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Abstract. This paper presents a new methodology for solving multiobjective integer linear
programs (MOILP) using tools from algebraic geometry. We introduce the concept of partial Grobner
basis for a family of multiobjective programs where the right-hand side varies. This new structure
extends the notion of Grébner basis for the single objective case to the case of multiple objectives,
i.e., when there is a partial ordering instead of a total ordering over the feasible vectors. The main
property of these bases is that the partial reduction of the integer elements in the kernel of the
constraint matrix by the different blocks of the basis is zero. This property allows us to prove that
this new construction is a test family for a family of multiobjective programs. An algorithm “&
la Buchberger” is developed to compute partial Grobner bases, and two different approaches are
derived, using this methodology, for computing the entire set of Pareto-optimal solutions of any
MOILP problem. Some examples illustrate the application of the algorithm, and computational
experiments are reported on several families of problems.
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1. Introduction. The multiobjective paradigm appeared in economic theory in
the nineteenth century in the seminal works by Edgeworth [14] and Pareto [30] to
define an economic equilibrium. Mathematically, the multiobjective optimization ap-
proach consists of determining the maximal (minimal) elements of a partially ordered
set. This problem was already addressed by Cantor [7], Cayley [8], and Hausdorff [21]
at the end of the nineteenth century. Since then, multiobjective programming (includ-
ing multicriteria optimization) has been a fruitful research field within the areas of
applied mathematics, operations research, and economic theory. Excellent textbooks
and survey papers are available in the literature; the interested reader is referred to
the books by Sawaragi, Nakayama, and Tanino [32], Chankong and Haimes [9], Yu
[45], Miettinen [28], or Ehrgott, Figueira, and Gandibleux [19], and to the surveys in
[17, 18].

The importance of multiobjective optimization is not due only to its theoretical
implications but also to its many applications. Witnesses of that are the large number
of real-world decision problems that appear in the literature formulated as multiobjec-
tive programs. These include flowshop scheduling [24], analysis in finance [17], railway
network infrastructure capacity [13], vehicle routing problems [25, 34], or trajectory
optimization [36], among many others.

Multiobjective programs are formulated as optimization (without lost of gener-
ality, we restrict ourselves to the minimization case) problems over feasible regions
with at least two objective functions. Usually, it is not possible to minimize all of
the objective functions simultaneously, since the objective functions induce a partial
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order over the vectors in the feasible region, so a different notion of solution is needed.
A feasible vector is said to be Pareto-optimal (or nondominated) if no other feasible
vector has componentwise smaller objective values, with at least one strict inequality.

This paper studies multiobjective integer linear programs (MOILP). Thus, we
assume that all objective functions and constraints that define the feasible region are
linear and that the feasible vectors have nonnegative integer components.

There are nowadays several exact methods to solve MOILP problems. Two of
them, multiobjective implicit enumeration [46, 47] and multiobjective dynamic pro-
gramming [26], claim to be of general use and have attracted the attention of re-
searchers in the last several years. Nevertheless, although, in principle, they may be
applied to any number of objectives, one can mainly find, in the literature, applica-
tions to biobjective problems. Moreover, some other methods even do not provide
the entire set of Pareto-optimal solutions, but provide the supported ones (those that
can be obtained as solutions of linearly scalarized programs).

On the other hand, there are several methods that apply to biobjective problems
but that do not extend to the general case. Thus, one can see that there are two
thresholds in multiobjective programming: a first step from one to two objectives,
and a second, and deeper one, from two to more than two objectives.

In terms of complexity, it is worth noting that most MOILP problems are NP-
hard [16]. Even when the single-objective problem is polynomially solvable, the mul-
tiobjective version may become NP-hard. This is the case of spanning tree [20] and
minimum-cost flow problems [15], among others. Therefore, computational efficiency
is not an issue when analyzing MOILP. The important point is to develop tools that
can handle these problems and that give insights into their intrinsic nature. The
goal of this paper is to present a new general methodology for solving MOILP using
tools borrowed from algebraic geometry. The usage of algebraic geometry tools in
integer programming (single criterion) is not new (see [10], [22], [41], [23], [44], [43]).
The main idea is to compute a Grébuner basis for certain toric ideals (related to the
constraints matrix) with a monomial order induced by the objective function.

Grobner bases were introduced by Buchberger in 1965 in his Ph.D. thesis [6]. He
named them Grobner bases paying tribute to his advisor Wolfgang Grobner. This
theory emerged as a generalization, from the one variable case to the multivariate
polynomial case, of the greatest common divisor. One of the outcomes of Grobner
bases theory was its application to integer programming, first published by Conti and
Traverso [10]. This paper opened a new research line, followed by a number of authors,
consisting of the application of algebraic geometry tools for solving integer programs.

In [22], Hosten and Sturmfels gave two ways to implement the Conti and Traverso
algorithm that improve in some cases the branch—and-bound algorithm to exactly
solve integer programs. Thomas presented in [41] a geometric point of view of the
Buchberger algorithm as a method to obtain solutions of an integer program. Later,
Thomas and Weismantel [43] improved the Buchberger algorithm in its application
to solve integer programs introducing truncated Grobner bases. At the same time,
Urbaniak, Weismantel, and Ziegler [44] published a clear geometric interpretation of
the reduction steps of this kind of algorithm in the original space (decision space).
The interested reader can find excellent descriptions of this methodology in the books
by Adams and Loustaunau [2], Sturmfels [37], Cox, Little, and O’Shea [12], or Bert-
simas and Weismantel [5], and in the papers by Aardal, Weismantel, and Wolsey [1],
Sturmfels [38, 39], Sturmfels and Thomas [40], and Thomas [42].
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Our main contribution is to adapt some of the above-mentioned tools from alge-
braic geometry to solve MOILP problems. We present an algorithm to exactly solve
multiobjective problems, i.e., providing the whole set of Pareto-optimal solutions (sup-
ported and nonsupported ones). One of the main advantages of our approach is that
the number of objective functions does not significantly increase the difficulty. A new
geometric approach of the notion of reduction based on a partial ordering is given.
This reduction allows us to extend the concept of Grobner basis when a partial order-
ing rather than a total ordering is considered over N™. We call these new structures
partial Grébner bases or p-Grobner bases. We prove that p-Grobner bases can be
generated in a finite number of steps by a variation of the Buchberger algorithm. The
main property of a p-Grébner basis being that, for each pair in Z™ x Z7} with first
component in Ker(A4), the reduction by maximal chains in the basis is the zero set.

We propose two versions of the same algorithm to solve multiobjective integer
programs based on this new construction. Our first approach consists of three stages.
The first one uses only the constraint matrix of the problem, and it produces a system
of generators for the toric ideal S 4 (or its geometric representation I4). In the second
step, a p-Grobner basis is built using the initial basis given by the system of generators
computed in the first step. This step requires us to fix the objective matrix, since
it induces the partial order used in the reduction steps. Once the right-hand side
vector is fixed, in the third step, the Pareto-optimal solutions are obtained. This
computation uses the new concept of partial reduction of an initial feasible solution
by the p-Grobner basis.

This algorithm extends, to some extent, Hogten and Sturmfels’ algorithm [22] for
integer programs because if we apply our method to single-objective problems, partial
reductions and p-Grobner bases coincide with the standard notions of reductions and
Grobner bases, respectively.

Our second approach is based on the original idea by Conti and Traverso [10]. It
consists of using the big-M method that results in an increasing number of variables, in
order to have an initial system of generators. Moreover, this approach also provides an
initial feasible solution. Therefore, the first step in the former variant of the algorithm
can be ignored, and the third step is highly simplified. In any case, our first version
(the one extending the Hogten and Sturmfels approach) has proved to be more efficient
than this second one, since the computation of a p-Grobner basis is highly sensitive
to the number of variables.

Both algorithms have been implemented in MAPLE 10. We report on some
computational experiments based on the first version of the algorithm and on two
different families of problems with different number of objective functions.

The rest of the paper is organized as follows. In section 2 we give the notation, the
formulation of the problem, and its algebraic codification. We also introduce here the
notion of test family and its geometric description. Section 3 presents the definition
of p-Grobner basis, based on the notion of partial reduction. Here, we also state the
relationship between test families and p-Grobner bases: the reduced p-Grébner basis
for a family of multiobjective programs varying the right-hand side coincides with the
minimal test family for that family. At the end of the section, an example illustrates
all of the above concepts. Section 4 is devoted to the results of the computational
experiments and its analysis. Here, we solve several families of MOILP, report on the
performance of the algorithms, and draw some conclusions on its results and their
implications.
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2. The problem and its translation. The goal is to solve the MOILP in its
standard form:

min (1 z,...,c,x)
n
(1) subject to (s.t.) Z aijr; =bi=1,...,m,
j=1

x; €Ly, j=1,...,n,

with b; nonnegative integersfori = 1,...,m, ¢ € Z% forl = 1,... k, x = (21,...,2),
and the constraints define a polytope (bounded). For the sake of simplicity, at times,
we use a vector notation and denote A = (a;;) € Z™ ", b = (b;) € ZT, and
C = (¢i;) € Z8*™. In the following, problem (1) is referred to as MIP4 c(b), and
we denote by MIP ¢ the family of multiobjective problems where the right-hand
side varies.

The reader may note that there is no loss of generality in our approach to multiob-
jective integer linear programming, since any general MOILP problem with inequality
constraints and rational components in A, b, and C' can be transformed to a problem
in the above standard form.

It is clear that the problem MIP4 ¢ (b) is not a usual optimization problem since
the objective function is a vector, thus inducing a partial order among its feasible so-
lutions. Hence, solving the above problem requires an alternative concept of solution,
namely, the set of nondominated or Pareto-optimal points (vectors).

A feasible vector T € R" is said to be a Pareto-optimal or nondominated solution
of MIP4 ¢ (b) if there is no other feasible vector y such that

Gy<el forall j=1,...,k

with at least one strict inequality for some j.

If = is a Pareto-optimal solution, the vector (ci z, ..., cr ) € R¥ is called efficient.

We say that a feasible point y is dominated by a feasible point z if ¢; x < ¢; y for
all i = 1,...,k, with at least one strict inequality. According to the above concept,
solving a multiobjective problem consists of finding its entire set of Pareto-optimal
solutions, including those that have the same objective values.

From the objective function C, we obtain a partial order over Z" as follows:

r=<cy<=CzxsCy or z=y,

where Cz 5 Cy stands for Cx < Cy and Cz # Cy.

Observe that since C' € ZT", the above relation is not complete. Hence, there
may exist incomparable vectors (those x, y € Z such that neither x <¢ y nor
y <¢ ). We use this partial order induced by the objective function of problem
MIP, ¢ as the input for the multiobjective integer programming algorithm developed
in this paper.

Remark 2.1. Note that distinct solutions with the same objective values are
incomparable under <. This order can be refined so that those solutions with the
same objective values are comparable. Consider the binary relation

Cz £ Cuy, or

= =
rT=cy { Cr=Cyand x <jez y.

This alternative order allows us to rank those solutions that have the same objective
values using the lexicographical order of their components.
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The above partial order <¢ permits us to solve a simplified version of the multi-
objective problem after introducing the following equivalence relation in Z™:

T~y = Cx =Cly.

In this version, we obtain solutions in Z"™/ ~¢. The reader may note that when solving
the problem with the order <, one would obtain only a representative element of each
class of Pareto-optimal solutions (the lexicographically smallest). With those efficient

values {v1,...,v:}, the remaining solutions can be obtained solving the following
system of diophantine equations, in x, for each v;, i =1,...,¢:

Cx =y,

Ar =0,

T € Zy.

Remark 2.2. In some cases, the order <¢ can be refined to be adapted to specific
problems. This is the case when slack variables appear in mathematical programs.
Two feasible solutions (z,s1) and (z, s2), where s; and so are the slack components,
have the same objective values. The order <¢ considers both solutions as incompa-
rable, although they are the same because we are looking just for the z-component of
the solution. In these cases, we consider the following refined partial order in Z" x Z":

/ CxsCy or
p = =7 /
(z.5) <¢ (v, 5) { Czr =Cyand s <jer 5,
where z,y € Z7} are the actual decision variables and s, s € 77, are the slack variables
of our problem.
In the following, we will use partial order <¢ unless it is explicitly specified.
Our matrix A is encoded in the set

(2) Ja = {{u,v} :u,v € N*u —v € Ker(A)}.

Let m : N® — 7Z" denote the map x +— Az. Given a right-hand side vector b in
Z", the set of feasible solutions to MIP4 c(b) constitutes m=1(b), the preimage of b
under this map. In the rest of the paper, we identify the discrete set of points 71 (b)
with its convex hull, and we call it the b-fiber of MIP4 . Thus, 71(b) or the b-fiber
of MIP, ¢ is the polyhedron defined by the convex hull of all feasible solutions to
MIP4 ().

For any pair {u,v}, with u,v € N, we define the set setlm(u,v) as follows:

{u} if v <¢ u,
setlm(u,v) = ¢ {v} if u <¢ v,
{u,v} if w and v are incomparable by <¢.

The reader may note that setlm(u,v) is the set of degrees of the leading monomials
according to identification {u, v} — 2% — 2V € R[z1,...,x,], induced by partial order
<c-

From the above definition, setlm(u,v) may have more than one leading term,
since <¢ is only a partial order. To account for all this information, we denote by
F(u,v) the set of triplets

Fu,v) = {(u,v,w) : w € setlm(u,v)}.
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The above concept extends to any finite set of pairs of vectors in N”| accordingly. For
a pair of sets u = {uy,...,u;} and v = {v1,..., v}, the corresponding set of ordered
pairs is

Fu,v) = {(us, v, w) : w € setlm(u;,v;),i=1,...,t}.

F(u,v) can be partially ordered based on the third component of its elements. There-
fore, we can see F(u,v) as a directed graph G(E, V'), where V is identified with the
elements of F(u,v) and ((ui, vi,w'), (uj,v;,w)) € E if (ui, vi,w), (uj,vj,w ) € V and
w < w. We are interested in the maximal ordered chains of G. Note that they can
be efficiently computed by different methods, e.g., [4], [33].

The above concepts are clarified in the following example.

Ezample 2.1. Let u = {(2,3), (0,2), (3,0), (2,1), (1, )}, v ={(1,4), (1, 3), (4,2),
(1,2), (1,0)}, and <¢ be the partial order induced by the matrix

2 1
e=[5s]

}{ etlm((0,2), (1,3)) = {(1,3)}, setim((3

then, setlm((2,3),(1,4)) = {(2,3),(1,4) ,
(2.1).(1,2)}, and setim((1,1), (1,0)) = {

(4,2)) = {(4,2)}, setlm((2,1),(1,2)) =

1)}. Now, by definition, we have

0),
(1,

Flu,v) ={((2,3),(1,4),(2,3)), ((2,3),(1,4),(1,4)),( ,(1,3),(1,3)),
((3,0),(4,2),(4,2)), ((2,1),(1,2),(2,1)),((2,1),(1,2),(1,2)),
((1,1),(1,0),(1,1))}.

Figure 1 corresponds to the directed graph associated with F(u,v), according to the
partial ordering induced by C. There are four maximal chains

M1 ={((3,0), (4,2), (4,2)), ((2,3), (1,4), (2,3)), ((0,2) :3)): (
1), ((1,1), (1,0), (1,1))},
= {((37 )7 (472)7 ( 72))7 ((273)7 (174)7 ( 73))’ ((0 )’ (
)), ((1,1), (1,0), (1,1))},
=)§(<2,3>, (1,4), (1,4)), ((0,2), (1,3), (1,3)), ((2.1), ), (
( 1)
( T);L( 1 4))7 ((072)7 (173)7 (173))7 ((2 1 )’ (
For any pair of sets u = {uy,...,u;} and v = {vy, ..., v}, with {u;,v;} € Ja, for
all i = 1,...,t, the corresponding set F(u,v) may also be seen as a set of pairs in

Z™ x 7 through the following map:
¢: N x N* x N*  —Z" x Z}
(u, v, w) —(u— v, w).
We denote by I4 = ¢(F(J4)), i.e
Ip={(u—v,w):u—veKer(4),w = setlm(u,v)}.

It is clear that the maximal chains F1, ..., F,. of the image of F(u, v) under ¢ with

respect to the order <¢ over the second components satisfy the following properties:

1. F; is totally ordered by the second components with respect to <¢ for i =
1,...,7.
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((2.3), (1,4), (2,3)) /

((2,1),(1,2),(2,1)) 2),(1,2)

((1,1),

Fic. 1. Hasse diagram of the graph associated with the data in Exzample 2.1.

2. For all (o, 8) € Fy,i=1,...,1, A(B—a)=AL.
The map ¢ and the above properties allow us to define the notion of test family for
MIP, . This notion is analogous to the concept of test set for a family of single
objective integer programs when we have a partial order rather than a total order
over N™ [41]. Test families are instrumental for finding the Pareto-optimal set of
each member MIP4 ¢(b) of the family of MOILP.

DEFINITION 2.1 (test family). A finite collection G = {G,...,GLY} of sets in
VAR /it is a test family for MIP4 ¢ if and only if

(1) GL is totally ordered by the second component with respect to <¢ for j =
1,...,7.

(2) For all (g,h) €GL, j=1,...,r, A(h—g) = Ah.

(3) If x € N" is a dominated solution for MIP 4 c(b), with b € ZT; , there is some
Qé in the collection, and (g,h) € Qé such that x — g <¢ x.

(4) If v € N is a Pareto-optimal solution for MIPa c(b), with b € Z, then for
all (g,h) € Qé and for all j = 1,...,r, either x — g is infeasible or x — g is
incomparable to x.

Given a test family for MIP4 ¢, there is a natural approach for finding the entire
Pareto-optimal set. Suppose we wish to solve MIP4 ¢ (b) for which z* is a feasible
solution. .

If 2* is dominated, then there is some j and (g, h) € G, such that 2* — g is feasible
and z* — g <¢ x*, whereas, for the remaining chains, there may exist some (g, k) such
that z* — g is feasible but incomparable to z*. We keep track of all of them.

If * is nondominated, we have to keep it as an element in our current solution set.
Then, reducing =* by the chains in the test family, we can only obtain either incom-
parable feasible solutions, that we maintain in our structure, or infeasible solutions
that are discarded.
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The above two cases lead us to generate the following set. From x*, we compute
the set of incumbent solutions:

IS(x*) :={y* : y* = 2" — gj,,(9j,, hj,) is the largest element (g, k) in the chain
gL such that o* — g is feasible , i = 1,...,7}.

Now, the scheme proceeds recursively on each element of the set I.5(z*). Finite-
ness of the above scheme is clear, since we are generating a search tree with bounded
depth (cardinality of the test family) and bounded width, each element in the tree has
at most 7 (number of chains) followers. The correctness of this approach is ensured,
since any pair of Pareto-optimal solutions must be connected by a reduction chain
through elements in the test family (see Theorem 2.1 and Corollary 2.1).

The above approach assumes that a feasible solution to MIP4 c(b) is known
(thus implying that the problem is feasible). Methods to detect infeasibility and to
get an initial feasible solution are connected to solving diophantine systems of linear
equations; the interested reader is referred to [31] for further details.

The following lemmas help us in describing the geometric structure of a test family
for multiobjective integer linear problems.

LEMMA 2.1 (Gordan-Dickson lemma, Theorem 5 in [11]). If P C N*, P £ (),

then there exists a minimal subset {p1,...,pm} C P that is finite and unique such
that p € P implies p; < p (componentwise) for at least one j =1,...,m.
LEMMA 2.2. There exists a unique, minimal, finite set of vectors aq,...,a € N

such that the set Lo of all dominated solutions in all fibers of MIP4 ¢ is a subset of
N™ of the form

k
Le=|J(aj +N").
j=1

Proof. The set of dominated solutions of all problems MIP4 ¢ is
Lo ={aeN":38 e N" with Af = Aa and § <¢ a}.

Let a be an element in Lo and 3 a Pareto-optimal point in the fiber 7=!(A«) that
satisfies 3 <¢ . Then, for any v € N*, A(a +v) = A(B+17), a+~,8+~ € N?,
and 8 + v <¢ a+ 7, because the cost matrix C' has only nonnegative coefficients.
Therefore, o+ is a feasible solution dominated by 3+~ in the fiber 77! (A(a +7)).
Then, a +v € L¢ for all v € N*, so a+ N* C L. By Lemma 2.1, we conclude
that there exists a minimal set of elements «q,...,ar € N™ such that Lo = U?:l(aj
+ N™). d

Once elements ag, ..., q generating Lo (in the sense of the above result) have
been obtained, one can compute the maximal chains of the set {aq,...,a;} with
respect to the partial order <¢. We denote by Cé, ..., Cf, these maximal chains and
set L&, = Uf;l(ai +N"), where of € CL fort =1,...,k; and i = 1,..., u. For details
about maximal chains, upper bounds on its cardinality and algorithms to compute
them for a partially ordered set, the reader is referred to [4].

It is clear that, with this construction, we have Lo = [J!_; Eic.

Next, we describe a finite family of sets G C Ker(A) NZ™ and prove that it is
indeed a test family for MIP4 c.

Let G« = {gic}é;p being

(3) Lo ={lgh hE) = (ol = BE,al), =1, ki k=1,... my}ti=1,..p
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the maximal chains of G, (with respect to the order <¢ over the second components)
and where af, ..., aj, are the unique minimal elements of £, and 3}, ..., ZL” are
the Pareto-optimal solutions to the problem MIPA,C(Aaj»).

In the next section, we give an algorithm that explicitly constructs G~ . Notice
that for fixed ¢, j and k, gfj = (053' — ;) is a point in the subspace S = {z € Q" : Az =
0}, i.e., in the O-fiber of MIP4 c. Geometrically we think of (o — 35, ) as the ori-

—_—
ented vector g’ = [8F;, a!] in the Aa’-fiber of MIP4 c. The vector is directed from
the Pareto-optimal point ﬂfj to the nonoptimal point o<§ due to the minimization
criterion in MIP4 ¢, which requires us to move away from expensive points. Sub-
tracting the point 71’3 = aé- — fj from the feasible solution 7 gives the new solution
v — 04;- + fj, which is equivalent to translating 71’3 by a nonnegative integer vector.

Consider an arbitrary fiber of MIP4 ¢ and a feasible lattice point v in this fiber.
For each vector g% in G-, check whether v — gF; is in N". At ~, draw all such
possible translations of vectors from G~.. The head of the translated vector is also
incident at a feasible point in the same fiber as -y, since gfj is in the O-fiber of MIP4 .
We do this construction for all feasible points in all fibers of MIP4 ¢. From Lemma
2.2 and the definition of G-, it follows that no vector (o — fj, o) in G-, can be
translated by a v in N™ such that its tail meets a Pareto-optimal solution on a fiber
unless the obtained vector is incomparable to the Pareto-optimal point fj

THEOREM 2.1. The above construction builds a connected directed graph in every
fiber of MIP4.c. The nodes of the graph are all the lattice points in the fiber, and
(’y,"/) is an edge of the directed graph if ’y/ =y — gfj for some i, j, and k. Any
directed path of this graph is nonincreasing with respect to the partial order <¢.

Proof. Pick a fiber of MIP4 ¢ and, at each feasible lattice point, construct all
possible translations of the vector ﬁfj from the set G as described above. Let o
be a lattice point in this fiber. By Lemma 2.2, a = o 4 v for some i € {1,...,t} and
v € Z'. Now, since the point 0‘;@ defined as o/k = 5@- + v also lies in the same fiber as
«, then 04;4 <c @ or oy, and « are incomparable. Therefore, 72 translated by v € N

is an edge of this graph, and we can move along it from « to a point o in the same
fiber such that o' <¢ « or o and o are incomparable. This proves that, from every
dominated point in the fiber, we can reach an improved or incomparable point (with
respect to <¢) in the same fiber by moving along an edge of the graph. d

We call the graph in the b-fiber of MIP4 ¢ built from elements in G~ the <c-
skeleton of that fiber.

The reader may note that, from each dominated solution «, one can easily build
paths to its comparable Pareto-optimal solutions subtracting elements in G, . Indeed,
let B a Pareto-optimal solution in the Aa-fiber such that § dominates «. Then, let
«; be a minimal element of Lo such that a = «; + 7y, with v € N and let 3; be the
Pareto-optimal solution in the Aq;-fiber that is comparable to a; and such that 3; +-y
is comparable to 8. Then a = Bi+ is a solution in the Aa-fiber with 5 <¢ o <ca.
Now, one repeats this process but starting with o and B, until &' = 3. Moreover, the
case where o and  are incomparable reduces to the previous one by finding a path
from « to any intermediate point ﬁ/ that compares with (. This analysis leads us to
the following result.

COROLLARY 2.1. In the <c-skeleton of a fiber, there exists a directed path from
every feasible point o to each Pareto-optimal point (3 in the same fiber. The vectors of
objective function values of successive points in the path do not increase componentwise
from « to (.
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F1G. 2. The <¢-skeleton of the (17,11)*-fiber of MIP s ¢ projected on the (z1,x2)-plane.

COROLLARY 2.2. The family G~ is the unique minimal test family for MIP ¢ .
It depends only on the matriz A and the cost matriz C.

Proof. By the definition of G, conditions 1 and 2 of Definition 2.1 are satisfied.
From Theorem 2.1, it follows that conditions 3 and 4 are also satisfied, so G, is a test
family for MIP ¢. Minimality is due to the fact that removing any element (g;;, hf;)
from G- results in G- \ {(gf;, hf;)}. However, this new set is not a test family,
since no oriented vector in G-, \ {(gfj, hfj)} can be translated through a nonnegative
vector in N” such that its tail meets a}. It is clear by definition that G~ depends
only on A and C. O

Ezample 2.2. Let MIPs c be the family of multiobjective problems, with the
following constraints and objective function matrices:

2 2 -1 0 10 1 00
A—[oz 0 1]’ 0_{1 1000]'

Let (z1,x2,51,52) be the vector of variables, where s; and sy are slack variables.
In this example, using order <¢, (see Remark 2.2), G = {GL_,G%_}, where G%_
- {?% = ((0,1,2,-1),(0,1,2,0)), 7% = ((-1,1,0,-2),(0,1,0,0))}, and gic =
{?% = ((1,0,2,0), (1,0,2,0)), 7% =((1,-1,0,2),(1,0,0,2))}.

Figure 2 shows, on the (1, z2)-plane, the <o-skeleton of the fiber corresponding
to the right-hand side vector (17,11)%. In the box over the graph of the <¢-skeleton,
we show the second components of the elements of G._. The reader may note that,
in the graph, the arrows have opposite directions due to the fact that the directed
paths (improving solutions) are built subtracting the elements in G<,. We describe
how to compute the sets GL . and G2 in section 3.

Given G, there are several ways to build a path from each feasible point in a
fixed fiber to any Pareto-optimal solution. However, there is a canonical way to do
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(4,5,1,

(9,4,9,3)

(5,4,1, (5,4,1,3) -

(6,3,1,5) .

(7,2,1,7) T,

o

] 2
(8,1,1,9) .

L.

Fi1c. 3. Different ways to compute paths from (9,4,9,3) to the Pareto-optimal solutions in its
fiber.

(9,0,1,11) (9,0,1,11)

it: Fix o a permutation of the set {1,...,u} and subtract from the initial point the
elements of QZ(;), for i = 1,...,u. Add this element to an empty list. After each
subtraction by elements in QZ(;), i =1,...,p, remove from the list those elements

dominated by the new element. We prove in Section 3 that this result does not depend
on the permutation o.

Ezample 2.2 (continuation). This example shows the above-mentioned different
ways to compute paths from dominated solutions to any Pareto-optimal solution. The
vector (9,4,9,3) is a feasible solution for MIP4 ¢ in the (17, 11)*fiber. Figure 3 shows
the sequence of Pareto-optimal points obtained from the feasible point (9, 4,9, 3) using
the permutation o1 = (1,2) (on the left) and using o2 = (2,1) (on the right).

Remark 2.3. Let <¢ be the partial order induced by C. Then, a directed path
from a dominated point « to each Pareto-optimal point 8 in a fiber, applying the
above method, cannot pass through any lattice point in this fiber more than p times
(recall that p is the number of maximal chains in G- ). This implies that obtaining
the Pareto-optimal solutions of a given MIP,4 ¢ using G« cannot cycle.

3. Test families and partial Grobner bases. In the previous section, we
motivated the importance of having a test family for MIP4 ¢, since this structure
allows us to obtain the entire set of Pareto-optimal solutions of the above family of
multiobjective integer programs (when the right-hand side varies). Our goal in this
section is to provide the necessary tools to construct test families for any multiobjec-
tive integer problem. Our construction builds upon an extension of Grobner bases on
partial orders.

In order to introduce this structure, we define the reduction of a pair (g,h) €
7™ X 2 by a finite set of ordered pairs in Z" x Z% . Given is a collection Go C Z" x Z}
where Go = {(gl,hl), ceey (gl,hl) : hk+1 <c hk, k= 1,... ,l — 1}.

The reduction of (g,h) by Go consists of the process described in Algorithm
1. The above reduction process extends to the case of a finite collection of ordered
sets of pairs in Z™ x Z'} by establishing the sequence in which the sets of pairs are
considered. We denote by pRem((g,h),G), the reduction of the pair (g, k) by the
family G = {G;}!_, for a fixed sequence of indices o.

From now on, we denote by pRem((g, h),G) the set of remainders of (g, h) by the
family G = {G;}!_, for the natural sequence of indices (1,...,t), i.e., when o is the
identity.
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ALGORITHM 1: PARTIAL REDUCTION ALGORITHM.
input : R={(g,h)}, S ={(g,h)},
Go = {(gl,hl),...7(gl,hl) : hk+1 <c hg, k= 1,...,1—1}.
Set i:=1, 5, = {}.
repeat
for (§,h) € S\ S, do
while h — h; > 0 do
if h— g; and h— g are comparable by <¢ then
| RO:{(g_giamax<c{h_gi7h_§})}
else
| Ro={(G-9ih—9),G—9ih—3)}
end
For each r € R, and s € R:
if r <¢ s then
| R=R\{s}
end
S =R,.
R=RUR,.
So=5,U{(g,h)}.

end

end

=1+ 1.

until 1 <t ;

output: R, the partial reduction set of (g,h) by Ge.

The reduction of a pair that represents a feasible solution by a test family gives
the entire set of Pareto-optimal solutions. In order to obtain that test family, we
introduce the notion of p-Grébner basis. This name has been motivated by the fact
that when the ordering in N” is induced by a single cost vector, a Grobner basis
is a test set for the family of integer programs IPa . (see [10] or [41] for extended
details). In the single objective case, the Buchberger algorithm computes a Grébner
basis. However, in the multiobjective case, the cost matrix induces a partial order, so
division or the Buchberger algorithm are not applicable. Using the above reduction
algorithm (Algorithm 1), we present an “4 la Buchberger” algorithm to compute the
so called p-Grobner basis to solve MOILP problems.

DEFINITION 3.1 (partial Grobner basis). A family G = {G1,...,G:} C Ia
is a partial Grébner basis (p-Grébner basis) for the family of problems MIPa ¢ if
G1,...,G: are the maximal chains for the partially ordered set Uﬁzl G; and for any
(9.h) € Z" x 2, with h —g >0

g € Ker(A) <= pRem((g,h),G)s = {0}

for any sequence o.

A p-Grébner basis is said to be reduced if every element in each mazximal chain
cannot be obtained by reducing any other element of the same chain.

Given a p-Grobner basis, computing a reduced p-Grébner basis is done by deleting
the elements that can be reduced by other elements in the basis. After the removing
process, the family is a p-Grobner basis having only nonredundant elements. It is easy
to see that the reduced p-Grobner basis for MIP4 ¢ is unique and minimal, in the sense
that no element can be removed from it, maintaining the p-Groébner basis structure.
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This definition clearly extends to p-Grébner bases for the ideal T4 induced by A,
once we fix the partial order <¢ induced by C.

In the following, we present algorithms to solve multiobjective problems analogous
to the methods that solve the single objective case using usual Grobner basis. These
methods are based on computing the reduction of a feasible solution by the basis.
The key for that result is the fact that the reduction of any pair of feasible solutions
is the same, therefore, the algorithm is valid for any initial feasible solution. After
the following theorem, Lemma 3.1 ensures the same statement for the multiobjective
case and p-Grobner bases.

THEOREM 3.1. Let G be the reduced p-Grobner basis for MIP4 ¢ and o o feasi-
ble solution for MIP4 c(Aa). Then, pRem((a, &), G)s = pRem((a, @), G)or for any
sequences o and o’.

Proof. We first observe that the elements in pRem((a, «),G), are of the form
(8,0). Indeed, since the first step of Algorithm 1 reduces the element («,«), then
B—f] = a—a = 0. Therefore, ﬁ—g is always dominated by B—gi because 0 <¢ h — Gi,
so that the remainders are of the form (a — g;, @ — g;).

On other hand, let (8, 8) be an element in pRem((«, &), G)o, then a— 5 € Ker(A)
and by Definition 3.1, pRem((a — 3, @), G)s = pRem((ae — 3,8),G)o = {0} for any
o' O

The above result ensures that without loss of generality reductions of elements
of the form («, ) by p-Grébner bases are independent of the permutation of indices
used. Therefore, we do not make reference to ¢ in the notation, referring always to
the natural sequence o = (1,...,1).

LEMMA 3.1. Let G be the reduced p-Grébner basis for MIP, ¢ and aq, o two
different feasible solutions in the same fiber of MIPa c. Then, pRem((a1,a1),G) =
pRem((a2, a2),G).

Proof. Let (8,08) € pRem((a1,a1),G), then since Aoy = Aag, [ is in the same
fiber that ca. Next, since 8 cannot be reduced, then (3, 8) € pRem((as, a2),G). |

The following theorem states the relationship between the three structures intro-
duced before: test families, reduced p-Grobner bases, and the family G-.,.

THEOREM 3.2. The reduced p-Grobner basis for MIP ¢ is the unique minimal
test family for MIP4 o. Moreover, G, introduced in (3), is the reduced p-Grobner
basis for MIP4 c.

Proof. Let G = {G1,...,G:} be the reduced p-Grébner basis for MIP4 . We
have to prove that G satisfies the four conditions in Definition 2.1. By the definition
of p-Grobner basis, it is clear that each G; is totally ordered by its second component
with respect to <¢ (condition 1). Condition 2 follows because, for each ¢ and for
each (g,h) € G; C Z" x 77, clearly pRem((g,h),G) = {0}, so g € Ker(A) and then
A(h —g) = Ah.

Now, let z € N” be a dominated solution for MIP4 c(b). Then, there is a
Pareto-optimal solution § such that § <¢ z. By Lemma 3.1, pRem((z,x),G) =
pRem((5,8),G) and by construction of the set of partial remainders, 8 € pRem((5,
B8), G), thus x & pRem((x,x),G). This implies that there exists (g, h) € G;, for some
i=1,...,t such that z — g <¢ . This proves condition 3 of Definition 2.1.

On the other hand, if z is a Pareto-optimal solution for MIP4 ¢ (b), z € pRem((z,
x), G), then there exists no (g, h) in any G; such that x — g <¢ x. Therefore, for every
i and for each (g, h) € G;, either x — g is infeasible or incomparable to z, which proves
condition 4 of Definition 2.1.

Minimality is due to the fact that removing an element from the reduced p-
Grobner basis, that is, the minimal partial Grobner basis that can be built for MIPy4 ¢,
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we cannot guarantee to have a test family because there may exist a pair (g,h) €
7™ x 77, with g € Ker(A) that cannot be reduced to the zero set.
Finally, the second statement of the theorem follows from Corollary 2.2. O
Next, we describe an extended algorithm to compute a p-Grébner basis for 14,
with respect to the partial order induced by C. First, for any (g, h), (g/, h/) inZ" <71,

we denote by S*((g,h), (g',h")) and S2((g,h), (¢, ') the pairs

(g—g/—Q(h—h/),7+g_2h) if7+g—2h<c7+g/—2h/,
s "—g—20 —h)y+g —20) ify+g —20 <cy+g-2n,
S (g, k), (g B = @ —g=2(h —h)y+g —2h) ifytyg vty

(g—g —2(h—1),v+g—2h) ifv+g —2n andv+g— 2h,
are incomparable,

and

(g—g —2(h—h'),y+g—2h) ify+g—2h<cy+g —2h,

-y "—g—2h - h), "—ony if "—on < — 2h,

S2((g,h), (g, 1)) = (9 —g—2(h —h),yv+g ) ify+g =evtyg

(9 —g—2(h —h),y+g —2h) ify+g —2h and v+ g— 2h,
are incomparable,

where v € N™ and v; = max{h;, h;}, i=1,...,n.

The pairs S((g, k), (g, 1)) and S2((g,h), (g, h")) are called 1 — Svector and 2 —
Swector of (g,h) and (g, h'), respectively. The reader may note that S*((g, h), (g',h'))
and S%((g, h), (g, b)) coincide, provided that the resulting pairs are comparable under
< ¢, whereas they correspond with the two possible choices of the new pair in the case
when the vectors v + ¢ — 2h" and v + g — 2h are incomparable.

The name is due to the analogy with the algebraic-geometrical notion of S-
polynomial for a pair of polynomials with a given term order. Since we consider
a partial order, it may happen that in the standard construction of an Svector [41],
we cannot decide which is the leading term. Therefore, in our definitions of Svec-
tors, we must consider all possible combinations of leading terms, with respect to the
partial order <¢.

The original Buchberger criterion was stated in a polynomial language. Therefore,
we adapt our notation to follow the line of that proof. Let leadmonc(f) denote the
set of leading monomials with respect to the order induced by C' for any multivariate
polynomial f € R[z1,...,2,]. We identify the set J4 introduced in (2), with S4 =
(% — 2 : u—v € Ker(A)), and therefore, the set setlm(u,v) is identified with the
elements in leadmonc (z*—x"). Moreover, each pair (g, h) € Z" xZ" , with g € Ker(A)
and h — g > 0 is identified with the binomial ah — axh—9, Then, we associate with
G = {G1,...,G:} the polynomial set G* = {G7,...,G}} identifying one—to-one each
pair in G with the corresponding binomial in G*. In this way, we adapt accordingly
the definition of pRem((f,p),G*), the set of partial remainders of f € Rxy,...,x,]
with leading monomial p and with respect to G*.

Moreover, we define the 1-Spolynomial and 2-Spolynomial as the binomial tran-
scriptions of the 1-Svector and 2-Svector. For any two binomials 2% — 2% and
2% — xP2 the k-Spolynomial with respect to the leading monomials 2, 22 is

Sk((xal - mglaxal)a (ma2 - 3752533&2)) = x'y—a2+ﬁz - x’y—a1+ﬁ1, k= 17 2;
where v € N and v; = max{(a1);, (a2)i}, ¢ = 1,...,n. The difference between the

1-Spolynomial and the 2-Spolynomial is the choice of the leading term: They coincide
when the monomials are comparable and differ when the monomials are incomparable,
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and in this case, each k-Spolynomial corresponds with the two possible choices of the
leading term.

The following lemma is used in the proof of our extended criterion, and it is an
adaptation of the analogous result for total orders and usual S-polynomials.

LEMMA 3.2. Let fi,...,fs € Rlz1,...,2,] be such that there exists p € ();_;
leadmonc(f;). Let f =37, ¢ fi, with ¢; € R. If there exists q € leadmonc(f) such
that g <¢ p, then f is a linear combination with coefficients in R of the k-Spolynomial,
k=1,2, of fi and f;, 1 <i<j<s.

Proof. By hypothesis, f; = a; p+ other smaller or incomparable terms, with
a; € R for all i. Then, f can be rewritten as f = Y ;_, ¢; fi = Y.i_, ¢ia; p+ other
smaller or incomparable terms. Since ¢ <¢ p, then Y7, ¢;a; = 0.

By definition, for k = 1,2, S*((fi,p), (fj,p)) = a% fi— % fj, thus,

1
as—1

1 1
+(crar+ -+ cs—1a5-1) ( fs_l—a—fs)—|—(61a1—|—-~—|—csas)a—fS
S

S

= S () (o) o iy 85 (o) () + <iz ) 2
=1
= S (on). (),

where d¥ = 23:1 ¢ja; fori=1,...,s and k = 1,2. This proves the lemma. 0

The algorithm to compute standard Grobner bases is based on the Buchberger
criterion. Its analogous for a partial order states that it suffices to check that the
partial remainders are zero for Svectors and for any fixed sequence of indices.

THEOREM 3.3 (extended Buchberger’s criterion). Let G = {G1,...,Gi}, with
Gi C Iy foralli=1,...,t, be the mazimal chains of the partially ordered set {g; :
gi € G; for some i =1,...,t} and such that G*, the polynomial transcription of G, is
a system of generators of I4. Then the following statements are equivalent:

(1) G is a p-Grébner basis for the family MIP4 c.

(2) For each i,j = 1,...,t and (g,h) € Gi, (¢, h') € Gj, pRem(S*((g,h),

(9',7)),G) = {0} for k=1,2. o

Proof. Let G be a p-Grobner basis for I4 and (g,h) € G;, (9 ,h ) € G; for any
i,j € {1,...,t}. Then, S*((g,h), (g, h)), for k = 1,2, is in I4 so by the definition of p-
Grébner basis, pRem(S*((g,h), (g, 1)), G)s = {0}, for any sequence o, in particular,
for o = (1,...,1).

Conversely, assume that for each (g,h) € G; and (g/,h/) € G, for any 7,5 €
{1,...,t}, pRem(S*((g, ), (g, '), G) = {0} for k = 1,2. Let (g, h) € Z" x Z, with
g € Ker(A) and h — § > 0. We define f = 2" — 2"~9 € Z[z,,...,z,], and we denote
by G* ={g7,...,g,} the polynomial set associated with G.
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Then, by hypothesis f, can be written as a linear combinations of the elements
in G* (this representation is not unique):

d
F=> pig
i=1

for some p; € R[zy,...,2,] fori=1,...,d.

Let X = {Xy,...,Xn} be the set of maximal elements of the set {P; R; : P; €
leadmonc(p;i), Ri € leadmonc(gZ )} with respect to <¢.

If X D leadmonc(f), the polynomial f can be partially reduced by the elements
in G*. This proves the result.

Otherwise, there must exist [ € leadmonc(f)\X. We will prove by contradiction
that this case is not possible. Indeed, if I € leadmonc(f), it must come from some
simplification (reduction) of the linear combination defining f. Then, the construction
ensures that there must exist at least one element X; € X such that | <o Xj.

Set J(X;) = {j : P; Rj = X;, with P; € leadmonc(p;), R; € leadmonc(g;)}. For
any j € J(X;), we can write p; = P; + other terms and deﬁne q= deJ(X y B g5 -
Then, X; € leadmonc(Pj g;) for all j € J(X;). However, by hypothesis, there exists
Q € leadmonc(q), with Q <¢ X;.

Hence, by Lemma 3.2, there exist d% . € R, k = 1,2 such that

7= > ¥, S*(Psgi, Ls), (Prgi,Ls)), k=1,2
r,s€J(X;),m#5,9%,97€G*

for some L; € leadmonc(P; g;) for all g} € G*.
Now, for any r, s € J(X;), we have that X; = lem(L,, L) for some L, €
leadmonc (P, g¥) and Lg € leadmonc(Ps g%), and therefore, we can write

. . Xi . X .
Sk((Prgrer)a (PSgS,LS)) = L_Prgr - L_Psgs
- fgr ls 9s = Pr,s S ((gralT’)v(gsvlS))a
where I, = &, I, = &=, P s = lem(ly, ), and k = 1,2.

By hypothesis, pRem(Sk((gr, 1), (95,15)),G*) = {0}. Thus, from the last equa-
tion we deduce that

pRem(S*((P; g7, Lr), (Ps g3, Ls)), G) = {0}.

This gives a representation:

Sk((PTg:,LT),( s as L Z pfgg;v
gLEeG™

with p¥ € Rlzy,...,2,] and k = 1,2.

Then, {PF R": g} € G*, PFY € leadmonc(pkY), R” € leadmonc(g;;) and do
not exist P}” and R 5atlsfy1ng Pk 7 € leadmonc (pY), R” € leadmonc(g%) such
that P R” <o PFY R} = leadmonc(Sk( 95, Ps g¥)).

To simplify the notation, denote S¥, = leadmonc(S*(P, g7, Ps g%)).
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By construction of S-polynomials, we have that there exists p € S,’?S such that
p <c Xj, so, substituting these expressions into ¢ above, we have

f= > pig+ > pigi= >, pig+a

JEI(X5) JEJ(X4) JEI(X4)
Z pJgj+de Sk Sgsv )a(PT’gr’ Z pJg]+ZZpTS gl/'
JEJI(X;i) JEJI(X5)

Thus, we have expressed f as

d
f=>_ g,
=1

with one leading term p smaller than X;. However, this is a contradiction, and the
theorem is proved. a

This criterion (the one in Theorem 3.3) allows us to describe a geometric algorithm
which constructs a p-Grébner basis Go for MIP4 ¢, and therefore, a test family for
that family of multiobjective problems.

The first approach to compute a p-Grobner basis for a family of multiobjective
programs is based on the Conti and Traverso method for the single objective case
[10]. For this algorithm, the key is transforming the given multiobjective program
into another one where computations are easier and so that an initial set of generators
for I, is known.

Notice that finding an initial set of generators for I4 can be done by a straight-
forward modification of the Big-M method [3].

Given the program MIP4 c(b), we consider the associated extended multiobjec-
tive program EMIP,c(b) as the problem MIPj; (b), where

-1

A=1| 14, ' | A
1

1
c me (m+ +n)’

C = (M-1|C) € Zm+T1+n)xk [q  stands for the m x m identity matrix, M is a
large constant, and 1 is the (m + 1) x k matrix whose components are all 1. This
problem adds m + 1 new variables, whose weights in the multiobjective function are
big, and so solving this extended minimization program allows us to solve directly
the initial program MIP4 ¢. Indeed, any feasible solution to the original problem
is a feasible solution to the extended problem with the first m components equal
to zero, so any feasible solution of the form (0,™+10,,...,a,) is nondominated,
upon the order <z, by any solution without zeros in the first m components. Then,
computing a p-Grobner basis for the extended program using the partial Buchberger
Algorithm (Algorithm 2) allows detecting infeasibility of the original problem. Fur-

thermore, a trivial feasible solution X9 = (b1,...,bm,0,7TL 0) is known, and the
initial set of generators for I is given by {{M; — Pl, M;}:i=0...,n}, where M, =
(a1; —min{0, min;{aj}},..., am; —min{0, min;{aj;}}, — min{0, min;{a;;}},0,.7.,0),

P, = (0,7t 0le;), for all ¢ = 1,...,n, My = (1,7F41,0,.7.,0), and Py = O,
M;, P;, My, Py € Z777™ ! (see [2] for further details). Then, we can state the fol-
lowing result.

THEOREM 3.4. Let G = {G;}!_, be a p-Grébner basis for EMIPs ¢ and b =
(b1,...,bm). The entire set of Pareto-optimal solutions for MIP c(b) consists
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ALGORITHM 2: PARTIAL BUCHBERGER ALGORITHM 1.
input : Fl = {Mo, Ml, . ,Mn} and F2 = {Po,Pl, . 7Pn},
Mi = (ali - min{O, minj{aji}}, ceey Qg —
min{0, min;{a;;}}, — min{0, min;{a;;}},0,.7.,0) (i > 0),
P; = (0,741 0le;) € N+l (4> 0),
My = (1,7+11,0,.7.,0),
Py = (0,ntm+10).

repeat
Compute, Gy, ..., G, the maximal chains for G = ¢(F(F1, Fz)).
for i,j € {1,...,t}, i # j, and each pair (g,h) € G;, (¢',h') € G; do
Compute R* = pRem(S*((g,h), (¢, 1)), G), k = 1,2.
if R = {0} then
| Continue with other pair.
else
| Add ¢(F(r)) to G for each r € RF.
end

end
until R¥ = {0} for every pairs;
output: G = {G1,...,Gq} p-Grobner basis for I4 with respect to <¢.

of the vectors a = (aq, . .., ap) such that (0,710, a1,...,a,) € pRem(((b, 0,7+ 0),
(b,0,71%,0)),G). Moreover, if there is no &' in the set pRem(((b, 0, "1 0),
(b,0,711,0)),G) whose m + 1 first components are zero MIPa o (b) is infeasible.

Proof. Let a be a vector obtained by successive reductions over G. It is clear that
«a is feasible because ((0, ), (0,«)) is in the set of remainders of ((b,0), (b,0)) by G
and then in the same fiber. Besides, « is a Pareto-optimal solution because G is a test
family for the problem (Theorem 3.2).

Now, if 5* is a Pareto-optimal solution, by Lemma 3.1 pRem(((0, 5*), (0, 5%)),
G)=pRem(((0,b), (0,b)),G), but since §* is a Pareto-optimal solution, it cannot be
reduced so ((0,5),(0,5)) € pRem(((0,5),(0,5")),G) and then ((0,5%),(0,5"))
also belongs to the list of partial remainders of ((b,0), (b,0)) by G. O

Hosten and Sturmfels [22] improved the method by Conti and Traverso to solve
single-objective programs using standard Grobner bases. Their improvement is due
to the fact that it is not necessary to increase the number of variables in the problem,
as Conti and Traverso’s algorithm does. Hosten and Sturmfels’s algorithm allows
decreasing the number of steps in the computation of the Grobner basis, but, on
the other hand, it needs an algorithm to compute an initial feasible solution, which
was trivial in the Conti and Traverso algorithm. We have modified this alternative
algorithm to compute the entire set of Pareto-optimal solutions. The first step in the
algorithm is computing an initial basis for the polynomial toric ideal 4 = (z* — 2 :
u—v € Ker(A)) that we can identify with J4. This step does not depend on the order
induced by the objective function, so it can be used to solve multiobjective problems.
Details can be seen in [22]. Algorithm 3 implements the computation of the set of
generators of $4. This procedure uses the notion of Lenstra—Lenstra—Lovasz (LLL)-
reduced basis (see [27] for further details). In addition, we use a w-graded reverse
lexicographic term order <9 induced by x;y1 > -+ > ;-1 > x; (with @41 == 21)
that is defined as follows:

n n n n
a =T f = ijaj < ijﬁj or ijaj = ijﬂj and a <jeq 5,

Jj=1 Jj=1 Jj=1 Jj=1
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ALGORITHM 3: setofgenerators(A).

input : A € Zm*x"
1. Find a lattice basis B for Ker(A) (using Hermite normal form).
2. Replace B by the LLL-reduced lattice basis B;¢q-
Let Jy := (2" — 2%~ : u € Byeq)-
fori=1,...,ndo

oo

Compute J; = (Ji—1 : 25°) as
(a) Compute G;_1 the reduced Grobner basis for J;_1 with respect to <.
(b) Divide each element f € G;_1 by the highest power of z; that divides f.

output: 4 := J, = {a™ — ¥, ... 2% — x¥} system of generators for 4.

ALGORITHM 4: pgrobner (Fi, F»).
input : F1 = {Ml,...,MS} and FQ = {Pl,...,PS}.
repeat
Compute Gy, ..., G; the maximal chains for G = ¢(F(F, F2)).
for i,j € {1,...,t}, i # j, and each pair (g,h) € G;, (¢',h') € G; do
Compute R* = pRem(S*((g,h), (¢, 1)), G), k = 1,2.
if R¥ = {0} then
| Continue with other pair.
else
| Add ¢(F(r)) to G for each r € RF.
end

end
until R* = {0} for every pairs;
output: G = {G1,...,Gq} p-Grobner basis for MIP4 c.

where w € R” is chosen such that x;11 > --- > x;_1 > x;. Finally, for any a € R, we
denote by a+ = max{a,0} and a_ = — min{a, 0}.

S 4 consists of binomials % — " with u; —v; € Ker(A) fori=1,...,s. Coming
back to our notation, each binomial z* — z¥ in 4 is identified with {u,v} € Ja,
so computing a set of generators for &4 gives us, in some sense, a finite number of
generators for the set that represents the constraints matrix. We compute in the next
step a partial Grobner basis from initial sets F; = {uy,...,us} and Fo = {vy,...,vs}
using our extended Buchberger algorithm (Algorithm 4).

Once we have obtained the partial Grobner basis using the above algorithm, we
can compute the entire set of Pareto-optimal solutions for MIP4 «(b) by Algorithm 5.

There are some interesting cases where our methodology is highly simplified due
to the structure of the set of constraints. One of these cases is when the dimension of
the set of constraints is » — 1. The next remark explains how the algorithm simplifies
in this case.

Remark 3.1. Let A be an m X n integer matrix with rank n — 1. Then, since
dim(Ker(A4)) = 1, the system of generators for T4 (Step 2) has just one element,
(g, h) and the p-Grobner basis (Step 3) is the family G = {{(g, h)}} because no Svector
appears during the computation of the Buchberger algorithm. In this case, Pareto-
optimal solutions are obtained as partial remainders of an initial feasible solution
(o, @) by (g,h), i.e., the entire set of Pareto-optimal solutions is a subset of I' =
{a—Ag: A € Z,}. More explicitly, the set of Pareto-optimal solutions for MIP4 c(b)
is the set of minimal elements (with respect to <¢) of I'.
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ALGORITHM 5: PARETO-OPTIMAL SOLUTIONS COMPUTATION FOR MIP4 c(b).

input : MIP4 c(b).

Step 1. Compute an initial feasible solution «, for MIP4 (b) (a solution for
the diophantine system of equations Az = b, x € Z").

Step 2. Compute a system of generators for I4: {{u;,v;} :i=1,...,s} using
setofgenerators(A4).

Step 3. Compute the partial reduced Grobner basis for MIP4 ¢, Go =
{G1,...,G:} using pgrobner ( Fy, Fy ), where F; = {u; :i=1,...,r}
and Fo = {v;:i=1,...,7}.

Step 4. Calculate the set of partial remainders: R := pRem(a,, Go).

output: Pareto-optimal Solutions : R.

To illustrate the above approach, we present an example of MOILP with two
objectives where all the computations are done in detail.

Example 3.1.
min {10z + y,z + 10y}
s.t.
2v+2y =17,
(4)

2y <11,
z <10,
T,y €Z4.

Transforming the problem to the standard form results in

min {10z 4+ y + 0z + 0t + Og, = + 10y + 0z + 0t + Oq¢}

s.t.
2042y —z =17,
() 5 _
y+t =11,
z+q =10,

x,Y,%,1,q €Z+'

Step 1. Feasible solution for MIP4 ¢ (b): v =(9,4,9,3,1).
Step 2. Following the steps of Algorithm 3:
1. Basis for Ker(4) : B :={(0,1, 2, 2 0) (—-1,0,—2,0,1)}.
2. LLL-reduced basis for B: Bycq := B :={(-1,0,-2,0,1),(-1,1,0,—2,1)}.
3. Jo = (a" — ¥ iu € Breg) = <x5 - xlarg,xga:5 — z23).
4. Ji+1 ~: (Jz : {E?O)
(a) Go := {w5—m12%, xows — 2123, 2223 — 22} = J1 1= (x5 — 1123, m275 —
aila:i,xga:g —x2).
(b) Gy = {xs— 2123, w275 — 1123, 1223 — 23} = Jo := (w5 — 2123, 25—
aila:i,xga:g —x2).
(¢) Go = {xs—m12%, 1ow5 — 7127, 273 — 23} = J3 1= (x5 — 2123, W25 —
qclei,xgxg — x2).
(d) Gs := {xs—m12%, wox5 — 2123, 223 — 23} = Jy := (x5 — 2123, Mo W5 —
123, 2003 — 23).
5. Sa = (w5 — 1123, vows — w123, wo23 — 23, 1123 — 1) —
Iy = ({((1,0,0,0,1),(0,1,0,2,0)), ((1,0,2,0,0), (0,0,0,0, 1)),
((0,1,2,0,0),(0,0,0,2,0))}).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/25/16 to 150.214.182.169. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

p-GROBNER BASES FOR MOILP 591

Y s

F1G. 5. Feasible region, Pareto-optimal solutions, and improvement cone for Example 3.1 with
C= H]-Ov _1]7 [_17 10“

Step 3. Computing a p-Grobuner basis for 14, using order <% (Remark 2.2) and fol-
lowing Algorithm 4, we obtain G, whose maximal chains are
G = {((O, 1,2,0,0), (0,0,0,2,0), (0, 1,2,0,0)), ((0, 1,0,0,2), (2,0,2,2,0),
(0, 1,0,0,2)), ((O, 1,0,0,1), (1,0,0,2,0), (0, 1,0,0,1))} and
G = {((1,0,0,4,0), (0,2,2,0,1), (1,0,0,4,0)), ((1,0,2,0,0), (0,0,0,0,1),
(1,0,2,0,0)), ((1,0,0,2,0), (0,1,0,0,1), (1,0,0,2,0))}.
Step 4. Partial remainders. Reducing first by Gy,
pRem((9,4,9,3,1),G1) = {(9,0,1,11,1)}.
Then, reducing each remainder by Ga,
pRem((9,0,1,11,1),G2) = {(9,0,1,11,1), (8,2,3,7,2), (7,2,1,9, 3),
(6,3,1,5,4), (5,4,1,3,5), (4,5,1,1,6)}.
The entire set of Pareto-optimal solutions is

{(9,0,1,11,1),(8,1,1,9,2),(7,2,1,7,3),(6,3,1,5,4), (5,4,1,3,5), (4,5,1,1,6) }.

Figure 4 shows the feasible region and the Pareto-optimal solutions of the example
above. In addition, we have evaluated the problem with the same feasible region but
choosing a cost matrix such that the respective normal vectors of each of the rows in
the matrix form an acute angle. Then, nonsupported solutions appear in the set of
Pareto-optimal solutions. Figure 5 shows the Pareto-optimal solutions for the same

feasible region and C' = [iol I&]
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TABLE 1
Summary of computational experiments for knapsack problems.

problem  sogt pebt post tott |[pos| |maxch| steps act_pGB
knap4_2 0.063 249.369  1.265 250.697 11 20 2 164.920
knap4_3 0.063 1002.689 2.012 1004. 704 5 46 2 T72.772
knap4_4 0.063 1148.574 2.374 1151.011 16 98 2.4 763.686
knap5_2 0.125 1608.892  0.875 609.892 3 29 2 1187.201
knap5_3 0.125 3500.831 2.035 3503.963 2 30 2.2 2204.123
knap5_4 0.125 3956.534 2.114 3958.773 9 45.4 3 3044.157
knap6_2 0.185 2780.856 2.124 2783.165 18 156 2.4 2241.091
knap6_3 0.185 3869.156  2.018 3871.359 16.4 189 2.4 2790.822
knap6_4 0.185 4598.258  3.006 4601.449 26 298 3.2 3096.466

4. Computational results. A series of computational experiments have been
performed in order to evaluate the behavior of the proposed solution method. Pro-
grams have been coded in MAPLE 10 and executed in a PC with an Intel Pentium 4
processor at 2.66GHz and 1 GB of RAM. In the implementation of Algorithm 4 to ob-
tain the p-Grobner basis, the package poset for Maple [35] has been used to compute,
at each iteration, the maximal chains for the p-Grébner basis. The implementation
has been done in a symbolic programming language, available upon request, in order
to make the access easy to both optimizers and algebraic geometers.

The performance of the algorithm was tested on randomly generated instances for
knapsack and transportation [29] multiobjective problems for 2, 3, and 4 objectives.
For the knapsack problems, 4, 5, and 6 variables, programs have been considered, and,
for each group, the coefficients of the constraint were randomly generated in [0, 20],
whereas the coefficients of the objective matrices range in [0, 20]. Once the constraint
vector (ai,...,a,) is generated, the right-hand side is fixed as b = [1 3" | a;] to
ensure feasibility.

The computational tests for each number of variables have been done in the
following way: (1) Generate five constraint vectors and compute the initial system of
generators for each of them using Algorithm 3; (2) Generate five random objective
matrices for each number of objectives (2, 3, and 4) and compute the corresponding p-
Grobner basis using Algorithm 4; and (3) with b= [$ 3" | a;] and for each objective
matrix, compute the Pareto-optimal solutions using Algorithm 5.

Table 1 contains a summary of the average results obtained for the considered
knapsack multiobjective problems. The second, third, and fourth columns show the
average CPU times for each stage in the algorithm: sogt is the CPU time for com-
puting the system of generators, pgbt is the CPU time for computing a p-Grébner
basis, and post is the time for computing a feasible solution and partially reducing it
to obtain the set of Pareto-optimal solutions. The fifth column shows the total time
for computing the set of Pareto-optimal solutions for the problem. Finally, the sixth
and seventh columns show the average number of Pareto-optimal solutions and the
number of maximal chains in the p-Grébner basis for the problem, respectively. The
problems have been named as knapN_0, where N is the number of variables and 0 is
the number of objectives. For the transportation problems, instances with 3 origins
x 2 destinations, 3 origins x 3 destinations, and 4 origins x 2 destinations have been
considered. In this case, for each fixed numbers of origins s and destinations d, the
constraint matrix A € Z(+9x(sd) ig fixed. Then, we have generated five instances
for each problem of size s x d. Each of these instances is combined with five different
right-hand side vectors. The procedure is analogous to the knapsack computational
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TABLE 2
Summary of computational experiments for the battery of multiobjective transportation problems.

problem  sogt pebt post tott |[pos| |maxch| steps act_pGB
tr3x2_2 0.015 11.813 0.000 11.828 5.2 6 2 7.547
tr3x2_3 0.015 7.218 13.108 30.341 12 2.6 2 6.207
tr3x2_4 0.015 6.708 15.791 21.931 6 5 2.2 4.561
tr3x3_2 0.047 1545.916 1.718  1547.681 5 92 2 928.222
tr3x3_3 0.047 3194.333 11.235 3205.615 9 122 2.4 2172.146
tr3x3_4 0.047 3724.657 7.823  3732.527 24 187.4 2.2 2112.287
trdx2_2  0.046 675.138 2.122 677.306 3.4 35.2 2 398.093
tr4x2_3 0.046 1499.294 6.288  1505.628 5.8 42.4 2.2 119.519
tr4x2_4 0.046  2285.365 7.025  2292.436 12 59 2.2 1654.048

test: a first step where a system of generators is computed, a second one where the
p-Grobner basis is built, and in the last step, the set of Pareto-optimal solutions is
computed using partial reductions. Table 2 shows the average CPU times and the
average number of Pareto-optimal solutions and maximal chains in the p-Grébner
basis for each problem. The steps column shows the average number of steps in the
p-Groébner computation, and act_pGB is the average CPU time in the computation of
the p-Grébner basis elapsed since the last element was added to the basis until the end
of the process. The problems have been named as trNxM_0, where N is the number
of origins, M is the number of destinations, and 0 is the number of objectives. As can
be seen in Tables 1 and 2, the overall CPU times are clearly divided into three steps,
the most costly being the computation of the p-Grébner basis. In all of the cases,
more than 99% of the total time is spent computing the p-Grobner basis. Once this
structure is computed, obtaining the Pareto-optimal solutions is done very efficiently.

The CPU times and sizes in the different steps of the algorithm are highly sensitive
to the number of variables. However, our algorithm is not very sensitive to the
number of objectives, since the increment of CPU times with respect to the number
of objectives is much smaller than the one with respect to the number of variables.

It is clear that one can not expect fast algorithms for solving MOILP, since all
these problems are NP-hard. Nevertheless, our approach provides exact tools that,
apart from solving these problems, give insights into the geometric and algebraic
nature of the problem.

As mentioned above, using our methodology one can identify the common alge-
braic structure within any MOILP problem. This connection allows us to improve the
efficiency of our algorithm, making use of any advance that improves the computation
of Grobner bases. In fact, any improvements of the standard Grobner bases theory
may have an impact in improving the performance of this algorithm. In particular,
one can expect improvements in the efficiency of our algorithm based on the special
structure of the integer program (see, for instance, Remark 3.1). In addition, we have
to mention another important issue in our methodology. As shown in Theorem 3.2,
solving MOILP with the same constraint and objective matrices requires computing
only once the p-Grobner basis. Therefore, once this is done, we can solve different
instances varying the right-hand side very quickly.

Finally, we have observed from our computational tests that a significant amount
of the time, more than 60% (see column act_pGB) for the computation of the p-
Grobner basis is spent checking that no new elements are needed in this structure.
This implies that the actual p-Grobner basis is obtained much earlier than when the
final test is finished. A different truncation strategy may be based on the number
of steps required to obtain the p-Grébner basis. According to the exact method, the
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algorithm stops once in a step; no new elements are added to the structure. Our
tables show that, in most cases, the number of steps is two, actually, only one step is
required to generate the entire p-Grobner basis (see column steps). These facts can
be used to accelerate the computational times at the price of obtaining only heuristic
Pareto-optimal solutions. This idea may be considered an alternative primal heuristic
in MOILP and will be the subject of further research.

REFERENCES

[1] K. AARDAL, R. WEISMANTEL, AND L. WOLSEY, Non-standard approaches to integer program-

ming, Discrete Appl. Math., 123 (2002), pp. 5-74.

[2] W. ApAaMS AND P. LOUSTAUNAU, An Introduction to Grobner Bases, Grad. Stud. Math. 3,

[3]
[4]

[5]

AMS, Providence, RI, 1994.

M.A. BAzARAA, H.D. SHERALI, AND C.M. SHETTY, Nonlinear Programming: Theory and Al-

R

gorithms, John Wiley and Sons, New York, 1993.

.M. BAER AND O. @STERBY, Algorithms over partially ordered sets, J. BIT Numer. Math., 9
(1969), pp. 97-118.

. BERTSIMAS AND R. WEISMANTEL, Optimization Over Integers, Dynamic Ideas, Belmont,
MA, 2005.

. BUCHBERGER, An Algorithm for finding the basis elements of the residue class ring of a
zero-dimensional polynomial ideal, J. Symb. Comp., 4 (2005), pp. 475-511.

. CANTOR, Beitrage zur Begrindung der transfiniten Mengenlehre (Zweiter Artikel), Math.
Ann., 49 (1897), pp. 207-246.

. CAYLEY, A theorem on trees, Q. J. Math., 23 (1889), pp. 376-378.

. CHANKONG AND Y.Y. HAIMES, Multiobjective Decision Making Theory and Methodology.
Elsevier Science, New York, 1983.

. ConTI AND C. TRAVERSO, Buchberger algorithm and integer programming, in Proceedings

of the AAECC-9, New Orleans, Lect. Notes Comput. Sci. 539, H. F. Mattson, T. Mora,
and T. R. N. Rao, eds., Springer, New York, 1991, pp. 130-139.

. Cox, J. LiTTLE, AND D. O’SHEA, Ideals, Varieties, and Algorithms: An Introduction to
Computational Algebraic Geometry and Commutative Algebra, 1st ed., Springer, New
York, 1992.

. Cox, J. LITTLE, AND D. O’SHEA, Using Algebraic Geometry, 1st ed., Springer, New York,
1998.

. DELORME, X. GANDIBLEUX, AND F. DEGOUTIN, Resolution approché du probleme de set
packing bi-objectifs, in Proceedings of de L’ecole d’Automne de Recherche Operationnelle
de Tours (EARO), 2003, pp. 74-80.

F.Y. EDGEWORTH, Mathematical Psychics, P. Keagan, London, 1881.
M. EHRGOTT, Multicriteria Optimization, Lecture Notes in Econom. Math. Systems 491,

Springer, Berlin, 2000.

M. EHRGOTT AND X. GANDIBLEUX, A survey and annotated bibliography of multicriteria com-

binatorial optimization, OR Spectrum, 22 (2000), pp. 425-460.

M. EHRGOTT AND X. GANDIBLEUX, EDS., Multiple Criteria Optimization. State of the Art

Annotated Bibliographic Surveys, Kluwer, Boston, 2002.

M. EHRGOTT, J. FIGUEIRA, AND S. GRECO, EDS., Multiple Criteria Decision Analysis. State of

the Art Surveys, Springer, New York, 2005.

M. EHRGOTT, J. FIGUEIRA, AND X. GANDIBLEUX, EDS., Multiobjective discrete and combinato-

H

F.

S.

S.

rial optimization, Ann. Oper. Res., 147 (2006), pp. 1-3.
. HAMACHER AND G. RUHE, On spanning tree problems with multiple objectives, Ann. Oper.
Res., 52 (1994), pp. 209-230.

HAUSDORFF, Untersuchungen uber Ordungtypen, Berichte wuber die Verhandlungen der
koniglich sdchsischen Gesellschaft der Wissenschaften zu Leipzig, Matematisch - Physische
Klasse, 58 (1906), pp. 106-169.

HOSTEN AND B. STURMFELS, GRIN: An implementation of Grébner bases for integer pro-
gramming, in Proceedings of the 4th International IPCO Conference, Integer Programming
and Combinatorial Optimization, Lect. Notes Comput. Sci. 920, E. Balas and J. Clausen,
eds., Springer, Berlin, 1995, pp. 267-276.

HOSTEN, Degrees of Grobner bases of integer programs, Ph.D. thesis, Cornell University,
Tthaca, NY, 1997.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/25/16 to 150.214.182.169. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

[24]

[25]

[43]
[44]
[45]
[46]

[47]

p-GROBNER BASES FOR MOILP 595

H. IsHIBUCHI AND T. MURATA, A multi-objective genetic local search algorithm and its appli-
cation to flowshop scheduling, IEEE Trans. Syst. Man Cybern. C, 28 (1998), pp. 392-403.

N. Jozerowlikz, F. SEMET, AND E-G. TALBI, A multi-objective evolutionary algorithm for the
covering tour problem, Applications of Multi-Objective Evolutionary Algorithms, C. A.
Coello and G. B. Lamont, eds., World Scientific, River Edge, NJ, 2004, pp. 247-267.

M.H. KARWAN AND B. VILLARREAL, Multicriteria dynamic programming with an application
to the integer case, J. Optim. Theory Appl., 31 (1982), pp. 43—69.

A.K. LENSTRA, H.W. LENSTRA, AND L. LOVASZ, Factoring polynomials with rational coeffi-
cients, Math. Ann., 261 (1982), pp. 515-534.

K. MIETTINEN, Nonlinear Multiobjective Optimization, Kluwer, Boston, 1999.

G.L. NEMHAUSER AND L.A. WOLSEY, Integer and Combinatorial Optimization, John Wiley
and Sons, New York, 1988.

V. PARETO, Manual d’Economie Politique, F. Rouge, Lausanne, 1896.

L. POTTIER, Minimal solutions of linear diophantine systems: Bounds and algorithms, in Pro-
ceedings of the Fourth International Conference on Rewriting Techniques and Applications,
1991, Como, Italy, pp. 162—173.

Y. SawarAGl, H. NAKAYAMA, AND T. TANINO, Theory of Multiobjective Optimization, Aca-
demic Press, New York, 1985.

A. SCHRIIVER, Combinatorial Optimization: Polyhedra and Efficiency, Springer, New York,
2003.

N. EL-SHERBENY, Resolution of a Vehicle Routing Problem with Multiobjective Simulated An-
nealing Method, Ph.D. thesis, Faculte Polytechnique de Mons, Mons, Belgium, 2001.

J.R. STEMBRIDGE, A Maple Package for Posets, http://www.math.lsa.umich.edu/"jrs.

R.E. STEUER, Multiple Criteria Optimization: Theory, Computation and Application, John
Wiley and Sons, New York, 1985.

B. STURMFELS, Grébner Bases and Convex Polytopes, AMS, Univ. Lectures Ser. 8, Providence,
RI, 1996.

B. STURMFELS, Solving Systems of Polynomial Equations, CBMS Reg. Conf. Ser. 97, AMS,
Providence, RI, 2002.

B. STURMFELS, Algebraic Recipes for Integer Programming, Proc. Sympos. Appl. Math., 61,
AMS, Providence. RI, 2004.

B. STURMFELS AND R.R. THOMAS, Variation of cost functions in integer programming, Math.
Program., 77 (1997), pp. 357-387.

R.R. THOMAS, A geometric Buchberger algorithm for integer programming, Math. Oper. Res.,
20 (1995), pp. 864-884.

R.R. THOMAS, Applications to integer programming, in Applications of Computational Alge-
braic Geometry, D. A. Cox and B. Sturmfels, eds., Proceedings of the 53rd Symposium in
Applied Mathematics, AMS, 1997, pp. 119-142.

R.R. THOMAS AND R. WEISMANTEL, Truncated Groebner bases for integer programming, Appl.
Algebra Engrg., Comm. Comput., 8 (1997), pp. 241-257.

R. URBANIAK, R. WEISMANTEL, AND G.M. ZIEGLER, A wvariant of the Buchberger algorithm
for integer programming, SIAM J. Discrete Math., 10 (1997), pp. 96-108.

P.L. Yu, Cone convexity, cone extreme points and nondominated solutions in decision problems
with multiobjectives, J. Optim. Theory Appl., 14 (1974), pp. 319-377.

S. Z1oNTS, A survey of multiple criteria integer programming methods, Ann. Discrete Math.,
5 (1979), pp. 389-398.

S. ZIONTS AND J. WALLENIUS, Identifying efficient vectors: Some theory and computational
results, Oper. Res., 23 (1980), pp. 785-793.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


