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Abstract

In this paper we study a non-homogeneous elliptic Kirchhoff equation with nonlin-
ear reaction term. We analyze the existence and uniqueness of positive solution. The
main novelty is the inclusion of non-homogeneous term making the problem without

a variational structure. We use mainly bifurcation arguments to get the results.
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1 Introduction

In this paper we study the following nonlinear Kirchhoff equation with non-homogeneous
material

—M(z, ||ul|?)Au = Mud in €,
(1.1)

u=0 on 0,

where Q C RV, N > 1, is a bounded and regular domain, 0 < ¢ <1, A € R and

M(z,s) = a() + b(a)s, Hu\zz/Q\Vu]2dx,



with a,b € C7(Q), v € (0,1) and a(x) > ap > 0,b > 0. Equation (1.1) is the steady-state

problem associated to the time dependent problem
uge — M (z, ||ul|?)Au = f in Q x (0,7),
u=0 on 09 x (0,T), (1.2)

u(z,0) = up(z), ue(z,0) =ui(z) in Q,

which models small vertical vibrations of an elastic string with fixed ends when the density
of the material is not constant. The problem (1.2) was proposed by J. L. Lions [17] (see
also [16] and [24]). The elliptic version of (1.2) was studied in [22] and [26] for bounded
and unbounded domains, respectively. In these papers a fixed point argument and the
Galerkin method are used to prove the existence of a solution.

However, in contrast with the non-homogeneous case, when a and b are positive con-
stants the problem has a variational structure and has been investigated extensively during

last years. In [2], [8], [9], [11], [15], [19] and [25] the following problem was studied

~M(|lul®)Au = f(z,u) inQ,
(1.3)

u=20 on 012,

for different properties on f. In [2] and [19] the Mountain Pass Theorem and a truncation
argument is applied to prove the existence of a solution when f is subcritical (see also
[9] for the critical case). In [8] the Mountain Pass Theorem and the Ekeland’s Principle
were used to show the existence of multiple non-trivial solutions of (1.3) with a concave
nonlinearity. In [25] variational results were employed for nonlinearities f which are reso-
nant at an eigenvalue. In [15] existence of positive solutions was showed using topological
degree arguments and variational method for functions f asymptotically linear at zero and

asymptotically 3-linear at infinity. When Q = R” the problem

ul?dx z)u | |—Au z)u] = f(u) in RN
M ([ IVuPds 4 Vo) -t Vi = flu) in RY, -

u € HY(RN),

has been analyzed under appropriate assumptions on V' and f. In [3] it is shown existence

of solution for f subcritical and critical. Multiplicity of solutions were showed in [11], [14],



[19], [27], [28] and [29] using genus or category theory. The case in which the Laplace
operator is replaced by the p-Laplacian or the p(z)-Laplacian has been considered in [6]
and [5] respectively. The case where M is the identity and V(x) = b > 0 is studied in [4]
via minimization and in [13] by a monotonicity trick. For sign changing solutions see the

papers [20], [21] and [30].

The purpose of this paper is to take a first step to study the problem
—M(a, |[ul®)Au = f(z,u)

for general non-linearities f. For that, we have chosen the sublinear case f(z,s) = As?
for 0 < ¢ < 1. We employ two different techniques to study our problem. For the case
q < 1 we use the bifurcation method to show that there exists a positive solution for all
A > 0 and no positive solution for A < 0. This result is similar to the one obtained in the
homogeneous case, although the techniques that we apply are different. In order to apply
the bifurcation method, we need to rewrite (1.1) as a fixed point equation of a compact
operator. For that, we have to deal with the case f = f(z).

For the case ¢ = 1 we have used an argument based on the eigenvalue problems of
elliptic equations and their properties. In this case, we can see the consequences of the
non-homogeneous term b. In this case we show the existence of positive solution for
A € (Ao, A1) where A\g and A; are positive constants; while for the homogeneous case the
existence holds for A > \g, see Section 4 for details.

In all the cases (lineal, ¢ = 1 and ¢ < 1) we have proved the uniqueness of positive
solution of (1.1). In our knowledge, the results are new even in the homogeneous case.

An outline of the paper is as follows: In Section 2 we give a motivation of the non-
homogeneous problem, Section 3 is devoted to the linear case, in Sections 4 and 5 we study

the cases ¢ = 1 and ¢ < 1, respectively.

2 DMotivation of the problem

In this section we would like to deduce (1.2). We point out that problem (1.2) appears,
for example, when one considers small transversal vibrations of an elastic string with fixed

ends which is composed by a non-homogeneous material. In this case, distinct points can



have distinct densities and tensions. Let us consider an elastic string of length L composed
of a non-homogeneous material, resting on the horizontal axis x and with fixed ends at
the points {0, L}. We denote by u(z,t) and 7(x,t), respectively, the displacement and the
tension of point z at the time .

Since we will submit the string to small vibrations, perpendicular to the axis x, we can
consider only the vertical component 7(x,t)siné of 7(x,t), where 6 is an angle such that
sin f ~ % So, by using the Newton’s second law of dynamics, we deduce

0 0%u

—(7(z,t)sin ) = d(z, t)ﬁ’

o (2.1)

where d(z,t) denotes the density at x in the instant t. Again, since the vibrations are

small, we can consider that the variation of 7(z,t) is small, therefore

0 . or . OJsinf 0%u
%(T(m,t) sinf) = %sm@—l—r 5 NT(.ZU,‘[I)@. (2.2)
From (2.1) and (2.2),
0%u 0%u

On the other hand, if we denote by h the area of the cross-section (which we consider
constant) and by F(z) the Young modulus of the material that makes up the point z, it

follows from Hooke’s law and from straightforward computations that

(1) = 7(,0) + PE@) /OL <g;>2dx. (2.4)

2L

Replacing (2.4) in (2.3), we obtain

0%u 7(z,0) hE(x) L ou\? Pu
o2 [d(m,t) + 2Ld(x,t)/0 (ax> dﬂ”] 922~V (2:5)

This last equation is the time-dependent uni-dimensional version of the problem (1.2).

3 The linear case
In this section we analyze the case when f does not depend on u:

—M (z, |[ul*)Au = f(z) inQ,

u=20 on 052,



when f € L*(Q). Let us introduce some notation. Let P := {u € L>®(Q) : u(z) >
0 a.e. © € Q} be the positive cone in L>®(Q) and the set U := PU (—P). Given f € C(Q)

we denote

fri=min f(z),  fu :=max f(z).

z€QN z€Q)
In the following result, we prove the existence of a classical positive solution of (3.1)

as well as the compactness of the solution operator.

Proposition 3.1. For each f € L*>(Q) there exists a solution w of (3.1). Moreover, if
f € U, there exists a unique solution. Furthermore, the operator solution T : U — U

defined by
T(f) = u

18 compact.

Proof. When f = 0 the result is trivial. So, assume that f # 0. We use a fixed point

argument. For any R > 0, ur stands for the unique solution of

—(a(z) + b(x)R)Aug = f(r) in Q,
(3.2)

u=20 on 0f).

Observe that ug is the solution of a linear equation, therefore, by the elliptic regularity

and the continuity in R of

f

MB) = S TR

we deduce that the map R +— upg is continuous. Moreover,

Ml o p < WMl

ar, ar

)

and then ||ug|le < C.

Now, we have to find R such that

_ 2gp — [ _L@ur
R—/QVUR] daU—/Q dx.

Define



we have to find a fixed point of R = g(R). Observe that g(0) > 0. Indeed,

@)
B0 = ()

and so

B f(I)on_ wal2d
9(0)_/Q b _/va o2z > 0.

On the other hand,

f@)lurl 1
o) < [ R e < | flollunlo < C.

This concludes the existence.
We prove the uniqueness. Assume that f € U, for example f € P, and that there exist
two positive solutions u # v. If [, |[Vul*dz = [ |Vv|*dz then it follows that u = v.
Then, assume that [, [Vul*dz > [ |Vv|?dz. Since f > 0, we infer by the maximum

principle that v > w in €. But,

0< /Q(\Vulz — |Vv|]?)dz = /QV(u —v)-V(u+v)de = /Q(u —0)(—=A(u+v))dx <0,

an absurdum.
Let T : U — H(2) N L>®(£2) be the operator defined by T'(f) = u, where u is a weak

solution to

_ f(z) - _
—Au = (@) + b ]2 in 2 and w =0 on 9. (3.3)

We are going to show that 7" is compact. Let (f,) C L*(€2) be a bounded sequence. Then
there is o > 0 such that
[ falloo < a, Vn €N, (3.4)

So, if u, = T(fn) € HF () N L®(2) we have

AU = @ b(@) [P

(3.5)

The elliptic regularity [10] asserts that there is a positive constant Cy that does not depend

on n such that

fn

s <O ||———5
[unl[wzs < Cs a + b||un|?

<o (2) (3.6)
s ar

for all n € IN and s € (1,00). We pick s sufficiently large, by the compact embedding,

there exists a subsequence such that

Up — uw in L®(Q).



In the sequel, we prove the continuity of 7. Let {f,} C L>(Q) and f € L>*(Q) be
such that

fn— fin L(Q). (3.7)

From (3.7) we conclude {f,} is bounded in L*°(2). So, denoting w, = T'(f,) and
arguing as in (3.6) we conclude that {u,} is bounded in W%*(Q) for all s € (1,00). By

the compact embedding we have
uy, — u in L(Q) N HH(Q). (3.8)

From (3.8), it follows that u = T'(f). Therefore T is continuous and the proof is complete.

O
4 Non-linear eigenvalue problem
In this section we study the equation
—M (z, |ul|*)Au = A in €,
(4.1)

u=2~0 on 0f).

In order to show our results, we need to introduce some notation. Given a domain D C €

and a strictly positive function A € C7(2) for some v € (0,1), we denote by A\ (—AA; D)

the principal eigenvalue of the problem

—A(x)Ap =Ap in D,
(4.2)
=0 on 0D.
In the following result we show some properties of A;(—AA; D).

Proposition 4.1.  a) If Dy C Dy C Q, then

M(—=AA; Dy) < M\i(—AA; D).

b) If A; € C7(Q), i = 1,2 are positive functions such that Ay < As in Q, then
Al(—AlA;D) S Al(—AgA;D).



c) Let A, B € C7(Q) be two functions such that A is strictly positive, B > 0, the set
By :=int({z € D: B(z) =0})
is a connected subset of D, and consider the map
Ar(p) = M(=(A+uB)A, D), pn>0.
Then, A\ (p) is a continuous and increasing function and

lim )\1 (M) == )\1(—AA, D), lim )\1(,[1,) == Al(—AA, Bo)
pu—0 p—+00

If Br, > 0 then \(—(A+ uB)A, D) — +00 as p — oo.

Proof. Paragraph a) follows, for instance, by [18, Proposition 3.2].
The proof of b) is as follows. Observe that (4.2) is equivalent to

1
—Ap=A\———.
¥ )\A(:B)SD

If A1 S AQ, then 1/A1 Z 1/A2 Hence, )\1(—A1A;D) S Al(—AgA;D).
We prove now paragraph c). First, A\;(p) is continuous from classical results, see [12].

That A1 (u) is increasing follows by paragraph b).
Assume that By, > 0, then

A(p) = M(=(A+pB)A, D) > M(—(AL + uBL)A, D) = M(=A, D)(AL + uBr),

and we conclude that A\j(u) — oo as p — oc.

On the other hand, assume that By # ), then by a)
M) = M(=(A+pB)A, D) < M(=(A+ pB)A, By) = M(—AA, By),

and so, lim,_.o A1 (1) := Ao < M (—AA, By). Consider now ¢,, the positive eigenfunction

associated to A(p) such that [, goidm = 1. Then,

2
2 0% _ Mi(—A4A, By)
[ 1veuls =) [ e < TR0,

and so {p,} is bounded in H{(2). We can conclude that there exists oo such that

lpmollz = 1 and
Ou— Yoo I L2(), ¢ — ¢oo  in HH(Q) as p — .

8



Take ¢ € C}(By), then

PuP Pup
Vo, Vodr =\ S ) (S TEE g,
/Q ou - Vodz 1(#)/QA+MB:U 1(#)/]30 o

and passing to the limit

Viooo - Vipda = A / Poo% 1z, Wy € CL(Bo).

Bo Bo A

We denote by D any domain such that D C Q\ By and ¢ € C}(D) and assume that

Yoo > 0in D. Then,

Pup Pup
Vo, Vodr =\ PR gy =\ A
/Q ou - Vdz 1(#)/QA+MB:L' 1(IUJ)/DA+MB T

and passing to the limit

/ Voo - Viodz =0, Vo € CH(D).
D

This implies that ¢ is constant, that is, ¢, = 0 in D. This implies that ¢ € H&(Bo),

and then \g = A1 (—AA, By).

The main result in this section is:

O]

Theorem 4.2. Assume that Q := int({z € Q: b(x) = 0}) is a regular sub-domain of Q2.

Then, (4.1) possesses a positive solution if and only if

A€ (Al(—aA; Q), Al(—aA; Qo)),

(4.3)

where we denote by A\ (—al;Qy) = oo when by, > 0. Moreover, in such case, the solution

18 unique and it will be denoted by uy. Furthermore,

lim luxll = lim llualloo =0,
AlAL(—aAQ) AL (=aA;Q)

lim luall = lim l|lux]loo = 00.
ATA1(—alQ0) ATAL(—al;Q0)

Proof. Assume that u is a positive solution of (4.1), then

A= M(=(a(z) +b(z) [, |Vul*dz)A; Q)

< Ai(—(a(z) +b(z) [o |Vul*dz)A; Q) = A (—ad; Qo).

(4.4)



On the other hand, by Proposition 4.1
A= Ai(—(a(z) + b(x)/ |Vul?dz)A; Q) > A\ (—al; Q).
Q

Now, we fix any A € (A1(—al;Q), A\1(—al;Qy)). By Proposition 4.1 there exists a unique
to(A) such that
A(=(a+btg)A; Q) = A

Moreover, by Proposition 4.1 we have that

lim to(A) =0 and lim to(A) = +o00. 4.5
A1 (—al;) 0( ) ATA1(—al;Q) 0( ) ( )

For a fixed t( take ¢ > 0 the positive eigenfunction associated to A1(—(a+ btg)A; Q) such
that

/Q |v<,00|2dl‘ = to. (4.6)

Then, it is not hard to show that ¢ is solution of (4.1).
We prove now the uniqueness. Assume that there exist two positive solutions u # v.

Then,
A=A (—(a(x) + b(az)/Q \Vul|?dz)A; Q) = A (—(a(x) + b(az)/Q IVo2dz)A; Q).

Therefore [, |[Vul*dz = [, |Vv|*dz, and u is proportional to v, which implies that u = v.
This concludes the uniqueness.

Finally, we show (4.4). Observe that by (4.6) we have that to(A\) = ||¢o]|>. When
Al Ai(—aA; Q) we get by (4.5) that ||po(A)|| — 0 and by a boot-strapping argument we

conclude that ||¢g||cc — 0. Indeed, we can show that

lleollwzs < Cllgolls for s > 1.

Hence, since [@o(A)|| — 0 we have that |[po(N)|2« — 0 and then [[po(N)|ly2.2+ — 0. A

boot-strapping argument concludes that ||¢o(A)|lec — 0.
On the other hand, when A T A1(—aA; Q) by (4.5) then [|¢o(A)| — oo and hence by

the equation

lpoll < Clieolloo-

This concludes the proof. O

10



5 The case ¢ < 1.

During this section we will analyze the problem (1.1) for 0 < ¢ < 1 and A € R. We

are going to use the bifurcation method. To this aim, we consider the Banach space

X :=Cp(R), denote B, := {u € X : ||u]|« < p}. Define the map
Ky: X — X; Ka(u) :=u— T(A\(u™)9),

where ut := max{u,0} and T is the operator defined in Section 3. It is clear that u is
a non-negative solution of (1.1) if, and only if, u is a zero of the map K. Observe that
Ky is compact. Indeed, the map from X into U := P U (—P) defined by u — A(u™)? is
continuous, and T from U to X is compact from Proposition 3.1.

In order to prove the main result of this section we use the Leray-Schauder degree of
IC\ on B, with respect to zero, denoted by deg(Ky, B,), and the index of the isolated zero
u of ICy, denoted by i(Ky, u).

In the following result, we show that from the trivial solution emanates an unbounded

continuum of positive solution.

Theorem 5.1. The value A = 0 is the only bifurcation point from the trivial solution for
(1.1). Moreover, there exists a continuum Co of positive solutions of (1.1) unbounded in

R x X emanating from (0,0).
The following lemmas play a fundamental rolle in the proof of the result.
Lemma 5.2. If A <0, then i(K,,0) = 1.
Proof. Fix A < 0 and define the map
Hi:[0,1] x X — X; Hi(t,u) == T (A (uh)9).
We claim that there exists § > 0 such that
u # Hi(t,u) forall u € Bs, u#0and t € [0,1].

Indeed, suppose that there exist sequences u, € X\{0} with ||u,|c — 0 and ¢, € [0,1]
such that

Uy = Hi (tna Un)a

11



that is
—M (z, HunHQ)Aun = tn)\(u:{)q <0,

and so u, < 0, and going back to the equation, u,, = 0, an absurdum.

Taking now ¢ € (0, d], the homotopy defined by H; is admissible and so,
i(KCx,0) = deg(Ky, B:) = deg(I — H1(1,-), Be) = deg(I — H1(0,-), B:) =

= deg(Il,B:) = 1.

Lemma 5.3. If A > 0, then i(K),0) = 0.
Proof. Fix A >0 and ¢ € X, ¢ > 0. We define the map
Ha:[0,1] x X — X; Ha(t,u) = T(Auh)? +tg).

We will show that there exists § > 0 such that u # Ha(t,u) for all u € Bs, u # 0
and t € [0,1]. Indeed, suppose the contrary: there exist sequences u, € X \ {0} with
|tnllco — 0 and t,, € [0, 1] such that u, = Ha(tn, u,), that is

—M(, [[unl*) Aun = Awr})? + tnd.

Since t,¢ > 0, from the maximum principle we have that u, > 0.

On the other hand, since |[up||cc — 0 we get

Mttt 4t ou
VnZd: - Lt de < C nq+1 noo<C
J b= e e < !+ ) < C.

for some positive constant C'. Hence, by Proposition 4.1 we have that
M (=M (z, ||lun|[P)A, Q) < A1 (—(ar + bpC?)A, Q) := A.
Fix this value of A, then for n large we have that Auj, > Au, and then
—(aprr + by C?) Ay > —M(x, ||un])) Aun = M) + thd > Ay,

and so A\ (—(ans + by C?)A, Q) > A, an absurdum.
This proves that the homotopy defined by Haz is admissible. Then, if we take £ € (0, ¢]

we have

i(ICx, 0) = deg(Ky, Be) = deg(I — H2(0,-), B:) = deg({ — Ha(1,-),B:) = 0.

12



Proof of Theorem 5.1: First, we would like to point out that we can not apply directly

Theorem 1.3 in [23] because our equation
u =T\ (u")9) (5.1)

can be not written in the form (0.1) of [23], we have not differentiability at v = 0 nor
A = 0 is an eigenvalue with odd multiplicity of the “linearized” problem around u = O.
However, we can prove our result following the main lines of the cited result (see [1] for a
similar problem).

We denote by S the closure of the set on non-trivial solutions of (5.1) and Cy the
maximal connected subset of S U {(0,0)} to which (0,0) belongs. We are going to show
that Cp is unbounded in IR x X. Assume that Cy is bounded. First, we show that Cgy
can not meet (\,0) for any A # 0 showing that (\,0) is an isolated solution of (5.1), or
equivalently of (1.1), for A # 0. It is clear that for A < 0 problem (1.1) does not possess a
positive solution. Assume now that there exist Ay > 0 and a sequence of positive solutions
of (1.1) such that A\, — A9 and ||up|lcc — 0. Then, fixed £ > 0 there exists ng € IN such

that for n > ng we get
—M (z, [|[up|]) Aup = Mpud > (Ao — €)ul > Aup,

where A is defined in Lemma 5.3. Now, we arrive at a contradiction in a similar way that
in the proof of Lemma 5.3.

Then, Cy verifies the hypotheses of Lemma 1.2 in [23] and so, there exist a bounded
set O C R x X such that (0,0) € O, 00 NS = 0, and O contains no trivial solutions
others than those in open ball B, of R x X where € > 0 small.

Now, we can follow Theorem 1.3 in [23] to conclude that the existence of € > 0 and

values A and A such that —e < A <0 < XA < ¢ and (see (1.11) in [23])
i(ICy, 0) = i(K5,0).

This is an absurdum with Lemmas 5.2 and 5.3. Hence, we conclude the existence of an
unbounded continuum Cp of solutions of (1.1) bifurcating from (0, 0). O

We are ready to prove the main result of this section:

Theorem 5.4. The equation (1.1) has a positive solution if and only if X > 0. Moreover,

the solution is unique.

13



Proof. By Theorem 5.1 we know the existence of an unbounded continuum Cy of positive
solution of (1.1).
Observe that if u is a positive solution of (1.1) then for A > 0

A
—Au < —auf,
ar,

and hence ||ul/s is bounded for all A > 0. As consequence of Theorem 5.1 we obtain
positive solution for all A > 0.

We show now the uniqueness of positive solution of (1.1). Assume that there exist two
positive solutions u # v. If [, |[Vu|?dz = [, |Vv|?dz, then, u and v are positive solutions

of

1 q
—Aw = Aa(az) + b(z) [q |Vu|2dacw ' (52)

Since this equation has only one positive solution, we can deduce that u = v.
On the other hand, if [, |[Vu|?*dz > [, |[Vv[*dz, then, v is supersolution of (5.2), and

so v > u. Hence,

0< /Q(\Vu|2 — |Vv|?)dz = /QV(u —v)-V(u+v)de = /Q(u —v)(=A(u+v))dz <0.

This concludes the proof.

Acknowledgements. GMF supported by PROCAD/CASADINHO: 552101/2011-7, CNPQ/PQ:
301242/2011-9 and CNPQ/CSF: 200237/2012-8; JRSJ by CAPES-Brasil-7155123/2012-9

and CMR and AS by Ministerio de Economia y Competitividad under grant MTM2012-

31304.

References

[1] A. Ambrosetti and P. Hess, Positive solutions of asymptotically linear elliptic eigen-

value problems, J. Math. Anal. Appl., 73 (1980), 411-422.

[2] C. O. Alves, F. J. S. A. Corréa and T. F. Ma, Positive solutions for a quasilinear
elliptic equation of Kirchhoff type, Comput. Math. Appl., 49 (2005) 85-93.

14



[3]

C. O. Alves and G. M. Figueiredo, Nonlinear perturbations of a periodic Kirchhoff
equation in RN, Nonlinear Analysis, 75 (2012) 2750-2759.

A. Azzollini, The elliptic Kirchhoff equation in RY perturbed by a local nonlinearity,
Differential Integral Equations, 25 (2012), 543-554.

F. Cammaroto and L. Vilasi, On a Schrédinger-Kirchhoff-type equation involving the
p(z)-Laplacian, Nonlinear Analysis, 81 (2013) 42-53.

C. Chen, H. Song and Z. Xiu, Multiple solutions for p-Kirchhoff equations in R¥,
Nonlinear Analysis, 86 (2013) 146-156.

S. Chen and L. Li, Multiple solutions for the nonhomogeneous Kirchhoff equation on

RY | Nonlinear Analysis: RWA, 14 (2013) 1477-1486.

B. Cheng, X. Wu and J. Liu, Multiple solutions for a class of Kirchhoff type problems
with concave nonlinearity, NoDEA Nonlinear Differential Equations Appl., 19 (2012),
521-537.

G. M. Figueiredo, Existence of positive solution for a Kirchhoff problem type with
critical growth via truncation argument, J. Math. Anal. Appl., 401 (2013), 706-713.

D. Gilbarg and N. S. Trudinger, Flliptic partial differential equations of second order,
Springer Verlag (1983).

X. He and W. Zou Existence and concentration of positive solutions for a Kirchhoff

equation in R3, J. Differential Equations, 252 (2012) 1813-1834.
T. Kato Perturbation Theory for Linear Operators, Springer, Berlin 1975

Y. Li, F. Li and J. Shi, Existence of a positive solution to Kirchhoff type problems
without compactness conditions, J. Differential Equations, 253 (2012) 2285-2294.

S. Liang and S. Shi, Soliton solutions to Kirchhoff type problems involving the critical
growth in RY, Nonlinear Analysis, 81 (2013) 31-41.

Z. Liang, F. Li and J. Shi, Positive solutions to Kirchhoff type equations with non-
linearity having prescribed asymptotic behavior, to appear in Ann. Inst. H. Poincare

Anal. Non Lineaire.

15



[16]

[17]

[18]

[19]

[20]

[21]

22]

23]

[24]

[25]

[26]

J. Limaco, H. R. Clark, L. A. Medeiros, Vibrations of elastic string with nonhomo-
geneous material, J. Math. Anal. Appl., 344 (2008), 806-820.

J. L. Lions, On some question on boundary value problem of mathematical physics, in:
G.M. de La Penha, L.A. Medeiros (Eds.), Contemporary Developments of Continuum
Mechanics and Partial Differential Equations, North-Holland, Amsterdam, 1978, pp.
285-346.

J. Lépez-Gomez, The maximum principle and the existence of principal eigenvalues
for some linear weighted boundary value problems, J. Differential Equations, 127

(1996), 263-294.

T. F. Ma, Remarks on an elliptic equation of Kirchhoff type, Nonlinear Anal., 63
(2005) €1967-e1977.

A. Mao and Z. Zhang, Sign-changing and multiple solutions of Kirchhoff type prob-
lems without the P.S. condition, Nonlinear Analysis, 70 (2009) 1275-1287.

A. Mao and S. Luan, Sign-changing solutions of a class of nonlocal quasilinear elliptic

boundary value problems, J. Math. Anal. Appl., 383 (2011) 239-243.

R.G. Nascimento, Problemas elipticos nao locais do tipo p-Kirchhoff, Doct. disserta-

tion, Unicamp, 2008.

P. Rabinowitz, Some global results for nonlinear eigenvalue problems, J. Funct. Anal.,

7 (1971), 487-513.

M. A. Rincon, M. C. C. Vieira, T. N. Rabello, L. A. Medeiros, On perturbation of
the Kirchhoff operator analysis and numerical simulation, Commun. Math. Sci., 10

(2012), 751-766.

J. Sun, Resonance problems for Kirchhoff type equations, Discrete Contin. Dyn. Syst.,
33 (2013) 2139-2154.

C. F. Vasconcellos, On a nonlinear stationary problem in unbounded domains, Rev.

Mat. Univ. Complut. Madrid, 5 (1992), 309-318.

16



[27] J. Wang, L. Tian, J. Xu and F. Zhang, Multiplicity and concentration of positive
solutions for a Kirchhoff type problem with critical growth, J. Differential Equations,
253 (2012) 2314-2351.

[28] L. Wang, On a quasilinear Schrédinger-Kirchhoff-type equation with radial potentials,
Nonlinear Anal., 83 (2013), 58-68.

[29] X. Wu, Existence of nontrivial solutions and high energy solutions for Schrédinger-

Kirchhoff-type equations in RY, Nonlinear Analysis: RWA, 12 (2011) 1278-1287.

[30] Z. Zhang and K. Perera, Sign changing solutions of Kirchhoff type problems via
invariant sets of descent flow, J. Math. Anal. Appl., 317 (2006) 456-463.

17



