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Abstract

In this work we study the existence, uniqueness and qualitative properties of nonnegative
solutions of the Lotka-Volterra models with nonlinear diffusion under homogeneous Dirichlet
boundary conditions. We consider the three typical interactions: prey-predator, competition
and symbiosis. Unlike the linear diffusion models, nontrivial nonnegative solutions can exist
which are not strictly positive. Sufficient conditions in terms of the coefficients involved in
the setting of the models are given assuring that one species (or both) does not survive on
a set of its habitat (called “dead core”) of positive measure.
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1 Introduction

In this paper we are interested in nonnegative solutions of the following system

—dyAU™ = U(A— BU +£CV) in Q,
—dyAV" = V(D — EV + FU) inQ, (1)
U=V =0 on 0f),

where € is a bounded domain of RY, N > 1, with a smooth boundary 9Q and m,n,d;, ds, B,
C, E, F are positive constants with m,n > 1 and A, D € R. The problem (1) models the in-
teractions between two species, with population densities U(x) and V(z), inhabiting the region
Q). Moreover, we are assuming that €2 is fully surrounded by inhospitable areas, because both
population densities are subject to homogeneous Dirichlet boundary conditions. Nonlinear dif-
fusion arises mainly in the porous media equation and it was introduced in population dynamics
n [16]. We refer to [12] and the references therein for details about the model. For the present
model U and V' can interact in three different ways indicated by the sign of the last terms in
the equations: if both of them are negative then U and V compete; if they are positive then U
and V co-operate; and if, for example, the sign is positive in the first equation and negative in
the second one then U and V represent the predator and prey populations respectively.

To study (1), we make an appropiate change of variables (see [12]) and obtain

—Aw™ =w(A—w=xbz) inQ,
—Az"=z(p—z+cw) in (2)
w=2=0 on 01,

where A\, € R and b,¢c > 0.

When m = n = 1, (2) is the classical Lotka-Volterra model which has been widely studied
in the last years: see [4], [6], [8], [9], [15], [23], [26], [28] in competition, [4], [9], [10], [21], [25] in
predator-prey and [11], [19], [22], [24], [27] in symbiosis, for instance.

When m,n > 1 there exists an important change in the behaviour of the solutions of (2).
More precisely, it is possible that one species (or both) is nonnegative but not strictly positive,
i.e. there exist some subsets of  with strictly positive measures where the species does not
survive. We call them “dead cores” (see [14]). For that, we distinguish two types of nontrivial
nonnegative solutions of (2); those with both components positive, the coexistence states, and
those where at least one component could have a dead core, the semi-coexistence states.

We now describe the distribution and the contents of this work. In Section 2 we study the
single boundary value problem

—Aw™ = w(a(z) —dw) in £,
{ w = 0 on 0, (3)

which appears when one of the species is zero and where a € C%(Q2), a € (0,1), m > 1 and
d > 0. If m = 1 it is known that (3) admits a unique positive solution if and only if o$}(—a) < 0,
where 0? (q) stands for the principal eigenvalue of the problem
—Aw+q(x)w = ow inQ,
w = 0 on 0f2,



with ¢ € L*>(€). The particular case m > 1 and d = 0 has been studied in [1], [2], [3] and [17].
Thus, we focus on the case m > 1 and d > 0 which has been previously analyzed in [17] and

[30]. To state our main results, we need the following notation. For any a € C%(€2) we denote

ar, := mina(z) ap = maxa(z).
z€Q z€N

In Theorem 1 we obtain some results concerning existence and uniqueness of nonnegative solu-
tions of (3) which can be summarized as follows:

e If ay > 0 and 1 < m < 2 then there exists a unique positive solution of (3).
o If aps > 0 then there exists at least a nonnegative solution of (3).
o If apr < 0 then (3) does not admit a nonnegative solution.
Particular attention is paid to the existence of a dead core for solutions of (3). We show:

e If either a;, > 0 or a, =0 and 1 < m < 2, any solution of (3) is positive and so it has not
a dead core.

e Ifar, =0, m > 2 and Ay :=int{z € Q: a(z) = 0} # 0, there exists a positive constant
C = C(N,d,e) such that if ap; < C then any nonnegative solution of (3) has a dead core,
where € > 0 is the radius of a ball contained in Ay.

When a changes sign, we write a;(z) := a¥(z) — ta™ (z) where a™(z) := max{0, +a(z)} and for
any t > 0 and R > 0 we consider the sets

N(R,t):={xz€Q: a (z) > %}, M(R,t) :={x € N(R,t) : dist(x,ON(R,t)\0Q) > Cr},
with
(i)m d
Cr:=| N/ ! i
2 Jo

[/0 (RvY™ + dv?/m)dy)'/?

With this notation, we obtain that if M (R, t) # () for some ¢t > 0 and R > 0 then any nonnegative
solution of (3) has a dead core. Moreover, we consider ¢ as parameter and we obtain information
about the qualitative behaviour of the nonnegative solutions of (3). Our results in this direction
can be stated in the following general terms:

e There exists ¢y > 0 such that if ¢ > ¢; then any nonnegative solution of (3) has a dead
core.

e If 1 < m < 2 there exists t; > 0 such that if 0 < ¢ < ¢; then any nonnegative solution of
(3) is positive.

e If m > 2 there exist dy > 0 and ty(dp) > 0 such that if 0 < t < ¢y(dp) then any nonnegative
solution of (3) has a dead core.



These results improve and extend those in [30] (See Remark 5 and Section 2).

In Section 3 we analyze the system (2) in the three classical interactions: predator-prey, com-
petition and symbiosis. The prey-predator case has been investigated in [7], [18], [20], [29], [31];
competition one in [7], [29]; and lastly, the symbiosis one in [7]. We consider A and p as principal
parameters and we study the set of values of (\, i) for which (2) admits a semi-coexistence or
coexistence state. On the other hand, we obtain a priori bounds for nonnegative solutions of (2)
which are the key to get the non-existence regions of nonnegative solutions in the (A, u)-plane.
We should notice that our results improve in some sense those in the above mentioned works
(see Remarks 8, 9 and 11).

Now, we are interested in the existence of a dead core for any nonnegative solution of (2). This
has been previously studied in the cases of prey-predator and competition in [18] and [29]. To get
results concerning this subject, we apply the results of Section 2 and obtain for the prey-predator
case:

e For fixed A > 0, there exists po(A) > 0 such that if 0 < u < po(A) any nonnegative solution
of (2) has a dead core.

e For fixed p > 0, there exist A\o(p) < 0 and € > 0 such that if A < Ag(u) there is no
nonnegative solution of (2) and if A € (Ao(u), Ao(p) + €) any nonnegative solution of (2)
has a dead core.

e For fixed A, 1, b > 0, there exists ¢ > 0 such that if ¢ > ¢p any nonnegative solution of (2)
has a dead core.

In the case of competition, we have:

e For fixed A\ > 0 (resp. p > 0), there exists po(A) > 0 (resp. Ao(p) > 0) such that if
0 < p < po(N) (resp. 0 < A< A\o(p)) any nonnegative solution of (2) has a dead core.

e For fixed A\, u > 0 and ¢ > 0 (resp. b > 0), there exists bg > 0 (resp. ¢p > 0) such that if
b > by (resp. ¢ > ¢p) any nonnegative solution of (2) has a dead core.

Moreover, in this Section we will give a biological interpretation to these results.

2 The logistic equation with nonlinear diffusion

In this paper we use the following notation: € is a bounded domain in RY with a smooth enough
boundary 9. For fixed a > 0, we consider the spaces U := {w € C>*(Q2) : w = 0 on IN}
and V := C%(Q) ordered by their cones of nonnegative functions Py := {w € U : w > 0} and
Pyi={weV:w>0} Wewill write f > gif f-geP, f>gif f-geP—{0}and f>g
if f — g € P, where P denotes the interior of P. Moreover, for any f € V we denote

fyi=max f(z)  fr:=min f(z).

e e



Let a € V, m > 1 and d > 0, we consider the logistic equation with nonlinear diffusion, namely

—Aw™ = a(z)w—dw? in Q, (@)
w = 0 on 0€.

Given g € L>(Q), o$}(q) stands for the first eigenvalue of

—Aw+q(x)w = ow inQ, (5)
w = 0 on 0f2,

whose corresponding associated eigenfunction (p? [q] can be chosen such that cp?[q] > 0 and
llo[4]]lse = 1. Moreover, due to the strong maximun principle, we have

¢ q]
on

<0 (6)

where n is the outward unit normal at 9. Finally, we write 0! := ¢$}(0) and ¢ := ©$[0].
To study (4), we perform the change of variables w™ = u and we obtain

—Au = a(z)ut/™ —du*™ in Q, (7
u = 0 on 0€2.

For the existence and uniqueness of nonnegative solutions of (7), the main result is the following
one:

Theorem 1 Leta €V, d >0 and m > 1. The following assertions are true:

1. If a > 0, then there exists a solution uw € U of (7) with u > 0. Moreover, if m < 2 the
solution is unique.

2. If a > 0 and m < 2, then there exists a unique solution uw € U of (7) with u > 0.

3. If there exists xog € Q such that a(xo) > 0, then there exists at least a solution u € U of
(7) with u > 0.

Remark 1 Ifa <0 then u = 0 is the unique nonnegative solution of (7) owing to the mazximum
principle. On the other hand, observe that the function a can change of sign in case 3.

Proof. We will apply the sub-supersolution method. By the regularity of a there exist xg € Q
and r > 0 such that
a(x) > ag >0, forxz € B(xg,r),

where B(zg,7) is the ball of radius r > 0 centered at zp. Now, we define the function

Qf : /
et (x) ifreq,
@) = { 0 if z € O\,



with ' = Q in the case 1 and ' = B(xg,r) in the other cases. We will show that u = p¢ is a
subsolution of (7) with p a positive constant. Indeed, we can take p > 0 such that

By (6) we can use Lemma I.1 of [3] and conclude that u is a subsolution of (7). As a supersolution
we pick w = M, with M > 0 a sufficiently large constant. Moreover, it is easy to see that

ap \™
[ulloo < M := a4 (8)
for any solution u of (7). So, there exists at least a solution v € U such that u < u < .
Clearly u > 0 in the first case. Now, we show that v > 0 in the case 2 by applying the strong
maximum principle. Let w > 0 be a solution of (7); it suffices to find a constant K > 0 such
that (—A + K)u > 0, or equivalently

K > du®™ " — a(z)u™ ", with u € (0, M], 9)

which follows from hypotheses and so u > 0.
For the uniqueness we use [5]. We define the map

a(x)tl/m — dt2/m
t

t— g(x,t) = = a(z)t/™t — q2/m1

It is not hard to prove that this application is decreasing in the cases a > 0 and m < 2 as well
as a > 0 and m < 2. It remains to prove the uniqueness in the case m = 2 and a > 0. Let
u1 and ug be two arbitrary solutions of (7). Now, the function g is nonincreasing, so by the
Remark 1 of [5], it follows that there exists a constant C' such that u; = Cuy. Hence,

a(@)ul? — duy = —Auy = —A(Cuz) = Cla(w)uy® - duz) = Cale)u’? - duy

from which
a(z)CY2ul/* (1 — CcV/?) =0,

and therefore C' = 1. This completes the proof.

Remark 2 1.- When ay, > 0 there exists a unique positive solution of (7) provided that

a m— 2
m>2 and it

ay  m-—1"
Indeed, it can be proved that the function t — g(x,t) defined in the proof of Theorem 1 is
decreasing.
2.- In the particular case a(x) = A = cte it is known, cf. [13], that there exists a unique positive
solution of (7) if and only if X > 0.

3.- When a > 0 and m > 1, any solution of (7) is positive in Q. In this case, it is easy to prove
the existence of the constant K satisfying (9).



;From the priori bound (8) follows the existence of a nontrivial maximal solution of (7) which
we denote by 0, 4, We will take 0, 4,y =0 if a <0.

The next result will be very useful to compare positive solutions of different logistic boundary
value problems.

Proposition 1 Let a,b e V.

1. If w is a subsolution of (7), then

2. If a < b, then
Ota,dm] < Op,dm)-

Proof. Let u be a subsolution of (7). As sufficiently large constants, say K > 0, are supersolu-
tions, then there exists a solution u of (7) such that u < v < K. From the maximality of 8}, g )
it follows that u < 6|, 4,,,. For the second part it is enough to prove that 6}, 4 ,,] is a subsolution
of
—Aw = b(z)w'/™ —dw*™ in Q,
w = 0 on 0,

and apply the previous result.

2.1 Existence of a “dead core”

In this subsection we shall consider the existence of a “dead core” for solutions u of (7), i.e., we
will show that the set Qg := {x € Q: u(z) = 0} has a strictly positive measure under suitable
easily checked hypotheses on a, d, m, Q and N.
Assume that a > 0 and

A :=int{z € Q: a(x) =0} # 0.

Theorem 1 ensures that if m < 2 any nonnegative solution of (7) is positive. Our principal result
is:

Theorem 2 Let m > 2, a >0 and Ayg = int{x € Q: a(x) =0} #0. Let xy € Ay and € > 0 be
such that B(xg,2¢) C Ao and assume that
m—1 2

dm—2gm—2
au < < — (10)

la(g =1+ 55)]m=

with ¢ = 2m/(m — 2). Then there exists a dead core for any u > 0 solution of (7). Moreover,
we have
Qo ={z € Q: u(z) =0} D B(xop,e).



Proof. Let xg € Ag and € > 0 be such that B(zg,2¢) C Ag. We will build a function which is
zero in B(zg,¢) C ) and bigger than the maximal solution of (7). Without loss of generality we
can suppose that zg = 0. We consider the function

0 if z € B(0,¢),
U(z) =4 WD i 4 e B(0,2¢)\B(0, ),
1 if z € Q\B(0, 2¢).

It is clear that ¥ € H'(£2). We will show that the function u? := KU satisfies
Ola,a,m) < u  in Q,
with an appropiate constant K. Taking
K > (2" (11)

we have u® > Ola,d,m) in Q\B(0,2¢) from (8). We will prove now that (01, qm) — u?)T =0 in
B(0,2¢). It is sufficient to prove that

Lo 1900~ <0, (12
B(0,2¢)
because (0[,4,m] — u’)* =0 on dB(0,2¢). Let ¢ € H}(B(0,2¢)), ¢ > 0. Then

/ Y (Oia.dom) — 1) - Vb = / Vbl V9~ K / VU .V =
B(0,2¢) B(0,2¢)

B(0,2¢)\B(0,¢)

owv
gL/m do ) +K/ AV ¢— K .
/B(0,25) adm)(UT) = Bl 4.m)¢ B(0,20)\B(0,) ¢ 9B(0,c) On

Now using that 0¥ /0n = 0 on 0B(0,¢) and a(z) = 0 in B(0,2¢), we find that

/ V (Oladom — 1) - V6 < —/ a6z 6+ K/ AT - ¢ =
B(0,2¢) B(0,2¢) B(0,2¢)\B(0,¢)

N -1
= — d92/m +/ d92/m g x _5‘1_2 _1+ ol— e .
/B(O,s) [a’d’m](b 3(0’25)\3(075)( fa.dm] T (gq (Jz] = )" (q 7] (lz[ —€))))o
Taking ¢ = (0}4,4, — u°)*, we obtain
Lo 19 0am — )P <
(O 2¢)

m N -1
< / (- d9[2a/dm} + K( Szl =) (g -1+ (I = €)))) (Opasam) — u®) "
B(0,26)\B(0,€) 2|
(13)

Using (13) and noting that ¢ — 2 = 2¢q/m, to prove (12) it is sufficient to show that
N —
|z

1
Kl—?/mé—%(q_l_{_ (x| —€)) =d <0 x € B(0,2¢)\B(0,¢).



We denote Yy 1-2)
K—=/m Kt—=/m
i ql¢—1)—d and Ky = g(N —1).

K :

We must prove that
K
Ki+Ky<e—2 fore< |z| < 2e. (14)

|z|
Assume that N > 2. If Ky 4+ Ko < 0, (14) is trivial because Ky > 0. If Kj + Ky > 0, (14) is

equivalent to

K
|z] < e——2
K1+ Ky

This inequality is true in B(0,2¢)\B(0,¢) if
2K + K2 < 0. (15)

If N =1 then Ky = 0, and so (15) is equivalent to be K; < 0. It is not hard to prove from (10)
the existence of a constant K satisfying (11) and (15). This finishes the proof.

Remark 3 We remark that the constant

m—1 2
dm72 gm—2

C:=C(d,e,m,N) = YT
lq(q — 1+ =5=)]==

satisfies C' T 400 as d T 400 ore T +oo. Then, if a > 0 is given, Qg exists if d is large enough.
On the other hand, if d is given, Qq exists if apr is sufficiently small or if Ag is large.

Now we consider the case where a changes sign. Let ¢t € R™ and we define
at(z) == at(z) — ta” (x)

where a®(z) := max{0,+a(z)} and we suppose that a™ # 0. The aim is now to study the
existence of a dead core of solutions of

(16)

—Au = a(z)ut/™ —du*™ in Q,
u = 0 on 0,

with ¢ as a parameter. To prove the main result we need the following Lemma motivated by
Lemma 7 in [30].

Lemma 1 Let R > 0,

R /N/Jroo ds
0=\ &5 S
2 Jo [/ (Ryl/m+dy2/m)dy]1/2
0



and hg : [0, Ry) — Ry, be implicitly defined by

[fﬂﬂ[/$( ds lm::VCir (17)

RuM™ 4 ™) dy]
0

Then hr € C%(0, Ry), hg(0) = h'z(0) = 0 and for any z,z¢ € RY
~Ahp(Je = wol) + dhi{™ (jx = o) + Rhf™ (2 — o)) = 0.

Proof. Firstly, observe that Ry = +oco if m > 2 and Ry < +oo if m < 2. It is not difficult
to prove that for any o > 0 there exists a unique value of hr(rg) satisfying (17). Moreover,
hr(0) = 0 and the first claim follows from the implicit function theorem. On the other hand,
from (17) it is easy to show that

(o)

Walr) = L[ (R4 a2 s R () = SRR )+ A ),

0
Hence,
—Ahg(|lz — zo]) + dhém(\x — xo|) + Rh%m(\x —x0]) =
N-1 - N-1
= —hp(r) = == ha(r) +dhyl" + Ry " (r) = === g(r),

where

hr(r)
g(r) = (RRY™ () + dh3{™ (r))r — VN / U (RsYm 4 ds?/myds] V2,
0
It is clear that ¢(0) = 0 and

g'(r) [Rhp(r) =™ 4 2dhg(r) =™ M i (r),

T
m

and so g > 0. This completes the proof.

We consider the sets

N(R,t):={x€Q: a (z) >

ot
IN ™
Cp = 5/ d ] ds ‘
0 [/ (RUl/m+dV2/m)dV]1/2
0

The main result is the following one:

}, M(R,t):={x € N(R,t): dist(x,ON(R,t)\0Q) > Cgr},

| =

where

Theorem 3 Assume m > 1 and that for some R > 0 and t > 0, M(R,t) # 0. Then there
exists a dead core for any solution u of (16). Moreover, we have

Qo ={ze€Q: ulx)=0} D M(R,1).

10



Proof. Let xy € M(R,t). Then

B(xg,CRr) C N(R,t).
We consider the map

w(z) := hp(lz — o),

which is well-defined in B(zg,CRr) because Cr < Rp. Hence, by Lemma 1, it follows that

—A(w = 04, am)) > R(Hl/m —w'/™) + d(6?2/m —w?™) in B(xo, CR).

lat,d,m)] lat,d,m]
Now we study the behaviour on 0B(xo,CRr). If z € dB(zg,Cg), then

a+
w(r) = hr(Cr) = (TM)m > Ojay,dm)(T)-

The maximum principle implies that w > 6|4, 4, in B(wo,Cgr). Since w(zp) = 0, then
0jas,d,m] (T0) = 0. This concludes the proof.

Remark 4 We could formulate a similar result with R = 0 assuming that m > 2.

It seems reasonable that for large ¢, (16) should have a dead core. The following result shows
this fact.

Corollary 1 Let m > 1 and d > 0. Then there exists tyg > 0 such that for t > tg any solution
of (16) has a dead core.

Proof. We take R(t) = t'/2. Then
_ 1

It is easy to show that if t; < to then N(R(t1),t1) C N(R(t2),t2). On the other hand, there

exist £ > 0 (it is enough to take > 1), zg € Q and r¢ > 0 such that

(@)
B(zg,r0) C N(R(t),t) C N(R(t),t), for anyt>t.
Since Cr(py | 0 as ¢ T oo, there exists ¢ > 0 such that if ¢ > ¢ then
CRr(ty < To-
Hence, taking to := max{¢,t}, for t >ty we obtain
dist(xo, ON(R(t),t)\0Q) > dist(zo, 0B(x0,70)\02) = 10 > Crp),
and therefore M (R(t),t) # (. The result now follows from Theorem 3.

The case t = 0 has been studied in Theorem 2. We now see what happens when ¢ is positive
and small. In [30] the authors presented an example in which there is not a dead core when ¢ is
positive and small. Their reasoning can be generalized in the spatial dimension as well as the
generality of a;. The proof of this result is rather similar to the one written in [30] and so we
omit it here.

11



Corollary 2 Let 1 < m < 2. Then there exists tg > 0 such that for 0 < t < tg, any solution of
(16) is positive.

The following result says us that the above one is not true in general in the case m > 2.

Corollary 3 Assume m > 2. Then there exist dy > 0 and to(dy) > 0 such that for 0 <t < to,
any solution of (16) has a dead core.

Proof. We take R(t) = t2. Then N(R(t),t) = {x € Q: a (x) > t}. Let 79 € Q be such that
a” (x9) = (a~ ) and let C be the connected component of Q such that zy € C. Let rg > 0 be
such that B(zg,r9) C C and

0<a:=(a")rL in B(zo,r0).

Since Cr(y < Cp and Cp | 0 as d T oo (see Remark 4), then there exists dy > 0 such that
Cr) <ro for d > do.
Let 0 < tg < a. Then, for t < ty we get
B(xg,70) C N(R(to),t0) C N(R(t),t).
As in Corollary 1 it follows that M (R(to),to) # 0. This completes the proof.

Remark 5 1. Note that givent > 0, if aps | 0 ord T +00 then there exists a dead core of the
solutions of (16). Indeed, for fized ty > 0, let xg € Q be such that a™(xg) = (a™)p > 0.
Then there exist Ry > 0 sufficiently small (0 < Ry < (a™)ar) and ro(Ro) > 0 such that

B(xo,m0(Ro)) C N(Ro, to).
Moreover, Cr | 0 as aps | 0 or d T 0o. So, we can reason as in the preceding corollaries

and prove that M(Ry,to) # 0. It is sufficent to apply Theorem 3.

2. We would like to point out that Theorem 3 improves the result obtained in [30] where the
authors proved the same result with

Is]
&‘34»

N ( ) ds
G [ [
2R Jo [/ ML/
0

5]

instead of C'r. It is clear that 6; > Cg.

12



3 Systems

As we have mentioned in the Introduction, in this section we will apply the preceding results to
the following systems
—Aw™ =w(A—w=xbz) inQ,
—Az"=z(p—z+cw) in (18)
w=z=0 on 012,

where b,c¢ > 0 and A, u € R. Performing the change of variables w™ = w and 2" = v, (18) can
be rewritten as
—Au = \ul/™ — 2/ 4 /Myl in Q)
—Av = /" — 2" £ et/ in Q, (19)
u=v=0 on 0f).

3.1 Predator-prey

We consider the following problem

—Au = \ul/™ — /M pyt/myl/n in Q,
—Av = /" — 2" — et/ in Q, (20)
u=v=0 on 0f),

where u and v denote the predator and prey populations respectively.

Lemma 2 The condition p > 0 is necessary for the existence of coexistence and semi-coexistence
states.

The proof follows from applying the maximum principle to second equation in (20).

Firstly, we focus our attention on the existence of semi-coexistence states. We consider (A, u)
as parameters and study the set of values of (A, u) in (A, u)-plane where semi-coexistence states
exist.

Hereafter we shall denote 0, ,,) := 0[4 1, and

Oro =0T 0,0:=0""

[Am] [1,n]?
and for r > 0,
. pl/m . pl/n
Oxrrt1 := 0[)\+b9u’7.7m} 0 r+1 = H[M_w“,n].
Then, for r > 1
—A(HKLT) =0y, (A +00,,—1—60rr), —A(Hﬁﬂn) =0, (p—cOxrr_1—0ur). (21)

With respect to the existence of semi-coexistence states, our main result is the following one:

Theorem 4 Assume p > 0 and that the set
Q= int{r € Q: X+ b0,2(x) >0} # 0. (22)

Then there exists at least one semi-coexistence state of (20).

13



Proof. We use the sub-supersolution method, see [12], i.e, we have to find u,u,v,v € H(Q)N
L>*(Q),u<uwandv <7inQ,u <0 <wand v <0 <7 on JN and such that for any ¢ € H&(Q),
i > 0 we have

VQ' VQO < ()\Ql/m o QQ/m + b@l/myl/n)(p,

Vu-Ve > [ (/™ —a?™ 4+ but/mpt ),

2
S— 5

(23)
Vv -V < / (Myl/n _ yz/n . Cyl/nﬂl/m)()@
Q

Vo -V > / (po'/™ — o — gy,
Q Q

Let B; be an open ball such that By C ;. We pick

(w, 1) = (pg,051), (v,0) = (6}2,0,0)

where p > 0 has still to be specified and

B .
R 8011(:1") lf:EE Bla
$(@) = { 0 if z € Q\B.

,JFrom Proposition 1 we have v < ¥ and we can choose p such that u < u. We must prove only
the inequalities in (23). We will show the first one, the other ones follow from (21) directly. Let
¢ € Hj(Q), ¢ > 0. Then

&pBl
/vg-vgo:p/ Vs@'fl'V@:—p/ Awflwwrp/ al
Q B1 B1 0B1 n

< p/B 0.13190131 o< pl/m/ﬂ(Ad)l/m _pl/m¢2/m+b¢l/myl/n)w _ /gzgl/m()\_ﬂl/m+bgl/n)s0
1

taking p sufficiently small and using (22). Finally, we claim that 6,,» > 0. Indeed, since p > 0
it follows from Theorem 1 that 6,0 > 0. Moreover, the set

Qo :=int{x € Q: p—clyi(z) >0} #0,

and so, the claim follows from Theorem 1. 3). This completes the proof.

Remark 6 Observe that, since 0,2 > 0, condition (22) is true for any X\ such that
A> —=b(lu2) M-

The following result gives us a priori bounds for the semi-coexistence states.

Proposition 2 Let (u,v) be a semi-coeristence state of (20). Then

G[A,m] <u< ()‘ + b/")mv U< e[u,n]' (24)

14



Proof. Let (u,v) be a semi-coexistence state of (20). It can be proved easily that v is a
subsolution of (7) with a(z) = p. The second relation of (24) follows from Proposition 1.

The left inequality of the first relation of (24) follows as u a supersolution of (7) with a(x) = A
and the positive solution of this equation is unique.

Now we show the right inequality. We define Q; = {z € Q: «'/™(z) > A + bu}. Then,

—Au < bu/" (V" — ) <0 in Q.

Hence |©21] = 0 and the result follows.
[ ]

As an easy consequence from Proposition 2 we obtain the following result, which provides us of
a non-existence region of nonnegative solutions.

Corollary 4 Assume A+ bu < 0. Then (20) does not admit a semi-coezistence state.
Proof. {From (24) and (8), we have A + bv'/™ < X\ + bu. Hence,
“Au = )\ul/m . u2/m + bul/mvl/n _ ()\ + bvl/n)ul/m - u2/m < ()\ + bﬂ)ul/m - u2/m‘

The result now follows from Remark 1.
[

Now we are interested in the existence of coexistence states. We proved in [12] the following
result that we include here for the sake of completeness.

Theorem 5 Assume bc <1 and
A>0 and  p>c(A+bp). (25)
Then there exists at least one coexistence state of (20).

;From Theorems 4 and 5 a natural question is raised: is there a region in the (A, u)-plane where
(20) possesses at least a semi-coexistence state but not a coexistence state, i.e., a region where
any nonnegative solution of (20) has a dead core? We present a couple of results about this
subject. The first one provides us a region in the (A, u)-plane where any nonnegative solution
of (20) is positive.

Proposition 3 Assume be < 1 and that A and p satisfy (25). Then any semi-coexistence state
of (20) is a coeristence state, i.e., there is not a dead core.

Proof. Let (u,v) be a semi-coexistence state of (20). Then
—Au = ul/™(\ + bol/") — w2/, —Av = oM — cul/™) — 02/,

On the other hand, if A and u satisfy (25), we get A + bw'/" >0 and p—cut/™ > 0. Hence,
using Remark 2. 3) the result follows.

that The following result gives us conditions in terms of the coefficients in the model setting
which ensure that any nonnegative solution of (20) has a dead core.
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Theorem 6 The following assertions are true:

1. Assume A > 0. Then there exists p(\) > 0 such that if 0 < p < p(\) any nonnegative
solution of (20) has a dead core.

2. Assume pn > 0. Then there exists Ao(p) < 0 and € > 0 such that if X € (Ao(p), Ao(p) + €)
any nonnegative solution of (20) has a dead core.

3. Assume > 0 and X\ > 0. Then there exists cg > 0 such that if ¢ > co any nonnegative
solution of (20) has a dead core.

Proof. Using Propositions 1 and 2 it is easy to prove that for any nonnegative solution (u,v) of
(20) we have

us 0[A+b0[1‘{;;],m] vs 9[#_(;9[1(,’:1],71}’ (26)
and so,
Quo={zeQ: ux)=0} D{re: 9[A+b0[1u/2]7m](x) =0},
Qo:={recQ: v(x)=0}D{rec: Q[M%O[l{;nn]’n] (x) = 0}.

To prove the first part we will use Theorem 3 and Remark 5. In this case

a(r) = p— 69[1)\/7:;} ().

Hence ayy = pand A= ={z € Q: p— 09[1/\/7:1](95) < 0}. Let zgp € Q and R > 0 be such that
1/m 1/m m
9[1,,”} (o) = (ep\/,m})M and c(9[1< )y — R > 0. We define
B(zx) := CHKWJL] (x) — R,

and so,
N(R,1):=N(p) ={z€Q: p<B(x)}.

It is easily seen that if u; < s then
N(p2) C N(p)- (27)
Let § > 0 be such that 0 < ¢ < 0(9[1/\/7:1])]\/[ — R and define

fo = 0(9[1)\/77:1])]\/[ —R-6.

With these choices we can see that 9 € N(uo) and from the continuity of B(z) there exists
T > 0 such that B(xg,7,,) C N(uo). Moreover, from (27) we get

B(z0,74,) C N(po) C N(p) for p € [0, po)-

On the other hand, if | 0 then ap; = p | 0, and so Cr | 0. Thus, there exists u; > 0 such
that if 0 < p < p1 then Cr < ry,. Finally, we take p := min{ug, 1}. Thus, for p € (0, p)

Cr <ry, and B(zg,ru) C N(u)
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and so,
dist(xo, ON (u)\0) > dist(xo, 0B(x0,7u,)\0Q) = 1,9 > Cr.

Therefore M(R,1) # ), and so the first part follows from Theorem 3.
In order to prove the second part let

a(z) = A+ 07" (2)

[1,m]
and so,
ant = A+ b0}/ ).
We take

Xo = —b(O " ar-

It is clear that if A > Ag then ap; > 0. Let R and § be such that 0 < R < § < —)\g. Thus, for
A € (Ao, —6] the set

N(R1) ={zeQ: A< —R—b0/" (2)} #0.

Observe that if A | )\(J{ then aps | 0, and so Cr | 0. Now, reasoning as in the above paragraph,
the result follows.
To prove the last part we fix A, u > 0. We take R = ¢'/2 and denote by N(R, 1) := N(c). Thus,

1/2
N()={zeQ: % < 0}/™ (@)},
Observe that the function 1/2
+c
fle) =P

is decreasing and tends to 0 as ¢ T co. Moreover, if ¢; < ¢z then N(c;) C N(c2). Hence, for ¢
sufficiently large we get N(c) # (). Finally, observe that CR(e) 1 0 as ¢ T co. We can complete
the proof by using an argument similar to that used previously.

Remark 7 We can give a biological interpretation of the above result. In the part 1 we fir the
predator’s growth rate. Then if the prey’s growth rate is small, the prey do not live in all the
space §), i.e., there exist some subregions of () where the prey is driven to extinction by the
predator. On the other hand, in part 3 if the rate at which the prey is consumed by the predator
(the parameter c in the setting of the system (20)) is sufficiently large, then there exist some
areas where the prey do not exist.

In part 2, from (26) observe that if A < —b(G[IL{Z])M := Ao then there are no semi-coexistence

states of (20). Theorem 6 ensures that (20) does not admit a coexistence state if X € (Mg, \o+¢€).

Remark 8 Our results are improvement on previous results papers. Indeed, in [20] the authors
obtained under condition (25) the existence of a coexistence state of (20) but only in the particular
case 1 <m =mn < 2. In [7] the authors showed the existence of a semi-coexistence state when \
and p satisfy (25). It is clear that condition (22) is weaker than (25).

17



3.2 Competition

Consider the following model whose solutions represent the steady states of dynamical models
of competing populations

—Au = /™ — g 2im g/l i Q)
—Av = pot/m — 2/ — et/ tim in Q, (28)
U=0v= on 0f).

Concerning the existence of semi-coexistence states, we have the following result:
Theorem 7 (28) possesses a semi-coezistence state if and only if A > 0 and p > 0.

Proof. Let (u,v) be a semi-coexistence state of (28). Then the maximum principle ensures that
A and p have to be positive. Assume now A, > 0. It is clear that
Bii={ze€Q: X=b0" ()>0} #£0, Byi={xeQ:p—chl(x)>0}£0.  (29)

We have to find a couple (u,w) — (v,7) of sub-supersolutions of (28), see [12], i.e. w,u,v,T €
H2(Q)NL®Q),u<Tand v <7in Qand u <0 <7 and v <0 <7 on I and such that

—AQ < Aﬂl/m . QQ/m . bgl/mﬁl/n in 97
— AT > \gt/™ —g2/m — pgt/myl/n i Q)
—AQ < Myl/n _ QQ/n _ cyl/nﬂl/m in 97
—AT > u@l/” —p2/n — et/ t/min Q.

(30)

We pick

(u, ) = (0 (v,9) = (0

p—co{ o Olm)

1 0
[A—bo)] M/Z pm)’ m)) I

Using (29) and Theorem 1, it can be shown that u > 0, v > 0. Moreover, from Proposition 1,
u <7wand v <7in Q. It is not hard to prove that this couple satisfies the inequalities in (30)
and this completes the proof.

The proofs of the following results are similar to the predator-prey ones, so we omit them.

Proposition 4 Let (u,v) be a semi-coeristence state of (28). Then
w<Opm V<O (31)

With respect to the existence of coexistence states we have the following result whose proof can
be found in [12].

Theorem 8 Assume bc <1 and
A> by and > cA. (32)

Then there exists at least one coexistence state of (28).
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Finally, concerning conditions on A and p under which any coexistence state has not a dead
core, we obtain:

Proposition 5 Assume bc < 1 and that X\ and p satisfy (32). Then any nonnegative solution
of (28) has not a dead core.

The following result gives us conditions which ensure that any nonnegative solution of (28) has
a dead core.

Theorem 9 The following assertions are true:

1. Assume X > 0. Then there exists u(X\) > 0 such that if 0 < p < u(\) any nonnegative
solution of (28) has a dead core.

2. Assume p > 0. Then there exists A(uu) > 0 such that if 0 < X < A(u) any nonnegative
solution of (28) has a dead core.

3. Assume A\, >0 and b > 0. Then there exists co > 0 such that if ¢ > ¢y any nonnegative
solution of (28) has a dead core.

4. Assume A\, > 0 and ¢ > 0. Then there exists by > 0 such that if b > by any nonnegative
solution of (28) has a dead core.

Proof. We will prove the first and third parts. The other ones follow similarly. We claim that
for any nonnegative solution (u,v) of (28), we have
v <6

;m]’ = lu—co'/™
[,u,—cQ[A m] ,n] [A—b6

o (33)

Yo

[1,n]

Indeed, using Proposition 1 it is sufficient to show that u is subsolution of

{—Aw — A= })wl/m

—w¥™ in Q,
[,U,—CQ[A’m],n

w = 0 on 01},

which is true if 8 1/m

b < v. ;From Propositions 4 and 1, it follows that
[A,m]

7n]

=0 m g >0 mo
v [u—cul/™n] = [u—cﬂ[l)\/,m],n]
This proves the first relation of (33). The second one follows analogously. So, from (33) we have

Qo={zeQ:ux)=0}D>{xre:0 ’m](:c):O},

b0t/
[,u,fcap\ym] ,n]

Qo={zeQ:vx)=0}D{re: H[Mfcgl/m

[A—bol/™

()™

We now prove the first part. For fixed A > 0, we consider

_nl/m
69[,\—1;91/” ]

[.n)"™

a(z) = p (z),
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and so apr = p. As A > 0, the set {z € Q: /\—bﬁl/z](aﬁ) > 0} # 0 and thus

[k,
G[A—bHﬁf,Z]vm] >0 for pu>0.
Let
a(x,p) = 69[1/\/29[1:,217 ](CL’)
i From Proposition 1, if u1 < ps then
a(@, p2) < a(z, p). (34)

On the other hand, a(x,0) = C@KZ] > 0 and so there exists g > 0 such that for 0 < p < g
we have
0 < p < (a(z,po))m < (alz, p))m.

By the continuity of a(z, up) there exists Ry > 0 such that for p < po the set
{z €Q: p<alz,p) — Ro} # 0.
Hence,
N() i= N(Ro,1) = {2 € @ < a(w,p) — Ro} > {z € Q: g < alw, o) — Ro} # 0.

Finally, from (34) it follows easily that if u; < ps then N(u2) C N(u1). Now we can reason as
in the first part of Theorem 6.
We will prove the third part. For fixed A\, u > 0 and b > 0, we consider the same function a(x)
as above. In this case, we have

N(R,1):==N(c)={z €Q:

p+ R m
<o) (@)},

— 1/n
[A—b0, /" m]

and again arguing as for the second part of Theorem 6 the proof follows.

[ ]

Remark 9 1. Theorem 9 has a biological interpretation similar to Theorem 6 given in Re-
mark 7.

2. The existence of semi-coexistence states of (28) has been studied in [7]. The authors ob-
tained a semi-coexistence state under the condition (32), which is stronger than A, pu > 0.
It seems that the existence of coexistence states of (32) has not been analyzed previously.
3.3 Symbiosis

In this case we consider the cooperative system

—Au = \ul/™ — 2 /Myl in Q)
—Av = /" — 2" 4 e/t in Q) (35)
u=v=0 on Jf2.

Our main result about the existence of semi-coexistence states is the following one:
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Theorem 10 Assume be < 1 and that the sets

Pr={oeQ: p+cfm@) >0} #0  Pyi={reQ: A+b0" (x) >0} #0.

Am (1,

Then there exists at least one semi-coexistence state of (35).

Remark 10 An observation about the way in which the above conditions should be interpreted
is appropriate. If for example A < 0 then 0 ,, =0, and so P, # 0 is equivalent to p > 0.

Proof. Again we use the sub-supersolution method for systems. In this case a couple (u,w)—(v, V)
is sub-supersolution of (35) if, see [12], u,@,v,7 € H*>(Q) N L>®(Q), w <7 and v < T in Q and
u<0<mand v <0 <7on 0 and such that

*AQ < Aﬂl/m _ QQ/m + bgl/myl/n in 97
—AT > Xat/™ — @2/ 4 pgt/mpl/n in Q,
—AQ < ,U&l/n o 22/n + cyl/ngl/m in Q7
—AT > pot/" — g 4 @t/ in Q.

We consider two cases:

1. Assume A < 0. As we have mentioned above, the condition P; # () is equivalent to u > 0.
We take

(u, ) = (0 M) (v,9) = (Q[u,n]a N),

1/n
A-+b0)] ”/’n] m)’

with M, N > 0 constants still to be chosen. Since Py # () then u > 0.
It is easy to show that M and N satisfy (36) provided that

A—MYm 4 pNYT <0, p— NYn 4+ eMUm <o, (37)
Since be < 1 there exist M and N satisfying (37). Thus the proof of case 1 is complete.

2. Assume A > 0. In this case, P, = ). Now we pick

(u, 1) = (Q[A,m]v M) (v,0) = (6[M+691/m n)’ N),

xm)

with M and N as above. This completes the proof.

Again the following results do not need any proof.

Proposition 6 Assume bc < 1 and let (u,v) be a nonnegative solution of (35). Then

A+ bu\™ +eA\"

As an immediate consequence of Proposition 6, we have
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Corollary 5 Assume bc < 1 and either A 4+ by < 0 or p+ cA < 0. Then (35) does not admit a
semi-coexistence state.

We obtain the following result on coexistence states
Theorem 11 Assume bc < 1 and
(A 1) € Ry x R \{(0,0)} (39)
Then (35) possesses at least one coezistence state.
Proof. Assume A, i > 0. We take
(w, @) = (Opm, M) (0,0) = (O, V)

with M and N satisfying (37). It is not difficult to show that this couple is a sub-supersolution
of (35). On the other hand, if for example A\ = 0 and p > 0 we pick

(M, E) = (g[be[lu/f;]’m]j M) (Qa 6) - (9[u,n} ) N)
In this case, M and N have to satisfy the following inequalities
—MYm L pN/m <, p— N7 ept/m <o,

We can reason analogously in the remaining case. This concludes the proof.

The following result can be proved similarly to Proposition 3.

Proposition 7 Assume (39). Then any nonnegative solution of (35) is positive, i.e., it has not
a dead core.

The following result says that the set of (\, u) € R? where (35) has at least a semi-coexistence
state is connected.

Theorem 12 Assume bec < 1. Let us denote
I :={(\p) € R?: (35) has at least a semi-coexistence state in (\, 1)}
Then I' is connected.
Proof. Let (uo,vp) be a semi-coexistence state in (Ao, po). We fix Ag. Let p € [p0, 00) and define
(u, @) = (uo, M) (v,0) = (vo, N)

with M and N satisfying (37). It is not hard to show that this couple is a sub-supersolution of
(35) in (Mg, ). This completes the proof.

Remark 11 To our knowledge, (35) has been only studied previously in [7]. In this work the
authors obtained the existence of a semi-coexistence state under the condition A > 0 and pu > 0.
From Theorem 10, (35) possesses a semi-coexistence state even when A\ or p is negative.
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