time-independent boundary condition for Q. Then,
there exists a weak solution (u,Q) of system (1.2)-(1.9) in (0, +00).



In order to study the time-dependent Dirichlet case imposed in (1.10), we need to lift the
boundary data Qr(t), by using the “elliptic” problem

~AQ(t)=0 inQ, Q()=Qr(t) onT. (1.12)

Corollary 1.5 (Weak solution for time-dependent b.c.) Assume (uy, Qo) € H x H(Q)
and the lifting function Q defined in (1.12) satisfies:

Q € L=(0, +00; H' (Q)) N L2(0, T; H2(2)), (1.13)
8,Q € L0, T;L4(Q)) N L' (0, +00; L' (€2)) N L?(0, +00; L2(Q)), (1.14)

for all T > 0, then there exists a weak solution (u,Q) of system (1.2)-(1.8) together with (1.10)
in (0,400).

Remark 1.6 Owing to regularity of the Laplace problem (1.12), hypotheses (1.13) holds when-

ever

Qr € L>(0, +-00; H'/?(T')) N L*(0, T; HY/(T')),

while (1.14) is obtained for instance imposing
0,Qr € L*(0, T;HY(I")) N L (0, +00; H'/?(I)) N L?(0, +00; H'/A(T)),

although more general spaces could be considered by using the very-weak solution theory of prob-
lem (1.12).

Theorem 1.7 (Uniqueness criteria) Assume (up, Qo) € H x H'(Q). Let (u,Q) be a weak
solution of system (1.2)-(1.9) in (0,T) (for a fizted T > 0) such that Vu and AQ have the

additional regularity:

Vue L%(O,T; L2(Q)) for some q:2<q <3,
(1.15)
AQ € L%(O,T;LS(Q)) for some s :2 < s <3.

Then, this solution coincides in (0,T) with any weak solution associated to the same data.

Remark 1.8 Several remarks can be made on the uniqueness criteria (1.15):

e For the Navier-Stokes case (that is Q = 0), Berselli proves in [4] that uniqueness criteria
for Vu given in (1.15)1 is also valid for ¢ > 3/2 and implies regularity and uniqueness.
Now, we can only use it for 2 < q < 3 (see the bound for the Ig-term in the proof of

Theorem 1.7). A similar remark is true for the uniqueness criteria related to AQ given



in (1.15)a, which plays the role of the Berselli’s regularity criteria for @ and it is again
only valid for 2 < s < 3 (see the bound for the Is-term in the proof of Theorem 1.7). In
fact, this more restrictive situation is due to the stretching term S(Vu, Q) of the Q-system
and the corresponding tensor o(H, Q) of the u-system (see [12], where regularity criteria
without these constraints on q and/or s are deduced for a nematic liquid crystal model
without stretching).

2r
e The alternative Serrin’s regularity criteria for u, w € L3 (0,T;L"(Q2)) for some r > 3

appearing in the Navier-Stokes case, and the corresponding for VQ in the same space, are
not wvalid for this Q-tensor problem due to the presence of the stretching term (see again

the bounds for the Is and Ig-terms in the proof of Theorem 1.7).

Theorem 1.9 (Maximum principle) Let o > 0 big enough, depending on the coefficients
(a,b,c) of the function f(Q), such that

Let w€ L*(0,T; V)N L>(0,T; H) (0 <T < +00) and Qo € H'(Q) with |Qo(z)| < o a.e. x € Q
(and |Qr(t,z)| < a a.e. (t,x) € (0,T) x OQ in the case of Dirichlet boundary conditions for
Q). If Q € L>(0,T;HY(Q)) N L%0,T;H3(Q)) is any point-wise solution for the Q-problem
(1.3)-(1.7)2 in (0,T) x Q with boundary conditions (1.9) or (1.10), then

Q(t,z)| <a ae (t,z) € (0,T) x Q.

Note that the bound « is independent of the finite time T'. Therefore, Theorem 1.9 gives
the uniform bound @ € L*°(0, +00; L*°(2)).

Remark 1.10 In [10,16] a mazimum principle for a symmetric traceless matriz Q) satisfying the
Cauchy problem related to (1.3) in the whole R? is also proved. Concretely, a L>=(0,T; L= (R3))

estimate is deduced from the inequality:

1/(2p) 1/(2p)
([er@aa) " <er ([urapaz) L e

with C' independent of p. In particular, this maximum principle fails when T — +o0.

Remark 1.11 Theorems 1.4 and 1.7, which correspond to the time-independent boundary data,
are proved without using the Maximum Principle for Q given in Theorem 1.9. But in Corol-
lary 1.5 (with time-dependent Dirichlet conditions for Q) the use of this maximum principle
will be crucial to obtain the global in time weak reqularity (see Subsection 4.3). Recently, we

have known the work [2] where the weak regularity in (0,T) for all T > 0 for a more complete



Q-tensor model than (1.2)-(1.9) (appearing in [15]) is analyzed (but the uniform estimates up
to infinity time given in (1.11) are not considered in [2]). Again, in [2] Q is already assumed
symmetric and traceless and a non-homogeneous mized Neumann/Dirichlet condition for Q is
considered. Now, we justifies rigorously the symmetry and traceless for @ in Section 7, B and
C, and we extend the weak existence given in [2] to the time-dependent Dirichlet case (although

only the homogeneous Neumann case is treated).

Remark 1.12 The case of Nematic Liquid Crystal models with stretching terms via the Oseen-
Frank theory, where the director vector d € R? plays the role of the tensor Q € R3*3, could be
studied following the same arguments of this work. One of these models has been analyzed for
example in [18] and [20] but only for periodic boundary conditions for (w,d). Therefore, the
existence of weak solutions for these nematic models with stretching terms can be also deduced
considering boundary conditions (1.9) or (1.10) for d. But, when time-dependent boundary data
s considered for d, since these models have not a maximum principle for d, then we can only
deduce the finite-time weak-regularity. On the other hand, the uniqueness criteria of Theorem 1.7

improves the criteria given in [20] assuming (u, d) € L>(0,T; HY(Q) x H2(Q)).

In order to define a physically consistent model, the traceless and symmetry for the tensor
@ must be obtained. This is the case of the models studied by Paicu & Zarnescu in [15,16] and
Abels et a. in [1,2]. The next results prove that changing the model (1.2)-(1.6) in an adequate
manner and considering either traceless or symmetric initial and boundary data, such properties
can be deduced for any weak solution of the model (although these constraints are not essential

in the proof of existence, regularity and uniqueness results).

Theorem 1.13 (Traceless system) Consider the modified Q-tensor model defined by (1.2)-
(1.3)-(1.5) where the H-tensor given in (1.6) is replaced by:

H=H+a(@Q)I (1.16)

where a(Q) is a scalar function defined by the convexr combination

a(Q) = A (Q) + (1 = Naa(Q)  for any A € [0,1], (1.17)
with . ;
(@ =5 (~atr(@+ 5 (@ @'+ 2107 (118)
and
as(Q) = —’W?EQ)). (1.19)

Assume the initial conditions (1.7) with Qo a traceless tensor, and the boundary conditions
(1.8) for w and either (1.9) or (1.10) for Q with traceless Dirichlet data Qr. Then, for any

weak solution (u,Q), one has that Q(t) is a traceless tensor for any t > 0.



Theorem 1.14 (Symmetric system) Consider the modified Q-tensor model defined by (1.2)-
(1.3)-(1.5) where the stretching term S(Vwu, Q) is replaced by:

S(W,Q) =WQ-QW, (1.20)

W being the antisymmetric part of Vu, W = (Vu+ (Vu)')/2. Impose the initial conditions
(1.7) with Qo a symmetric tensor, and the boundary conditions (1.8) for w and either (1.9) or
(1.10) for the tensor Q with symmetric Dirichlet data Qr. Then, for any weak solution (u, @),

one has that Q(t) is a symmetric tensor for any t > 0.

From the previous results, the modified problem considering both traceless and symmetry
can be written as follows (which coincides with the one studied by Paicu & Zarnescu in [16] in

the whole space R3):
Diu —vAu+Vp=V-7(Q)+ V- -0(Hy:,Q) in Qx(0,7),
V-ou=0 inQx(0,T),

DiQ—S(W,Q) = —y Hyp.(Q) inQx(0,T),
(1.21)

Uli—o = up, Qli=o = Qo in €,

u]r =0 in (O,T),

either 0,Qr=0 or Qr=Qr in (0,7),

where

1@ =~ 20 +a@ -5 (@ - 1)+ e

with I the identity matrix in R3*3, and the stretching term §(W,Q) is given by (1.20). In
particular, Theorems 1.4, 1.7 and 1.9 and Corollary 1.5 can be extended to this traceless and
symmetric problem (1.21).

On the other hand, some local in time strong regularity results for problem (1.21) have been
recently deduced in [1,11], but only imposing homogeneous Dirichlet condition for Q.

The rest of the paper is organized as follows. In Section 2 we give the variational formulation
of the problem. Afterwards, we will obtain the energy law and prove the existence of weak
solutions; Theorem 1.4 in Section 3 and Corollary 1.5 in Section 4. Section 5 is devoted to the
search of uniqueness criteria for weak solutions (Theorem 1.7). The maximum principle will be
proved in Section 6 (Theorem 1.9). In Section 7, some terms in the model (1.2)-(1.3) are modified
in order to obtain the traceless of Q (Theorem 1.13) and symmetry of  (Theorem 1.14), for
any weak solution (u, Q). The extension of Theorems 1.4, 1.7 and 1.9 and Corollary 1.5 to these



modified problems are analyzed in B and C, corresponding to the constraints of traceless and
symmetry, respectively. The existence of Galerkin weak solutions, without or with traceless and

symmetry restrictions, are proved in A and D, respectively.

2 Variational formulation

Taking into account that 9, F(Q) = F'(Q) : 9;Q = f(Q) : 3;Q, the term of the symmetric tensor

T can be rewritten as:
(V . ’7’)1‘ = —€ aj (8JQ : 8162) = —€ AQ : &Q — Ean : 8%@
— H(Q): Q-0 (F(Q+VQP),

where |[VQ[?* = 8;Q : 9;Q. Then, testing (1.2) by any @ : Q — R? with @|so =0 and V-4 =0

in Q, we arrive at the following variational formulation of (1.2):

(2.22)

(Dyu, @) + v(Vu,Va) — ((@-V)Q, H) + (o(H, Q), Va) = 0. (2.23)

On the other hand, testing (1.3) by H and the system —c AQ + f(Q) = H by Q, we arrive

at the variational formulation:

(0:Q, H) + (v~ V)Q,H) = (S(Vu,Q), H) +v(H,H) = 0,
(2.24)

e(VQ,VQ)+ (f(Q),Q) — (H,Q) = 0,
for any H and Q : Q — R3*3 with Q|aq = 0 in the case of Dirichlet data for Q. From (2.24),

one has in particular:

(2:Q.Q) + (v - V)Q,Q) —7(AQ,Q) +v (f(Q),Q) =0. (2.25)

Remark 2.1 By using the weak regularity (1.11) and the following interpolation inequalities:
1Qlle) < QU0 1Rl Il < Il argy IVl gy
then (2.25) implies that the Q-system (1.3) is satisfied point-wisely a.e. in (0,400) x Q, in fact
hQ+ (u-V)Q — S(Vu, Q) + 7 (—eAQ + f(Q)) =0 in L*3(0,T;L(Q)),

forany T > 0. On the other hand, (2.23) implies that the u-system (1.2) is satisfied variationally
as

du+ (u-Vu—vAu—-V-(VQOVQ+(HQ—-QH)) =0 in L*3(0,T;V").

In particular, the variational formulation (2.23) and (2.25) have sense for test functions u €
LY0,T;V) and Q € L*(0,T;1L%(Q)), respectively.

On the other hand, Q € C([0,T];L%(Q)) and w € C([0,T); V') hence the initial conditions
(1.7) have sense.



Remark 2.2 The regularity for the pressure p can be deduced from De Rham’s Theorem, 0b-
taining p € W=1°(0,T; L*(Q)) in a similar way to the Navier-Stokes system, because of the
tensors terms V - 7(Q) and V - o(H, Q) have the same regularity as (u-V)u=V - (u® u).

3 Existence of weak solutions (proof of Theorem 1.4)

The proof of the existence of weak solutions is based on three main ingredients:

e Formal a priori estimates (see Subsection 3.1). These a priori estimates are going to be

justified via a Galerkin approximation.
e Existence of Galerkin solutions (see A).

e Passage to the limit, using compactness results (see Subsection 3.2).

3.1 Dissipative energy law and global in time a priori estimates

Taking Q = 9;Q in (2.24)2 and considering homogeneous Neumann or time-independent Dirich-

let boundary conditions for @, it holds:

(H,0,Q) = e(V(9Q),VQ) + (0:Q, F'(Q))

d d
— G (GIvQite + [ Fiz) =4 [ c@aa.

where £(Q) is defined in (1.4).
Now, we want to obtain an “energy equality”. With this objective, it will be of great help

the following Lemma:
Lemma 3.1 For any A, B, C € R™", the following identities hold:
AB:C=B:A'C and A:BC= AC':B.
It allows to obtain that S(Vu,Q) : H = o(H,Q) : Vu. Indeed,
S(Vu,Q): H=(VuQ' —Q'Vu): H=Vu: HQ —Vu:QH =Vu:o(H, Q).

As a consequence, taking 4 = w in (2.23) and (H,Q) = (H,5;Q) in (2.24), then the stretching
term cancels with the term dependent on the tensor o(H, @), the term ((u-V)Q, H) appearing
in both (2.23) and (2.24) also cancels and the convection term ((u - V)u, w) vanishes, hence the

following “energy equality” holds:

d (1
T <2Hulli2(m +/95(Q) dzc) + V|| Vul320) + VI HIE2 ) = 0- (3.26)

10



Regularity bounds for (u, () is not guaranteed from (3.26) yet, because of / £(Q)dx is
Q
not a positive term due to F(Q). Next, we see that a new positive potential function (up to an
additive constant) can replace F'(Q). By using the following bounds; there exists some constants
a1 = a1(b,¢), as = as(b, ¢), B(a,c) > 0 such that
QI +ailbio), ifa>0,

b b
5@ o< Fierer<{ °
— er‘ + az(b,¢), ifa<0,

21QP| < wﬁ+Ma@

Bl <5
the following lower bound of F/(Q) holds:
SleP+glQl —a, ifa>0,
F@ =9 |
g\Q|4—a2—ﬁ, if a < 0.
As a consequence, we can define
Fu(@Q) = F(Q) +p
with p = a7 if a > 0 and p = az + 8 if a < 0, such that:
SlQP+ i@l >0 ifa>o,
Ful@ =49
g|Q\4zo if a < 0.

In both cases,
c
F.(Q) > g 1QI% (3.27)
Therefore, replacing in (3.26) £(Q) by

£(@) = 5IVQP + F(@) 20,

we will obtain some global in time estimates (until infinite time). Indeed, assuming finite total

energy of initial data, i.e.
1
[ €@y da + 3wl <+,

(here, | < +o0 is essential due to [, Fj(Qo)dz = [, F(Qo)dz + p[Q2]), then the following

estimates hold:

u € L°(0,+400; L3(2)) N L(0, +o00; HL()),

vQ € LOO(O,+OO;L2(Q)),
(3.28)
H ¢ L0, +00;L2()),

F.(Q) € L*(0,+00; L'(Q)).

11



In particular, from (3.27) and (3.28), we deduce the bounds:
Q € L>®(0,400;L4(2)) and Q € L>(0, +oo; HY(Q)),

hence, in particular
Q € L*(0, +00; LE()). (3.29)

Since f(Q) is a third order polynomial function,
[F(Q)] < Cla,b,c) (1QI+QF° +1QF) (3.30)

which together to (3.29) gives f(Q) € L°°(0,+00;L2(f)). Then, using that H(Q) = —c AQ +
f(Q), we obtain:

AQ € L®(0 + 00; L2(Q)) + L2(0, +00; L2(Q2)) < L?(0, T;L%(R)) VT > 0.
Finally, by using the H?-regularity of the Poisson problem:

-AQ+Q = f inQ,

6nQ’F = 0 or Q|F:QF

(the boundary data Qr € H3/2(T') in the second case), we deduce that:

Q € L*(0,T;H*(Q)) VYT > 0.

3.2 Passage to the limit in (0,7"), for each 7 > 0.

The previous a priori estimates given in Subsection 3.1 can be justified via a Galerkin approx-
imation (u™, Q") defined in A. Then, a weak solution of problem (1.2)-(1.9) can be obtained
passing to the limit as (m,n) 1 +oo in these Galerkin approximations. A similar argument is
used in [7] for a nematic model in (u, d). In [5] a different Galerkin approximation is considered,
where the @)-system is maintained at infinity dimension, adding a regularized viscous tensor of
p-laplacian type.

Indeed, since the Galerkin approximations (u", Q™) satisfy all the bounds of Subsections
3.1 (and Section 4 below for the time-dependent Dirichlet case), there exists a subsequence of

(u™,Q", H™) (equally denoted for simplicity) and limit functions (u, @, H) such that:

u™ — wu weak in L?(0,T; V) and weak-* in L>(0,T; H),

Q" — Q weakin L?(0,T;H?) and weak-* in L°°(0,7T;H!'), (3.31)

H"™ — H weakin L?(0,T;L%(Q)).

12



By using interpolation and product inequalities (see Remark 2.1), one has the following bounds
in LY3(0,T;1L.2(Q)):

u" @u™ V" VQ", H'Q", (u-V)Q", Vu"Q" (3.32)

and
£(Q™) in L*°(0,T;1L2(Q2)) N L2(0, T; H(Q)). (3.33)

In particular, by looking at the Galerkin problem, fixed mg,ng > 0 the following bounds for the

time derivate functions hold:
(DOpu™, 0;Q™) in L¥3(0,T; (V™) x (M™)"),

for any m > mg and n > ng.  Then, some compactness results can be applied (see [17]),

obtaining the strong convergences:
u™ — w in L2(0,T;L2(Q)) N C([0,T); V'), (3.34)

Q" — @Q in L0, T;HY(Q)) N C([0,T];L2(Q)). (3.35)

In particular, by using (3.31), (3.32), (3.34) and (3.35), we have the following weak convergences
in L¥/3(0,T;1.%(Q)) for the nonlinear terms:

u"RXu" = u®u
vR"eVvVQ" — VQ®VQ
(W™ Q" ~ (u-V)Q
H"Q" — HQ

Vu™ Q" — VuQ.

Interpolation results allow to deduce from (3.31) that
Q" is bounded in L1°((0,7) x Q).
Hence, compactness of (3.35) can be extended to
Q" — Q in LP(0,T;1LP(Q)) for any p < 10.

Moreover, the Dominated Convergence Theorem leads to:

9(Q") = ¢(Q) in L'(0,T;LY())
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for any continuous function g whose increasing is dominated by [g(Q)| < ¢1|Q|P + c2. In partic-

ular, since f(Q) is dominated for p = 3, one has
Q") = £(Q) in L'(0,T;LY(Q)).
Moreover, again by using interpolation results, we can deduce that:
f(@Q") = F(Q) weak-* in L*°(0,T;1L*(2)) and weak in L?(0,T;H' ().

As a consequence of previous convergences, first taking limit of the Galerkin approximations
as (m,n) T 400 and afterwards in the test functions as (mg, ng) T +00, then the limit (u,Q, H)
satisfies the variational formulation (2.23)-(2.24).

4 Weak solutions for time-dependent Dirichlet data for ) (proof
of Corollary 1.5)

4.1 Finite time estimates.

Defining Q(t) = Q(t) — Q(t), where Q(¢) is the lifting function defined in (1.12), the following
modified energy equality holds instead of (3.26):

d (1 N
& (3l + [ EQdz) +vVult

+71 = e AQ + f(Q)]|22q) = —(Q, —£ AQ)

(4.36)

where / E(Q)dz = % ||V©Hi2(9 +/ F,,(Q) dz. Note that a “source term” appears at RHS of
Q Q
(4.36), that can be rewritten as:

—(3Q, —e AQ) = —(9Q, —= AQ + £(Q)) + (8:Q, F(Q)). (4.37)

The first term at RHS of (4.37) can be bounded as:
- ~ ~ 1 -
|~ 0@~ AQ+ F@Q))] < 5l = AQ+ f( sy + 5 1020

Making use of the lower estimate for F),(Q) given in (3.27), it is easy to prove that the second
term at RHS of (4.37) (depending on 0;Q) is bounded as:

(2,0, 1(Q))] < /Q (lallQ| + b|Q + ¢ |QFP) 0@ da
/ QI dz + Cape (10N g + 10QIE 20 + 10QNE (e )

< [ Fu@da +C (10@I1L g +10Q1x0) + 10l

14



In such a way, from (4.36) we arrive at the following inequality:

d (1 € ~
o (2H’U‘Hi2(ﬂ) T35 IVQIE2q +/QFII»(Q> dw)

f}/ ~
2 [Vuldag) + 5 | = e AQ + (@)l
< /ﬂ Fu(@) dz + o (10:Q1 50 + 10 @120 + 10 @l ) -

In this case, by using the Gronwall Lemma and assuming 8,Q € L*(0,T;L4(Q)) VT > 0, we
obtain the same regularity than for other boundary conditions cases, although the regularity in
time is deduced only for each 7" > 0 (and not for T' = +o00 yet).

4.2 Application of maximum principle

The proof of Theorem 1.9 is also true in the case of considering the time-dependent boundary
condition for @ (1.10). Therefore, using that (u, Q) is a weak solution with finite time regularity,

we can deduce the uniform estimate

Q € L>(0, +00; L™(02)).

4.3 Global in time estimates.

An alternative treatment of the term (8;Q, f(Q)) made in Subsection 4.1 can be achieved using
the maximum principle given in Theorem 1.9. Indeed, since |Q] < « a.e. in Q x (0,7), then
1f(Q)| < k(a) a.e. in Q x (0,7) and:

(2:Q, (@) < #(@) |0:Qll1 (e

In this case, from (4.36) we arrive at:

d 1 2 e 2 v 2) 2
" <2,u”L2(Q)+/ﬂg(Q)dm> + VIVulizg) + 5l = AQ+ F(@)E o)

1~ ~
< %H@QHEQ(Q) + £(a) |0:Q||L1 (-

Assuming 9,Q € L'(0, +00; L1 (Q)) N L2(0, +00; L2(12)), then the regularity at infinite time for
(u,Q) given in (1.11) is still preserved, hence the weak existence at infinite time with time-
dependent Dirichlet data for @ holds.
5 Uniqueness criteria of weak solutions (proof of Theorem 1.7)
We decompose the term H(Q) in the following way:

H= - AQ+ FI(Q)+ FI(Q) = He + F(Q) (5.38)
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with F.(Q) = Z |Q[* a convex part of F(Q) and F,(Q) = g Q> — g (Q% : Q) the rest one.

First of all, we study some properties of F. and F, using the expression of their first and

second derivatives.

5.1 About the function F(Q)

Let Q1, Q2 € R*3 and E = Q1 — Q2. Observe that:
OF(Q) OF(@) _ OPF(R)
OQmn 0Qmn  OQundQpy "
where R = £ Q1 + (1 — £) Q2 with £ € (0,1). Multiplying (5.39) by Eyun:
OF(Q) _OF(Q) O*F(R)
The first and second derivatives of F/(Q)) are given by:

OF(Q)
OQmn

0F.(Q)
8an

(5.39)

n — Emn —FF
OQmn0Qpg

b
= CLan — § (leQm + szQm + szQm) ’

c|QP? Qmn

and

0*Fe(Q)

IEL) 6y B
OQun0Qpg O

b
_g (Qqn (Smp + Qmp 5nq + an 5mp + qu 5np + Qpn 6mq + me 5nq) (540)

0’F.(Q)
OQmn0Qpq

(recall that the Einstein summation convention over repeated indices is being used). Multiplying

= 2Cqu an +c |Q‘2 5mp 5nq

the second derivative of the convex part F, by FE

O?F.(R) 2
Y po—9 : E) Ryn B 41
annanq pq c (R ) R + c ’R| (5 )
Then: )
Eppy—"l R dx:c/QR:E2+R2E2 dz > 0. 5.42
| B 8D By de = c [ [2(R: B+ IRE P (5.42)

Moreover, using (5.39) and (5.41), we bound:
IVF(Q1) = VFo(Q2) |20y < B /Q |R|* |E]* da < 3¢|[Rllin o) | Ellfn g (5.43)

From (5.40), we can deduce the following expression using the second derivative of the non-

convex part of FI(Q):

azFe(R) b t t t t
——F,=aF, — - (FR+ RE+ER+RE"+E'R+RFE
annanq bq 3 ( )

mn
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that together with (5.39) implies that:
IVE(Q1) - VEQ2)IEa(q) < C(a,6) (IR + RIS |y - (5:44)
5.2 Proof of Theorem 1.7
Let (u1,q1,Q1, HY), (u2, g, Q2, H?) be two solutions of problem (1.2)-(1.3) and set
u=u—uy, ¢g=q—q, E=Q—Q, H.=H—-H

(recall that (H.)! = —e AQ; + F/(Q;)). Using decomposition for H given in (5.38), taking into

account that H = Hy — Hy can be decomposed as

H = —eAE+VF,(Q) —VF.(Q3)+ VF.(Q1) — VE.(Q2)
= H.+VFE.(Q1) — VF.(Q2),

and (2.22), then (u,q, F, H.) satisfies in Q x (0,7):

;

u — vAu+Vg+uy-Vu—(He:0Q1)i—V-0(He Q1)
= —u-Vus+ (VFE(Q1) — VF.(Q2) : 9;Q1), + (Hy : O, E);
+ V-0(VF.(Q1) — VF.(Q2),Q1) + V - 0(H, E)
V.ou = 0 (5.45)
HE + ~vH.+ (u-V)Qi—S(Vu,Q)

= —(’U,Q . V)E -y (VFG(Ql) — VFe(QQ)) + S(V’U,Q,E)

—eAFE + VFC(QI)_VFC(QZ)_HCZO

\

Taking (u, ¢) as test function in (5.45)1_2, H, as test function in (5.45)3 and 0; E as test function

in (5.45)4, the following terms cancel (as in the deduction of the energy law):
(u1-Vu,u) =0,

—(He: 0;Q1,u;) + (u-VQ1,He) =0,
(0(He, @1), Vu) — (S(Vu,Q1), He) = 0. (5.46)

Now, we analyze the remaining terms. First, we focus on the effect of the test functions over
the LHS of each equation of (5.45):

1d
(Ou —vAu +Vqg+ u; - Vu,u) = iaﬂuH%g(Q) + V”V’U;”ig(ﬂ)
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v (He, He) = 7 | Hel[2(q)

(OB, H.) = (B, —eAE+ VF.(Q1) - VIE(Q2))

= VB + (B, VEAQ) - VE(Q2) (5.47
= £ VB ) + O m By,
for some R =¢£Q1 + (1 — &) Q2 with £ € (0,1). Since:
o [Emn % qu} O M E
- g P g ) B

then, from (5.47),

1d 9*’F.(R)
OE,H) = - — VE|?, +/EmncE d>
@E.H) = 55 (IVERx + [ Bun g B

1 O3F,.(R)
5 AEmn annananrs (@Rm) qu de.

Collecting the previous computations, we arrive at the following inequality:

(5.48)

1d

O*F.(R)
Ld (e E|? / Emn 55——5—Epgd
i (110 + IV By + [ Fun gy 50 B

"H/HV'U'HL? + 7 He ”ILP

< — /Q u-Vus - ude + /Q [(u-V)Q1] : (VF(Q1) — VF(Q2)) dx

—l—/g [(u-V)E]: Hydx — /QU(VFe(Ql) — VF(Q2), Q1) : Vude (5.49)

—/ o(Hy, E) : Vudez —/ [(ug2-V)E]: Hedz
Q Q

—7/(VFE(Ql)—VFe(QQ)):Hcdm+/S(Vu2,E):Hcdw
Q Q

1 / OF.(R)
+= Eon Ot Rys) Epg dx := I;.
2 Q 8anananrs ( ! ) b ;

In a first attempt, we can bound the Navier-Stokes nonlinearity using the Berselli’s regularity
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criteria as follows:

=3 3
D] < 1l IV 2l < Cllul i 1Vl 2 0| V2lliaco)
< Lulag + ClVulE G luli

By using (5.44) we can bound I5 as:

2] < lwllws@)IVQillLs ) IVE(Q1) — VFe(Q2) L2

< SlIVula + G V@il (1B12q) + 1Ry Bl )
Taking into account that.

[ Elle2 ()

IN

[AE |20y + [ EllL2 (o)
(5.50)

IN

[HellL2) + IVF(Q1) — VE(Q2)llL2(0) + | EllL2(0),

we can bound the I3 and I4-terms as follows:

< S S S
I < HuIILS%(Q) 2 g1 Fle)
25— 2s=3 3
< Nully Ty IVulZE ) IVl Ty I B8 g 1 Hellee)
v v
ST ”V“Hi?(n) t 1 ||Hc”]2L2(Q)
v G {1123 (Il + 1B 1)

IR 1Bl o) + B2 }
and

4] < C Q1L ()| VFe(Q1) — VE(Q2)[lL2(0) VU120

<10 ||Vu||L2 + Cu [|Q1llm () @112 () (||EH]L2(Q) + IRl s HEHIZE]Il(Q)) :

By using again (5.50), we can bound (for 2 < s < 3):

15| <[]

L2 (g [ HalLs (o) [V lL2(0)

< ClE| g8 G(Q)HHQH]LS(Q)||V"-"||L2(Q)

IN

CHEHHl HEHHz Q)||H2HL9(Q V(L2 o)

IN

v v
10 ||VU||%2(Q) T ||Hc||12L2(Q)

+ Cue (IH1ZG) + IR o) +1) 1Ty
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In order to bound the Ig-term, we decompose as:

Ig=¢ /Q(u2 "V)E: AEdz — /Q(u2 V)E : (VF.(Q1) — VF(Q2)) da == Jy + Jo.

Integrating by parts the J;-term,
Ji=¢ / |Vus| |VE|? de
Q

hence, we can bound it like the I;-term,

-3

<CHVU2HL‘1(Q)”EHH1 HEHHz

111 < ClIVuslla@ I VE 5y g

q—3

29—3
< C||vu2||L<I(Q)HE||H1q(Q)

3
q

X ([HellLz) + IVFe(Q1) — VEA(Q2) L2 + |1 EllL20))

g 2
< 75 Helli2(o)

2q
- {1 ey + (IRl o) + IVl ) 1B o
and using (5.43),

|Jo| < [JuallLs@) IVElLs@ IVFe(Q1) — VE(Q2)|12(0)
< uzllus) (1Helliz) + IVF(Q1) = VF(Q2)ll2 ) + | Ell2 ()
X [VF(Q1) — VE(Q2)llL2(0)

< T NH ey + Ce { (Ilua ey + 1) IR o) s oy + 12y }

Now, we bound the I7 and Ig-terms as follows:

17| < [[VF(Q1) = VFe(Q2) L2 (o) [ HellLz (o)

i
< LIHIR () + Coan (IR0 + IRIEs )1 B2 o))

B < IVuslulBl g, [l
< CHVU2HL9(Q)”EH G(Q)”HCHHP(Q)
-3 3—q
< C Vsl Bl |l | el
i a—
< Tl + e (IVualifig + IRl +1) 181
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where we have used (5.50) and (5.43). Note that in the previous estimate of the Ig-term the

constraint 2 < ¢ < 3 must be imposed.

In order to bound the Ig-term, we take into account that:

PF.(R (R)
5m7" 57’18 mn 5 T 6 S TS 577’1 671
8anananr5 (qu + R pr~q + R P Q)
hence
Iy = |c / (2(R:E)(:R: E)+ (R: &R) |E|?) dz
Q
<

c/ |E|?|R| |0:R| dzz.
Q
In particular,
Io| < [|0eR|L2 () | RllLs @l BllE o0y < C ORI () | Rllm o) | Bl o

Collecting all the previous estimates in (5.49) and using (5.42) we obtain the following

inequality:
57 (ulie) +elIVEIE2 ) +c | [2(R: B)? +|RP|E]?] da
2 dt o
(5.51)
FAV U0y + VIHel 220y < C@) (w1220 + 1B ) ) -
where
C(t) = (Hmuz‘;(g FIENEG + (lu2lZag +1) 1R g
(5.52)

+ IR () (1 + Qe ) Q1 la20) + \|R||H1(Q)||3tRHJL2(Q)) :

By using the weak regularity of (u, Q) given in (1.11), we need to impose the additional hypoth-
esis given in (1.15) to guarantee that C(t) € L'(0,T) (recall that the weak regularity implies
O R € L*3(0,T;1L%(Q))). Taking into account that:

Hy = —eAQ2 + f(Q2),

the fact that Qo € L>°(0,T;HY(Q)) N L2(0, T; H2(Q)) implies that f(Q2) € L%(O,T;LS(Q))

(s > 1) because of (focusing on the less regular term):

QPRI ) = QI s
(®)
¢ ”QH%l(Q) for s € (1,2]
= 3(s—2)
CIQIR,, 4, ) < Ol @l for s >2
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hence |Q[?Q € L%(O,T;LS (Q)) iff ( ) < 2 which is always true. Therefore the additional
regularity Ha € L2§%3(0, T;1L5(€2)) reduces to:

AQs € L73(0, T; L5(92)).

In order to obtain the H!(Q)-norm for E in (5.51), we change the decomposition of F(Q) =
Fe(Q) + Fo(Q) by F(Q) = Fe(Q) + Fe(Q), given by:

FQ = |FQ+5I0P]+ |F(@Q -5 QP
(5.53)

= F(Q)+F(Q).

Observe that the term related to VF. in (5.47) is replaced by:

92F,(R)
mn annanq qu (|E‘ )

where R =£Q1 + (1 — &) Q2 with £ € (0, 1), which implies that (5.48) is replaced by:

(OB, VFe(Q1) — VF(Q2)) = (OEF)

1d 0?F.(R)
OE,H,) = =— E|? +/EmncE d)
( t ) 2 dt <€|| ||H1(Q) o annanq pq &L

1 O3F.(R)
- = Eon OiR,s) By dx.
2/9 DO 00yd0r, OtFirs) Bra

On the other hand, (5.43) is replaced by:

IVE(Q1) - Vﬁc@ﬂ“i? o) <3¢ [ IRl @) Elfn ) + €I Elf2q
@ o (@) (©) @
and (544) is replaced by

IVFe(Q1) = VEe(Q2)[IF2(qy < Cla —&,b) (||E|’12L2(Q) + ‘|R||H%3(Q)||E||12EH1(Q)) :

Therefore, (5.51) is replaced by:

1d
5t (1l + €1B ey + e [ 275 B+ |RP|EP] do)

UV + ANy < OO ([l20) + 110y

where C(t) is given in (5.52). Then, the proof of Theorem 1.7 is easily deduced.

Remark 5.1 For the Nematic Liquid Crystal model studied in [12] (where the role of Q is given
by d) without stretching terms, the uniqueness criteria (1.15) imposed in Theorem 1.7 is also a
reqularity criteria, which suffices to obtain global in time strong regularity (essentially obtaining
one higher degree of reqularity for (u, Q) than weak regularity given in (1.11)). But, for systems
with stretching terms (see for instance [18]) this type of regularity results is not clear, excepting

the case of space-periodic boundary conditions.
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6 A maximum principle (Proof of Theorem 1.9)

Considering the inner product of the Q-system by ) and taking into account that the stretching

terms vanish (using Lemma 3.1), that is,
S(Vu,Q): Q= (VuQ' - Q'Vu): Q = Vu: (QQ) — Vu: (QQ) =0,

we obtain:

3098 + "'v<@2’)_7;A(’Q‘2) (6.54)

+ 7e|lVQP+7f(Q):Q =0, inQx(0,+00).

In the search of a value a > 0 to bound point-wisely |Q(x,t)|, we observe from (6.54) that:

0 (IQF =) + w-V(|QP —a?) —veA(|QP - o?)

(6.55)
+ 27f(Q):Q <0, inQx(0,400).
Testing (6.55) by ¥(Q) := (|Q|> — a?)+ and integrating in Q, we obtain:
d
SI@Iae) + 7 IVH@NEa(e) — 7 /F Onth(Q) ¥(Q) do
(6.56)

12y /Q (F(Q) : Q) ¥(Q) dz < 0.

The boundary term —vye / On(Q) ¥ (Q) do vanishes. Indeed, in the case of Dirichlet boundary

r
condition Q|r = Qr one has ¥(Q)|r = 0 (because |Qr| < «) and in the case of Neumann
boundary condition 9,Q|r = 0 one has 9,1 (Q)|r = 0. Therefore, in both cases the boundary
integral term of (6.56) vanishes. On the other hand, from definition of f(Q):

f(Q):Q=alQP —b(Q*: Q) + Q"
Using Young’s inequality: \
b
bQ*: Q) < SIQ + 5 lQP

one has:

2
1@ Q= glal+ (a- 5 ) 108 = §IQF (0P - 5) (6:57)

b2

2a
with 8 = — — —. For instance, note that § > 0 if a < 0. Thus, considering o > 0 such that
c c

a? > 3, we have:

(F(Q: Q¥(@Q) = 51QP (1QI* - 8) (1QP —a?), 0.
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In this case, from (6.56) one deduces:

d
%H?/J(Q)H%?(Q) +7elV(Q)|1 72 () <0

hence
1@y < [¥(Q0) 1720y = Il (1Qol* = a?), I72(q) = 0.

Therefore, the Maximum’s Principle [|Q() (Lo (o) <  in (0, +00) is deduced.

7 How to enforce symmetry and traceless to ()

7.1 Rewriting H to obtain traceless of ()

In the search of a model satisfying tr(Q) = 0, we will use the modified expression for H replacing
(1.6) by (1.16) with the scalar function a(Q) is given in (1.17).

First of all, observe that tr(S(Vu,Q)) = 0 (using that tr(AB) = tr(BA)), tr(0;Q) =
O tr(Q), tr(u-VQ) =u - Vir(Q) and

tr(H) = —= Atr(Q) + [a +cl@P] #r(Q) —  (Q: @' +21P).
In the last term, we have used that Q% + QQ' + Q'Q = QuQr; + QikQjk + QriQr; hence
tr(Q+QQ' +Q'Q) = Q: Q" +2|Q*.
Therefore, taking the trace of system (1.3) and denoting ¢ = tr(Q), the following ¢-PDE holds:
Op+u-Vo+ry <—5A¢ +(a+clQP) ¢ — g (Q:Q"+ 2]Q|2)> =0. (7.58)

The main difficulties to obtain tr(Q(t)) = 0 ¥Vt € (0,T) whenever tr(Qp) = 0 (and tr(Qr) = 0 in
the Dirichlet case) are the terms in (7.58) depending on coefficient b (which have no sign) and
coefficient a (which can be negative if a < 0). In order to circumvent this problem, we consider

the modified system
DiQ — S(Vu,Q) = —vH(Q) in Qx (0,T). (7.59)

obtained when H defined in (1.6) is replaced by H defined in (1.16) with o(Q) defined in (1.17).
Taking the trace of (7.59), we arrive at the modified ¢-equation:

O+ u- Vo —eyAp+yAe|QJ? ¢ =0. (7.60)

Multiplying (7.60) by ¢ and integrating by parts, since the boundary term vanishes (recall that

tr(Qr) = 0 in the Dirichlet case) and 7, A and ¢ are positive, we arrive at:
d 2 2 2 2
C0lae) + 1 IV SO = 1603y < 1OO) 2. (7.61)
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Finally, since ¢(0) = 0, then ¢(¢) = 0 Vt. As a consequence, tr(Q(t)) = 0 for all t > 0.

Using now that ¢r(Q) = 0, a unique new expression for «(Q) is deduced:
b
a(Q) =75 (Q: Q" +2QP).
Therefore @ is also a weak solution for the modified Q-system using H=H-+ as3(Q) T with

a3(Q) = - (Q: Q" +2Q). (7.62)

O] o

The extension of the main results of this paper (existence of weak solution, uniqueness criteria
and maximum principle) when H is replaced by H in the @-system will be analyzed in B.
7.2 Rewriting S to obtain symmetry of ()

Taking the transpose of tensorial system (1.3), the system verified by Q' is:
DQ" = S(Vu, Q)" +vH(Q)" = 0.
Then, by using that |Q|> = |Q!|? and
FQF =aQ 1 (@) +Q'Q+QQ") +elQ'P Q' = /@),

one has
H(Q)' = —eAQ" + (f(Q)) = —eAQ" + f(Q") = H(Q").

In a second step, we analyze the term S(Vu,Q)! splitting Vu = D + W, where D =
1 1

3 (Vu + (Vu)") is the symmetric part of Vu and W = 3 (Vu — (Vu)') is the antisymmetric
part of Vu.

Owing to the linearity of S(-, @),
S(Vu,Q)=S(D,Q)+ S(W,Q).

By using that S(A, B)! = BA! — A'B = —S(A!, B), and the symmetry of D and the antisym-

metry of W, the transpose operator over the stretching term satisfies:
S(VU,, Q)t = _S(D7 Qt) + S( Wa Qt)

Thus,
S(Vu,Q) = S(Vu,Q)' = S(D,Q + Q") + S(W,Q - Q).

Subtracting (1.3)! to (1.3), one arrives at the following system verified by the “symmetry error”

E:=Q-Q"
DiE — S(D,Q+ Q") — S(W,E) +~(~AE + £(Q) — £(Q")) = 0. (7.63)
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By using that Q% — (Q")? = Q E + E Q', the potential term is rewritten as:
Q- 1@) = aB+e(QPQ-1QPQ) - [@ - (@)
= aE+c]Q\2E—g [QE+EQ'].

To avoid the influence of the term S(D, Q+Q?) in (7.63), which is not zero when Q is symmetric,
we assume that the stretching term S does not depend on D, replacing S(Vu, Q) by S(W,Q)

in the @-system. Then, the F-system remains:
DE = S(W,E) +~(—eAE + f(Q) — f(Q")) = 0. (7.64)

Multiplying (7.64) by E, integrating by parts (the boundary term vanishes using that Q% = Qr
in the Dirichlet case), using that S(W,E) : E = 0 (see Lemma 3.1) and bounding:

1/2 1 2
| @E+EQ): Baw <21Qle 1P < CIQI o IR g 11

we obtain

1d

3B + 7 (VB +all Bl +e [ QP BR a2 )

2 1/2
< Chy QI | Qgerey I1E N2z o

From Gronwall’s Lemma, the following estimate is obtained:
1/2 1/2
x exp |C oy QU g ram oy | QN o0 izt — avt]
Assuming symmetric initial data @Qg, that means F(0) = 0, we can conclude the symmetry of

Q(t), for each ¢t > 0, for any weak solution.

Remark 7.1 If the stretching term depending on D, S(D,Q + Q), is not negligible in (7.63),
then we could bound the term / S(D,Q + Q") : Edx arriving at:
Q

y'(t) < Cra(t)y(t) + Caalt) b(t),
where y(t) = | E(1)|[22qy, a(t) = [Qlgiio) | Qllieqy and b(t) = [|D()|2aq)- Then y(t) # 0 in

general even if y(0) = 0, hence the symmetry of Q(t) cannot be deduced.

A posteriori, by using the symmetry of any weak solution @ (and H) of the modified system
with S(W, Q) as stretching term, we have that f(Q) = f(Q) and S(W,Q) = S(W, Q) where
f(Q) and S(W,Q) are defined as:

FQ) =aQ-bQ*+¢|QPQ (7.65)
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and S (W, Q) is given in (1.20). Therefore, any weak solution () is also a weak solution of the
modified system with H = —e AQ + f(Q) and (1.20) as stretching term.
The extension of the main results of this paper (existence of weak solution, uniqueness criteria

and maximum principle) with @ symmetric will be analyzed in C.

7.3 A traceless and symmetric model

Since the previous arguments for traceless and symmetry are independent they can act jointly.
In fact, the symmetric argument is also true replacing H(Q) by I;T(Q) = H + a(Q) I with
a(Q) defined in (1.17), because of (a(Q)I)! = a(Q)I. Consequently, any weak solution of
the modified system replacing H by H and S (Vu,Q) by S(W,Q) satisfies both constraints
(symmetry and traceless).

In particular, considering the new expressions, where f(Q) is replaced by (7.65), S(Vu, Q)
by (1.20) and H by H given in (1.16), then we derive the model (1.21) studied by Paicu and

Zarnescu in [16].
Remark 7.2 To prove traceless of Q in problem (1.21), inequality (7.61) must be replaced by

d
%ch\liz(g) +e7IV8IITa(q) +av 672 <0,

with ¢ = tr(Q), hence
16020y < 9(0)]122(5y exB(—at).

This last inequality introduces an exponential increasing in the bound of tr(Q(t)) when a < 0

and tr(Qo) is not exactly zero.

A Existence of Galerkin solutions without constraints.

Let V™ = (wl, ..., w™) and M" = (p!,..., ") be finite-dimensional subspaces associated to

some regular basis (w'); and (¢7); of the spaces
V={acH)Q),V -a=0}

and

M= {pec H? (©) + homogeneous boundary conditions if necessary},

respectively. In particular, we will describe the case of time-independent Dirichlet data for @,
because the Neumann case is less technical to treat. Then, let us introduce the lifting tensor

Qe H?(£2) as the (strong) solution of the elliptic problem

~AQ=0 inQ, Q=Qr onTl. (A.66)
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Now, we look for (u™, Q") such that (u™,Q" — Q) € C*([0,T]; V™ x M") solving:

(O™, u) + ((u™ - V)u™ u)+v(Vu™, Vau)

= ((w-V)Q", H") — (¢(H",Q"),Va), Yu € V™

0:Q" Q) + (u™-VQ",Q)—(S(Vu™,Q"),Q) (A.67)
+ ’Y(HH,Q):O’ VQGM"
\ um(o) = Uo, Qn(o) - QOv in Qa

where
H" = Pyn (e AQ" + f(Q"))
with Py the projector from L2(Q) onto M™. If the Galerkin functions (4™, Q") are written as
uw" =Y W, QT=Q+ > ¢i(t) ¢
i=1 i=1
we can use the following identification operators:
RV™ . u™(t) € V™ — U(t) = (m(t),m2(t), ..., nm(t)) € R™
and
R™ Q' (t) € Q+M" — Q(t) = (61(t), d2(1), .., da(t)) € R™. (A.68)
Then, problem (A.67) can be rewritten as an ordinary differential system for W(t) =
U(t), Q(t))" € C([0,T])™*™ that reads as:
W(t) + AW() = 0,
W) = (RV™(Pyn=(uo)), R (Q + Pun(Qo — Q)))-

Note that in the case of time-dependent Dirichlet data for @ a non-zero source term appears at
the right-hand side of previous system, depending on 8,5@.

If the operator A is continuous, then we can conclude the existence of a solution W €
C1([0,T*)) where either T* = +o0o or T* < +oo and tlTlgl [W(t)||gm+n = +o0. In fact, we
are going to prove that the solution W(t) is defined in [0,+00). For this aim, we consider
(,Q) = (u™, H") € V™ x M" in (A.67), obtaining an energy law as (3.26) for (u™, Q") and
the global in time weak estimates given in (1.11). Therefore, taking into account the equivalence
of the norms in finite-dimensional spaces, the solution (u", Q") is defined in the whole [0, 4+00).

It remains to prove the continuity of A. Observe that:
A W(t) e R — AW(t)) € R™H"
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is defined as

(A.69)

with B(-) a polinomial function,
CL(Q(N))k = Qi) D(Q(Y)); (o(#, "), VWF) — Qi(t) D(Q(1)); (W* - V)¢', )
and

C2(Q(t))1 = D(Q(t)); (¢, #"),

where
D(Q(t)) = RM 6o Pyno® o (RM")_l(Q(t))

with RM" defined in (A.68) and ® defined by:
d: Q" eM" C HX Q) — —c AQ"™ + f(Q") € LA(Q).

From (A.69), owing to the Projection Theorem (|| Pyr ||z r2(q)L2(0)) < 1) and the properties of
RM" it suffices to prove the continuity of ®, which is an easy consequence of the properties of

the Laplace operator —AQ and the polinomial function f(Q).

B Results for the traceless model

Here, we will extend the main results of this paper, namely existence of weak solutions, unique-

ness criteria and maximum principle, to the modified Q-tensor model, replacing (in the Q-system

(1.3) and also in the u-system (1.2)) H(Q) by H(Q) = H(Q)+a(Q) I with a(Q) given by (1.17).
By simplicity, we will only detail the main modifications in the corresponding proofs.

B.1 Existence of weak solutions.

It suffices to arrive at a modified energy law (see (B.70) below). From (1.16) and the expression
describing the tensor o (-, -), one has o(H, Q) = o(H, Q).

We only treat the terms related to H(Q) and study the fact of replacing it by H(Q). By

using (2.22), the tensor 7 can be rewritten as:
(Ver) = H:0Q-0,(FQ+IVQP) ~a(@)1:0Q
= H:0Q-0,(F(Q+5IVQP) - a(Q) di(tr(Q).
By using that ¢r(Q) = 0, one has:

(V-7mu) = ((u-V)Q, H).
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Moreover, using again 0;(tr(Q)) = 0,

d d

(2rQ, H) = 2-£(Q) + (0:(tr(Q), (Q)) = —E(Q).

Therefore, we arrive at the following energy equality similar to (3.26):

d

1 ~
T <2llulli2(m+8(c2)> +v|Vullfzq) + W HIE20) = 0 (B.70)

From now on, the existence argument follows in a similar manner.

B.2 Uniqueness criteria

When considering f(Q) = f(Q)+ a(Q) I with a(Q) given in (1.17), we must measure the bound
for [[a(Q1) — a(Q2)[lL2(q). Observe that

lo(@1) — (Q2) 12 () < C QT — @32

and [|QF — Q3[lL2(q) can be bounded as the term [|F/(Q1) — F/(Q2)|l12(q) in the proof of Theo-

rem 1.7.

B.3 Maximum principle

It is only necessary to study the effect of the new term H (Q) in the computation:
HQ):Q=H@Q):Q+a(@Q)1:Q=H(Q): Q+a(@Qtr(Q) =H(Q):Q

owing to tr(Q) = 0. Therefore, we can extend the maximum principle given in Theorem 1.9 to

the modified traceless model.

C Results for the model with symmetry

In this case, we replace the stretching term S(Vu, @) by S(W, Q) in the Q-system (1.3). As in

B, we only analyze the modifications to obtain the main results of this paper.

C.1 Existence of weak solutions

Since now @ and H are symmetric then o(H, Q) is antisymmetric. Therefore, replacing S(Vwu, Q)
by §(W, Q) (defined in (1.20)), we obtain:

S(W,Q):H=0(H,Q): W =0(H,Q) : Vu

This equality implies that the energy law in the modified symmetric problem also holds.
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C.2 Uniqueness criteria

Replacing S(Vu, Q) by §(W, @), we have to change (5.46) by:
(0(He,Q1), W) — (S(W,Q1), He) =0

that vanishes because §(W,Q1) : H. = W : o(H.,Q1). Moreover, estimates of Iy, I5 and

Ig-terms (depending on Vu) are similar whether Iy, I5 and Iz depend on W.

C.3 Maximum principle

Owing to Lemma 3.1, S(W, Q) : Q = 0 hence the maximum principle argument is again true.

D Traceless and/or symmetric Galerkin approximations

Any weak solution satisfies the (J-system point-wisely, hence the arguments to obtain symmetry
or traceless for () can be made a posteriori, directly from the weak solutions. Consequently, it
is not necessary to impose these constraints over the Galerkin approximation Q™.

However, it is possible to conserve the symmetry and/or traceless for the Galerkin approxima-
tion Q™. Fistly, since these constraints and the lifting problem (A.66) are linear then symmetry
and/or traceless are extended from Qr to C~2, in the Dirichlet case for (). On the other hand, we

rewrite (A.67)3 as:

(2Q™, Q) + (u™-VQ™,Q)— (S(Vu™ Q"),Q)
(D.71)

+ ev(VQ™,VQ)+~(f(Q"),Q) =0, VQeM"

Then, some conditions for the space M"™ must be imposed:

e To deduce traceless, we rewrite (D.71) replacing f(Q") by f(Q") + «(Q™)I, for a(Q)
defined in (1.17). Then, we take tr(Q™)I € M"™ as test function in (D.71), assuming that
the space M" is defined for the same scalar space in each diagonal component, that is, for
each i = 1,2,3 (M");; = M™ with M™ a scalar space. Thus, we obtain (7.61) hence the

traceless property for Q™ can be deduced.

e To obtain symmetry, we replace S(Vu™, Q") by S(W (™), Q") defined in (1.20). Taking
into account that transposing the Q-system is equivalent to take Q@ = Q' in (D.71), the

symmetry of Q" can be proved because:

(Q"-system—(Q"-system)!, Q™ — (Q™)?)

is equivalent to

(Q™-system, 2 (Q™ — (Q™)Y)).
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Therefore, this last computation can be done imposing (M");; = (M");; for ¢ # j which
implies that (Q™)! € M".
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