On the regularity for the Laplace equation and the Stokes system.

Chérif Amrouche* Maria Angeles Rodriguez-Bellido

June 29, 2011

This paper is dedicated to Prof. Monique Madaune Tort.

Abstract

The purpose of this work is to show a broad framework in which the theory of very weak solutions
for the Dirichlet stationary problem for the Laplace and Stokes equations in bounded domains of R™,
n > 2, could be developed. Broad in the sense of giving the more general spaces in which data can be
taken in order to obtain a very weak solution and define properly the trace of such solution. Density
arguments and a functional framework will be necessary, as well as classical regularity results in the
LP-Sobolev spaces that will be generalized here.
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Introduction and notations

We are interested in the boundary problem for the Laplace equation and the Stokes system. Recall that

the Stokes systems is described by the following equations:
() —-Au+Vg=f and V-u=h inQ, u=g onT,

where u denotes the velocity and ¢ the pressure and both are unknown, f the external forces, h the
compressibility condition and g the boundary condition for the velocity, the three functions being known.

We will consider €2 a bounded open set of R™, n > 2, with boundary I'. The vector fields and matrix
fields (and the corresponding spaces) defined over  or over R™ are respectively denoted by boldface
Roman and special Roman.

The different kinds of solutions defined for these two problems (and also for the Navier-Stokes system)
have been widely studied in many works, specially weak and strong solutions. In the case of incompressible
fluids, h = 0, it has been well-known since Leray [23] (see also [24]) that if f € W 1?(Q) and g €
W=1/PP(I") with p > 2 and for any i = 0, ..., I, verifying

/F g-ndo=0, (0.1)

i

where I'; denote the connected components of the boundary I' of the open set €2, then there exists a
solution (u,q) € WLP(Q) x LP(Q) satisfying (S).

The concept of very weak solution (u,q) € LP(Q) x W~1P(Q) for Stokes or Navier-Stokes equations,
corresponding to very irregular data, has been developed in the last years by Giga [19] (in a domain € of
class C*°), Amrouche & Girault [5] (in a domain €2 of class C1!) and more recently by Galdi et al. [18],
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Farwig et al. [17] (in a domain  of class C*!, see also Schumacher [30]) and Kim [22] (in a domain of
class C2). In this context, the boundary condition is chosen in LP(T") (see Brown & Shen [13], Conca
[15], Fabes et al. [16], Moussaoui [27], Shen [31], Savaré [29], Marusic-Paloka [26]) or more generally in
w1/ P-P(T). For the non-stationary case, the existence, uniqueness and regularity of very weak solutions
for the Navier-Stokes equations have been investigated (among other authors) by Amann [2, 3].

In this work, (for Stokes) first we present a result of existence of very weak solution for the Stokes
system in a bounded domain of R™, for n > 2. Before and after the study necessary in order to establish
this kind of regularity, we will present the results of existence of weak and strong solutions in the LP(2)
Sobolev spaces. We use the method developed by Amrouche & Girault appearing for the Stokes problem
in [4, 5], for a bounded open set, and those of Amrouche et al. in [7], for a half-space. However, the
study will be made in a more general context, where the functional spaces, all the density lemmas and
the nature of the boundary are different. The reason of this generalization is the necessity of using the
Stokes results as a tool in the search of very weak solutions for the Oseen and Navier-Stokes equations.
In these systems, the convection or non-linear term generate an “anisotropy” that can be collected in the
space of solutions, and allows us to define rigorously the traces of the vector functions which are living
in subspaces of L?(Q) (see Lemma 2.5 and Lemma 2.6).

The case of n = 3 was completely developed for Stokes, Oseen and Navier-Stokes by the authors in
[8, 9, 10], together with the result of existence of very weak solution for the Oseen and Navier-Stokes
equations. Concretely, we prove existence and regularity of very weak solutions (u, q) € LP(Q)xW~1P(Q)
(for p € (1,+00) in the case of the Stokes system) with arbitrary large data belonging to some Sobolev
spaces of negative order, in a bounded connected open set of class C1''. This regularity for the domain
differs from that one appearing in [17] (for a result in domains of R?) and [18] (for a result in domains of
R?), in which the authors consider a bounded domain of class C*'. Moreover, our solution is obtained in

the space T, (£2) which has been clearly characterized contrary to the abstract spaces appearing there.

0.1 Functional spaces, norms and traces

In all this work, if we do not say anything else, Q2 will be considered as a Lipschitz open bounded set of
R™ n > 2. When  is connected, we will say €2 is a domain. We will only specify the regularity of €2
when it to be different from the regularity presented above.

In what follows, we will consider s € R, p € (1,400) and p’ stands for its conjugate: 1/p+ 1/p’ = 1.
We shall denote by m the integer part of s and by o its fractional part: s =m + ¢ with 0 < o < 1. The

reflexive Banach space W*P(R™) is the space of all distributions v defined in R™ such that:
e D% € LP(R™), for all |a] < m, when s = m is a nonnegative integer

e v € W™P(R") and [z, g dedy < oo, for all |a] = m, when s = m + o is

nonnegative and is not an integer.

1/p
Z / |D%v(x)|P diL’) , in the first
]Rn

The space W#P(R™) is equipped by the norm: \|U||€W,,,(Rn) = (
o <m
|D° 0(a)~ D v(y)|? v
vx)— v .
case, and by the norm [[v ., p(gn) = (||v||€vm,,p(Rn) + 2 ajmm Jrnxgn — Taogrrrer AT dy) , in the

second case. For s < 0, we denote by W#P(R™) the dual space of Ws v (R™). In the special case of
p = 2, we shall use the notation H*(R") instead of W* 2(R™). We also consider the Sobolev space

H*P(R") = {v € LP(R"); (I —A)*?v e LP(R™)}.

It is known that H*P(R") = W*P(R") if s is an integer or if p = 2. Furthermore, for s € R, we have
that W*P(R") — HP(R") if p<2 and H*P(R") < WSP(R") if p> 2.



The definition of the space W*P(Q) is exactly the same as in the case of the whole space. Because of
D(Q) is not dense in W*P(§2), the dual space of W*P(Q) cannot be identified to a space of distributions
in . For this reason, we define W' () as the closure of D(Q) in W*?(Q) and we denote by W=7 (Q)

its dual space.

For every s > 0, we denote by W*P(Q) the space of all distributions in 2 which are restrictions of
elements of W*P(R™) and by W”’(Q) the space of functions u € W*P?(£2) such that the extension u by
zero outside of Q belongs to W*P(R™). Recall now some density results ([1, 20]):

i) The space D(Q) is dense in W*P?(Q2) for any real s.
ii) The space D(R™) is dense in W*P(R™) and in H*P(R™) for any real s.
iii) The space D(R) is dense in W*P(Q) for all s > 0.
iv) The space D(Q) is dense in W*P(Q2) for all 0 < s < 1/p, that means that W*?(Q) = W57 (Q).

Theorem 0.1. (Traces of functions living in W*?(Q)) (/1, 20]) Let Q2 be a bounded open set of class
Ck:1, for some integer k > 0. Let s be real number such that s < k+ 1,5 —1/p=m + o, where m > 0 is

an integer and 0 < o < 1.

i) The following mapping
Yo:u = Yr
WsP(Q) — W Urp(T)

is continuous and surjective. When 1/p < s <14 1/p, we have Ker(yy) = Wy ¥ (Q).
ii) For m > 1, the following mapping

(v0,71) ru = (u\l—‘7%‘r)
WeP(Q) — (W UpP(T) x Ws—1=1/p.P(I))

is continuous and surjective. When 1+1/p < s <2+ 1/p, we have Ker(yo,v1) = Wy P ().
We recall also the following embeddings:
WP(Q) — Wh9(Q) fort<s, p<q suchthat s—n/p=t—n/q
WHP(Q) = CH*(Q) fork<s—n/p<k+1, a=s—k—n/p,

where k is a non negative integer.

1 The Laplace equation

We are interested here in the resolution of the problem
(Lp) —Au=f inQ and wu=g onl,

with data in some Sobolev spaces. Before starting our study, we recall some results concerning this
problem. Recall that one consequence of the Calderon-Zygmund theory of singular integrals and boundary
layer potential is that for every f € W™ 2P(Q) and g € W™ 1/»P(I'), with m positive integer, the
problem (Lp) has a unique solution u € W™P(Q) when ( is of class C™! with r = max{1,m — 1}. If
feWws=2P(Q) and g € W*~V/PP(T), with s > 1/p, then u € W*P(Q) provided that Q is of class C"*
with r = max{1, [s]}, where [s] is the integer part of s. In [25], Lions and Magenes made a complete
study for smooth domains and p = 2. Grisvard in [20] treats the case where ) is of class C™.

Jerison & Kenig in [21] and many other authors study the case where ) is only a bounded Lipschitz-

continuous domain. First, we recall some results for p = 2.



i) If f € H-/2%5(Q), for some € > 0 or f € L*(Q) and g = 0, then the unique solution u of (Lp)
satisfies u € H%/2(Q).

i) If f e H-'T$(Q), with —1/2 < s < 1/2 and g = 0, then u € H™5(Q).
iii) If f = 0 and g € H*TV/2(D), with —1/2 < s < 1/2, then u € H'**(Q).

iv) The conclusion in point i) is not true for ¢ = 0 : There exist a Lipschitz domain Q and f € H~/2(Q)
such that u ¢ H3/2(Q).

v) The conclusion in point ii) is not true for s > 1/2 : There exist a Lipschitz domain  and f € C*°(Q)
such that u ¢ H*(Q).
In the case p arbitrary, we have the following result (see Jerison & Kenig, [21]).

Theorem 1.1. Let Q be a bounded Lipschitz domain in RN, N > 3. There exists € € |0, 1], depending
only on the Lipschitz constant of Q such that for every f € H*"2P(Q) and g = 0, there is a unique
solution u € H*P(Q) to (Lp) provided one of the following holds:

po < p < ph and %<s<1+%
1<p<pg and %—1—5<s<1+%
’ 1 3

Py <p < oo and » <8<, +e

where 1/po =1/2+¢/2 and 1/pj = 1/2 — /2. Moreover, we have the estimate

lullzrse ) < CNfllms—20(02)

for all f € H*=2P(Q)). When the domain is Ct, the exponent py may be taken to be 1. When s = 1,
there is p1 > 3 such that if pi < p < p1, then the inhomogeneous Dirichlet problem has a unique solution
u € HSP(Q).

As particular case of the third condition, for any N > 3 (and also N = 2), there exists a C! domain Q in
RY and f € H-'*1/P2(Q) for which the solution u of (Lp) with g = 0 does not belongs to H'*1/P(()
forall 1 < p < 0.

As we said before, if  is an open set of class 1!, for each f € W*=2P(Q) and g € W*~1/P2(Q), the
problem (Lp) has a unique solution u € W*P(Q) assuming 1/p < s < 2. In this work, we are interested
in the search of very weak solutions, i. e. , solutions belonging to W*P(Q) with 0 < s < 1/p and for a
regular open set 2, here of class C!!. Moreover, we look for optimal conditions for the data f and g in

order to obtain such solutions. With this aim, we introduce the space:

M,(Q) = {v e LP(Q): Ave W—2+1/pvp(ﬂ)},

which is reflexive Banach space for the norm

[vllar, @) = Ivllzeo) + 1AV]Iw 241700 (0
Lemma 1.2. ([10]) The space D () is dense in M, (Q).
To study the traces of functions which belong to M, (), we have the following lemma.

Lemma 1.3. Let Q be a bounded open set of R"™ of class Ct*. The linear mapping o : v — v|r defined

on D(Q) can be extended to a linear continuous mapping
Yo : My(Q) — WL/PP(T),

Moreover, we have the Green formula: Yv € M,(?), Vg € w2 (Q)n Wol’p/(Q),

dp

/Q'UASD do — <AU7 90>W72+1/p,p(9)><w02*1/13-,1/(Q) = <’U, % (11)

>W1/py P(T)xW1/p: p’ ()



Proof. Let v € D(Q) and ¢ € w2 (Q)n Wol’p/(Q), then formula (1.1) obviously holds. For every
p € WL/PP' (), there exists ¢ € W27 (Q) N Wg’pl(ﬂ) such that g—i = pon I, with [¢lly2.q) <

C lullwse.» (ry- Consequently,

| (s v -1men ey im0y | < C 10l Nillwrssme oy
Thus
lvllw=1/p. 0y < C 0]l a1, (02)-
We can deduce that the linear mapping ~ is continuous for the norm of M,(€2). Since D(ﬁ) is dense in

M, (), v can be extended by continuity to v € £ (M,(€2); W~1/7?(T")) and formula (1.1) holds for all
v € M,(Q) and € WP (Q) N WHP (Q). 0

We now can solve the Laplace equation with singular boundary condition.

Theorem 1.4. Let Q be a bounded open set of R™ of class C'. For any f € W2t1/PP(Q) and
g € W=1/P:P(T"), the Laplace equation (Lp) has a unique solution u € LP(Q), with the estimate

lullar, @ < C (Ifllw-2417m0(0) + 19llw-1/2.21))-

Proof. Thanks to the Green formula (1.1), it is easy to verify that u € LP(Q) is solution of problem
(Lp) is equivalent to the variational formulation: Find v € L?(€2) such that

Yo e W2 (Q)n WL (Q),

ov (1.2)

/QUAU dz ==, Va1 mmioywz-1/oe’ @) + <g’ on
Indeed, let w € LP(Q2) be a solution to (Lp). Then, the Green formula (1.1) yields (1.2). Conversely, let
u € LP(Q) be a solution to (1.2). Taking v in D(2), we obtain —Awu = f in Q and u € M, (). Using
this last relation and again the Green formula (1.1), we deduce that for all v € W27 (Q) N W(}’P/(Q),

< ov > < Ov >
U, — =\9 7~
on W*l/p,p(F)xWI/p,p’([‘) on W*l/p,p([‘)xwl/p,p’(l‘)

and finally u = g on T.
Let’s then solve problem (1.2). We know that for all F € L?' (Q), there exists a unique v € W22 (Q)N
Wol"p,(Q) satisfying —Av = F in §, with the estimate

>W1/py P(T)xW1/p: p’(F) ’

[vllwzr ) < CIEN Lo (6)-

Then we have

Ov
<f7 U>W72+1/p,p(Q)XWg*1/PvP/(Q) —\9 8771/

>W1/p, P(F))(Wl/PxPl(F)

ov
C 1w+ tlha-moriy + lgll-smnoll o sy

IN

A

< C (Ifllw-2+1/m0(0) + llgllw=1/0. 0 @)1 F | 1o ()

In other words, we can say that the linear mapping

ov

T:Fvr— <fa 'U>W72+1/p,p(Q)XW0271/p, p/(Q) - <g7 %

>W1/p, p(F)xWI/P,p’(F)

is continuous on L”/(Q), and according to the Riesz representation theorem, there exists a unique u €
LP(Q), such that
VF e L? (Q)? T(F) = <U7F>LP(Q)XLP’(Q) )

i.e u is solution of (Lp). O



Corollary 1.5. Let Q be a bounded open set of R™ of class C' and ¢ be a real number such that
0<o<1.

i) We assume that f € W=2+to/P'+1/pp(Q) and g € W2~ V/PP(T). Then the solution u given by
Theorem 1.4 belongs to W?P(Q2) and satisfies the estimate

Fllwes(y < € (Ufll—ssorsrsarmmay + 9llwe—sima):
ii) If moreover f € Wo~12(Q) and g € Wot/P'2(T"), then u € WH1P(Q) and satisfies the estimate
el s1.0@) < C (1 lwerog@) + 9llwessrsro )

Proof. First, we observe that if o = 0, the conclusion in point i) holds because Theorem 1.4 and the
conclusion in point ii) is satisfied thanks to classical regularity of generalized solutions for Problem (Lp).
If o = 1, the point i) holds for the same reason and the second point due to the classical regularity
of strong solutions for Problem (Lp). Hence, we can suppose that 0 < o < 1. In this case, it suffices
to use interpolation argument (see [25], [32], [11]) and elliptic regularity problem for the generalized

solutions. O

Remark 1.6.
i) The results of the second point are optimal unlike part i) which is optimal only when f = 0.

ii) We can reformulate the point ii) as follows. For any f € W~5P(Q) and g € W?~5=1/P»(T), with
0 < s <1, Problem (Lp) has a unique solution u € W?2~?(Q) satisfying u = g on I.

Theorem 1.7. Let Q be a bounded open set of R™ of class CY'', s be a real number such that % <s<2.
We assume that f € W*™2P(Q) and g € W*~Y/PP(T'). Then Problem (Lp) has a unique solution
u € W*P(Q) which satisfies the estimate

HUHWS»p(Q) < C(Hf”WS*?vP(Q) + ||g||W5*1/PvP(F))-

Proof. The theorem is proved by Corollary 1.5 point ii) if 1 < s < 2. Let be then s a real number such
that % < s < 1. Using Theorem 0.1, we can suppose g = 0. We known that D() is dense in the space

of functions of W*P(Q2) equal to zero on I', that means that
WyP(Q2) = {veW*P(Q); v=0onT}.

We have also the same relation for the space WOQ_s’p/(Q) because 1 < 2 —s < 1+ 1/p’. Consequently
u € WEP(Q) satisfies —Au = f in Q if and only if: Vo € Wy **27(Q),

(u, A’U>W§*"(Q)><W*°WP’(Q) = —(/, /U>W572,;D(Q)><W075+2PI(Q) (1.3)

Let’s solve problem (1.3). By Remark 1.6 point ii), we know that for all F € W~%#'(Q), there exists a
unique v € WO_SH’pl(Q) satisfying —Av = F in ), with the estimate

||/U||W*5+2,P/(Q) < C||FHW,S,F,/(Q).

Then,| (£, 0) sy o2 | < € I lwess@llvly oo oy < C I Flwe-2o@) 1l @)
In other words, we can say that the linear mapping

T: Fr— <fa U>Ws—2,p(Q)XWO—S+2,p'(Q)



is continuous on W% (Q), and by the Riesz representation theorem, there exists a unique u € Wy (9Q),
such that

VE e WP (Q), T(F) = (u, F)yeiayiv—es (@) -

i.e u is solution of (Lp) with g =0 . O

Remark 1.8. i) When f € W/P=2P(Q), we can conjecture that u ¢ W/PP(Q).

ii)

iii)

Ifl/p <s <1, fe Ws2P(Q)and g € W /PP(T), then the solution u of (Lp) belongs to
WP (). These assumptions are weaker than those of Corollary 1.5 i) because W =245/ +1/p:p(Q)

Ws=2P(Q) if 1/p < s < 1. Moreover, they are optimal.

If 0 < s < 1/p, Theorem 1.7 cannot be applied. Indeed, the trace mapping is not continuous (and not
surjective) from W*P(Q) into W*=/PP(T). If s = 0 and g € W~ /PP(T), we cannot expect to find
a solution u more regular than LP(2). Theorem 3.4 shows that it is possible if f € W=2+1/PP(Q).
In the case of 0 < s < 1/pand g € Ws’l/p’p(I‘), we cannot expect either to find a solution u better
than W*?(Q). Corollary 1.5 point ii) shows that it is possible if f € W=2s/P"+1/pp(Q), taking
into account that —2 + s/p’ +1/p > —2 +s.

Remark 1.9. In the case p = 2, we have proved in particular the following results which are naturally

better than the case where €2 is considered only Lipschitz:

i)
ii)

iii)

if f € H-Y2(Q) and g € H'(T), then u € H3/?(1),
if fe H'75(Q), with —1/2 < s <1 and g =0, then u € H'™5(),

if f=0and g€ H**/2(T"), with —1 < s < 1 then u € H'**(Q).

2 The Stokes problem

2.1 Preliminary results

In the sequel, we will use the following spaces used in the following versions of De Rham’s Theorem:

DU(Q):{SOED(Q)v V‘PZO}» Da<ﬁ):{¢ep(§)v V’l,b:O}

Lemma 2.1.

i) De Rham’s Theorem for distributions(See [28]): Let Q be any open subset of R"™ and let f be

a distribution of D'(Q) that satisfies:
Vv € D, (), (f,v)=0.

Then, there exists a distribution 7 in D'(Q) such that f= V.

it) De Rham’s Theorem in W~"P(Q)(See [5]): Let m be any integer, p any real number with

1< p<oo. Let fe W™™P(Q) satisfy:

¢ € Do (9), (f.e) =0.

Then, there exists m € W12 (Q) such that f= V. If in addition the set Q) is connected, then w
is defined uniquely, up to an additive constant, and there exists a positive constant C, independent
of f, such that:

Jnf [lm+ Kllw-m1o@/r < Clfllw-mr@)-



2.2  The new spaces
We begin by introducing some spaces: First,
X, p(Q) = {p e Wy (Q); V- e Wy ()}, 1<7 p<oo, (2.1)

and we set X, ,(Q) = X,(2). Their dual spaces, (X, ,(€))" and (X,(12))’, will be characterized in Lemma

2.3. Second, the solenoidal space:
H,(Q) ={v eL?(Q); V-v =0} (2.2)
And finally, the spaces:
Tpr(Q) ={v € LP(Q); Av € (X (D)}, Tpro(@) ={v €Tp,(Q); V-v =0},  (2.3)

endowed with the topology given by the norm: vt () = [[v[lLr() + |Av|x ., () Observe that

p’

when p = r, these spaces are denoted as T, () and T, ,(£2), respectively.

The proofs of the following lemmas are classical, although the functional spaces are changed. They

can be seen in [10] for n = 3, but the proofs are also valid for any n > 2.

Lemma 2.2. i) The space D, () is dense in H,(€2).
ii) The space D(Q) is dense in X, , () and for all g € W=1P(Q) and ¢ € X,v (), we have
(Va, O)x,0 @1 xX,0 00 = =6V @y ewt o () (2.4)

Lemma 2.3. Let f € (X,,(Q)). Then, there exist Fo = (fij)i<ij<n such that Fy € L™ (Q), fi €
W_l’p/(ﬂ) and satisfying:
f=V-Fy+Vif. (2.5)

@)yl <47 <n, | filly-10 ). Conversely, if f satisfies (2.5),

Moreover, ||fllx,. ) = max{| fi
then f € (X;.,(€))".

As consequence of Lemma 2.2 ii), we have the following embeddings if % <=4

3=

1
P

WH(Q) = (X (2)) = WP(Q), (2.6)
Giving a meaning to the trace of a very weak solution of a Stokes, Oseen or Navier-Stokes problem

is not trivial. Remember that we are not in the classical variational framework. In this way, we need to

introduce some spaces. First, we consider the space:
Yy () = {3 € W2(Q); ¢lr =0, (V- 4)[r =0}
that can also be described (see [5]) as:

: o
Y, (Q) = {$ € W2 (Q); 4|r =0, a—:f -n| =0} (2.7)

Observe that the range space of the normal derivative v, : Y,/ (Q) — W/ () is:
Zy () ={z € W'/PP(T); z.n =0}

We also introduce the space H, ,(div;Q) = {v € L?(Q); V- v € L"(Q)}, which is equipped with the
graph norm. The following lemma will help us to prove a trace result. The proof can be taken from [10],

Lemmas 10 and 11, and it is also valid for the n > 2.

Lemma 2.4. i) The space D(Q) is dense in T) ().

ii) The space D(Q) is dense in Tp () NH, . (div; Q).

iti) The space D (Q) is dense in Ty, » ().



2.3 The trace result

The following two lemmas prove that the tangential trace of functions v of T, , ,(€2) belongs to the dual
space of Z,/ (T'), which is:
(Zy (1)) = {p e W /PP(T); p-n =0} (2.8)

Before, we recall that we can decompose v into its tangential, v,, and normal parts, that is: v =

v, + (v-n)n.

Lemma 2.5. Let Q be a bounded open set of R™ of class C*t. Let 1 < p < oo and r > 1 be such that
% < % + % The mapping v, : v+ v.|r on the space D(Q) can be extended by continuity to a linear and
continuous mapping, still denoted by ., from T, .(Q) into W=Y/P2(T'), and we have the Green formula:

for any ve Ty () and ¥ € Y, (Q),

oy

on >W—1/p-,p(f‘) xW1/p.p' (T .

<Av71/’>[xr/,p,(9)]/xxr,,p,(m:/Qv~Aw dx — <vT,

Proof. We start with the expression: let v € D(€2), then

0
<'U‘r7 81/;> =/ v AYpdr — (Av, Y)x,, () %X, 0 () (2.9)
n W—1/p.2(I") x W1/p:p' (T") Q

which is valid for any ¥ € Y, (€2). Observe that Y,/ (Q) C X,v ;v (€2) because + <
trace of the functions of ¥ € Y,/ (2) belongs to the space Z,/ (T").
Let g € W/ ('), Then, u = p. + (@ - n)n. Since Q is of class C'!, we know that there exists

/ a
1 € W2P (Q) such that 1 = 0 and % = p, on I' and verifying:

L4+ 1 3nd the normal
D n

||¢||w2,p’(9) <cC HI”’THWl/p‘p/(F) <cC HP’JHWI/M’(F)-

Moreover, ¥ € Y,/ (£2). Therefore, we can bound the boundary term as follows for such functions :

Vry U)\W—1/p.0(T)x W1/p.0' (T ‘ = Ury 57—
( )X ( ) an Wfl/p*p(F)XWI/P»P/ (F)

< vl 1Y llwer @) + 1A21x,, @ l¥lx,. @ < Cllvlr, @l¢ly, @

Thus,

||’UT||W—1/p,p(F) S C Hv”Tp,r(Q)'

Therefore, the linear continuous mapping v — v.|r defined on D(f) is continuous for the norm of
T,.-(Q). Since D(Q) is dense in T, (), then we can extend this mapping from T, .(Q) into W—1/P2(T),
that is, the tangential trace of functions of T, ,(Q) belongs to W~1/P2(T"). O

Lemma 2.6. i) The space D(R) is dense in H, ,(div; ).

i) Let 1 < p < oo and v > 1 be such that 1 < %—&—%. The mapping vn : v — v - n|r on the
space D() can be extended by continuity to a linear and continuous mapping, still denoted by vn,
from Hy, ,.(div; Q) into W=1/PP(T), and we have the Green formula: for any v € H, ,(div; Q) and
p e Wh'(Q),

/Q’U-V(p dz+ /gz pdivvde=(v-np >W—1/p,p(p)xw1/p,p’(p) .



2.4 Very weak, weak and strong regularity

We treat the Stokes system under the compatibility condition:
Ah(.’l)) d.’B - <g . n, 1>W_1/p'p(F)XW1/p'p/(F)' (2.10)

Basic results on weak and strong solutions of problem (S) for n > 2 may be summarized in the following
theorem (see [5], [14]).

Theorem 2.7. i) For every f € W=1P(Q), h € LP(Q), g € W V/PP(T'), and satisfying the com-
patibility condition (2.10), the Stokes problem (S) has exactly one solution u € WLP(Q) and
q € LP(Q)/R. Moreover, there exists a constant C > 0 depending only on p and 2 such that:

lullwr@) + lallr @)z < C([Alw-10) + [hllLr@) + llglwi-1/m0r)- (2.11)

ii) Moreover, if f€ LP(Q), h € WhP(Q2), g € W2~1/PP(T), then u € W2P(Q), ¢ € W'P(Q) and there
exists a constant C > 0 depending only on p and 0 such that:

lullwzr @) + llallwir@r < C (Al @) + [12llwrr@) + lglwz-1pe @) (2.12)
We are interested here in the case of singular data satisfying precisely the following assumptions:
. 1 1 1
fe Xy (), he L"(Q), g€ W YPP(T), with — < =+ = and 7 < p. (2.13)
r"p n

Recall that the space (X, ,/(€2))’ is an intermediate space between W~=17(Q) and W~2P(Q) (see (2.6)).
Remark 2.8. If Q) is only a bounded Lipschitz domain, there exists € > 0 depending only on the Lipschitz
constant of  such that if 2 < p < 3+¢, f =0, h = 0 and g € W'1/PP(T") with frg-n =0,
the conclusion of the first part of Theorem 2.7 holds. The result is also valid under the assumptions

fFeWLP(Q), h=0and g =0, for a ¢ such that (3+¢)/(2+¢) <p < 3+ ¢ (see [13]).
We recall the definition and the existence result of very weak solution for the Stokes problem.
Definition 2.9 (Very weak solution for the Stokes problem). We say that (u,q) € LP(Q) x

W=1P(Q) is a very weak solution of (S) if the following equalities hold: For any ¢ € Y,/ () and
e Whe'(Q),

¢
- /Q u - ALP dr — <q7 V- <p>W—1,p(Q)><W011P'(Q) = <f7 (P>Qi <g7'7 %>F7
(2.14)
/ u-Vrde=— | hndz+ (g -n,m)r,
Q Q
where the dualities on €2 and I' are defined by:
(0 = ()X (1% X, (@) ()T = (s ) w=1/mm () xW/p. o/ (1) (2.15)

Note that W' (Q) < L™ (Q) and Y, (Q) — X,v »(Q) if L <

and integrals have a sense.

% + %, that means that all the brackets

Proposition 2.1. Suppose that f, h, g satisfy (2.13). Then the following two statements are equivalent:
i) (u,q) € LP(Q) x W=LP(Q) is a very weak solution of (S),

it) (u,q) satisfies the system (S) in the sense of distributions.
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Proof. 1) Let (u,q) be a very weak solution to problem (S). It is clear that —~Au+Vg=f and V-u =h
in Q and consequently u belongs to T), (). Using Lemma 2.6 point ), Lemma 2.5 and (2.4), we obtain

e
- /Q u - A‘P dz + <uT7 a?)wfl/p,p(r)xwl/p,p/(r) - <Qa V- ‘10>W71,p(9)><w01m’(9) = <.f7 ‘P>Q .

Since for any ¢ € Y,/ (Q),

dp Op
<UT, %)w—l/p,p(r)xwl/p,p/(p) = <QT7 ain>wfl/pyp(1‘)><wl/z>vp’(r)a

we deduce that u, = g, in W~/PP(T"). From the equation V - u = h, we deduce that for any 7 €
WL (Q), we have
<u : n,71’>r = <g ’ n,7T>F.
Consequently u-n = g-n in W=/PP(T') and finally w = g on I.
ii) The converse is a simple consequence of Lemma 2.6 point 4), Lemma 2.5 and (2.4). O

Observe that the following result is a variation from Proposition 4.11 in [5], which was made for f = 0
and h = 0. Here, we focus on the aspect that the fact of taking f # 0 and h # 0 make over the whole

proof appearing there. In the case r = p, we have:

Proposition 2.2. Let f € (X,/(Q)), h € LP(Q), g € WYPP(T), and satisfying the compatibility
condition (2.10). Then, the Stokes problem (S) has ezactly one solution u € LP(Q) and ¢ € W—1P(Q)/R.

Moreover, there exists a constant C' > 0 depending only on p and Q such that:

lullLr @) + llallw-1r@)ymr < C {Hf”[Xp/(Q)]’ + 1Pl zr ) + ||9||w—1/p,p(r)} . (2.16)

Moreover u € T)(Q2) and
lllr, o) < C {IMfllox, o + IPlze) + lgllw-1maey } -

Proof. In [5], the proof of Proposition 2.2 is made for f = 0 and h = 0. It is on the aspects from the
proof given in [5] were f and h take part on, where we focus on below.
1) First step: We suppose that g-n =0 on I" and / h(z)dx = 0.
It remains to consider the following equivalent probl%m:
Find (u,q) € LP(Q) x W~12(Q)/R such that: Yw € Y, (Q), Vr € W' (Q)

W-Lp(Q)x WP ()

/u-(—Aw+V7r)dm - (q,V-w)
? ow
= (frw)x,, @xx,. ) — (9 87>F —/ hrdx
n Q

being Y,/ () the space defined by (2.7) that verifies the embedding Y,/ (Q) — X,/(2). The duality

brackets are given in (2.15).

We can prove (as in [5]) that for any pair (F,¢) € L? (Q) x (Wol’p,(Q) N Lg,(Q)), we have:

ow
‘<f; w>[Xp/(Q)]’><XP/(Q) - <g7') 87‘&>F 7Ahﬂd$‘

<C (Ifllx, @ + Iglw-1/moy + 1Rlzo)) (Il @) + lellyro o)
being (w,m) € Y,/ (Q) x Wh#' (Q) /R the unique solution of the Stokes (dual) problem:

—Aw+Vr=F and V-w=¢ inQ, w=0 onl.

11



Note that for any k € R,

< Allze@ 7l Lo ) /m (2.17)

/hwdm
Q

Hw”WQvP'(Q) + ||7r||W1=P'(Q)/]R <C (”F”LP'(Q) + ”‘PHWLP'(Q)) .

:‘/Qh(w+k)da:

and

From this bound, we deduce that the mapping
ow
(F,p) — <f,w>9—<97,6f>r— hmdx
n Q

defines an element of the dual space of L? (€2) x (Wol’p/ (Q)ﬁLgl (€2)) with norm bounded by C([|f||x,, )+

12l L (02) + ||g||wfl/p,p(9)). From Riesz’ Representation Theorem we deduce that there exists a unique

(u,q) € LP(Q) x W~1P(Q)/R solution of (S) satisfying the bound (2.16).

11) Second step: Now, we suppose that / h(z)dx = (g-n,1)r and consider the Neumann problem: Find
Q

6 € WHP(Q)/R such that:

(N) A6=h inQ, =g-n onl,

90
on
which has a unique solution € W1P(Q2)/R and verifies the estimate:
10w r @)/ < C (Ihllri0) + g - llw-1/00(r)) - (2.18)
Set ug = V6. By step i), there exists a unique (z,q) € LP(2) x W=1?(Q)/R solution of problem:
—Az+Vg=f+Vh and V-2=0 inQ, z=9g —ug|r onT,

where the characterization given by Lemma 2.3 implies that Vi € (X,/(Q))" and g — uo|r satisfies the
hypothesis of Step ¢). Finally, the pair of functions (u,q) = (z + uo, ¢) is the required solution. O

Theorem 2.10. Let f, h, g satisfy (2.13) and (2.10). Then, the Stokes problem (S) has exactly one
solution uw € LP(Q)) and ¢ € W~1P(Q)/R. Moreover, there exists a constant C > 0 depending only on p
and Q such that:

[ulle @) + llallw-1r@ymr < C {Hﬂhxr,,p,(m]/ +[IhllLr ) + HgHw—l/p,p(r)} (2.19)

Moreover u € Ty () and

e, .o < C {Iflx,, p + bl + Iglhw- 17y } -
In particular, if f€ W=170(Q) and h € L™ (Q) with ro = 2p/(2 + p), then (u,q) € LP(Q) x W=LP(Q)

with the corresponding estimates.

Proof. If we want to use hypotheses f € (X, ,/(€))’ instead of f € (X,/(Q2))" and h € L"(£2) instead of
h € LP(Q)), appearing in Definition 2.9 and Proposition 2.2, then the differences on the proof are linked

to:

e Instead of (f, w)q, we have: f, w>[Xw,p/(Q)]/XXw,p'(Q) for w € Y,/ (Q).

Observe that Y, (€2) C X, (Q) if 1 < % + %, which is the case defined in Lemma 2.5. Therefore,
the same study can be made, only replacing the bound ||fH[XP/(Q)]/ by ”fH[X,J,p/(Q)]"

12



e Now, we solve problem (N) with A € L"(2). Problem (V) is equivalent to the problem: Find
6 € WHP(Q)/R such that:

VQDEWl’p/(Q)7 /Vﬁ-V@dm:<g~n7<p>p—/hapdw
Q Q

which is well defined for any ¢ € W#'(Q) (observe that W12 (Q) < L (Q) if 1< % +3).

The mapping £ : ¢ — (g -n,o)r — / h @ da defines an element of the dual (W12 (Q)/R)’ because
Q

(¢,1) = 0. Furthermore, an inf-sup condition is verified. Therefore, the problem (N) has a unique
solution # € WP(Q)/R and satisfies the estimate:

10llwrr)r < C (Ilg - nllw-1/m0m + 1Al2r @) O

Remark 2.11.

i) Observe that in [18] Theorem 3, the domain in R? considered is of class C*! instead of class C1:!.
Moreover, the divergence term h € LP(Q) instead of h € L"(Q2). The regularity considered for f,
taking into account Lemma 2.3, is the same as we consider (f is the divergence of a tensor in L™ ()
because of the gradient part can be associated to the pressure). But for the divergence condition
h, Galdi et al. consider h € LP(2), which is a space smaller than that considered in this work
(he L"(Q) for 2 < % + 1). Moreover, our solution is obtained in the space T, (£2) which has been
clearly characterized contrary to the space \/7\\7147((2) appearing in [18] which is not characterized, is

completely abstract and is obtained as the closure of W?(Q) for the norm
el Gn) = 1elLe@) + 142 P Aullrr ),

where A, is the Stokes operator with domain equal to W2?(Q) N Wép(Q) NL2(Q) and P, is the
Helmholtz projection operator from L"(€2) onto L’ ().

ii) The same type of consideration about the domain and the space of solutions T, -(€2) can be made
in [17] Theorem 1.2. In this case, the regularity considered for f, taking into account Lemma 2.3, is
the same as we consider; and the space of regularity for u they obtained is the same of us. However,
they say that condition over f can be weaken by A 'P,f € L2(Q) (see [17] Remark 1.6), but this

condition is not clearly characterized.

Corollary 2.12. (See Corollary 3 in [10]) Let f, h, g satisfy (2.10) and f = V-Fo+V f; with Fo € L"(Q),
fr € WEP(Q), h € L"(2), g € W'1/""(T"). Then the solution u given by Theorem 2.10 belongs to
WLT(Q). If moreover f; € L™(Q2), then the solution ¢ given by Theorem 2.10 belongs to L"(£2). In both

cases, we have the corresponding estimates.

Remark 2.13. The space T, -(£2) is an intermediate space between W17 (Q) and L?(Q2), because of

1 1 1
WL (Q) = T,,.(Q) when - <=+ —.
(@) = Ty (©) when <ot
Remark 2.14. i) First, we have as consequence of Proposition 2.2 the following Helmholtz decompo-

sition: for any f € (X, (Q2))’, there exist ¥» € W=1P(Q) and ¢ € W~1P(Q) such that

f=curl v +Vq, diveyp =0 in Q.

ii) In the same way, suppose that f = V-F with F € LP(Q), h € LP(Q) and g € W'~ 1/P?(T) verifying
the compatibility condition (2.10). Then, the solution (u, q) € LP(Q) x W~1P(Q) given by Theorem
2.10 satisfies (u,q) € WHP(Q) x LP(Q2) with the appropriate estimate.
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Corollary 2.15. Let h € L"(Q) and g € W~/P?(T) verifying the compatibility condition (2.10) with
% < % + % and 7 < p. Then, there exists at least one solution v € T, () verifying
V-u=h inQ, u=g onl.

Moreover, there exists a constant C' = C(Q, p,r) such that:

lullr, @ < C (|l

L (Q) + ”g”W*l/p,p(p)) .

The following corollary gives Stokes solutions (u, q) in fractionary Sobolev spaces of type WP(Q) x
Wo=LP(Q), with 0 < o < 2.

Corollary 2.16. Let s be a real number such that 0 < s < 1.
i) Let f =V -Fo+ Vfi1, h and g satisfy the compatibility condition (2.10) with
Fo € Wo'(Q), fi e W*hP(Q), g € W 1/PP(T), h e W (Q),

with % <
Ws=Lr(Q

8=

+ 3 and r < p. Then, Stokes Problem (S) has exactly one solution (u, q) € W*P(Q) x
/R satistying the estimate

~—

lullwsr) + lallws-1r@)/r < C(IFollwsr@) + [[fillws-10@) + |Bllwsr@) + 1gllwe-1/001))

ii) Assume that f € W*~1P(Q), g € WsH1=1/PP(I') b € W*P(Q), with the compatibility condition
(2.10). Then, Stokes Problem (S) has exactly one solution (u, ¢) € W*T1P(Q) x W*P(Q)/R with

ullwe+rr@) + llgllwsr@ymr < C (IFllws-1p@) + |Rllwsr @) + [|gllwe+1-1/00 1))

Remark 2.17. We can reformulate the point ii) as follows. For any
few = (Q), he Wt (Q), g e W2~/ (1),

with 0 < s < 1, then problem (S) has a unique solution (u, ¢) € W2~ 57 (Q) x W'~ (Q)/R.

The following theorem gives solutions for external forces f € W*=2?(Q) and divergence condition h €
Ws=1P(Q) with 1/p < s < 2. If p = 2, we can obtain solutions in H'/2%¢(Q) x H'/?+¢(Q), 0 < ¢ < 3/2.

Theorem 2.18. Let s be a real number such that % < s < 2. Let f, h and g satisfy the compatibility
condition (2.10) with

feEW2P(Q), he W bP(Q) and ge W V/PP(T).

Then, the Stokes problem (S) has exactly one solution (u, q) € W*P(Q) x W~LP(Q)/R satisfying the

estimate

lullwer + llgllwe=10/r < C(Iflwe=2r(0) + [hllwe-1s + lgllwe-1/0.0(r)) (2.20)

Remark 2.19. i) Remark 1.8 point ii) and iii) holds.

ii) If n = 2, Q is a convex polygon, with T' = UT;, T; linear segments, f = 0, h = 0 and g € H*(T';),
fori=1,...,1y, —1/2 < s < 1/2, then u € H"(Q) for any r < s + 1/2 and q € H*~/2(Q) ([27]).

iii) If © is a simply connected domain of R?, a result of existence of a u verifying the Stokes equations
for f =0, h=0and g € L*(I') (with [ g-n = 0) can be seen in [12]. An analogous result is also
presented when g € L*>°(T").
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iv

A%

) When ( is bounded Lipschitz domain in R", with n > 3, f = 0, h = 0, g € L?(T") (respectively
g € WL2(T)) , with [.g-n =0, then u € H/?(Q) (respectively u € H¥?(Q) and q € H~/?(Q)
(respectively ¢ € H'/2(Q)) (see Fabes et al. [16]). If g € L?(T'), there exists ¢ = £(2) > 0 such that
if2—e<p<2+e, then u € W=V/PP(Q) and ¢ € W1/PP(Q).

) When Q C R3 is only a bounded Lipschitz domain, with connected boundary, the same result has

been proved by [31] with f = 0 and h = 0 for any p > 2. The case of Q& C R" for n > 4 suppose

2(n—1)(n—2
that for f =0, h =0 and g € LP(Q), p € 27M
n(n — 3)
np

-1

there exists a unique u € LP1(2)

for p; =
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