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1 Introduction

In this work we study the structure of the positive solutions of the degenerate logistic equation,

i.e. of the elliptic boundary value problem

dLw™ = ow—b(x)w" in Q,
(1)
w = 0 on 012,

where € is a bounded domain of RY, N > 1, with a smooth boundary 99, £ is a general second
order uniformly elliptic operator, b is a positive function, m > 1, r > 1, d is a positive constant
and o is a real parameter. Eq. (1) was introduced in biological models by Gurtin-McCamy [7], see
also [13] and [14], in describing the dynamics of biological populations whose mobility is density
dependent. In (1), Q is the inhabiting region, w(x) represents the density of a species and we are
assuming that €2 is fully surrounded by inhospitable areas, since the population density is subject
to homogeneous Dirichlet boundary conditions. The operator £ measures the diffusivity and the
external transport effects of the species. In the case m > 1 the diffusion, i.e. the rate the moving of
the species from high density regions to low density ones, is slower than in the linear case (m = 1),
which gives to rise a “more realistic” model. Moreover, here d > 0 is the diffusion rate of the
species, b(z) and o are associated with the limiting effect crowding in the population and the
growth rate of the species, respectively.

An appropriate change of variable, see (5), transforms (1) into

Lu = du?—b(z)u? in Q,
(2)
u = 0 on 012,
with A€ R, 0< ¢g<pandqg<1. Thecaseq=1and p > 1 has been widely studied in the recent
years. When ¢ = 1 and p > 1, it is well known that there exists a unique positive solution 6y of (2)

if, and only if, A > 01[L£], where 01[L] is the principal eigenvalue of £ in Q subject to homogeneous

Dirichlet boundary conditions. Moreover, there exists a continuum of positive solutions of (2)



bifurcating from (A, u) = (01[£],0) which is unbounded. In the particular case ¢ = p = 1 a vertical

bifurcation diagram appears at A = o1[£ + b]. Figure 1 shows these cases.

q [L] A g [L+b] A

Casep>1 Casep=1

Figure 1: Bifurcation diagrams with q=1

When ¢ < 1, in our knowledge only partial results are known about existence and uniqueness of
positive solutions of (2). Indeed, when £ = —A and b(z) = b € R, it was proved in [12], Corollary
1, that there exists a unique positive solution of (2) if, and only if, A > 0. When b is a function in
x and £L = —A, Pozio and Tesei [16] showed that if A > 0 there exists a positive solution of (2).
Moreover, if p > 1 or p < 1 and X large enough, then the positive solution is unique, see Theorem
5 of [16]. Similar results were obtained by Leung and Fan in [10], see Theorem 2.1. We improve
these results in two ways: when L is a second order uniformly elliptic operator not necessarily
selfadjoint and b is a function in x, we prove that there exists a unique positive solution of (2) if,
and only if, A > 0. This solution will be denoted by 6| 4,,)- Moreover, there exists a continuum of
positive solutions of (2) bifurcating from the trivial solution © = 0 at A\ = 0 which is unbounded,
see Figure 2.

We can define the map
Fo:Re— Cg’“(ﬁ), Fq(A) = 0Opx 4.

with Fg(A) = 0if A < 0. We focus on the study of the map F, specifically we analyze the

behaviour of F, as A | 07 and A | 400, through the singular perturbation theory. We generalize



Figure 2: Bifurcation diagram with ¢ < 1.

the results obtained when ¢ = 1. Indeed, when ¢ < 1, ¢ < p, we prove that if 1 < p,

fq (/\) 1 1/(p—q) )
-0 — <b(:c)> uniformly on compact subsets of {2 as A T 400 and

Fy(A) = 0\Y=Dy a5 X\ | 0F;

ifp<1,

Fy(A) =0\~ as A 1 400 and

) (b1

1/(p—a)
; +.
N —a) (a:)) uniformly on compact subsets of Q as A | 07;

and if p=1,

Fo(N) =AY F (1)

These results are a first step to obtain non-existence and existence results of systems with nonlinear

diffusion as already it was shown when the diffusion is linear in [4].

Finally, we study how the bifurcation diagram of Figure 2 varies when ¢ T 1. We will show

that if p > 1, 0y 45 — 0x as ¢ T 1. In the special case p = 1, we prove that if A < 1[£ 4 b] (resp.

A > o1[L + b)) then 0}y 4, tends to O (resp. infinity) as ¢ T 1.

An outline of this work is as follows. In Section 2 we study the existence and uniqueness of

positive solution of (2), as well as some monotony properties of F,. In Section 3 we analyze the

behaviour of the mapping F, as A | 07, A 1 +0o0 (Theorem 3) and as ¢ 1 1.



2 Existence and comparison results

In this section we study the positive solutions of

dLw™ ow — b(xz)w" in

3)
w = 0 on 0f),

where 2 is a bounded domain of R, N > 1, with smooth boundary 8Q, m > 1, r > 1, d > 0,
be C¥N),a € (0,1), with b(x) > 0 for all z € Q, o is a real parameter and £ is a second order

operator of the form

with
ai; € Cl’a(§)7 b; € Ca(ﬁ) A5 = Qji, with 0 < a < 1,

and uniformly elliptic in the sense that

N
Ip>0 suchthat > a;(2)&& > plé?, VEERN, Vo eq. (4)

ij=1

In the sequel, given any function f € C%(2) we shall denote

favr =sup f, fr = inf f.
a )

If r # m, performing the change

w™ = dm/(r—nz)u7 (5)
(3) can be rewritten as
Lu = du?—=b(x)uP in Q,
(6)
u = 0 on 012,
where p and ¢ satisfy
(H) 0<qg<p, q<1.



In the special case r = m, the change w™ = u transforms (3) into
(dL+b(x)u = Iu? inQ,
u = 0 on 0f).

On the other hand, it is well-known that the linear eigenvalue problem

(L+flu = Au inQ,
(8)
0 on 99,

u

with f € L>(Q) has a principal eigenvalue o{![£ + f], with a corresponding eigenfunction ©$}[£ +
fl(z) >0 for all x € Q, 9,0%[L + f](z) < 0 for all x € I where n is the outward unit normal on
09 and normalized such that ||p$[£ + f]|lec = 1 (the superscript Q will be omitted if no confusion
arises).

The following results characterize the existence and uniqueness of positive solutions for (6) and

(7).

Theorem 1 Assume (H). Then (6) possesses a unique positive solution in C**(Q) for some a €

(0,1) if, and only if, X > 0.

Proof. We use the sub-supersolution method with Hélder continuous functions, cf. [1] and Theorem
4.5.1 in [15]. Tt is not hard to show that @ := (A\/bz)*/(P~9 is a supersolution of (6). Moreover,

using the maximum principle we can prove that

ulloe < (bA) ©

for any u solution of (6).

Take u =: ep1[L], with € > 0 to choose. It is easy to check that we can take ¢ > 0 sufficiently
small such that u is a subsolution of (6) and u < w. This proves the existence of positive solution
of (6) in C%%(Q) for some « € (0,1). The maximum principle implies that A > 0 is a necessary

condition for the existence of positive solution of (6). For the uniqueness we are going to use a



change of variable already used in [17], see also [3], in a slightly different context. We define

1-q
Then (6) is equivalent to
q a 0z 0z
Lr— — 1 Qi — = A=bz)(1 — ¢q)P~ /1= (p=0)/(1=a) iy Q
z = 0 on 0N.

Let z2 be the maximal solution of (10), which exists by (9). Suppose there exists another solution
z1 of (10) with z; < z5. We are going to prove that z; > z2. We argue by contradiction. We

suppose that there exists P € {2 where
[ORES Z1 — 22

attains its negative minimum. Let » > 0 be such that 0 < z1(z) < z2(z) for all x € B(P,r), where

B(P,r) is the ball of radius r centered at P. It is not hard to show that ® satisfies

N
1 0z1 021 1 0z 0z _ _ _ _ _ _
E@_L(Z a; [77171_77272]) = —b(z)(1—q)P~ 2/ q)(zgp 7)/(1 q)_zép 7)/(1 q)).

1—¢q 52 21 0x; 0z 2o Oy Ox;j

On the other hand, it can be proved that

N
Z e 1 8z1%_l822 822} —Zciaf(b_—c(x)@

52 21 0x; 0xj 29 Ox; Oy pt

where
1 821 82’2 o 1 N 82’2 822
Za” 2 83:J 83:]' 5, @)= 2129 Z i Ox; Oz

So, ® verifies

L1 c(x)® = —b(x)(1 — q)(p_q)/(l_q)(zgpfq)/(lfq) — zépig)/(lfq)), in B(P,r), (11)
—q
being
N N
Z 9?2 Z 0
El N ij=1 ’L] ax axj + ( ’ 1-— Cl)axz



By (4), ¢(z) > 0 in B(P,r), and from (H) we have that zépiq)/(lﬂﬁ > z?’*”/(l*q) in B(P,r), and
so by the strong maximun principle of Hopf, see for example Theorem 3.5 in [6], ® = C < 0 in
B(P,r) with C constant. Thus, the left hand side of (11) is non-positive and right one positive.
This gives a contradiction and completes the proof. o

The following result is well known when the operator is selfadjoint, see [2], [9], [10] and [17]
for example, and its proof can be deduced by Theorem 1. So that, we only present an alternative

uniqueness proof in which we use a singular eigenvalue problem.

Theorem 2 If 0 < q < 1, then (7) possesses a unique positive solution in C**(Q) for some

a € (0,1) if, and only if, A > 0.

Proof. Let uj,ug, u1 > us, u; the maximal positive solution of (7) and wue an arbitrary positive
solution. Then

oldL+b— i =0 i=1,2 (12)
Observe that this principal eigenvalue is not in the setting of (8) because ul~" ¢ L>(2). But, u; is
a positive function satisfying (7) and so, by the strong maximum principle, there exists a positive
constant C such that

Cdg(z) < ui(x) for all z € Q,

where dq(x) := dist(z, 0). Hence, d%{q(x)ug*l is bounded and so we can apply the results of [8]
(see also [5] for selfadjoint operators) to define correctly oq[dL + b — )\uf_l]. Now, applying the
mean value theorem

(dL+b— Mg 1) (ug —up) =0
for some uy < € < uy. Hence,
0=01[dL +b—Ag€T Y] > oy [dL + b — Aqud '],

but from (12), we get that oy [dL+b—Aquld™'] > o1[dL+b— A ud "] = 0, which gives a contradiction.

<



In the sequel we shall denote 0y 4, the unique positive solution of (6) if (H) holds, with
Oxn,qp) = 0if A <0.
The following result is well known and it will be very useful to compare positive solutions of

different logistic boundary value problems.

Lemma 1 Assume (H). Then:
1. If X <0, (6) does not admit a positive subsolution.
2. If x>0 and @ is a positive supersolution of (6), then Oy g < .
8. If X >0 and u is a positive subsolution of (6), then u < 0 q.p)-

From Lemma 1 we obtain the following results. The first one shows the monotony of 0y 4, with

respect to the domain and the second one will be quite useful below.

Corollary 1 Assume (H) and let Qy be a subdomain of Q with boundary 0 sufficiently smooth.

If we denote 0& @] the unique positive solution of (6) in Q, then
Q Q .
Onapl <Opgp Sl

Corollary 2 Assume (H). Then there exists a constant K(\) := K(Q, A, q,p) > 0 such that

A

K(Np1[L] <O g < <bL) o (13)

Proof. We will prove that Kp1[L] is a subsolution of (6). Then the first inequality of (13) follows

from Lemma 1. Indeed, K¢1[L] is a subsolution of (6) if, for example,
K 90,[L] + by KP~7 = \. (14)

Now, for fixed A > 0, (14) has a unique positive solution which we denote K () and which satisfies

lim K(A\) =0 and lim K(X\) = oc.
Alo+ AT 400
The second inequality of (13) follows from (9) and the strong maximum principle. o



Remark 1 It is important to note:

1. Ifp=1,
0= (GEm)
2. If 1 < p,
K\ =0\Y/0=9) x| 0t and K)=0A/P=D) if X1 +o0.
3. Ifp<l,

K(\) =0AY®=9) ifx |0t and K(A) = O0AY0=9) i X1 4o0.

When b(z) = b € R, Lemma 1 can be used to prove some monotony properties of 6 4, with

respect to A.
Proposition 1 Suppose (H) and that b(x) =b € R, A\, u > 0. The following assertions are true:

1. Assume 1 <p. If A\ > pu, then

\ 1/(p—q) A 1/(1-q)
<M> a[u,q,p] < 9[A7q7p} = (,u) t9[wz,p]'

2. Assume p < 1. If A > p, then

A 1/(1—q) A 1/(p—q)
(M) e[ﬂ’q,p] < Q[A,q,p] < (/J) e[u,q,p]'

Proof. We only prove the first part; the second one follows similarly. So, assume 1 < p and take
n = (A/p)/P=9. It can be showed that nfj, ., is a subsolution of (6). Analogously, it can be
proved that ()\/u)l/(lf‘?)ﬂmq,p] is a supersolution of (6). From Lemma 1, the result follows. o

As an immediate consequence of Proposition 1, we obtain the following result:
Corollary 3 Assume (H) and that b(z) = b € R. The following assertions are true:

1. Opxq,p) 18 increasing in .

10



2. If 1 < p, then

o 0

% 18 increasing in A and % is decreasing in .
3. If p< 1, then

Opan ing i Onan .. o

o) 18 decreasing in A and SNV 1S 1ncreasing in .

4. If p=1, then

O1x,0,1]

\1/(0-a) s constant in .

Remark 2 1. The case p =1 is very special. In fact it holds

O g = A0 .

(15)

2. In the very special case, ¢ =1 and p = 2, it was shown in [11] that Oy 1 21/ A is increasing in

A. Thus, our result is a generalization of that one.

3 Asymptotic behaviour of the branch 0}, ,

We will regard (6) as a bifurcation problem with A as the bifurcation parameter. By the above

results, from the trivial state u = 0 emanates a curve of positive solutions at A = 0. This curve

goes to the right and to infinity as A T +o00. Throughout this section wyy 4 will denote the unique

positive solution of (7) with d =1 and b = 0.

The main result of this section completes the information of Corollary 3.
Theorem 3 Assume (H).
1. If 1 < p, then

. g . —
Jm ity =wnd 0 C*(Q).

G[A ] 1 1/(p—q)
AT )\1/(752) = (b( )) uniformly on compacts of ).
s T

11



2. If p <1, then

0100 1\ V@9
/\liror}r Al/(VZfQ) = (b(x)) uniformly on compacts of €.

. Oxq.p) . o)
S Siteg = Ya i CH(Q).
3. If p=1, then
Onar] _ o Open

lim

AR~ A 3/~

To prove this result we need some preliminaries. Consider the following problem

dLw

w? — b(x)wP in Q,
(16)

w = 0 on 012,

with d > 0. Observe that this problem is in the setting of (3) and so, fixed d > 0, there exists a
unique positive solution of (16) which we will denote ®(4,, ). The following result provides us with
the behaviour of @44, as d T +oo and d | 0T. This is a singular perturbation problem. In fact
we give a proof that is a slight modification of the Theorem 3.4 in [4]; we include it for reader’s

convenience.
Theorem 4 Assume (H) and let ®(q 4 be the unique positive solution of (16). Then

1 \ra
dlig}r Dlgqp = (b(ac)) uniformly on compact subsets of 2,

d%iin Pra,qp) =0 uniformly on Q. (17)

Proof. We consider ug = d_lw[l,q]. It is easy to show that w, is a supersolution of (16) provided
that

wf’l,q](l —d 9+ b(x)d*pwﬁjq%) > 0.
Taking d sufficiently large and a further application of Lemma 1 gives (17).
Let K be a compact subset of . We shall show that given & > 0 there exists dy = do(K,e) > 0

such that for every d < dy

1\ 7« 1\ 7-«
(b) — e < P < (b) +& in K. (18)



Let 8 = B(¢) be such that

pP—q

0< Be) < ((2)1/@_(1) +g> -

S =

Take ® € C°°(Q) such that

Then, we have
D7 — b(z)PP = b(z)PI(1/b(x) — PP7T) < —Gb(x)P! < dLD in Q,

for any d < dj, for some dj(¢). Thus, for any d < d; the function ® is a supersolution of (16) and

from Lemma 1, we get

1\ r—a
é[d,q,p] S P S (b) +e.

By a compactness argument, to complete the proof of (18) it suffices to show that given zg € K

there exist rg > 0 and ds = da(z¢) such that for each d < ds

1\ 77 ,
Dl = (b) —¢ in B(xg,70).
For any B(zg,r) C Q, r > 0, from Corollary 1 we have

B(zo,r .
<I>[dqu;] "< ®lgp  in Blao,r).

Thus, to complete the proof it remains to show that for any d < da,

B(xo,2r 1) 7= .
<I>[d7(q3)1 0 > (b) —e in B(xg,70).

We consider two different cases:
Case 1: Suppose there exists 79 > 0 such that b(z) = b € R in By := B(z,2r9) C Q. Let ¢ °[L]

normalized so that
1

I8 2] loe.50 = 5 (19)

13



Set By := B(z¢,70). Then, ¢2°[£](x) > 0 for each = € B, and there exists o € C?(B;) such that

wolzo) =1, leolloe,B, =1, @o(z) >0 Ve B (20)

and the function ¥ : By — R defined by

p1°[L)(w) itz € B\ B,
U(z) =
wo(x) if z € By,

lies in C?(By). Given 6 € (0,1), we define

1\ 77
\IJ(; = 6 <b) \I/,

Since b € R, then W5 € C?(By). It is not hard to show that Wy is a positive subsolution of (16) if,
and only if,

LU
el (1-q)/(p—q) §a—1(1 _ sp—agyP—4 :
T <-b 097 (1 — 6P~agP~1) in By, (21)

SH N

and this inequality holds if d is sufficiently small. Indeed, observe that the left hand side of (21) is

bounded above in By. From (19) and (20), we have that ¥ < U9 and so

LY LV
q §v§0,

for some C' > 0. This last inequality follows by the strong maximum principle. Thus, since § < 1
and 0 < ¥ < 1, it is sufficient to take d small to satisfy (21). From Lemma 1, we have that for d
sufficiently small

Vs < (I)fl?q-,p} < Plagsl in Bo.

Clearly, since ¥(zg) = 1 if § is taken sufficiently close to 1, then ¥s will be as close as we want to
(1/b)*/(P=9) on some ball centered at zo. This completes the proof in this case.

Case 2: Assume b(z) is not constant in some ball centered at xzo. We have

dLo’ = (00

e = (@0 )T = b(x) (P

B B
[d,qm])p 2 ((I)[d?q,p])q — b, (¢[d?q7p])p

14



and so, (I)[]Z?q,p] is a positive supersolution of (16) with b(z) = by g, € R, and so from Lemma 1
that

(I)ﬁl?q,p] 2 (i)fi?q,p]’
where @ﬁ?%p] stands for the unique positive solution of (16) with b(z) = b, g, € R. Thus, from

the Case 1, there exists r; > 0 such that

> o8

B
@ 0 0
[d-,qvp

_ € )
[d,q,p] = ] = (1/bM7Bo)1/(p ) — 5 in B(xg,71).

Therefore, if By is chosen so that for each x € By

(1/ba1.50) Y O = (1fb())#=0 — 2

then

B 1 1/(p—q)
0] —
Qgap 2 (b(@) €

for each x € B(xg,r1). This completes the proof. o

We consider the equation

Lw = wi—db(x)wP in Q,
(22)
w = 0 on 0N.

From Theorem 1, given d > 0 there exists a unique positive solution ©j4 4 of (22). The following

result provides us the behaviour of O 4 ) as d | 0t and d T +o0.

Theorem 5 Assume (H) and let ©pq 4, be the unique positive solution of (22). Then,

dl%r}r Old,q.p] = W,q] in C?"(Q), for some v € (0,1)
d%iinoo Od,q,p) =0 uniformly on €.
Proof. By Corollary 2,
1
< (—\V/(p—9)
[d>Q:p] — (dbL) )



from which the second relation follows.

On the other hand, it is not hard to prove that @ = wy; 4 is a supersolution of (22) and hence,
1©1d,q,p1loc < [lwpi,q1lloc = K (independent of d).

Thus, according to the L* theory of elliptic equations, {©(4,4 5 }4 is a bounded sequence in W*#(Q),

for s > 1, and so we can extract a convergent subsequence, again labeled by d, such that
Ogp — @  in CH*(Q), where 0 <aa=1—-N/s <1,
as d | 0F. Using (22) we get

@[d,qm] = (5)71(6 db(x)@p ])7

q _
[d,q,p] [d,q.p

and so

Lw = w? in Q,
w = 0 on JN.
Now, as in Corollary 2, we can get a constant K = K (2) > 0, independent of d, such that
K(Q)p1[L] < Og,q.p)5 for all d € [0, do], for some dy > 0.
In fact, in this case we can take K satisfying
dby KP~1 + K0 [L] = 1.

It can be proved that the map

d € [0,do] — K(d)

is continuous, and so there exists the constant K(2). We can deduce that w = wy; 4 and by
Ascoli-Arzela’s Theorem all sequence converges in C?¥(Q) for some v € (0,1) and the result
follows. o

Proof Theorem 3. Let us define

O14.0)
Yinas = 1/q

16



It is easy to check that Wiy ;. is the unique positive solution of the equation

1 .
mﬁw = w?-— b(flf)wp m Q,
w = 0 on 02,

included in the setting (16). Now, Theorem 4 proves two relations of Theorem 3.

If we write,

O17q.p)
X[Na,p] "= )\1/(1_(1)7

then x|\ ¢, is the unique positive solution of
Lw = w?— \PD/0=0p(g)wP in Q,
w = 0 on 0f).
From Theorem 5, the other relations follow.
Finally, for p = 1 the result follows by (15). The proof of Theorem 3 is completed. o
Now, we denote ) the unique positive solution of (6) for ¢ = 1 and p > 1 if A > 01[£], with
Ox = 0if A < o1[L]. The next results provide us the behaviour of 0}, 4, as ¢ T 1. We consider two

different cases: p > 1 and p = 1.

Theorem 6 Assumep >1>q and A > 0. Then

lql%rll Oix,q.0) = Or in C%"(Q) for some v € (0,1).

Proof. Fix 6 € (0,1). We know from Corollary 2 that for ¢ € [1 — 4, 1],
=
102,49 |00 < <b) < K (independent of q.)
L
We can reason as in Theorem 5 and conclude that there exists a subsequence {0y 4] }4 such that

Ongp) — W >0 in CH*(Q), with 0 < a < 1,

as ¢ T 1 with w satisfying

)
g|
|

M — b(x)w? in Q,

on 0f2.

gl
Il
o

17



So, if A < o1[£], @ = 0. On the other hand, if A > o1[£], we can choose K ()), independent of g,
such that

K(N)@1[L] < Opx .-

Again the Ascoli-Arzela’s Theorem completes the proof. o
The case p = 1 is more complicated. We are going to prove that 6}y ;. tends to 0 when
A < 01[£ 4+ b] and to infinity when A > o[£ 4 0] as ¢ T 1, showing that the bifurcation diagram

with ¢ < 1 (see Figure 2) “converges”to the one with ¢ = p =1 (see Figure 1).
Theorem 7 Assume 0 < q <p=1. Then:

1 If X< oi[L+D], then |0 q1)llc — 0 as qT 1.

2. If X\ > o[£+ 1], then [0y g1]lloc — 00 as ¢ T 1.

Proof. For the first part, we fix A < o1[£+b]. From the continuous dependence of o1[L +b] respect

to the domain, there exists a regular domain ' D € such that
A< ol [L+b] < oP[L+b). (23)

Let o) := @' [£+D] be with ||} [|ee.or = 1. Tt is not difficult to see that 7 := M), is a supersolution

of (6) being

and so, by Lemma 1,
101x,g.11lls0,2 < M| [|oo,02-

Now, it suffices to use (23) and to tend ¢ T 1.
For the second part, we are going to build a subsolution whose norm tends to infinity. We take

©1[£ + b] normalized such that [|¢1[L + b][lcc = 1. It is easy to prove that u := Cpi[L 4] is a

1/(1-q)
o <A> |
g1 [L + b}

18

subsolution of (6) with



Again, taking ¢ T 1, the proof concludes since A > o1[L + b]. o
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