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Introduction

Apart from the study of Lie Theory from a purely theoretical view-point, exten-
sive research about this theory exists due to its many applications in Engineering,
Physics and, above all, Applied Mathematics. However, some aspects of Lie algebras
still remain to be studied. Indeed, the classification of nilpotent and solvable Lie
algebras is still an open problem, although the classification of other types of Lie
algebras (like semisimple and simple ones) was already obtained in 1890. In order
to solve these and other problems, the need of studying additional properties of Lie
algebras arises. For example, conditions on the lattice of subalgebras of a Lie algebra
often lead to information about the Lie algebra itself. In fact, studying abelian Lie
subalgebras and ideals of a finite-dimensional Lie algebra constitutes the main goal
of this dissertation.

It is also convenient to indicate the motivations leading to obtain more infor-
mation about Lie algebras in general. In a high percentage, the reasons lie in the
possibility of using Lie algebras and their properties as tools in the study of several
topics in Physics and Economics, for instance. Indeed, at present, Lie algebras and
groups are widely used in Modern Physics. For example, a classic use of Lie Theory
corresponds to the study of symmetries (see [55, 87]). Nowadays, symmetries are
not limited to those geometrical versions of space-time; but there are other new
symmetries associated with “internal” degrees of freedom of particles and fields. Re-
garding to possible economic and finance applications, we advise to consult [53] as
starting point.

Another application of Lie groups and algebras corresponds to Einstein spaces
and manifolds. To classify Einstein spaces according to their respective isometry
groups in dimension 4, Petrov [85] used Bianchi’s works and applied the classifica-
tion of low dimensional Lie algebras to General Relativity (see also [93]). Besides,
a particular type of Einstein solvmanifold (which is called standard) is based on
computing an abelian orthogonal complement [51] and, therefore, it would be in-
teresting to obtain an algorithmic method which computes abelian subalgebras in a
given non-abelian Lie algebra.
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Let us consider a finite-dimensional Lie algebra, g. Let a(g) denote the maximal
dimension of an abelian subalgebra of g, and f(g) the maximal dimension of an
abelian ideal of g. Both invariants are important for many subjects. First of all
they are very useful in the study of Lie algebra contractions and degenerations.
There is extensive literature on these topics, in particular for low-dimensional Lie
algebras, as can be seen in [19, 48, 49, 77, 92| and the references given therein.

The first author dealing with the invariant o(g) was Schur [91], who studied in
1905 the abelian subalgebras of maximal dimension contained in the Lie algebra
of n X n square matrices. Schur proved that the mazimum number of linearly in-
dependent commuting n X n matrices over an algebraically closed field is [%2} +1,
which is the maximal dimension of abelian ideals of Borel subalgebras in the general
linear Lie algebra gl(n) (where [z] denotes the integer part of a real number x). Let
us note that this result was obtained only over algebraically closed fields such as
the complex number field. Almost forty years later, in 1944, Jacobson [57] gave a
simpler proof of Schur’s results, extending them from algebraically closed fields to
arbitrary fields. This fact allowed several authors to deal later with the study of the

abelian subalgebras of maximal dimension of many different types of Lie algebras.

As it is well-known, Lie algebras can be distinguished in three different types:
solvable ones, semisimple ones and the remaining algebras which do not belong to
any of the two previous types. More concretely, Levi [69] and Malcev [72| proved
(in 1905 and 1945, respectively) that every finite-dimensional Lie algebra can be
expressed as a semi-direct sum of a semisimple subalgebra and its radical (i.e. a
solvable ideal). Regarding this, it was also proved that every semisimple Lie algebra
can be decomposed in a direct sum of simple Lie algebras. Hence, the classification
of Lie algebras can be reduced to obtain the classification of both semisimple and
solvable Lie algebras.

Additionally, Killing [59, 60, 61, 62] and Cartan [20] (among others) obtained the
classification of simple Lie algebras at the end of the nineteenth century. Moreover,
taking advantage of Killing and Cartan’s classification, Malcev [72] computed the «
invariant for semisimple Lie algebras in 1945 giving the value of this invariant for
simple ones according to Table 1.

Since there are no abelian ideals in a simple Lie algebra s, we have ((s) = 0.
Very recently, the study of abelian ideals in a Borel subalgebra b of a simple complex
Lie algebra s has drawn considerable attention. In this case, a(s) = 5(b) holds, and
this value can be computed purely in terms of certain root system invariants, see
|97|. Konstant |66] also dealt with the topic of abelian ideals in a Borel subalgebra of
a given Lie algebra g by studying the proof of the following theorem, which has been
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Table 1: The invariant « for simple Lie algebras

s dim(s) a(s)
Ay n>1| nn+2) | (%))

B3 21 )
By,n>4|n@2n+1) | 22U 41
Cny,n>2|n2n+1) @
D,,n>4|n(2n—-1) @

Gy 14 3

Fy 52 9

Eg 78 16

Er 133 27

Eg 248 36

attributed to Peterson in [66]: the number of abelian ideals in a fized Borel subalgebra
of g is 2", where r = rank(g). Regarding this, some authors like Cellini, Papi and
Orsina [30, 80| have recently obtained new properties of the maximal abelian ideals
in a Borel subalgebra as well as a generalization of Peterson’s theorem from abelian
ideals to ad-nilpotent ones.

Furthermore, Kostant [66, 67| found a relation of these invariants o and § with
discrete series representations of the corresponding Lie group, and with powers of
the Euler product. In fact, there are much more results concerning the invariants «
and S for simple Lie algebras and their Borel subalgebras.

There are also several results concerning the question of how large or small
these maximal dimensions can be, in comparison with the dimension of the Lie
algebra (see [73, 88, 94| for example). The results show, roughly speaking, that a
Lie algebra of large dimension contains abelian subalgebras of large dimension. For
example, the dimension of a nilpotent Lie algebra g satisfying a(g) = ¢ is bounded
by dim(g) < W—;l) [88, 94]. There is a better bound in [74] for 2-step nilpotent Lie
algebras with a(g) = [ and ¢ > 8: dim(g) < [ﬁ%*] + (. If g is a complex solvable
Lie algebra with a(g) = ¢, then the bound dim(g) < @ was proved in [73]. In
general, dim(g) < @ for any complex Lie algebra g with a(g) = ¢, see [73].

The problem of classifying abelian subalgebras of Lie algebras also has a long
history, starting from the Killing-Cartan classification of semisimple Lie algebras.
However, the problem of determining such subalgebras is far from being solved, due
to the lack of structural criteria for general types of Lie algebras.
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Bearing in mind the results obtained by Schur [91], Jacobson [57] and Malcev
[72], some authors have dealt with this topic in order to achieve new results for
abelian subalgebras of an arbitrary Lie algebra. For example, let us recall that
Suprunenko and Tyshkevich [96] dealt in 1968 with the problem of determining
abelian subalgebras of maximal dimension of nilpotent type. Now, we are going to
analyze and summarize some important papers about this subject.

First, Stewart [94] studied in 1970 some properties about nilpotent Lie algebras
containing abelian ideals of maximal dimension. Some results in this paper are the
following

Lemma.
1. A maximal abelian ideal of a nilpotent Lie algebra is self-centralizing.

2. The Fitting ideal (sum of all nilpotent ideals) of a solvable Lie algebra contains
its centralizer.

Lemma. Let L be a finite-dimensional nilpotent Lie algebra and any maximal
abelian ideal A of L. Suppose that dim(A) < a. Then L/A is isomorphic to a Lie
algebra of a x a zero-triangular matrices.

Theorem. If L is nilpotent and the dimension of all its abelian ideals is at most

n, then L has dimension < —”(”2H)

< 2+ logy(n).

, nilpotency class < 2n — 1 and derived length

After that, Bratzlavsky [14] studied in 1974 the law of some nilpotent Lie algebras
of dimension n and class n — 1. These algebras are known as filiform Lie algebras
and were introduced by Vergne [107]. More concretely, Bratzlavsky obtained the
canonical forms for the structure of filiform Lie algebras having an abelian derived
Lie algebra. One of the results obtained in that article was the following

Theorem. For a filiform Lie algebra whose derived Lie algebra is abelian, there
exists a basis {x1,...,2,} such that

[T1, 2] =21, 2<i<n—1; [z;,z;] =0, for 3<i<j and

[2, ] :Z/\rxi””, for3<i<n—2, andr<n-—i-—2.

Later, Kubo [|68] in 1978 wondered whether there would exist some inclusions
between the following families of Lie algebras: a) those containing finite-dimensional
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abelian ideals; b) those containing finite-dimensional nilpotent ideals; c¢) those satis-
fying the maximal condition for abelian, nilpotent and solvable ideals respectively;
and finally, d) those satisfying the minimal condition for abelian, nilpotent and
solvable ideals respectively.

Answering himself that question in his own paper [68], Kubo obtained the two
following results by using several tools like tensorial extensions, adjoint transforma-
tions and central simple Lie algebras, for instance.

Theorem. The class of Lie algebras which contains finite-dimensional abelian ideals
is not equal to the one which contains finite-dimensional nilpotent ideals.

Theorem. It is possible to find a Lie algebra verifying the maximal and minimal
condition for abelian ideals which does not verify the same conditions for solvable
ideals.

Three years later, in 1981, Zaicev [110]| proved a result about the relative distri-
bution of an abelian ideal and a positive polarization in an arbitrary Lie algebra,
applying this result to find representations of Lie groups with an abelian normal sub-
group. Additionally, Zaicev also developed in that reference a theory (introduced
by Kirillov [63]) about the extension of orbits to solvable Lie groups. He used the
notion of polarization to deal with arbitrary Lie algebras and Lie groups instead of
solvable ones. Moreover, Zaicev considered abelian ideals instead of abelian subal-
gebras, which requires more restrictive conditions. Let us note that this notion of
polarization has also an independent algebraic interest.

In his work, Zaicev used the following main tools: real Lie groups, their associa-
ted Lie algebras, dual spaces of Lie algebras, stationary groups, the total positive
polarization of an element in the dual space of a given Lie algebra with respect to a
stationary group and the regular intersection with a polarization.

However, some authors thought that introducing new models of Lie algebras
was completely necessary, since the classification of Lie algebras was an unsolved
problem. For example, Bowman and Towers [11] studied in 1996 those Lie algebras
whose proper subalgebras are nilpotent-by-abelian but which themselves are not
nilpotent-by-abelian. They analyzed the structure and existence of such algebras.
Previously, other authors (like Elduque [39], Farnsteiner [41, 42|, Gein [45, 46] and
Varea [106], for instance) had studied simple semiabelian Lie algebras. Besides this,
almost nilpotent Lie algebras (i.e. those containing a finite-dimensional nilpotent
ideal) were studied and analyzed by Stitzinger [95], Gein and Kuznecov [47] and
Towers [100, 102|, whereas almost supersolvable Lie algebras were dealt with by
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Towers [101] and Elduque and Varea [40].
At this respect, Bowman and Towers [11] obtained several results when studying
almost nilpotent-by-abelian Lie algebras. Some of them are the following

Lemma. Let L be any Lie algebra. Then L is nilpotent-by-abelian if and only if
its derived algebra C*(L) = L? is nilpotent.

Theorem. Let L be any Lie algebra over a field F' of characteristic zero. Then the
following statements are equivalent

e [ is almost nilpotent-by-abelian.

e L is simple semiabelian or else L = sly(F).

To obtain both results, the main tools used were Frattini subalgebras and ideals,
algebraically closed fields and the following structures of Lie algebras: Heisenberg,
solvable, nilpotent, semisimple and simple. Let us note that Frattini structures have
relation with maximal subalgebras and maximal ideals. In their article, Bowman
and Towers also considered the cases of an algebraically closed field of characteristic
zero and one of characteristic p > 0. In this sense, some theorems were stated about
the structure of certain solvable almost nilpotent-by-abelian algebras.

In addition, some articles also deal with important and useful properties of Lie
subalgebras like decomposability. For example, Petravchuk [84] obtained in 1999 a
Lie algebra L over an arbitrary field decomposed into the sum L = A + B of an
almost abelian subalgebra A and a subalgebra B finite-dimensional over its center.
His main goal was to prove that this algebra was almost solvable (i.e. containing a
solvable ideal of finite dimension) and that the sum of an abelian Lie algebra and
an almost abelian one was an almost solvable Lie algebra.

To do this, he firstly wrote an historical introduction of the problem, recalling one
of Ito’s classic theorems (|31, 56], for instance) about the solvability of a product
of two abelian groups. This result can also be translated into Lie algebras: A
Lie algebra decomposable into the sum of two of its abelian subalgebras is solvable.
Furthermore, Petravchuk himself recalled the following open problem: it is unknown
whether the product of two almost abelian groups is solvable. In this sense, the main
result in [84] pursued to answer this open problem. The statement is the following

Theorem. Let L be a Lie algebra over an arbitrary field that is decomposable into
the sum L = A + B of a subalgebra A finite-dimensional over its center and an
almost abelian subalgebra B. Then, the algebra L is almost solvable.
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As an immediate consequence, the following result holds: The sum of abelian
and almost abelian Lie groups is almost solvable.

To prove the previous theorem, some local results were considered in the article.
Some of them were necessary conditions for almost solvable Lie algebras and suffi-
cient conditions for almost solvable Lie algebras or Lie algebras containing a solvable
or almost solvable subalgebra. In addition, some statements about operations with
brackets and sums were also proved.

Later, some papers appeared in about 2004 dealing with abelian ideals in Borel
subalgebras. As a sake of example, Suter |97] started from a complex Lie algebra g
and a fixed Borel subalgebra b of it, describing all abelian ideals of b in a uniform way
and independently of the classification of complex simple Lie algebras. Besides, as an
application of this description, a formula was obtained for the maximal dimension
of an abelian Lie subalgebra of g. In this article, the maximal dimension among
abelian subalgebras of g was determined in terms of certain invariants such as the
dual Coxeter number and the number of positive roots of some associated root
subsystems of g. Other tools used in that article were fundamental alcoves (see |3,
page 70]), symmetric groups, Dihedral and Weyl groups and the Hasse graph of
Young’s lattice (i.e. the lattice of integer partitions).

Taking into account the result commented in the previous paragraph, Suter ans-
wered and solved Panyushev and Rohrle’s question [83] about a uniform explanation
for the one-to-one correspondence between maximal abelian ideals in b and long
simple roots. This answer was given by emerging all positive long roots in a natural
way (a very interesting overview about this question can be consulted in the very
recent paper [70]). Finally, Suter also gave a generalization of the symmetry property
of a certain subposet of Young’s lattice.

Simultaneously, Cellini, Frajria and Papi [29] studied some properties of abelian
subalgebras in the particular case of Z,-graded Lie algebras. More concretely, they
considered a simple Zy-graded Lie algebra g = go € g1 and a fixed Borel subalgebra
of go, bo. The main goal of [29] was to describe and enumerate abelian bg-stable
subalgebras of g;, which is a problem previously posed by Panyushev [82]. Besides,
some formulas were obtained in terms of combinatorial data associated to the Zo-
graduation.

The main interest of this question lies in Kostant’s theorem [65] relating abelian
subalgebras to the maximal eigenvalue of the Casimir element. This theorem was
later generalized to Z by Panyushev [81], who solved the problem posed in [82] for
the very special case of the little adjoint module by identifying the abelian bg-stable
subalgebras of g; with the abelian ideals of long roots of a Borel subalgebra of the



xii Introduction

Langlands dual of go.

The approach given in [29] for describing abelian by-stable subalgebras of g,
is based on a suitable combination of ideas given by Garland, Lepowsky [44| and
Kostant [66, 67|, using several types of Lie algebras such as affine Kac-Moody Lie
algebras, Cartan algebras, graded algebras and Borel algebras.

Later, a recent new research was developed in 2008 by Romanovskii and Shes-
takov [89], who proved some properties of abelian Lie algebras. More concretely,
they studied whether a wreath product of abelian Lie algebras is Noetherian with
respect to the equations of the universal enveloping algebra. This was done with
the objective of obtaining some improvements about algebraic geometry over Lie
algebras, by proving that a wreath product of two finite-dimensional abelian Lie al-
gebras over a field of characteristic zero is Noetherian with respect to the equations
of the universal enveloping algebra. They previously recalled several earlier papers
constructing examples of groups that are not equationally Noetherian in several
cases, as well as similar examples of Lie algebras over any field.

By using different techniques (like the concepts and properties of equationally
Noetherian Lie algebras, abelian normal subgroups, Noetherian Lie algebras, soluble
free Lie algebras, algebraic subsets or coordinate algebras), the main result obtained
was the following

Theorem. A wreath product of two finite-dimensional abelian Lie algebras over a
field of characteristic 0 is Noetherian with respect to the equations of the universal
enveloping algebra.

As an immediate consequence of this theorem, Romanovskii and Shestakov proved
that an index 2 soluble free Lie algebra of finite rank is Noetherian with respect to
the equations of a universal enveloping algebra.

In order to advance in this subject, it was very useful to deal with the dimension
of abelian subalgebras of a given Lie algebra. In this sense, Milentyeva [73| studied
this topic, obtaining some functions as bounds for the dimension of an abelian
subalgebra in finite-dimensional associative algebras and Lie algebras. The same
results were also obtained for the largest abelian subgroup of a Lie group.

Moreover, the growth of the functions previously developed to bound these di-
mensions was studied in 73] too. To do so, several different cases were considered
depending on the field which the algebras are defined over. In this way, the functions
were well-defined and finite for the case of complex and real number fields, having
quadratic growth in other cases.

The families of associative and Lie algebras satisfying that the dimension of all
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its abelian subalgebras is at most n (denoted by condition A(n)) were also studied
by Milentyeva in |[73]. Besides, the set of the greatest integer h such that there exists
a Lie algebra (respectively, an associative algebra) of dimension h and verifying the
condition A(n) was considered. Finally, the goal was to find the greatest k satisfying
that there exists a Lie group of dimension k over an arbitrary field verifying that
the dimension of all its abelian Lie subgroups is less than or equal to n.

Because of the great importance of Milentyeva’s article, we think appropriate to
describe the procedure. The general structure of the article was the following: first,
an introduction showed the most important and essential concepts and definitions,
as well as expounding the main result to be proved about inequalities for the bound
functions. The next section was devoted to study quadratic upper bounds for the
relation between the dimension of a given Lie algebra and the dimension of an
abelian subalgebra of maximal dimension. This whole study was carried out for Lie
algebras over both the complex and real number fields, as well as repeating this
study for associative algebras. The third section computed quadratic lower bounds
for Lie algebras over an arbitrary field. Finally, more details were shown about the
bounds given for nilpotent algebras and groups.

One year later, Milentyeva [74] continued her work computing the functions
which bounded the dimensions of finite-dimensional nilpotent both associative and
Lie algebras of class 2 over an algebraically closed field in terms of the dimensions of
their abelian subalgebras. Whereas her previous article only gave bounds for these
functions, they were now completely determined and computed as a expression of a
value n which bounds (or is exactly equal to) the « invariant of the associative or
Lie algebra given for these functions.

In this way, the main theorem of [74] consisted of the mathematical expression
of these functions expressed with respect to the value n. To obtain this result,
Milentyeva had to prove a lemma assuring the existence of a vector subspace in
a fixed and given vector space and which is simultaneously isotropic for all the
components in any tuple (with a fixed dimension) of alternating bilinear forms. The
proof of this lemma was based on the application of Zariski topology over projective
spaces and the notions of projective and quasiprojective varieties in those spaces, as
well as the notion of regular map from quasiprojective varieties to projective spaces
(not necessarily the same containing such varieties). Other mathematical objects
used in the proof are Grassmann varieties, Pliicker coordinates of a vector subspace
and Schubert cells in a Grassmann variety.

The last stage of Milentyeva’s theorem was to reduce the associative case to
the Lie case. In fact, she proved that the value of the functions was the same
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independently of using associative algebras or Lie ones. After this, she determined
both upper and lower bounds of the function for the Lie case, by using the previously
referred lemma and the results already obtained in [73]. The proof concluded when
she obtained that upper and lower bounds were the same.

After having commented this brief historical view on Lie algebras in general and
on abelian Lie subalgebras in particular, now we will deal with this dissertation.
Its structure is the following: Chapter 1 recalls those more general concepts on Lie
algebras which will be cited throughout this dissertation. Chapter 2 constitutes a
theoretical study of abelian subalgebras and ideals contained in Lie algebras. First,
we give some general properties and bounds. More concretely, we want to point out
an interesting result for solvable Lie algebras: if g is a solvable Lie algebra over an
algebraically closed field of characteristic zero, then a(g) = f(g). This means that,
given an abelian subalgebra of maximal dimension m there exists also an abelian
ideal of dimension m. For a given value of a(g), the dimension of g is bounded in
terms of this value, as mentioned above. It is natural to ask what we can say on
an n-dimensional Lie algebra g involving the value of a(g) is close to n. Indeed, if
a(g) = n, then g is abelian and a(g) = 5(g). If a(g) = n—1, then also f(g) = n—1.
This means that g has an abelian ideal of codimension 1 and is almost abelian. In
particular, g is 2-step solvable. In this case the structure of g, and even all its
degenerations are quite well-understood, see [48]. These two easy cases suggest to
consider Lie algebras g satisfying a(g) = n — 2. Here we can classify all such non-
solvable Lie algebras. For the solvable case, we characterize these algebras and prove
that every supersolvable Lie algebra with an abelian subalgebra of codimension 2
has also an abelian ideal with the same dimension. We also give a method to obtain
an abelian ideal of codimension 2 from an abelian subalgebra of the same dimension
in a nilpotent Lie algebra. Let us note that for many problems concerning the
cohomology of nilpotent Lie algebras, the subclass of those having an abelian ideal
of codimension 1 or 2 is very important, as can be seen in |2, 86| and the references
given therein. In order to conclude the chapter, we prove that nilpotent Lie algebras
with an abelian subalgebra of codimension 3 contain an abelian ideal with the same
dimension, provided that the characteristic of the underlying field is not two. We
also give several examples to clarify some results.

Chapter 3 is devoted to show several algorithmic methods and results about
the abelian subalgebras of maximal dimension for the most important families of
solvable Lie algebras: Lie algebra g,, of n X n strictly upper-triangular matrices,
Lie algebra b, given by n X n upper-triangular matrices, Heisenberg algebras and
filiform Lie algebras. First, we show a method to compute an abelian subalgebra of
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maximal dimension for Lie algebras g,, b, and Heisenberg algebras. This procedure
is defined as follows: given a Lie algebra, g, we consider an arbitrary basis of an
r-dimensional subalgebra with respect to the basis By of the Lie algebra g in which
its law is expressed. Then the vectors in By are divided in main vectors or non-
main vectors according to a echelon matrix associated with B,. Finally it is studied
whether the subalgebra is abelian or not. When only non-abelian subalgebras are
obtained, we have proved that the « invariant of g is less than r. The main reason
why we have focused on the Lie algebras b, and g, is that every finite-dimensional
solvable Lie algebra can be represented by a Lie subalgebra of some b, (see [43,
Theorem 9.11] or [105, Theorem 3.7.3]) and every finite-dimensional nilpotent Lie
algebra is isomorphic to a subalgebra of g,, ([105, Proposition 3.6.6]). Another reason
is that its applications to Physic are many and varied (e.g. |54, 87]). In order to
conclude the chapter, we study the abelian subalgebras of maximal dimension for
filiform Lie algebras. We prove that there exists a unique abelian ideal of maximal
dimension for these algebras and we give several results concerning the description of
the general law of a filiform Lie algebras by using several invariants. Finally, we give
an algorithmic procedure which computes the law of an n-dimensional non-model
filiform Lie algebra g starting from the value of a(g).

In Chapter 4, we show an algorithmic method to compute abelian subalgebras
and ideals of any finite-dimensional Lie algebra, starting from the non-zero brackets
in its law. To implement this algorithm we use the symbolic computation package
Maple 12. Additionally, we give a brief computational study considering both the
computing time and the memory used in the two main routines of the implementa-
tion. We have also studied the complexity and number of operations. Moreover, we
have included in this chapter two different applications of the previous results. The
first is related to the computation of the o and S invariants for low dimensional Lie
algebras. More concretely, we compute these invariants for Lie algebras of dimension
less than 5 in general, solvable Lie algebras of dimension less than 7 and nilpotent
Lie algebras of dimension less than 8. The second application consists in the study
of minimal faithful unitriangular matrix representations for filiform Lie algebras.
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Spanish summary

En esta seccion exponemos un resumen en espanol del contenido de este trabajo, en el
que se estudian dos invariantes de las dlgebras de Lie: las dimensiones maximales de
sus subdlgebras e ideales abelianos. Asi, si g es un algebra de Lie de dimension finita,
denotamos por a(g) y A(g) al maximo entre la dimension de todas las subélgebras
e ideales abelianos de g, respectivamente. Estos invariantes fueron introducidos por
Schur en 1905 al estudiar las subalgebras abelianas maximales en el dlgebra formada
por matrices cuadradas. Se usan en el estudio de contracciones y degeneraciones de
algebras de Lie. Hay muchos articulos tratando estos temas, por ejemplo: [49, 19,
77,92, 48|. Asimismo, algunos resultados comparan el valor de estos invariantes con
la dimension de la propia algebra (|94, 88, 73]).

En el Capitulo 1 exponemos conceptos preliminares necesarios para la adecuada
comprension del resto del trabajo. A continuacion, en el Capitulo 2, se analizan
propiedades basicas y generales de los invariantes a y (3, como son la aditividad
y monotonia, y diversas cotas. También se exponen una serie de resultados com-
parando ambos invariantes. En concreto, se demuestra que si g un algebra de Lie
de dimension finita y se consideran su descomposicion de Levi-Malcev g = s X t,
entonces a(s X t) < «(s @ t). También se prueba que si g es un algebra de Lie
resoluble sobre un cuerpo algebraicamente cerrado de caracteristica cero, entonces
ambos invariantes coinciden. A continuacién, se estudian dos casos particulares co-
rrespondientes a subalgebras abelianas de codimension 1y 2. Para el primer caso, se
prueba que si g un algebra de Lie de dimension n verificando a(g) = n — 1, entonces
B(g) = n — 1. Las algebras de Lie verificando 5(g) = n — 1 son élgebras de Lie casi
abelianas, que son algebras de Lie resolubles 2-step. En el caso de codimension 2,
también podemos dar una caracterizacion: Si g es un algebra de Lie de dimension
n verificando a(g) = n — 2, entonces, o bien g es isomorfa a 5l(C) @ C* o bien es
resoluble. Ademas damos una caracterizacion en ambos casos. También se prueba
que toda algebra de Lie nilpotente con una subalgebra abeliana de codimension 2,
contiene un ideal abeliano de la misma dimensién. Notemos que los ideales abelianos
de algebras de Lie nilpotentes de codimension 1 y 2 juegan un papel importante en
problemas de cohomologia de estas dlgebras (ver |2, 86]). Por tltimo, estudiamos el
caso de codimension 3 para las dlgebras nilpotentes sobre un cuerpo de caracteristica
distinta de dos en el que se muestra un método para obtener un ideal abelian de
codimension 3 a partir de una subdlgebra abeliana de la misma dimension.

En el tercer capitulo, se analizan las subalgebras e ideales abelianos en varias
familias de 4lgebras de Lie resolubles. En concreto, estudiamos las algebras de Lie g,
dadas por matrices cuadradas estrictamente triangulares superiores, las dlgebras b,
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dadas por matrices cuadradas triangulares superiores y las algebras de Heisenberg.
La principal razéon por la que hemos estudiado estas familias es que cada algebra
de Lie resoluble de dimensién finita se puede representar por una subalgebra de b,
(ver [43, Theorem 9.11| o [105, Theorem 3.7.3|) y cada algebra de Lie nilpotente
de dimension finita es isomorfa a una subélgebra de g,, (|105, Proposition 3.6.6]).
Otra razon es por sus miltiples aplicaciones en Fisica (por ejemplo [54, 87]). Para
concluir este capitulo, estudiamos las algebras de Lie filiformes. Se prueba que para
estas algebras existe un tnico ideal abeliano de maxima dimension. También damos
algunos resultados sobre la descripcion de la ley general de estas dlgebras a paritr de
varios invariantes. Finalmente damos un procedimiento algoritmico para calcular la
ley general de un &lgebra de Lie filiforme a partir del valor del invariante alfa.

En el Capitulo 4, mostramos un método algoritmico para calcular subalgebras
e ideales abelianos de un algebra de Lie arbitraria a partir de su ley. Para imple-
mentar este procedimiento, hemos utilizado el programa de computacion simbolica
Maple 12. Ademas, damos un breve estudio computacional de las principales ruti-
nas analizando el tiempo computacional y la memoria usada. Se adjunta también
una tabla con la complejidad computacional y el nimero de operaciones para estas
rutinas. A continuacién, y para finalizar este capitulo, hemos incluido dos aplica-
ciones correspondientes al cilculo del invariante o para algebras de Lie de pequena
dimension y la representacion matricial de dlgebras de Lie filiformes. Mas concreta-
mente, estudiamos el valor de « para algebras de Lie de dimension menor que 5 de
cualquier tipo, algebras de Lie resolubles de dimensién menor que 7 y nilpotentes
de dimensién menor que 8. Para las representaciones matriciales de algebras de Lie
filiformes, se consideran las algebras g, y sus subédlgebras abelianas calculadas en el
capitulo anterior. Mostramos la representacion general de las algebras de Lie fili-
formes modelos, un método para el calculo de la representacion para las no modelos
y, como ejemplo, varias tablas con la representacion de algebras de Lie filiformes de

dimensién menor que 9.






Chapter 1

Preliminaries

This chapter is devoted to recall some preliminary concepts and results on Lie alge-
bras. For a general overview, the interested reader can consult [105]. Throughout
this dissertation, g will denote a finite-dimensional Lie algebra over a field K. The

assumptions on K will be specified in each section or result.

1.1 Definitions and notations

Definition 1.1. A Lie algebra g over an arbitrary field K is a vector space over
K endowed with a second inner law, named the bracket product, and verifying the
following three properties

1. Bilinearity: [au+ Bv,w] = afu, w]+ Blv,w], [u, v+ fw] = alu,v] + Blu, w],
for a, p € K, Vu,v € g.

2. lu,ul =0, Yuc€g.
3. Jacobi Identity: [[u,v], w] + [[v,w],u] + [[w,u],v] =0, VYu,v,w € g.

Definition 1.2. The dimension of a Lie algebra is its dimension as a vector space.
Let us consider a Lie algebra g with a basis {e;}_,. Such a basis can be character-
ized by the structure constants (or Maurer-Cartan constants), defined by le;, e;] =
Zcﬁfjeh for any 1 < i < j < n. These constants determine the whole structure of

the Lie algebra.

Remark 1.1. The second condition in Definition 1.1, together with the bilinearity of
the bracket product, implies the skew-symmetry over a field of characteristic different

from 2; i.e. [u,v] = —[v,ul, for all u,v € g.
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Definition 1.3. Given a Lie algebra g, a vector subspace § of g is a subalgebra if
[u,v] € b, for all u, v € h. Moreover, the subalgebra by is an ideal of g if [h1,g1] € b,
for all hy € b and for all ¢, € g.

Definition 1.4. Given a subalgebra ©y of a Lie algebra g, the core of by, denoted by
by, is the largest ideal of g contained in b.

Definition 1.5. Given a subalgebra by of a Lie algebra g, the ideal closure of b,
denoted by h®, is the smallest ideal of g containing b.

Definition 1.6. Let g be a finite-dimensional Lie algebra and b C g a subalgebra.
The centralizer of by in g is defined as Cy(h) ={g € g | [9,h] =0, Vh € b}.

Definition 1.7. Let g be a finite-dimensional Lie algebra and b C g a subalgebra.
We define the normalizer of h in g as Ny(h) ={g € g|[g,h] €bh, Vh € h}.

Definition 1.8. Given an element x € g, the adjoint endomorphism or adjoint
action is a Lie-algebra endomorphism ad, : g — g defined as y € g — ad.(y) =

[z, y].

Definition 1.9. A derivation on a Lie algebra g is a linear map D : g — g verifying

D([z,y]) = [D(x), y] + [z, D(y)]-

The set of all derivations of g will be denoted by Der(g). Let us note that ad, is a
derivation for all x € g and ad : g — Der(g).

Definition 1.10. The Frattini subalgebra F(g) of a Lie algebra g is defined as the
intersection of all maximal subalgebras of g. The Frattini ideal ¢(g) is the largest
ideal contained in F(g).

Definition 1.11. The linear adjoint group of G, AdG, is the image of the Lie group
or algebraic group G under the adjoint representation. The adjoint group AdG is
contained in the group Aut(g) of automorphisms of the Lie algebra g of G and its
Lie algebra coincides with the adjoint algebra ad(g) of g.

Theorem 1.1 (Borel fixed-point theorem in Borel [9]). Let G be a connected, sol-
vable algebraic group acting reqularly on a non-empty, complete algebraic variety V.
over an algebraically closed field K. Then G has a fixed point in V.

There exist three different types of Lie algebras: solvable algebras, semisimple
ones and those which do not belong to these two previous types, but can be expressed
as a semidirect sum of two algebras of the previous types.
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Definition 1.12. A Lie algebra g over a a field of characteristic zero is semisimple if
g is not abelian and does not contain any non-zero proper abelian ideal. In addition,
the Lie algebra g is said to be simple if it is not abelian and does not contain any
non-zero proper ideal.

Definition 1.13. Let g be a finite-dimensional Lie algebra. The upper central series
or derived series of g is defined by

Ci(g) =g, Ca(g) = [g, 9], C3(g) = [C2(9).Ca(g)], ---, Ci(g) = [Cr1(9),Cr-1(g)], ---

If there exists m € N such that C,(g) = 0, the Lie algebra g is called solvable.
Moreover, g is (m — 1)-step solvable if there exists m € N such that C,,(g) = {0}

and Cp,—1(g) # {0}.

A special class of solvable Lie algebras is formed by abelian algebras.
Definition 1.14. A Lie algebra g is abelian if [v,w] = 0, for all v, w € g.

A very important and interesting abelian subalgebra (in fact, an abelian ideal)
in a given Lie algebra g is the center of the algebra.

Definition 1.15. The center Z(g) of a Lie algebra g, is defined as follows
Z(g)={ueg|[uv=0 Voveg}

Definition 1.16. The lower central series or simply central series of a Lie algebra
g 1$ defined by

C'(g) =9, C*(9) = [C'(9),0],C*(g) = [C*(9), 0], ..., C"(g) =[C*""(g). 9], ...

If there exists m € N such that C"™(g) = 0, the Lie algebra g is called nilpotent. We
will say that g is (m — 1)-step nilpotent if there exists m € N such that C™(g) = {0}

and C"~'(g) # {0}

Definition 1.17. The derived Lie algebra D(g) of a Lie algebra g is given by D(g) =
C2(9) = C*(g).

Remark 1.2. Lie algebras with its derived algebra being abelian correspond to 2-step
solvable ones and are usually called metabelian.

Remark 1.3. Let us note that every nilpotent Lie algebra is also solvable, because
Ci(g) C C'(g), Vi.

Related to the lower central series associated with a subalgebra of g, the following
result holds
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Proposition 1.1. Let b be a subalgebra of a Lie algebra g. Then C*(h) C C*(g),
for all k € N.

Definition 1.18. The radical of a Lie algebra g is defined as its maximal solvable
tdeal and the nilradical is its maximal nilpotent ideal.

Definition 1.19. A Borel subalgebra of a Lie algebra g is a mazimal solvable sub-
algebra of g.

Definition 1.20. A Cartan subalgebra of g is a nilpotent subalgebra which s self-
normalizing. The rank of g is given by the dimension of its Cartan subalgebras.

Definition 1.21. A Lie algebra g is supersolvable if there is a chain 0 = Iy C I C
...C I,y CI, =g, where I is a k-dimensional ideal of g

Remark 1.4. It is well-known that every supersolvable Lie algebra is also solvable.
Moreover, these classes coincide over an algebraically closed field of characteristic
zero (Lie’s Theorem [105]). There are, however, examples of solvable Lie algebras
over algebraically closed field of non-zero characteristic which are not supersolvable,
as can be seen in [5] or [58, page 53]

Definition 1.22. A subalgebra b of g is said to be triangulable on g if adsh =
{adyz |z € b} is a Lie algebra of linear transformations of g which is triangulable
over the algebraic closure of K.

Proposition 1.2 (Theorem 2.2 in [109]). A subalgebra b of g is triangulable on g
if and only if every element of D(h) acts nilpotently on g.

Definition 1.23. Let us consider a vector space V' and an endomorphism f over
it. Then, V can be decomposed into the direct sum of two subspaces which are
invariants under the action of f as V =V, & Vi, where f|v0 is nalpotent and f),. s

an isomorphism. The definition of these subspaces is as follows
Vi=(f(V) and Vo={veV|IreN, fo=0}
i=1

This is known as the Fitting decomposition.

Definition 1.24. A nilpotent Lie algebra g is said to be filiform if it verifies that
dim(C*(g)) =n—2; ... dim(C*(g))=n—k; ... dim(C"(g)) =0,

where dim(g) = n.
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A basis {e;}, of g is called adapted if
[617 62] = 07 [617 eh] = €h—1 (3 S h S n)a
[ea,en] =0 (3<h<n), lese]=0(4<h<n).

Remark 1.5. Note that the definition of filiformity assures that every filiform Lie
algebra has an adapted basis, as it was proved in [107].

Remark 1.6. It is easy to deduce that, with respect to adapted bases, the following
conditions hold.

C*(g) =A{ei}isy, C(o) ={e:}i=....C" H(g) = {e2}, C"(g) ={0}.

Proposition 1.3. Let g be a n-dimensional filiform Lie algebra with an adapted
basis {e;}7_,, then it is verified that [CP(g),C%(g)] C C™n{Pai+l(g),

Proof. Let us note that if p < ¢ then Ci(g) C CP(g). Therefore, [CP(g),C%(g)] C
[C*(g).C"(g)] C [C"(g), 8] = C"*'(g). 0

Definition 1.25. A filiform Lie algebra g is said to be model if the only non-
zero brackets between the elements of an adapted basis are: |ei,en] = ep_1, for
h=3,...,n.

In [34] (although by using a different notation, which was later improved in [35]),

the following invariants were introduced

Definition 1.26. Let g be an n-dimensional complex filiform Lie algebra. Then,
the following invariants of g are defined

21 = 21(g) = maz{k € N| C,(C""(g)) D C*(g) },
2o = 25(g) = max{k € N|C""(q) is abelian}.

Remark 1.7. The definition of 21 means that C"~*%%(g) is the largest ideal of
g whose centralizer contains C(g); i.e., the ideal whose centralizer is the ideal g,
generated by {e;}'=; with respect to an adapted basis {e;}7_,

In addition, z1(g) is an invariant for non-model filiform Lie algebras. In terms

of an adapted basis, it is deduced in [34] that it can be written as follows
21 =min{k € N—{1} | [ex,en] # 0}.

and
len,ex] =0, for 1 < h < z; and k > 1. (1.1)
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Remark 1.8. By definition, zo means that zy is an invariant of complex non-model
filiform Lie algebras and the ideal C"~*2%1(g) = {e;}32, is the largest abelian ideal in
the lower central series.

Moreover, there exists at least some bracket |eg, ex41] # 0, for k < n, in every
complex non-model filiform Lie algebra of dimension n. Consequently, an equivalent

definition for zy is the following zo(g) = min {k € N | [ex, ex41] # 0}.

If the sets in the definition of zi(g) and 29(g) are empty, then g is a model
filiform Lie algebra and both invariants are not defined. Moreover, the smallest
possible value for z5(g) is 4, because of [eq, es] = [es, €3] = [e3, e4] = 0 for all adapted
basis of g.

With respect to these invariants, the following results were proved in [36]

Lemma 1.1. Under previous conditions, it is deduced that [€,, -1, €2p+1] = Q1€511+
ager + ...+ ap_res + ages, with 1 <k < 2y — 2 + 1. Moreover, oy, # 0, for some p
such that 1 <p < zp — 21 + 1.

Lemma 1.2. Under previous conditions, it is deduced that le.,,€,,+ k] = a1€pi1 +

k—1
aserp+ ... + oy,

1<qg<n—=z.

es, with 1 <k <n— 2. Moreover, ozg_l £ 0, for some q such that

Finally, it is also proved in 37| the following relation among the invariants 21,
29 and n, which will be used later

4<z1<zg<n<2z:—2. (1.2)

1.2 Families of solvable Lie algebras

In this section, we show some special families of solvable Lie algebras. More con-
cretely, we are interested in the Lie algebra b, of n X n upper-triangular matrices;
the Lie algebra g,, of n x n strictly upper-triangular matrices; and the Heisenberg
algebra .

The main reason to deal with the Lie algebras b, and g, is that every finite-
dimensional solvable Lie algebra is isomorphic to a subalgebra of b, [105, Propo-
sition 3.7.3| and every finite-dimensional nilpotent Lie algebra is isomorphic to a
subalgebra of g, [105, Proposition 3.6.6]).

Regarding Heisenberg algebras, they constitute a special subclass of nilpotent Lie
algebras and are interesting for their applications to both the theory of nilpotent
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Lie algebras itself and Theoretical Physics. With respect to the first subject, a well-
known result [90] sets that a nilpotent Lie algebra g is abelian if and only if g does
not contain a subalgebra isomorphic to the 3-dimensional Heisenberg algebra $;.
In Theoretical Physics, these algebras are also very interesting because of several
reasons. The first of them is based on the origin itself of Heisenberg algebras.
These algebras appeared at the beginnings of the 20th century when introducing
Quantum Mechanics. In Classic Mechanics, the state of a particle in a given time
t is determined by both its position vector Q € R? and its momentum vector P €
R3. Heisenberg [52] took the components of these two vectors, considering them
as operators in a Hilbert space such that the following commutation relations were
verified
Qi, Q] =0, [P, P] =0, [P,Q;] =—1hd;, Vi,j=1,2,3,

where ¢;; is the named Kronecker delta and h, called the deformation parameter,
represents the choice of a measure unit (usually & = 1).

1.2.1 Lie algebras b,

Let us denote by b, the complex solvable Lie algebra of n x n upper-triangular
matrices having the following structure

11 T12 -+ Tin
0 xo9 -+ @y

hn(xr,s) =
0 - 0 2

The basis B, of b, is formed by the vectors X;; = h,,(z,5), where 1 <i < j <n and

S 1, if (r,s) = (4,7);
" 0, if (r,s) # (i,7).

In this way, the dimension of b, is dim(h,) = dy, = @ Let us note that the
center Z(bh,) of the Lie algebra b, is generated by the vector > | X;;, coming from
the main diagonal. This vector is the only one which commutes with all the vectors
in b,,. Additionally, the non-zero brackets of b, with respect to the basis B,, are the
following

i Xkl =Xik, Vi=1l..n—2Vj=i+1l..n—1,Vk=j5+1...n;

(X5, Xijl = Xij, Vi > 1;
[ Xis Xii) = Xisis Vk < 1.
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1.2.2 Lie algebras g,

Let us denote by g, the complex nilpotent Lie algebra of n x n strictly upper
triangular matrices, with n € N\ {1}. The expression of the vectors in g, is the
following

0 z12 -+ ZTin—1 Z1n
0 0 o T2n—1 T2n
In(Trs) = : : . : :
0 0 -+ 0 Ty
o o .- 0 0
The dimension of g, is dim(g,) = d,, = "("2_1) and, from now on, we will use

the basis of g,, given by the vectors

1, if (r,s) = (4,7);

X, = 7 ith1<i<j<n, and 2, =
ij = gn(Trs) wi <i<j<n, and T, {0’ if (r,s) # (i,7)

Let us note that the center of this algebra is given by (Xj,). The law of g, with
respect to this basis is expressed as follows

(Xij, Xjn) = Xig, 1<i<j<k<n

1.2.3 Heisenberg algebras

Heisenberg Lie algebras constitutes a special class of nilpotent Lie algebras and the
applications of these algebras are many and varied (e.g. [54, 87]).

Definition 1.27. For a given k € N, the Heisenberg algebra $; is the (2k + 1)-
dimensional Lie algebra having the following law with respect to a certain basis
{z1, . Tk, Y1, Uk, 2}

[z, yi]l =2, Vi=1,... k.

Let us note that the center of the Heisenberg algebra is given by (z).
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1.3 Main and non-main vectors

Fixed and given a n-dimensional Lie algebra g, every r-dimensional (abelian) sub-
algebra (with » < n) is generated by a basis B = {v,}},_;. Each vector v, € B
is expressible as a linear combination v, = Y, alX; of the vectors in the basis
By = {X;}7_; of g. Therefore, the basis B can be translated into a matrix in which
the '™ row corresponds to the coordinates of v, with respect to the basis By

1 1 1 1 1
A1 Q13 "0 A1, Q23 " Qp_1p
. . . (1.3)
T T T T '
Q1o Q13 " A1y G333 0 Gu_1p

This matrix is equivalent to the following echelon form, obtained by using elementary
row and column transformations

bpp 0 -+ 0 bipy1 - bim
0 byy -+ 0 boypq -+ by
o R (1.4)
0 0 e br,r br,r+1 e br,n

Let us note that the vector X;; € By associated with each row in (1.4) can be
different from the one in (1.3).

Therefore, given a subalgebra b of ,,, we can suppose, without loss of generality,
that every basis B of h is expressible by a matrix similar to (1.4) and that each
vector in B is a linear combination of two different types of vectors X, ;: the ones
corresponding to the pivots in (1.4) and the remaining ones. Each vector X ; corres-
ponding to a pivot position is called a main vector of B, with respect to the basis
B,,, whereas the rest are called non-main vectors. These concepts and notations
were introduced firstly in [8] in order to study the maximal dimension of abelian
subalgebras.






Chapter 2

Theoretical study

In this chapter, we develop a theoretical study about abelian subalgebras and ideals
of maximal dimension contained in a finite-dimensional Lie algebra. Hereafter, al-
gebra direct and semidirect sums will be denoted by @ and X, respectively; whereas
vector space direct sums will be denoted by +. The content of this chapter can be
seen in the papers [18] and [28]. In the first place, we define the following invariants.

a(g) = max{ dim(a) | a is an abelian subalgebra of g},

B(g) = max{ dim(b) | b is an abelian ideal of g}.

2.1 Some properties and bounds

First, let us note that an abelian subalgebra of maximal dimension is maximal
abelian with respect to inclusion. However, a maximal abelian subalgebra may not
be of maximal dimension. We show the following

Example 2.1. Let §, be the model filiform nilpotent Lie algebra of dimension n.
Let {e;}", be an adapted basis, such that [e1,en] = ep_1, for 3 < h <n. Then a =

(e1,e9) is a mazimal abelian subalgebra of dimension 2, but a(f,) = B(f,) =n — 1.

Clearly, we have ((g) < «(g). In general, both invariants are different. A
complex semisimple Lie algebra s has no abelian ideals, hence 5(s) = 0. We already
saw in Table 1 in Introduction, that this is not true for the invariant a(s). As
mentioned before, the following result holds, see [97]

Proposition 2.1. Let s be a complex simple Lie algebra and let b be a Borel subal-
gebra of 5. Then the maximal dimension of an abelian ideal in b coincides with the

11
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mazimal dimension of a commutative subalgebra of s, i.e., a(s) = 5(b). Furthermore

the number of abelian ideals in b is 2'2"().

This implies a(b) = [(b), because we have a(b) < a(s) = p(b), since « is

monotone.

Lemma 2.1. The invariant o is monotone and additive: for a subalgebra b C g,
a(h) < alg) holds; and for two Lie algebras a and b, a(a @ b) = a(a) + a(b).

The invariant 5 need not be monotone. For example, consider a Cartan subal-
gebra b in g = sly(C). Then f(h) =1 > 0= [(g).

If K is the algebraic closure of K we put h = b ®x K for every subalgebra b of g.
We have the following

Lemma 2.2. [t is verified that a(g) > a(g) and 5(g) > 5(g).
Considering the Levi decomposition, we can set the following result.

Lemma 2.3. Let g be a complex Lie algebra with a Levi decomposition g = s X .
Then, a(s X t) < a(s) + a(t).

Proof. Let a be an abelian subalgebra in g of maximal dimension and 7 :s5 X t —
s, (z,a) — (z,0) be the projection. Restricting this Lie algebra homomorphism to
a yields dim(a) = dim(ker(m,)) + dim(im(m,)). Since im(m,) is the homomorphic
image of a subalgebra of s X v, we can assume that im(m,) is an abelian subalgebra of
s. In particular we have dim(im(m,)) < a(s). Furthermore we have ker(m,) = ant.
Hence ker(m,) is an abelian subalgebra of v and we have dim(ker(m,)) < a(v).
Finally we obtain a(sxt) = dim(a) = dim(ker(m,))+dim(im(m,)) < a(s)+a(r). O

We will also need the following lemma.

Lemma 2.4. The center Z(g) of g is contained in any abelian subalgebra of mazimal
dimension.

Proof. We know that an abelian subalgebra a of maximal dimension is self-centralizing,
e, a=Cy(a) ={z € g|[z,a] =0}. Since Z(g) C C4(a), the claim follows. O

The fact that a(b) = B(b) for a Borel subalgebra b of a complex simple Lie
algebra can be generalized to all solvable Lie algebras.

Proposition 2.2. Let g be a solvable Lie algebra over an algebraically closed field
K of characteristic zero. Then, $(g) = a(g).
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Proof. The result follows easily from the proof of Theorem 4.1 of [38|. For the
convenience of the reader we give the details. Let G be the adjoint algebraic group
of g. This is the smallest algebraic subgroup of the automorphisms of g, Aut(g),
such that its Lie algebra Lie(G) contains ad(g). Then Lie(G) is the algebraic hull
of ad(g). Since ad(g) is solvable, so is Lie(G). Therefore G is a connected solvable
algebraic group. Let us suppose that m = «a(g). Consider the set C of all abelian
subalgebras of g of dimension m. This is, by assumtion, a non-empty set, which
can be considered as a subset of the Grassmannian Gr(g, m), which is an irreducible
complete algebraic variety. Hence, C is a non-empty complete variety, and G operates
morphically on it, mapping each commutative subalgebra h on g(h), for g € G. By
Borel’s fixed point theorem, G has a fixed point [ in C, i.e., a subalgebra I of g with
g(I) = I for all g € G. In particular we have ad(z)(I) = I for all x € g. Hence [ is
an abelian ideal of dimension m of g. O

Borel’s fixed point theorem relies on the closed orbit lemma. As a corollary one
can also obtain the Lie-Kolchin theorem [64]. We note that the assumption on K is
really necessary.

Example 2.2. Let g be the solvable Lie algebra of dimension 4 over R defined by

(X1, T0) = g — 3,  [X1, 24] = 224,

[$1,I3] = T2 + T3, [$2,l'3] = T4.

We prove that, over R, we have o(g) = 2, but B(g) = 1. Let K be equal to R or
C. Obviously, (x3,x4) is an abelian subalgebra of dimension 2 over K. Assume that
a(g) = 3. Then g is almost abelian, hence 2-step solvable. This is impossible, as g
is 3-step solvable. Hence a(g) = 2 over K.

Assume that I is a 2-dimensional abelian ideal over K. It is easy to see that we
can represent I as (axy + brg,xy) with a,b € K. Obviously both x5 and x3 cannot
belong to 1. Hence a # 0 and b # 0. We have axy + bxs € I and [x1,axs + bxs] =
(a + b)xy — (a — b)xs € I. This implies a®> + b*> = 0. This is a contradiction over
R, so that 5(g) = 1 in this case. QOver C we may take a = 1 and b = i, and
I = (x9 +ix3,14) is a 2-dimensional abelian ideal.

In Section 2.4, we will see an example concerning the fact that the assumption
on the characteristic of the field K is really necessary.

As a consequence, we have the following bounds for « invariant.
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Lemma 2.5. Let g be a complex, non-abelian, nilpotent Lie algebra of dimension

n. Then
vVen+1-—-1 <

5 a(g) <n-—1

Proof. The estimate is well-known for £(g), see [38]. By Proposition 2.2, it follows
for a(g). O

Lemma 2.6. Let g be any solvable Lie algebra with nilradical N. Then Cy(N) C N.

Proof. Suppose that Cy(N) € N. Then there is a non-trivial abelian ideal /(N N
Cy(N)) of g/(NNCy(N)) inside Cy(N)/(NNCy(N)). But now C*(I) C [I, N] = 0, so
I is a nilpotent ideal of g. It follows that I C NNCy(N), which is a contradiction. [

Next, we have a bound of (g) for certain metabelian Lie algebras.

Proposition 2.3. Let g be a metabelian Lie algebra of dimension n, and suppose
that dim(D(g)) = k. Then dim(g/Cy(D(g))) < [k*/4] + 1. If, further, g splits over
D(g), then B(g) > n — [k?/4] — 1.

Proof. Let ad : g — Der D(g) be defined by ad z(y) = [y, z| for all y € D(g). Then
ad is a homomorphism with kernel Cy(D(g)). It follows that g/Cy(D(g)) = D where
D is an abelian subalgebra of Der D(g) = gl(k,K). It follows from Schur’s Theorem
on commuting matrices (see [58]) that dim(g/Cy(D(g)) < [k*/4] + 1.

Now suppose that g = D(g) & B, where B is an abelian subalgebra of g. Then
Cqy(D(g)) = D(g) & BN Cy(D(g)) which is an abelian ideal of g. O

Now, we obtain bounds for supersolvable Lie algebras by following a development
similar to [94, Lemma 2.

Lemma 2.7. Let g be a supersolvable Lie algebra and let I be a mazximal abelian
ideal of g. Then, Cy(I) = 1.

Proof. We have that Cy([) is an ideal of g. Suppose that C4(I) # I. Let J/I be a
minimal ideal of g/I with J C Cy4(I). Then, for some j € J, J = I + (j), which is
an abelian ideal of g, contradicting the maximality of I. [

Proposition 2.4. Let g be a supersolvable Lie algebra and let I be any mazimal
abelian ideal of g. Suppose that dim(I) < k. Then, g/I is isomorphic to a Lie

algebra of k x k lower triangular matrices.
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Proof. Let ad : ¢ — Der(I) be defined by adz(y) = [y,z] for all z € g and
y € I. Then, ad is a homomorphism with kernel C4(I) = I by Lemma 2.7. Since
g is supersolvable there is a flag of ideals 0 = Iy C Iy C ... C Iy = I of g.
Choose a basis {e; le for I with e; € I;. With respect to this basis the action of
g on [ is represented by k x k lower triangular matrices, since [I;, g] C I; for each
0<1< k. ]

Corollary 2.1. Let g be a supersolvable Lie algebra with a mazimal abelian ideal

) < k(k+3

I of dimension at most k. Then dim(g 5 ) and g has derived length at most

kE+1.
Proof. The Lie algebra of k£ X k lower triangular matrices has dimension @ and
derived length k. O]

Corollary 2.2. If g is supersolvable of dimension n, then

CHECET

Corollary 2.3. If g is solvable, but non-abelian of dimension n over an algebraically
closed field K of characteristic zero, then

{@J <a(g)<n-—1

Proof. Simply use Corollary 2.2 and Proposition 2.2.

2.2 Abelian subalgebras of codimension 1

Let g be a Lie algebra satisfying a(g) = n — 1. We will show that S(g) = n — 1
without using Proposition 2.2. Our proof will be constructive. We do not only show
the existence of an abelian ideal of dimension n — 1, but really construct such an
ideal from a given abelian subalgebra of dimension n — 1. Note that Lie algebras g
with 8(g) = n — 1 are called almost abelian. As mentioned before, they are 2-step
solvable, and their structure is well-known (see [48, Section 3| and [98]).

Proposition 2.5. Let g be an n-dimensional Lie algebra satisfying o(g) = n — 1.
Then we have B(g) =n — 1, and g is almost abelian.
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Proof. Let a be an abelian subalgebra of dimension n — 1. If D(g) C a, then a is
also an abelian ideal, and we are done. Otherwise we choose a basis {e;}!", of g
such that a = (eq,...,e,). We have [ej,e,] = 0 for all j,¢ > 2. There exists k > 2
such that [eq, ex] is not contained in a. We may assume that k& = 2 by relabelling e,
and eg. For j > 2, let us consider

le1, €] = ajuer + ajoer + - + ajnen.

We have as; # 0. Rescaling e; we may assume that as; = 1. Using the Jacobi
identity we have for all j > 2

0= [e1, e, e5]] = ez, [ej, e1]] — [ej, [e1, e2]] = —ajiler, ea] + [en, €]

This implies [e1, e;] = aj1]e1, e2] and [e1, 165 — €] = 0 for all j > 2. Let us define
v; = aj1eg — €. Note that every v; lies in the center of g, and that the derived
subalgebra D(g) is 1-dimensional, generated by [e1, es]. Now define

I:= (le1,ea],v3,...,0,).

This is an abelian subalgebra of dimension n — 1 which contains the derived subal-
gebra D(g). Hence [ is an abelian ideal of maximal dimension n — 1, and we have

Blg)=n—1. 0

Remark 2.1. Here, we give an alternative proof for the fact that g is almost abelian.

Let a be an abelian subalgebra of dimension n — 1. We choose a complement
space (x) with a® (z) = g. If [a, (z)] C a, then a is an abelian ideal of codimension
1 and we are done. If [a,(x)] € a, it is non-zero and contained in (x), hence it is
verified that |a,(x)] = (x). Then, every two linear independent vectors in the Lie
algebra g generate a 2-dimensional subalgebra. By applying Lemma 5.3 of [111], we

can conclude that g is almost abelian.

Proposition 2.6. Let g be a supersolvable Lie algebra and let a be an abelian sub-
algebra of g. Suppose that b = a + (e1) is a subalgebra of g, and that there is an
x € g such that [x,b] C b, but [x,a] € a. Then, D(b) is one dimensional and Z(b)

has codimension at most one in a.

Proof. Let {e;}¥_, be a basis for a such that e; = [z,e5]. Let [z,¢;] = S5 aje;
for 1 < j < k. Then [eq, [z, €;]] = aj1]ez, €1], so, for 2 < 5 <k,

0= [z, [ez, ¢5]] = —[ea, [ej, 7]] — [ej, [7, €a]] = ajilez, e1] — [ej, ea].

Hence [e1, €] = aj1[e1, e2]. It follows that D(b) = (e, e2]). Put v; = a;1€2 — € for
3<j<k. Then {v;}f ;€ Z(b)Na. O
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The above result deals with the case where an abelian subalgebra of maximal

dimension has codimension one in an ideal of g.

Corollary 2.4. Let g be a supersolvable Lie algebra and let a be an abelian subalgebra
of mazimal dimension in g. If a C b where b is an ideal of g and a has codimension
1in b, then a(g) = 5(g).

Proof. 1If a is an ideal of g then the result is clear, so suppose that it is not. With
the same notation as Proposition 2.6 the hypotheses of that result are satisfied.
Then {vs,...,v} C Z(b); in fact, the maximality of a gives Z(b) = (vs, ..., vg).
Let ¢/(vs, ..., ux) be a chief factor of g (minimal ideal of g/(vs, ..., v)) with ¢ C b.
Then ¢ is an abelian ideal of g with the same dimension as a. The result follows. [l

Next we consider the situation where g has a maximal subalgebra that is abelian:
first when g is any non-abelian Lie algebra and K is algebraically closed, and then
when g is solvable but K is arbitrary.

Proposition 2.7. Let g be a non-abelian Lie algebra of dimension n over an alge-
braically closed field K of any characteristic. Then, g has a mazimal subalgebra a

which s abelian if and only if g has an abelian ideal of codimension one in g. So

a(g) = B(g) =n—1.

Proof. Suppose first that g has a maximal subalgebra a which is abelian. If a is an
ideal of g the proof is finished. So suppose that a is self-idealising, in which case
it is a Cartan subalgebra of g. Let g = a+gi(a) be the Fitting decomposition of
g relative to a. Then {(adm), @) : m € a} is a set of simultaneously triangulable
linear mappings. So, there exists 0 # b € g;(a) such that [m,b] = A(m)b for every
m € a, where A(m) € K. Then we have that a + (b) is a subalgebra of g strictly
containing a, whence a+(b) = g and D(g) = (b). But now dim(g/C4(D(g))) = 1 and
Cy(D(g)) = D(g)+(a NCy(D(g))) is an abelian ideal of codimension one in g. The

converse is clear. ]
The following is a generalisation of [103, Proposition 3.1]

Proposition 2.8. Let g be a solvable Lie algebra. Then g has a mazimal subalgebra
a which is abelian if and only if either

(i) g has an abelian ideal of codimension one in g; or

(i1) Cs(g) = ¢(g9) = Z(g), C2(9)/Cs(9) is a chief factor of g, and g splits over Co(g).
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Proof. Suppose first that g has a maximal subalgebra a which is abelian. If a is an
ideal of g we are in case (i). So suppose that a is self-idealising, in which case it is
a Cartan subalgebra of g. There is a k > 1 such that Cyx(g) € a but Cy1(g) C a.
Then g = a + Ci(g), which implies that Co(g) C Cr(g). It follows that C3(g) C a.
If b is a subalgebra of g denote by E its image under the canonical homomorphism
onto g/C3(g). Then a is a Cartan subalgebra of g and g has a Fitting decomposition
g=a+g:. Nowg, CC(g) = /2(\9/), which is abelian, so g; is an ideal of g. Moreover,
since a is a maximal subalgebra of g, g; is a minimal ideal of g and E;@ =g It
follows that Co(g)/C3(g) is a chief factor of g. Clearly ¢(g) = 0, whence ¢(g) C Cs(g).
Also g = a+Ca(g), so letting b be a subspace of a such that a = b+(anCz(g)) we see
that b is a subalgebra of g and g splits over Cy(g). Next, [a,C3(g)] C Ca(a) = 0, so
a C Cy(Cs(g)). Since a is a self-idealising maximal subalgebra of g and Cy(Cs(g)) is
an ideal of g, we have Cy(C3(g)) = g, whence C3(g) = Z(g). Finally, this means that
Cs(g) is nilpotent, giving C3(g) = ¢(Ca(g)) C ¢(g) by [99, Lemma 4.1 and Section
5], whence ¢(g) = Cs(g).

Consider now the converse. If (i) holds the converse is clear. So suppose that (ii)
holds. Then g = b+C»(g), where b is an abelian subalgebra of g. Put a = b+ Cs(g),
so a is clearly abelian. Let a C¢C g. Thena Cc¢Cg. But g = H—FC/Q\@ and C/Q-(j)
is a minimal abelian ideal of g. So a # ¢ implies that ¢ = g. It follows that a is a
maximal subalgebra of g. ]

2.3 Abelian subalgebras of codimension 2

Let g be a complex Lie algebra of dimension n satistying a(g) = n — 2. We will
show that g must be solvable except for the cases sly(C) & C¥, for £ > 0. We use the
convention that the Lie algebra sly(C) is included in this family, for ¢ = 0.

Proposition 2.9. Let g be an n-dimensional complex Lie algebra with a(g) = n—2,
then either g is isomorphic to one of the Lie algebras sly(C) @ C, or g is a solvable
Lie algebra.

Proof. Let g = s x t be a Levi decomposition, where v denotes the solvable radical
of g. For a semisimple Levi subalgebra s we have

a(s) < dim(s) — 2,

where equality holds if and only if s is sl(C). This follows from Table 1 and Lemma
2.1. By Lemma 2.3, we have that a(s X t) < a(s) + a(t). Assume that s # 0. Then
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it follows that
a(g) < a(s) + a(r) < dim(s) — 2 + dim(x) =n — 2.

Since we must have an equality, it follows that s is isomorphic to sly(C), and
a(t) = dim(r). Therefore v is abelian and g ~ sly(C) x4 C* with a homomor-
phism ¢: sl,(C) — Der(C*). This Lie algebra contains an abelian subalgebra
of codimension 2 if and only if ¢ is trivial. Indeed, the Lie bracket is given by
[(z,a), (y,b)] = ([z,y], p(x)b — d(y)a), for z,y € sly(C) and a,b € C. Since there
is an abelian subalgebra of codimension 2, there must be a non-zero element (z,0)
commuting with all elements (0,b), i.e., (0,0) = [(x,0),(0,b)] = (0,¢(x)b) for all
b € C. Tt follows that ker(¢) is non-trivial. Since sly(C) is simple, ¢ = 0. In the
other remaining case we have s = (. In that case, g is solvable. O

It is easy to classify such Lie algebras in low dimensions.
Proposition 2.10. Let g be a complex Lie algebra of dimension n and a(g) = n—2.
(1) For n =3, it follows g ~ sly(C).

(2) Forn =4, g is isomorphic to one of the following Lie algebras

Table 2.1: Lie algebras of dimension 4 whose « invariant is 2.

g Lie brackets

g1 = t2(c) D t2(c) [61, 62] = ég, [63, 64] = €4

g2 =shL(C)aC e, e2] = e, [e1,e3] = —e3, [ea, €3] = €

g3 [61762] = €2, [61763] = €3, [61, 64] = 2ey, [62; 63] = €4
94(CY), aecC le1, e2] = e2, [e1,e3] = ea + ces, [e1,ea] = (a+ 1)ey, [e2,e3] =eu

Proof. The proof is straightforward, using a classification of low-dimensional Lie
algebras (see [19] for example). Note that g4(a) ~ g4(f) if and only if af = 1 or
a=pf. O

Moreover, we can characterise solvable Lie algebras g whose biggest abelian sub-
algebras have codimension two in g.
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Theorem 2.1. Let g be a solvable Lie algebra of dimension n with o(g) = n — 2,
and let a be an abelian subalgebra of dimension n — 2. Then one of the following
occurs

(i) Blg) =n—2;

(ii) g = Co(g)+b, where b is an abelian subalgebra of g, Ca(g) is the three-dimensional
Heisenberg algebra, C3(g) = ¢(g) = Z(g) and Co(g)/Z(g) is a two-dimensional
chief factor of g (in which case 5(g) < n —3);

(7ii) a has codimension one in the nilradical, N, of g, which itself has codimension
one in g. Moreover, Co(N) is one dimensional, Z(N) is an abelian ideal of
mazximal dimension and 5(g) =n — 3.

Proof. Let a be a maximal abelian subalgebra of g of dimension n — 2 and suppose
that (i) does not hold. Suppose first that a is a maximal subalgebra of g. Then g is as
in Proposition 2.8(ii) and a is a Cartan subalgebra of g. Let g = a-+g; be the Fitting
decomposition of g relative to a. Then g; C C»(g) and dimg; = 2. Let g1 = (x, ).
If [z,y] = 0 then g; is an ideal of g and g/g; is abelian, so C2(g) C g1 C Ca(g). This
yields that g is metabelian and C(g) is a two dimensional minimal ideal over which
g splits. It follows from Proposition 2.3 that 5(g) > n — 2, a contradiction.

If [z,y] # 0, then Ca(g) = {[z,y]) + g1 and ([z,y]) € C3(g) = Z(g), so ([z,y])
Z(g) and we have case (ii). Let ¢ be a maximal abelian ideal of g. Then Z(g) C ¢
(Lemma 2.4) and Co(g) € c¢. It follows that ¢ N Cy(g) = Z(g). If dimec = n — 2,
then dim(Cy(g) + ¢) = dimCy(g) + dime — dim(¢ N Ca(g)) =3+ n—2—-1=mn, so
g = Ca(g) + c. But then Co(g) = Z(g), a contradiction. Hence, 8(g) <n — 3.

So suppose that a is not a maximal subalgebra of g. Then a C ? C g, where

dimd = n — 1. Moreover, there is such a subalgebra a of ? which is an ideal of ?,
by Proposition 2.5. Suppose first that a does not act nilpotently on g. Then the
Fitting decomposition of g relative to a is g = 9-+g;, and g; is a one-dimensional
ideal of g. Put b = a-+g;, which is an ideal of g. Then Cy(g1) has codimension one
in b and so is an abelian ideal of codimension two in g. It follows that 8(g) = n — 2,
a contradiction.

Finally, suppose that a is an ideal of 0 and that a acts nilpotently on g. Then
there is a & > 0 such that g(ada)® €  but glada)*™ C 0. Let z € g(ada)* \ ?,
so g = 0-F(z). Suppose first that 9 is not an ideal of g. Then the core of d, 0,
has codimension one in , by [1, Theorem 3.1|. If a = 9, then we have case (i), so
suppose that a # 9, and 0 = a + ;. Then [a,z] C 0 which implies that [g,a] C 0
and [g,9] = [g,0,] + [g, a] C 0; that is,  is an ideal of g.
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Let N be the nilradical of g. If N C a then a C Cy(N) € N, so N = a and we
have case (i) again. If a C N then N = g or we can assume that N =0. If a Z N
and N ¢ a then either a + N = g, in which case g is nilpotent, or we can assume
that a + N = 0, in which case 0 is a nilpotent ideal of g and so @ = N. If g is
nilpotent, then we have case (i), as it will be seen in Proposition 2.11.

So suppose that g = N + (e1), N = a+ (e3) and a = (e3,...,e,). If ais an
ideal of g then we have case (i) again, so suppose further that [ej,e3] = ey and
er,e] = > ,a e for j > 2. Following the proof of Proposition 2.6, we get
€2, €] = ajaoles, e3] for j > 3 and Co(N) = ([es, e3]). Let [ea, €3] = >, Aje;. Then
lea, €3], €3] = Az2[ea, €3], and nilpotency of N implies that Ay = 0. It follows that

ea, e3] € a. Similarly, [es, [ez, €3]] = ples, e3] (where = Az + > 77, Ajaj2), whence
p = 0. We thus have that C3(N) = 0. Put v; = aje3 —¢; for j > 3. Then
(v3,...,0,) € Z(N), which is an abelian ideal of g. This is case (iii). O

Corollary 2.5. Let g be a supersolvable Lie algebra with a(g) = n — 2. Then
plg) =n—2.

Proof. We use the same notation as in Theorem 2.1 and show that cases (ii) and
(iii) cannot occur. Clearly case (ii) cannot occur, since in that case Co(g)/Z(g)
is a two-dimensional minimal ideal of g/Z(g). So suppose that case (iii) occurs.
Then dim Z(N) = n — 3. Since g is supersolvable, there is an ideal b C N of g
with dim(b/Z(N)) = 1. But clearly b is abelian, contradicting the maximality of
Z(N). O

Note that algebras of the type described in Theorem 2.1 (ii) and (iii) do exist

over the real field, as the following examples show.

Example 2.3. Let g be the four-dimensional Lie algebra over R with basis {e1, e, €3, €4}
and non-zero products

[61,62] = €3, [61763] = —€g, [62763] = €4.

Then this algebra is as described in Theorem 2.1(ii). For Co(g) = (e, es,eq) is the
three-dimensional Heisenberg algebra, g = Ca(g)+(e1), C3(g) = (es) = Z(g) = ¢(g),
and Co(g)/Z(g) is a two-dimensional chief factor of g. This algebra has a(g) = 2 and
B(g) = 1. We could take a = (e, eq), for example, but (e4) is the unique mazimal
abelian ideal of g.

Example 2.4. Let g be the four-dimensional Lie algebra over R with basis {e1, e, e3, €4}
and non-zero products

[617 62] = €2 — €3, [ela 64] = 2647 [61, 63] =eo+ €3, [627 63] = €4.
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Then this algebra is as described in Theorem 2.1(iii). We can take a = (es,e4),
N = {es) +a, so Co(N) = (eq), Z(N) = (e4). We have a(g) =2 and ((g) = 1.

Now, we study the case of nilpotent Lie algebras containing an abelian subalgebra
of codimension 2. In a nilpotent Lie algebra g any subalgebra of codimension 1 is
automatically an ideal. Hence given an abelian subalgebra of maximal dimension
n — 1 we obtain an abelian ideal of dimension n — 1. In particular, a(g) = n — 1
for a nilpotent Lie algebra implies 5(g) = a(g), and we can explicitly provide such
ideals. We are able to extend this result to the case a(g) = n — 2. Given an abelian
subalgebra of dimension n — 2 we can construct an abelian ideal of dimension n — 2.
This is non-trivial, since the abelian subalgebra of maximal dimension n—2 need not
be an ideal in general. Of course, over an algebraically closed field of characteristic
zero, the existence of such an ideal already follows from Proposition 2.2, as does the
equality a(g) = f(g). However, the existence proof is not constructive. Our proof
will be constructive and elementary, which might be more appropriate to our special

situation.

Proposition 2.11. Let g be a nilpotent Lie algebra of dimension n satisfying o(g) =
n—2. Then there exists an algorithm to construct an abelian ideal of dimension n—2

from an abelian subalgebra of dimension n — 2. In particular we have 5(g) = a(g).

Proof. Let a be an abelian subalgebra of g of maximal dimension n — 2. Choose
a basis (es,...,e,) for a. The normalizer of a, Ny(a) = {x € g | [z,a] C a}, is a
subalgebra strictly containing a. We may assume that Ny(a) has dimension n — 1,
because otherwise Ny(a) = g, implying that a is already an abelian ideal of maximal
dimension n — 2.
We may extend the basis of a to a basis {e;}}_; of g, such that Ny(a) = (ez,...,en).
Since Ny(a) has codimension 1, it is an ideal in g. In particular we have [e;, Ny(a)] C
Ny(a).
On the other hand, [e1, a] is not contained in a, since e; is not in Ny(a). Hence there
exists a vector e, such that [er,e;] is not in a. By relabelling ez and e, we may
assume that & = 3. Hence writing [e1, e;] = o0e0 + -+ - + ajne, for j > 2, we may
assume that agy = 1, i.e., [e1, €3] = ea + asgzes + - - + ag pén.

In order to continue with our line of argument, we have to prove the following

lemma. The result says

Lemma 2.8. The following statements hold
(1) [62, €j] = 04]}2[62, 63], f07' allj Z 3

(2) The element [ea, e3] is non-zero and contained in the center of g.
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(3) The normalizer Ny(a) is two-step nilpotent.
(4) [Ng(a),v;] =0, for all j > 3, where v; = o235 — e;.
Proof. The first statement follows from the Jacobi identity. We have, for all j > 3,
0 = [ex, [es, ¢]] = —les, [ej, ea]] — lej, [e1, €3]] = —aaen, €3] 4 [e2, ¢5].

Concerning (2), assume first that [es,e3] = 0. Then the subalgebra given by
(€g,€3,04,...,v,) would be an abelian subalgebra of dimension n — 1, with the v;
defined as in (4). This is a contradiction to a(g) = n — 2. Hence [es, e3] is non-zero.
Since e; € Ny(a), we have that [es, e3] € a. We write, [es, €3] = B33€3+ -+ + B3 nén.
We have [es, [e2, €3]] = 0 and [e2, [e2, €3]] = (B33a32 + ... + [3.n0m2)]€2, €3]. Since
ad(ez) is nilpotent, it follows [es, [e2,e3]] = 0. In the same way, [eq,[es, €3]] =
[ea, €1, €3]] — [e3, [e1, ea]] = Alea, e3], so that [eq, [es, e3]] = 0, because ad(e;) is nilpo-
tent. Finally, [e;, [e2, es]] = 0 for all j > 3, since [e9, €3] € a. It follows that [e2, €3]
lies in the center of g.

To show (3), note that [Ny(a), Ny(a)] is generated by [e2, €3], so that [Ny(a), Ny(a)] C
Z(g). This proves (3). The statement (4) follows from (1). O

Now we continue with the proof of Proposition 2.11. Let us consider a; =
(V4,...v,). This is an abelian subalgebra a; C a C g of dimension n — 3. There
exists an integer ¢ > 1 satisfying

ad(el)z_l(eg) ¢ ap,
ad(ey)’(eq) € ay,

because ad(e;) is nilpotent. We define

I:=(ad(e)) " (eg), vy ..., 0p)

We will show that [ is an abelian ideal of maximal dimension n — 2. First of all,

I is a subalgebra of dimension n — 2. It is also abelian: because Ny(a) is an ideal,
ad(e1)*(eq) € Ny(a) for all & > 0. Then

[ad(el)k(eg), Uj] = [Ageg —+ - /\n€n7 Oéj’263 — Gj] = /\QO[J"Q[GQ, 63] — )\2[62, €j] =0.
It remains to show that I is an ideal, i.e., that ad(e;)(I) C I, for all i > 1. We have

[e1,ad(e;) " (ep)] = ad(e;) (es) € a; C 1,
[ex, ad(er) ™ (e2)] € [Ng(a), Ny(a)] € Z(g) € 1,
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for all & > 2. Here we have used Lemma 2.4 to conclude that Z(g) C I. Also,
lex,vj] =0 € I, for all K > 2 and j > 4. We only must show that [e1,v;] € I, for all
J > 4. Effectively, we have

[e2, [e1, v;]] = [ex, [e2, vj]] + [v;, [e1, e2]] = 0.

This implies that [e1, v;] commutes with all elements from /. If it were not in 7, then
(le1,v;], I) would be an abelian subalgebra of dimension n — 1, which is impossible.
It follows that [ey,v;] € 1. O

Remark 2.2. In connection with the Toral Rank Conjecture (TCR), introduced in
[50] and asserting that any finite-dimensional, complex nilpotent Lie algebra should

satisfy
dim H*(g,C) > 24mZ(@)

there are interesting examples of nilpotent Lie algebras g with 8(g) = n — 2 and of
dimension n > 10, as can be seen in [86]. These algebras also have the property that

all its derivations are singular.

2.4 Abelian subalgebras of codimension 3

In this section, we prove that nilpotent Lie algebras with an abelian subalgebra of
codimension 3 contain an abelian ideal with the same dimension, provided that the
characteristic of the underlying field is not two. We also give an example to show
that the restriction on the field is necessary.

Theorem 2.2. Let g be a nilpotent Lie algebra of dimension n over a field of cha-
racteristic different from two with o(g) =n — 3. Then, $(g) =n — 3.

Proof. Let a be an abelian subalgebra of g with dima = n — 3, let ¢ be a maximal
subalgebra containing a and suppose that a is not an ideal of g. Then ¢ is an ideal of
g, and a is a maximal abelian subalgebra of ¢ of codimension 2 in ¢. By Proposition
2.11, we can assume that a is an ideal of ¢. Let {e;}!, be an arbitrary basis for
a and g = (e1) + ¢. We may suppose that ez = [e1,e4] € a; set b = (e3) +a. If
[e1, 6] C b, then b is an ideal of g, and the result follows from Corollary 2.4. Hence
there exists k such that es = [e1,ex] ¢ b, where 3 < k < n and k # 4. Clearly,
¢ = (e2) + b. Let [eq,¢;] =D ", aj e, for 2 < j <n. Then,

[e3, €5] = [[e1, ed], e5] = —[[eq, ], e1] — [[ej, e1], ed] (2.1)

= ajole, 4] + v sles, eq] for j > 4. (2.2)
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Put u; = e; — a;3eq, for j > 5. Then [es, u;] = o 2leq, e4], for j > 5. Therefore, we
can choose the elements {e;}?_, in our basis so that

[63, 6]‘] = O{jVQ[@Q, 64] and O[j73 = O, \V/j Z 5. (23)

Case 1: Suppose that ajs = 0, for all j > 4. So [es,e;] =0, for j > 5, [g,a] C b
and we can put es = [e, e3]. We have

ea, e5] = [[e1, e3], 5] = —[[es, e5], e1] — [[ej, ea], €3] (2.4)

= Oéj4[€4, 63] for j Z 5. (25)

If aj4 = 0, for all 7 > 5, then dim Z(¢) > n — 4, and if we choose I/Z(c) to be a
chief factor of g with I C ¢, I is an abelian ideal of g with dim I > n — 3.

So suppose that as 4 # 0. Put v; = as4€e; — ajqes, for j > 6. Then [es,v;] =0,
for j > 6 and dim Z(c) > n — 5. So, we can choose the terms {e;}! 4 in the initial
basis such that they belong to Z(c). Let us note that Co(c) is spanned by [es, €3],
[ea, €4] and [es, e4]. Now

[617 [627 65]] = —[627 [657 61]] — [657 [617 62“ = 045,4[62, 64] + 045,5[62, 65] + 042,2[62, 65]7

and
[617 [64, 63]] - _[647 [63? 61“ - [637 [61, 64“ - [647 62]'

It follows from (2.5) that

205 4le2, e4] = (a55 + o 2) a5 4]es, 4],

so dimCq(c) < 2. Let I/Z(c) be a chief factor of g with I C ¢. Then [ is an
abelian ideal of g of dimension at least n — 4. Suppose that dim/ = n — 4 and
that this is a maximal abelian ideal of g. Then Cy(I) = I by [94, Lemma 1|. Put
I =Z(c)+ (b). Now [es,b], [e4,b], [e5,b] € Ca(c). Since dimCy(c) < 2 these elements
are linearly dependent. Hence we have (s[es, b] + Biles, b] + Bsles, b] = 0 for some
Bs, b1, B5 € K, not all zero. It follows that Sses + Bieq + Bses € Cy(I) = I, whence
I = (Bses3 + Baeq + Pses) + Z(c). Now es € Cy(I) =1, s0 I = Z(c) + (e5). But then
es € Cy(I) \ I, which is a contradiction. It follows that there is an abelian ideal of
dimension n — 3.

Case 2: Suppose that as2 # 0, so [e1, e5] ¢ b. Put ex = [eq, e5], so that az2 = 1,
as; = 0, for j # 2; put also v; = e; — a;qe5, for j > 6. Then [es,v;] =0, for j > 6.
Using (2.3), we also have

le1,v5] = le1, €j] — ajaler,es] € a, for j > 6.
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Thus, [e2,v;] = [[e1,e5],v;] = —|[es,vj],e1] — [[vj.e1],e5] = 0 for j > 6. So again
dim Z(¢) > n — 5, we can choose {e;}!" 4 in our original basis to belong to Z(¢), and
C>(c) is spanned by [es, es], [e2, ea], [e2, €5] and [e3, es]. Now

le1, [e2, e4]] = —[e2, [ea, e1]] — [ea, [e1, €2]] = [e2, €3] + azz]ea, e4] + aa 3]es, €4],

and

le1, [es, es]] = —[es, [es, e1]] — [es, [e1, es]] = [es, ea] + asoles, e5] + s sles, es).

Since [e3, e5] = [ea, e4], this yields
2[62, 6’3] = (043,3 - 042,2)[62, 64] - 042,3[6’37 64] + 043,2[6’27 65]7 (2-6)

so Co(c) is spanned by [es, e4], [e2, €5] and [es, e4].

We have Cy(¢) C a, since dimc/a = 2. Suppose first that Co(c) € Z(c¢). Then
choose I C Cy(c) + Z(c) such that I/Z(c) is a chief factor of g. Then I C a and
a C Cy(I) \ I. It follows that g has an abelian ideal of dimension n — 3.

So consider now the case where C*(¢) = 0. We have dim g/(C2(g)+Z(c)) < 3 since
ea, e3 € Co(g). Suppose first that dim g/(Co(g) + Z(¢)) = 3, so that Co(g) + Z(¢) =
(€a,e3) + Z(¢) = J. This is an ideal of g, S0 g4 = o5 = a34 = azs = 0. Now

[61, [627 63]] = —[62, [63, 61]] - [637 [@17 62“ = 043,3[627 63] + Qo0 [62, 63] = (043,3 + CY2,2)[€2, 63]-
Since g is nilpotent we must have az3 = —ag 2. Now
dim([g, J] + Z()) /Z(c) < 1,

so [e1,e3] + Z(¢) = Aew, ea] + Z(c) for some A € K. It follows that azs = Aasp,
—(p9 = (33 = Aags and I = (e3 — Aea) + Z(¢) is an abelian ideal of g. Suppose
first that A # 0. Then

[63 — )\62, /\62 -+ €3 — )\062’364 — Oé3’2€5]

= —2\[eg, e3] + (N2aa3 — az2)]ea, €4] — A sles, ea] + Az ales, es)
= AN(—2[e2, e3] + (33 — qa2)[ea, €4] — o 3les, e4] + aszalea, es))

— ()7

using (2.6). It follows that Cy(I) # I, so I is not a maximal abelian ideal of g and
the result holds.

If A =0, then azs = az3 = azs = 0 and (2.6) becomes 2[es, €3] = —aa3les, €4).
But this implies that [2e; — ag3eq, €3] = 0, and Cy(I) # I again.
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So suppose now that dim g/(Ce(g) + Z(c)) = 2. Then there is an ¢; € ¢ such
that g = (e1,c1,¢2,¢3,¢4) + Z(c), where c; = [e1,c1], 3 = [e1,¢a), ca = [er, 3],
le1, c4] € Z(c). Now

[e1, 1, e2]] = —en, [e2, e1]] = [ea, [ex, 1] = [en, e5),
le1, 1, es]] = —len, [es, ea]] — [es, [e1, ea]] = [en, e] + [e2, c5],
le1, [er, ca]] = —en, [eas ea]] = [ea, [er, a1]] = [ea, cal,
[e1, [e2, ca]] = —ea, [ca, €1]] — [ea, [e1, 2]] = [e3, cal,
le1, 2, cs]] = —e2, [c3, €1]] — [e3, [e1, 2] = [e2, 4]

Since dim Cy(c) < 3 we have 0 = [ey, [e1, [e1, [c1, 2]]]] = 2[ca, c4]. Clearly I = (c4) +
Z(c) is an abelian ideal and ¢y € Cy(I) \ I, which completes the proof. O

The restriction on the characteristic in the above result is necessary, as the
following example shows.

Example 2.5. Let g be the nine-dimensional Lie algebra over any field K of cha-

racteristic two, with basis {e1, es, €3, €4, €5, €6, €7, €8, €9} and non-zero products
le1,e2) = €6, [en,e3] = e,  [er,eq] =3, [er,e5] =e4, [er, e8] = er,

le1,e9] = €5, [ea,e3] = €7, [es,eq] =es, [ea,e5] = €9, [es3, €] = eq.

This is a nilpotent Lie algebra whose abelian subalgebras of mazimal dimension are
(e3 + Aey, e5,¢e6,€7,68,€9) and (Aes+ ey, e5,¢€6,€7,€5,€9) (A € K),

so a(g) = 6. However, none of these are ideals of g. In fact the abelian ideal of
mazximal dimension is

(€2, €6, €7, €3, €9),

so B(g) = 5.
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Chapter 3

Abelian ideals and subalgebras in

some solvable Lie algebras

In this chapter, we show several results and algorithmic methods to compute abelian
ideals and subalgebras of some special families of solvable Lie algebras over the field
K = C. More concretely, we deal with Lie algebras g,, given by n x n strictly
upper-triangular matrices; Lie algebras b,,, given by n xn upper-triangular matrices,
Heisenberg algebras and filiform Lie algebras. The content of this chapter can be
seen in the papers [23] and [26].

The main interest to deal with the Lie algebras b,, and g, lies in the fact that eve-
ry finite-dimensional solvable Lie algebra can be represented by a Lie subalgebra of
some b, (see [43, Theorem 9.11] or [105, Theorem 3.7.3|) and every finite-dimensional
nilpotent Lie algebra is isomorphic to a subalgebra of g, ([105, Proposition 3.6.6]).
Another reason is that their applications to Physic are many and varied as can be
seen in |54, 87].

Heisenberg algebras constitute a special subclass of nilpotent Lie algebras and
are also very interesting for several reasons. For example, their applications to both
the theory of nilpotent Lie algebras itself and Theoretical Physics. With respect to
the first subject, a well-known result sets that a nilpotent Lie algebra g is abelian
if and only if g does not contain a subalgebra isomorphic to the 3-dimensional
Heisenberg algebra £, [90]. Heisenberg algebras appeared at the beginnings of the
20th century when introducing Quantum Mechanics. In Classic Mechanics, the state
of a particle in a given time ¢ is determined by both its position vector Q € R3 and
its momentum vector P € R3. Heisenberg |52] took the components of these two
vectors, considering them as operators in a Hilbert space such that the following

29
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commutation relations were verified

where §;; is the named Kronecker delta and h, called the deformation parameter,
represents the choice of a measure unit (usually A = 1).

Filiform Lie algebras constitute a very special subclass of nilpotent Lie algebras.
In fact, they are the most structured Lie algebras in the nilpotent class and were
introduced by Vergne [107] in 1966. The classification of solvable and nilpotent
Lie algebras is still an open problem. Therefore, it seems convenient to reduce this
problem by dealing with subclasses of nilpotent Lie algebras. Hence, studying and
classifying filiform Lie algebras is a first step towards the classification of solvable
Lie algebras in general.

The method to compute an abelian subalgebra of maximal dimension of a Lie
algebra g is based on the technique introduced in [6, 8] for subalgebras and consisting
in considering an arbitrary basis of an r-dimensional subalgebra with respect to the
basis By of the Lie algebra g in which its law is expressed. Then the vectors in
B, are divided in main vectors or non-main vectors according to a echelon matrix
associated with B;. Finally it is studied whether the subalgebra is abelian or not
and if it is an ideal.

3.1 Lie algebra g,

Now, we show an algorithmic procedure which allows us to obtain abelian ideals of
the Lie algebra g,. A first version of this algorithm for subalgebras was given in [6].

Case 1: nis even and n >4 (i.e., n =2k, with k € N\ {1}).

Step 1: (2k)™ column. Let us consider the 2k — 1 vectors corresponding to
this column. So, we obtain the abelian ideal (Xj ok, ..., Xog—12k)-

Step 2: (2k — 1)*® column. Now, we add the 2k — 2 vectors corresponding to
this column and the unique vector coming from the (2k — 1)*® row has to
be removed. In this way, we obtain the abelian ideal (X o, . .., Xog—2.2k,

Xk, Xok—22k-1).

Step 2k — i+ 1: " column, with 2k > i > k+1. After adding the i—1 vectors
corresponding to the i*" column, the 2k — i vectors corresponding to i‘!
row are removed. In this way, the dimension of the obtained abelian ideal
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increases 2i — 2k — 1, while i > k+1/2. So, k is the last step in which the
number of vectors generating the obtained abelian ideal is greater than
the one obtained in the previous step.

Step k: (k + 1)™ column. The k vectors corresponding to this column are
added, whereas the 2k — (k + 1) = k — 1 ones corresponding to the
(k+1)™ row are removed. So, a k?-dimensional abelian ideal is obtained,
being its basis formed by

Xigt1 - X2k
Xogs1 .. Xook
Xigt1 - Xpok

Case 2: nisodd and n >4 (i.e., n =2k + 1, with £k € N\ {1}).

Analogously to the Case 1, we can settle the following procedure to obtain an
abelian ideal with dimension as large as possible.

Step 1: (2k + 1) column. Firstly, we consider the 2k vectors corresponding
to this column. So we obtain the abelian ideal (X7 og+1, . . . Xok 2k+1)-

Step 2: 2k'™ column. Now the 2k — 1 vectors corresponding to this column
are added, removing the vector coming from the 2k row. In this way,
the abelian ideal <X172k+1, Ce X2k71,2k+1; legk, c. X2k71,2k> is obtained.

Step 2k — i 4 2: i*® column, with 2k4+1 > i > k+2. There exist i — 1 vectors
corresponding to the i*" column, which are added to the generators of
the abelian ideal obtained in the previous step. Then the 2k + 1 — 4
vectors corresponding to the i*" row are removed, obtaining an abelian
ideal whose dimension increases 2i — 2k — 2 with respect to the previous
step. The dimension increases only when ¢ > k + 1. Hence, Step k is the
last step and the procedure will be stopped after it.

Step k: (k+2)™ column. Now the k+1 vectors corresponding to the (k+2)t
column are added, whereas the k—1 vectors corresponding to the (k+2)™
row are removed, which allows us to obtain a (k*+ k)-dimensional abelian

ideal with the basis
Xik+1 oo X1kl
Xok+1 - X2kt

Xikst - Xpokt1
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By using a similar procedure we can compute this other (k* + k)-dimensional
abelian ideal

Xigy2 o X2kt
Xogy2 oo Xoopy1
Xit1 k2 - Xpg1,2k41

According to the results obtained, an abelian ideal of g, has been computed for
all n € N. Indeed, the dimension of such a ideal is
n—1, ifn<4;
A, =< K2 if n =2k, n>4;
K2+ Fk ifn=2k+1, n>4.
Therefore, a(g,,) = B(gn) is lower bounded by the value A,. Now we prove that the
value of the invariants « and 3 for g, is A,,, improving the bound given by Jacobson
[57] and Schur [91].

Let us remember that dg, denotes the dimension of g,. Now, we give a sketch
for the proof of the following fact: it is not possible to obtain an abelian subalgebra
of the Lie algebra g, with dimension greater than A4,. A more detailed information
about this proof can be consulted in [8]. For it, three preliminary results are needed

Proposition 3.1 (Theorem 3.1 in [6]). Let us consider n € N, with n > 4. Then

the abelian Lie algebra of dimension dy, — 1 is not a subalgebra of g,,. U

Lemma 3.1 (Lemma 4.1 in [8]). Let us consider n € N, with n > 3. Then,

dgn_dgnfl =n—1 0
Lemma 3.2 (Lemma 4.2 in [8]). Let us consider n € N, with n > 3. Then,
Ay = Apr = [g}, where [g} denotes the integral part of 5. ]

Combining the previous results, a proof can be provided for

Theorem 3.1 (Theorem 4.1 in [8]). Let us consider n € N, with n > 2. The «
invariant of the Lie algebra g, is given by

k2, if n =2k, with k € N,

n :-An:
a(gn) {k2+k, if n—2k+1, with k € N.

Proof. We use an iterative procedure based on studying the impossibility of obtain-
ing a (dg, — r)-dimensional abelian Lie subalgebra in g, for 0 < r <d,, — A, — 1.
Cases go and g3 are trivial. Moreover, Proposition 3.1 implies this result for g4. So
we only need to prove it for n > 5.

Given an abelian subalgebra of g,, our proof is based on the number of main
vectors coming from the n'" column in an arbitrary basis B of that subalgebra.
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(dg, — 2)-dimensional abelian subalgebra: We have to consider three different
cases

Case 1: The two non-main vectors correspond to the n'® column. Each vector
Xi; € gnp—1 1s main, but g, is not abelian.

Case 2: A unique non-main vector corresponds to the n'" column. A (dg, , —

1)-dimensional abelian subalgebra has to be contained in g,_1, but it is

not possible according to Proposition 3.1.

Case 3: No non-main vector corresponds to the n'" column. [ Xion—1, Xn-1n]

is non-zero where X;, ,—1 is a main vector, with ¢y as greater as possible.

(dg,, — 3)-dimensional abelian subalgebra: There are three non-main vectors in
B and the four following cases have to be considered

Case 1: The three non-main vectors correspond to the n' column. This is in
contradiction with the law of g, _;.

Case 2: Two non-main vectors correspond to the n'" column. Due to Propo-
sition 3.1, we cannot find a (dy, , —1)-dimensional abelian subalgebra

m gn—1.

Case 3: A unique non-main vector corresponds to the n'" column. Only one
vector coming form the n'" column of g, is non-main. So we need to find

a (dg,_, —2)-dimensional abelian subalgebra in g,_;.

o If X, 1, is main, [X;, n—1, X;,—1,] is non-zero where X, ,,_1 is a main
vector with i as greater as possible.

o If X,_1, is non-main, X, is main for 1 <i <n —2. If n =5, we
choose the main vectors X, 5 and X; 5 to obtain a non-zero bracket.
If n > 5, [Xj,n—2, Xn_2,] is non-zero with j, as greater as possible
such that Xj ,_2 is a main vector.

Case 4: No non-main vector corresponds to the n' column. If n > 5, there
exists i9 as greater as possible such that X; ,_; is main and the bracket
[Xion—1, Xn—1n) 18 non-zero. If n = 5, we consider the main vectors X3
and X 3 to get a non-zero bracket.
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(dg, — r)-dimensional abelian subalgebra, where 4<r<d; —A,—1: We
have to prove the non-existence of (dg, — r)-dimensional abelian subalgebras
in g,,, with 4 <r <d,, — A, —1. Our proof is based on an iterative procedure
supposing that, for 1 < s <r — 1, no abelian subalgebra of dimension d;, — s
can be contained in g,. Remember that s < dg, — .A,. We consider five cases

Case 1: r non-main vectors correspond to the n'" column. Then the algebra
g.»—1 would be abelian and this is not possible.

Case 2: r—1 non-main vectors correspond to the n'® column. There exists one
non-main vector in g,,_; and a (dg, , —1)-dimensional abelian subalgebra

is contained in g,_1. It is not possible either due to Proposition 3.1.

Case 3: v — k non-main vectors correspond to the n'® column (with 2 <k <
min{r —1,d,, , —A,—1 —1}). There are k non-main vectors in g, and
a (dg, , — k)-dimensional abelian subalgebra is looked for in g,_;. This

stands in contradiction with our iterative assumption.

Case 4: r—k non-main vectors correspond to the n'™ column (with d,, , —
A,—1<k <r—1). There exist k non-main vectors in g, and n—1—r+k
main ones coming from the n*® column, satisfying 1+[§] <n—l—r+k <n—1.
Thus, there are, at least, 1+ [g} main vectors with the form X, and, at
most, n— [%} —2 non-main ones. So, more than the half of the vectors
coming from the n'™ column are main. Now, we choose w € B such
that its main vector X, 5,, with 1 < jo < hy < n, belongs to g,—1 and
the vector X}, , is the main vector of a basis vector v.€ B. So the
bracket [v, w] is non-zero. To assert it, jo has to be chosen as greater as

possible.

Case 5: No non-main vector corresponds to the n'" column. There exists a
main vector X;, ;o€ g1 With 7o as greater as possible and [ X, jo,Xj,,n7#0. [J

3.2 Lie algebra b,

We explain an algorithmic method to obtain abelian ideals in an arbitrary Lie alge-
bra b, with n > 4. The content of this section can be seen in [21|. Depending on
the parity of n, two possible cases have to be considered
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Case 1: niseven and n >4 (i.e., n =2k, with k € N\ {1}).

We consider the vectors in the basis of b,,, corresponding to the columns in the
matrix expression of h,. When the vectors corresponding to the i** column
are chosen, all the vectors corresponding to the i*" row have to be removed.
In this way, all the non-zero brackets are avoided and it is an ideal.

Step 1: (2k)™ column. We add the 2k vectors corresponding to the (2k)™
column. The vector coming from the (2k)™ row has to be removed,
obtaining the abelian subalgebra (Xj ok, . .., Xog—1.2k)-

Step 2k — i+ 1: i*" column, with 2k > i > k + 1. After adding the i vectors
corresponding to the i column, the 2k — (i — 1) vectors corresponding

to qth

row are removed. In this way, we obtain an abelian ideal whose
dimension increases 2i — 2k — 1, while i > k + 1/2. So k is the last step

in which the dimension increases with this adding-removing procedure.

Step k: (k + 1)™ column. The k + 1 vectors corresponding to the (k + 1)
column are added, whereas the k ones corresponding to the (k + 1) row
are removed.

Step k+1: Adding the vector )" X;; to the basis computed in Step k, we
obtain a (k? + 1)-dimensional abelian ideal whose basis is shown next

Xipt1 - Xiok
n
X2,k+1 cee X272k d Z X
an i
: S i=1
X1 - Xpok

Case 2: nis odd and n >4 (i.e., n =2k + 1, with k£ € N\ {1}).

By arguing analogously to the Case 1, we can settle the following procedure
to obtain an abelian ideal with dimension as large as possible.

Step 1: (2k + 1)™ column. After adding the 2k + 1 vectors corresponding to
this column, the unique vector coming from the (2k+1)" row is removed,
obtaining the abelian ideal (Xj ot1, .- ., Xok 2k+1)-

Step 2k — i 4 2: " column, with 2k+1 > i > k+2. The 7 vectors correspond-
ing to the 7" column are added and the 2k — (i — 1) vectors corresponding
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to the i*" row are removed, obtaining an abelian ideal whose dimension
increases 2t — 2k — 2. This dimension increases while ¢ > k£ + 1. Hence,
Step k is the last step for the adding-removing procedure.

Step k: (k+2)™ column. Now the k+2 vectors corresponding to this column
are added and, then, the 2k +1 — (k + 2 — 1) = k vectors corresponding
to the (k + 2)™ row are removed, which allows us to obtain a (k? + k)-

dimensional abelian ideal.

Step k + 1: Adding the vector Y, X;; to the basis computed in Step £,
we obtain the (k? + k + 1)-dimensional abelian ideal determined by the

basis
Xikr2 o Xiokt
Xogyo oo Xoopt1 "
. . i and Z Xi,i
: : : £
Xit1 k42 -+ Xpt1,2k+1

By using a similar procedure we can compute this other (k*+%+1)-dimensional
abelian ideal

Xig+1 - Xi2kt1
Xok+1 - Xoopt1 1 z": ¥
. . . an i
i1
Xigt1 - Xpokt1

According to the results obtained in this section, an abelian ideal of b,, has been
computed for all n € N. Indeed, the dimension of such a subalgebra is

n, if n < 4;
B, =< k*+1, if n =2k, n>4;
K4+k+1, ifn=2k+1, n>4.

Therefore, we can affirm that a(h,) = B(h,) is lower bounded by the value B,
which is equal to the upper bound of «(h,,) given by Jacobson [57] and Schur [91].
So, for the Lie algebras b,,, @ and S invariants are equal to B,,.

3.3 Heisenberg algebras

This subsection is devoted to compute the « invariant for complex Heisenberg alge-
bras. To do so, lower and upper bounds of «($);) are computed for & € N using the
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proof introduced in [78]. According to the law of $); and the basis Bj, = {X;}2**
expressed in preliminaries, a = ({Xo;11|i = 0,...,k}) is a (k + 1)-dimensional
abelian ideal of ;. So we can affirm that £+ 1 < a($)y) for & € N. In this way, our
main goal comes down to proving the non-existence of abelian subalgebras in
with dimension greater than k + 1. The following technical lemma has to be used
to settle the previous statement, whose proof is based in solving a system with a

symbolic computation package

Lemma 3.3. The system of equations with complex unknowns a; and b; has not any
complex solutions

E1:a1~b2—a2'b1:—1; EGZ ag-b4—a4-b2:0;

Ey: ay-bsg—az-by =0; E7;: az-bs—as-by=0;
Es: a1-by—ayg-by =0; Eg: a3-by—aq-b3=—1; (3.1)
Ei: a1-bs—as-by =0; Eg: a3-bs—as5-b3=0;
Es: as-bs—az-by =0; Eip: a4-bs—as5-by =0. -

By using the previous lemma, the following theorem can be proved, settling lower
and upper bounds for a($x) = 5(Hk).

Theorem 3.2 (Theorem 3.1 in [78]). For k€N and yeNU{0}, a(Hr) = B(Hx) is
bounded by k+ 1 < a(9Hx) < 2k —~, for all k > v+ 1.

Proof. The first inequality is trivial due to the existence of the subalgebra a; for
k€N. To obtain the upper bound for a($);), we only need to prove the non-existence
of abelian subalgebras b of §); whose dimension is 2k—y+1. Since £ is lower bounded
by v+ 1, the dimension of £, can be lower bounded by

dim($;) =2k +1> 2y + 3. (3.2)

Any (2k — v + 1)-dimensional subalgebra of $); has (2k — v + 1) main vectors and
the number of the non-main ones is dim($;) — (2k — v + 1) = . By combining
this expression with (3.2), the number of main vectors is greater than the number
of non-main ones; that is 2k — v+ 1> v+ 3.

The basis By, of £ is structured in pairs of basic vectors (X;, X;11) such that
7 is an even natural number less than or equal to 2k. For each of these pairs, its
corresponding bracket is equal to the vector X; € By. Let us call non-zero pair
to each of these pairs. Therefore, 5 is formed by k£ non-zero pairs and the vector
resulting from all these brackets.

ol

There are, at most, bJ non-zero pairs which are formed by non-main vectors;

whereas the number of non-zero pairs which only contain main vectors is at least
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one. Starting from this minimum, there is one non-zero pair formed by main vectors
more for each new non-zero pair formed by non-main vectors.

To distinguish between main vectors and non-main vectors for the basis B of the
subalgebra studied, the vectors in By are arranged in two sets, which are reordered
as follows

Snvv={Xi€Ni|i=1,...,2k+1 A X; is a non-main vector}={X;, |h =1,...,7}

. . ) (3.3)
Suy={X;€Nkli=1,...,2k + 1 A X; is a main vector}={X;, |h=~+1,...,2k+1}

So the proof of a($);)<2k—~ starts by considering each possible case for non-zero
pairs formed by non-main vectors and proving that the subalgebra cannot be abelian.
Hence, if b is an arbitrary (2k—v-+1)-dimensional subalgebra of £, the Vectors in

an arbitrary basis B={w;, 2]:;11 of b can be expressed as w;, Xlr+2)\

zha

Vre{y+1,...,2k+1}. Now three steps are considered

No non-zero pair in Syyv: The bracket between two vectors in B is given by

[wi“’wiﬁ] [ ir1> 27"2 + Z)\W ir1> Zh + Z)\Tl 1h7 17"2]' (34)

We can suppose that the unique non-zero pair of main vectors is (X; ,, X;,,).
The bracket [X;,,, X;,] is equal to X; and the rest of the brackets in (3.4) are
zero because they do not correspond to non-zero pairs. Hence, the subalgebra

b cannot be abelian.

One non-zero pair in Sy,v: We can suppose that there exists only the non-zero
pair formed by X;, and X;,. The bracket between two vectors in B is ex-

pressed as
Wi s wio] = [ Xy Xipo +Z>\ Xiprs Xy, +Z)‘ Xip,s Xiyo) (3.5)
Wﬁ g - A:ff Afj) Xy, Xa).
We can suppose that the non-zero pairs of vectors in Sy, are (Xiw+1’Xiv+2)

and (X

ty+3)

Snuv. Besides, there exists another vector Xis

form a non-zero pair with any vectors in Sy, because one of the following

X

i,.4) because there is one non-zero pair formed by vectors in

€ Syrv which does not
conditions is true

a) X1€Syv: Hence, we can suppose X;
of f)k

. = X1, which generates the center
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b) X1€ Symv: Since there are, at least, v + 3 main vectors, one main vector
does not correspond to the non-main vector nor to the non-zero pairs

in SMV-

So b is abelian if and only if every bracket [w;,,,w;,] is zero. The brackets
Xy Xiay X

Y410 iy2) Riy3) ingta
of equations without solutions shown in Lemma 3.3. Therefore, b cannot

between two vectors in {X; Xi .5} leads to the system

be abelian.

General case: m non-zero pairs in Syy: There are m non-zero pairs in Sy v
and m+1 in Sy;y. Hence we only have to consider the cases

a) A vector in a non-zero pair in Syyyv has zero coefficients in each vector
w;,.. In this case, the problem is reduced to only m —1 non-zero pairs in
Snuy (i-e. those which do not contain the vector with zero coefficients).

b) A vector in a non-zero pair in Syyv has non-zero coefficient in some
vector w;,.. Let us suppose that such a vector is X;,. We apply the
corresponding basis change on the basis B to place X;, as a main vector
and X, as a non-main vector. After this change, there are only m—1
non-zero pairs in Sy and, besides, there are m non-zero pairs in Sy .

In this way, this case is reduced to m —1 non-zero pairs in Syv. By repeating
m — 2 times more this reduction, the resulting case is the following: there is
one non-zero pair in Sy,s. As this case has already been solved, the proof is
finished. U

Theorem 3.3 ( Theorem 3.2 in [78] ). Given k € N, a($)y) = k + 1. Moreover, a
(k + 1)-dimensional abelian ideal is ar = ({Xai11}5 ).

Proof. According to the previous Theorem, a($);) is bounded by k 4+ 1 < a($H;) <
2k —y, for v < k— 1. Replacing vy with k£ — 1, the inequalities k+1 < a($;) < k+1
are obtained. 0

3.4 Filiform Lie algebras

Firstly, we show the following example of a characteristically nilpotent Lie algebra,
that is, in fact, a filiform Lie algebra of dimension 7 with « invariant equals 5.
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Example 3.1. The Lie algebra of dimension n = 7 defined by [x1, ;] = x;41,2 <
i <6 and [x9, 3] = w6 + X7, [T2, 4] = x7 is characteristically nilpotent, i.e., all of
its derivations are nilpotent. Furthermore it satisfies a(g) =n — 2 = 5.

We can find such examples in all dimensions n > 7. This suggests that nilpotent
Lie algebras g with a(g) = n— 2 are not easy to understand. For the case of filiform
nilpotent, we can say something more on «a(g).

Proposition 3.2. Let g be an n-dimensional non-model filiform Lie algebra. Then,

Cr=#2tY(g) is the unique abelian ideal of mazimal dimension. Consequently, a(g) =

Proof. Let us consider an adapted basis {ep,}7_; of g. Since g is filiform, its lower
central series is given by

Cl(g) = <€17- . .,€n>, CQ(g) = <€2, o -7€n71>7 s 7Ck(g) = <€27- . 'aen—k-‘rl)'

According to the definition of the invariant zo, the ideal C"~*2™!(g) is abelian but
C"*2(g) is not. Let J be an abelian ideal of g. We are going to prove that J C
C"**1(g). To do so, we suppose that J € C" **!(g). In this way, let z be an
element of J such that ¢ C"~*>*(g). This implies that x = Y ;_, axe), such that
Jh e {z+1,...,n} with oy, # 0.

Additionally, if o, # 0, for some p € NN[za+1,n], then C" 7 (g) = (e,...,¢,) C
3. This fact is because J is an ideal and hence ad?(e;)(x) = agoe2 + ... + pep_g +
. tapen_g €73, for each ¢ € NN[0,n—2]. In consequence, since p > zo+1, we have
the following chain of inclusion relations: C"~*2(g) C C"P*!(g) C J. This implies
that J is non-abelian, which comes into contradiction with our initial hypothesis. []

Proposition 3.3. Let g be an n-dimensional non-model filiform Lie algebra. Then,
the law of g is given by the following brackets

le1,en] = en_1, for 3< h <mn;

(€244 €2ot1) = Q€142+ Q€1 + ...+ y1eg, 0 <17 < 29 — 2y

(€21, €2prj] = Qr€j41 + Qe ... + ozg_leg, 2<j5<n—z;

(214> €zpti) = Zi:z Pr(lesr-1; €xpi] + [€21485 €2pi-1])Ent1 +

i Proiit(Cmco (0)[ezims €xpim)enn + g e,
where 2 <1 <n—2,0<k<z—2z+1and P, (2<r <n) is the function

P.:g— C: uw P.(u) := coordinate of u with respect to the basis vector e,..

1
are the ones

Remark 3.1. Let us note that the complex coefficients o; and ozjif
indicated in Lemmas 1.1 and 1.2, respectively. We will say that g is a filiform Lie

algebra associated with the triple (21, z2,n).
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Proof of Proposition 3.3. The brackets [e., 1, €.,+1] and [es,, €,,+;] are obtained from
the Lemmas 1 and 2, respectively. We only need to prove the following condition
k
for2<i<n—zand0< k< zg—2z+1: [6Z1+k, 6z2+l] = thz Ph([ezl+k_1, 622+l] +
k+1 k k _
€21 4k> €2pri1])Ehy1 + Zhik-ﬁ-l Ph—k+1(zm:o (m) (€21 4m» €zpti—m])€nt1 + O‘Zﬂ fey.
In fact, the Jacobi identity J(ey, €., 1k, €.,41) = 0 involves

le1, [€z ks €antil] = [lE1, €214k)s €2qt] + [[€2041, €1)5 €20 48] =

= [€Z1+k*17 €Z2+l] + [621+k> €Z2+l*1]7

50 [621+k7 ezz+l] = 22112 Ph([621+k*17 622+l] + [621+k7 622+l*1]>eh+1 + 042157162.

Now, by using this relation, we get
Ph([ezl-i-k—b 622+l] + [ezl+k7 ezz-i-l—l]) = Ph—l([6z1+k—27 622+l] + 2[621+1€—17 622+l—1]+
[€z1+k> ezfrle]) == thkJrl (anzo[ezﬁrm; 622+l7m])6h+1 ifh—Fk+12>2.

Therefore, we obtain this family of brackets

[€xites €201) = Dop—o Pu([€arhm1s €an] + [€214ks aptim1])enr1+
ngl Py ki1 (an:o (7]:1) [em-i-m’ €Z2+l—m])€h+lall§i§_162=

where 2 <1 <n—29, 0 < k < 29— 21+ 1. O

Next, by using the definition of z; and Equation (1.2), we obtain the following
two results

Corollary 3.1. Let g be an n-dimensional non-model filiform Lie algebra with
a(g) =k € N. Then, zo = k + 1 and the following relation holds: 3 <z — 1<k <
n—1<2k-—1.

Proof. Tt is trivial starting from Proposition 2.2 and Equation (1.2). O

Corollary 3.2. Let g and {en}}_, be an n-dimensional non-model filiform Lie al-
gebra and an adapted basis of g, respectively. If b is the subalgebra (es, ..., e,)
of g, then the derived subalgebra D(h) = [b,b] satisfies that D(h) = C*(h) C

<627 €3,... 7€2n7(z1+22)>-

Proof. Tt is sufficient to consider the bracket [e,_1,e,] in the general law given in
Proposition 3.3. O

Let us note that Corollary 3.1 improves the bound for a(g) in a complex non-
abelian nilpotent Lie algebra g given in Lemma 2.5: @ <afg) <n-—1

Next, we show several results concerning the value of S(g) and the coefficients
given in the general law of Proposition 3.3. The first two results correspond to the
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cases 3(g) = n — 1 and n — 2. For those cases, we can characterize the law of a
general filiform Lie algebra.

Proposition 3.4. Let g be an n-dimensional filiform Lie algebra verifying B(g) =
n — 1, then g is isomorphic to the model filiform Lie algebra.

Proof. This is trivial, since (e, ..., e,) is an abelian ideal. ]

Proposition 3.5. Let g be an n-dimensional filiform Lie algebra verifying B(g) =
n — 2, then the law of g s expressed as in Proposition 3.3 with no restrictions over
the coefficients o; and oz;_l

Proof. Since the derived Lie algebra D(g) is abelian, all the Jacobi identities are

trivially null. O

We can even obtain a more general result about the non-existence of restrictions
. i1 . .. . . .
over the coefficients a; and aj. in Proposition 3.3 in virtue of a relation between

the invariants z; and zs.

Proposition 3.6. Let g be an n-dimensional non-model filiform Lie algebra asso-
ciated with the triple (21, 20,n). If 21 > n — 2, then the law of g is expressed as in
Proposition 3.3 and there are no restrictions over the coefficients o and ozj._l

Proof. If z1 > n — 2, then D(h) C (ea, ..., e,,) in virtue of Corollary 3.2 and every

Jacobi identity is satisfied using Equation (1.1). H

Now, we show this proposition where we have studied the first restriction over
the coefficients in the law of g.

Proposition 3.7. Let g be a n-dimensional non-model filiform Lie algebra associ-
ated with the triple (21, z2,n). If all the Jacobi identities are not identically null,
then the first restriction for the coefficients in the law of g is a; = 0.

Proof. In order to prove this result, we are going to consider the Jacobi identity
J(€sy, €2011, €,) = 0, which is given by

[[6227 ZZerl]? €n] + Hezerl? en]? 622] + Hem 622]7 622+1] =0.

According to Proposition 1.3, [e.,11,€e,] € (ea,...,€,,), which is an abelian ideal
due to the definition of zy. Therefore, the bracket [[e,,11,€n], €,,] is zero. Now, we
compute the expression of the bracket
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(€2, €zpr1)s €] =162y 2o+ oy 21 + oo+ Q€3+ Q162,64
=[oes,—z2 + Q2€sy s i1 oo Qay0z 4362, )
= Qop 921 43[€215 €n] o+ Qafesy i1, €]+ aafen, o po, e0)
=y 9043(01€n sy + OBen_sy + o+ AN TE ) 4
oy (Pr—2z+2([€20—21415 €n) + [€20—z1 425 €ne1])n—2z143
+ P2z 41([€20— 2141, €n] + [€20— 2142, €n1])en2z 12 +
+an 3 T hen).
Now, we compute the expression of the bracket
[[6227 en]? 622+1] = [ Z;gl Ph([e)’:z*l? en] + [ez27 en*1]>eh+1 + 04322716% €20+1
- [ 2;2—1 Ph([ezz—h en] + [6227 €n_1]>6h+1, 622+1]
= Zl_l(v)[ezl7 6224—1] + PZ1 (v)[621+17 622-!—1] + .
+ Pz (V) [en—zi41, €zp41]) = Poy1(v)anes + Pr (v)(ares + azes)
+.o o+ P (v)(1€n—2: 43+ ..+ Qp_ozy 12€2)
=1 P (V)en_9s43+ (1 Py 1+ 2Py )(V)en_2s 40+ - .
+(1 P,y 1+ Py + .o+ ap9s 0Py ) (V)en,

where v = [e,,_1, €,] + [€2,, €n—1]. Therefore, the Jacobi identity J(e,,,€.,11,€,) =0

is given by

sy 43(Q1€n syt + Qhen oy + .o+ a2 ) + ..
tao(Po-gz41([€20—215 €n] + [€25—2141, €n—1])en—gz 42 + . + 052:3214_162)
o1 (P22 +2([€20—21 415 €n) + [€25—21 42, €no1])n—2z1 43

+ P2z +1([€5 21415 €] + [€25—21 12, €n1])en2z 42 + .. + aﬁigiiiéez)
—a1 Py (V)en—2z 43 — (1 Pz 1 + 02 P2y ) (V)en—2z42 — - -
—(1Pyy1 + Py, 4+ .+ oz 42 Py ) (0)ea =0

Next, we compute the coefficient of the vector e, _s.,+3. To do so, we consider the

following expressions

z0—2214+2

Pn—?zﬁ-?([ezg—zﬁ-ly6n]+[ezg—z1+276n—1]>:Pn—z2+1< Z (Zrzkzﬁz) [€z1+k76n—k]) ;
k=0

z9—21

Pz (v) =P ([ezy—1,€n] + [€2y, n1]) = Pazy i1 ( Z (22221) €214k enk]) .

k=0

Therefore, the coefficient of e,,_2,,13 is

z29—221+2 zZ2—Z21
aq - ( Z (22_251+2)Pn—2’2+1([ezl+k7 €n7k]) - Z (Zzgzl)Pn_z2+1([€zl+k, enk])> .

k=0 k=0
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zo—221 +2) _ (22 —21

o 0 ) =1, the coefficient of e,,_9,, 13 is

Since (

z9—221+2 z22—Z21
ar( S T Py ([esks enil]) — Z(@;ZI)PR_@H([@M,%k]>>.

k=1 k=1

Let us note that 2o — 21 > 2o — 227 + 2, since 2; > 2. Consequently, the coefficient

of ep—9,,13 18

20—22z14+2
aq - ( Z ((zzkaz1+2) . (zz;n)) Pn—Z2+1([621+kJ7€n—k’])

k=1
29—21

- Z (ZZEZI)Pn—ZQ-H([ezl—Hm en—k])> .

k=z20—22143
Now, we consider the family of functions {®;, : Z = N U {0} }renug—1,0}, defined as

1, if : O, (i), iftneN;
o my=4  EPENT L e = Z n-r(d), i n Wh € NU{0}.
0, otherwise. i=1

0, otherwise.

With this notation, we obtain

k
P pri(lez sk €nk]) = (Z (];) Pp1-1(n — 20 — 2k + l)) ai

=0

and the coefficient of e,_., 13 turns out to be

zo—221+2 k
(&1>2. ( Z ((z2—2kz1+2 . z2 21 Z T n—zg —Qk—i-l)

k=1 =0
zo—21 k
— E z2 Zl E (I)klln—ZQ—Qk—l-l)
k:Z2—221+3 =0

Ifn—2—-2k+1<0for1 < k< 2z—2 and 0 <[ <k, then the Jacobi identity
J(€sy, €29+1, €) = 0 is identically null. Otherwise, the previous expression is zero if
and only if ay = 0. O]

Next, we have this result for the case 5(g) =n — 3.

Proposition 3.8. Let g be a n-dimensional filiform Lie algebra verifying B(g) =
n — 3. Then the triples ([%] +2,n—2,n), where n > 2k + 5, correspond to a

filiform Lie algebra with unique restrictions given by {a; = 0}F_,
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Proof. In this case, we have to impose the Jacobi identity J(e,_2,€,_1,€,) = 0 over
the general law given in Proposition 3.3 with (21, 22,n) = ([#] +2,n—2,n).
This identity is given by [[e,_2, €n_1],en] + [[€n, €n_2], €n_1] = 0. Next, we compute
both brackets, starting with

[[en—2,€n—1],€n] =[a1€n—sy + Q2€p_2 1+ ...+ Aoz €3+ Qs 162, €]
=lonen_z + €n_z 1+ ...+ Qp_2z 1164, €]
=len_z,n] +aolen_s 1,6 + .o+ @arsles,, en)
= a1 ((2k — 2)areq, + ((2k — 3)as + ad)eor 1

H(2k — 4)ag+a3)ear ot . .+ (ama+ady 3)es+agr Tes)
+as((2k — 3)areqr_1 + ((2k — 4)an + ad)eay_o
H(2k = 5)ag+a3)ear—s+. . .+ (a3 +ad; 3)es+az jeo)

+...+ Oézk_g(()éleg + Oééeg).
and continuing with the second taking into account that [[e,, €,—2], €n—1] = —[[€n—2, €n], €n_1]

[[en—2;€nlsn1] =[(n— 21 — Daren_oy01 + ((n— 21 — 2)as + ad)en oy + ..
o1+ @ TE T e + an i e, 6]
=n—2z1—Dalen_z41,€n1]+((n—21—2)as+ad)[en_2, €n1]
Foe (s F a0 T [es, en ]+ i es, 001
=(n—z1—1)ailen—z+1, €n—1]+((n—21—2) 2+ 03) €2z, €n—1]
+.o 4 (21— gkt + a2 He.,, eni]
= (n—2z1 — Dag(iea, + agegpq + ... + aop_1€2)
+((n — 21 — 2)ay + ad)(rean_1 + aeop_o
+.. tagkoe)+ ...+ ((21 — 2)agk_1 + ag’,jj)m@.

Combining both brackets, the Jacobi identity J(e,_2,€,-1,€,) = 0 is

a1((2k — 2)aqeqy, + ((2k — 3)ag + ad)ear—1 + ((2k — 4)az + ad)ea o + - . .
Hagk_a+ask 3)es+asi2es) +a((2k—3)aregr 1 +((2k—4)ag+ad)ear o
+((2k — 5)az + a2)egp_3 + ... + (Qap_3 + a2 "3)es + azrSey) + ...
(Qon_3 + a2y "3)es + aZi3eq) 4+ ... + agp_o(ares + ades)

_|_

n—2z — 1)og(oqesr, + aseop—1 + ... + aop_162)

(?7/ — 21— 2)0(2 + Oé%)(Oélegkfl + 9€2L_2 4+ ...+ Oégkfgeg)

(n— 21 — 3)az + a2)(areap_o + g3+ ... + agp_369) — . ..
(

21— 2)agg_1 + Oé%’,z:%)(%@) = 0.

(
(
(
(
(

Note that, according to the previous computations, the coefficient of the vector
ear is (a1)? - (2k —n+ 2, —1). Fixing 0 < h < 2k — 2, we compute the coefficient of
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the vector eq;_;, as follows

h
ani1(2k—(h+2))on+ > a;((2k—(h+2))apga—i+ap b)) — (n—2z—Dayan
i=1

h+1 h
—Z((n—zl —i)ozi+oz§_1)ozh+2_i = (2]{3— (h+2))a10[h+1 —|—ZO@O{}Z+2_Z’(2]€— (h+2))
=2 " i=1
—(n—2z — Dogaps — Z aipyoi(n—z1—i) = 2k —n—h+ Dajap
X i=2
+Zaiah+2_i(2k3 —n—h—2+z +1).
i=2

In this way, we have to consider the following equations for 0 < h < 2k — 2,

(1)*(2k —n+2 —1) =0,
h

(2k —n—h+ Dajap + Zaiathg_i(Qk —n—h—2+2z+1) =0.
i=2
From the first equation, we obtain a; = 0, since n > 2k + 5. Consequently, the

second equation turns into

h
Zaiah+2_i(2k¢—n—h—2+zl+i) =0, V2<h<2k-2.
=2
This involves the condition oy = 0 for h = 2l —2, where [ = 2,3, ..., k, leading to
the conclusion that the Jacobi identity J(e,_2,€,_1,€,) = 0 implies {o; = 0}F_,. O

Moreover, we can set the following result for the coefficients in a filiform Lie
algebra associated with a general triple (21, 22, 1)

Proposition 3.9. Let g be a n-dimensional non-model filiform Lie algebra associa-
ted with the triple (z1, z9,n). All the Jacobi identities in g correspond to a system
of equations whose solutions are a combination of the following expressions

(Bay, + *yozgfl)()\aq + ,uozgfl) =0, where8,v,\,p € Cand p,q € {2,...,n — 23}

Therefore, we always obtain linear relations between the coefficients in the law
of g.

Proof. Let g be a filiform Lie algebra associated with (z1, z2,n). We suppose that

. . —2e—1
there are restrictions over the coefficients {ay, o, ..., s 11, 03,..., a0 227} By

using Proposition 3.7, we can take a; = 0. The general law of g is given by
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ler,en] =en1, ¥3<h<n

[ezﬁi, 622+1] = 2€i41 + ...+ Qyi1€9, 1 <1< 29— 2. (36)
€21 €201j] = Q€5 ... + 04517162, 2<j<n-—z. (3.7)
Ptk
[621+p7 622+k] - Z Ph([ezl—‘rp—l? 6Z2+k] + [621+p7 ez2+k—1])eh+1 + O{]’:ig_1627
h=2
2<k<n—2,0<p<zg—2z +k. (3.8)

The family of brackets (3.6), (3.7) and (3.8) will be called brackets of type 1, 2
and 3, respectively. We need to impose the Jacobi identities J(eq, €, €.) = 0, where
21 <a < b < c<n. According to the law of g, we have to study the identities
involving the brackets of type 1, 2 and 3. Therefore, we study the following Jacobi
identities

J(€Z1+i> €21+ GZ2+1) = 07 J(ez17621+i7 ez2+1) = 07 J(ezlvezlJri? ez2+j> = O?

J<€Zl7 C2a41, 622+j) = 07 '](621+iv €2o41; 622+j> = 07 J(€Z1+i> €aotj> 622+k) =0.

e For J(e, 1i,€s4ir,€2+1) = 0, all the brackets involved are of type 1. This
identity is given by

[[621+i7 €z1+i’]’ 622+1] + [[621+i” 622+1]7 621+i] + [[6224—17 621+i]’ 621+i’]'

The bracket [e,, i, €,,+#] = 0 since (ea, ..., e,,) is an abelian ideal. Therefore,
J(€zy4is €2y ity €2pr1) = 0 is expressed as follows

[agei/+l + ...+ Q4 1€9, ezlﬂ-] — [Oé2€i+1 + ...+ Oi11€9, eZH—i’]'

and both brackets are zero since i/ +1,i +1 < 2y — 21 +1 < 29 —3 < zp + 1.
Consequently, this Jacobi identity is identically null.

e The Jacobi identity J(e,,, €., 1i,€241) = 0, with ¢ < z5 — 21, is given by
[[6217 621+i]7 6224-1] + [[€Z1+i7 622+1]7 621] + [[622+17 621]7 621+i]7

where [e,, €,,+1] = [€2,€2,+:] = 0 since oy = 0 and (eq, ..., e,,) is an abelian
ideal. Therefore, the identity is given by [[e., i, €2pt1], €2 ] = [2€iv1 + ... +
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Q;y1€2, €, ). Let us note that if i4+1 < 25, then this bracket is null. We consider
t+ 1 > 29. In that case, we have

(€214 €apr1)s 2] = —[en, g1 + oo+ Qigop€eyi1] = —Qigasyles, €]
it 12 [6Z17 622+2] e T2 [621 ) €i+1]
= —Qi1 n,0hes — ;o (ades +adey) — ...

1 i+1—2zo
—02(a€iya—zy - + i 5 10E0)

_ 1 2 1
= —05€i42 2 — (203 + Q305)€i41-2 —
i—zo—1

1y, _
—(aa; 27 Qi ,0p)e = 0.

obtaining the following system of equations
azad =0,

@203 + azad =0,
052042 + a3a§ + a4oz§ =0,

1—z9—1
1—29

Qa0 +...+ aiH,ZQoz% = 0.

which only returns solutions of type o, = 0 or ag’l =0.

o For J(e,,, € 4i,€z+5) = 0, we have the following expression

[[6217 621+i]> 622+j] + [[621+i’ 622+j]7 621] + [[622+j7 en]a 621+i]'

Let us note that [e,,, ., 1:] = 0 since (ea, ..., e,) is an abelian ideal. Moreover,
€21, €201j] = e+ .—1—0457162 with2 < j<n—z. Fromj<n—2z < 2—-2<
2y and the definition of 25, we can affirm that [[e.,, e.,4,], €:,4:] = 0. Hence,
the Jacobi identity J(e.,, €z 4i,€z4;) = 0 is given by [[€,,4i, €201j],€5] = 0.

Developing the first term, we obtain

o i
[[€z,+i5 €z2+j]7 €] = [Z?L:Jg Py(lez+i-1, 622+j] + (2144 €z2+j—1])€h+1 + Oé;i;- €2, €]
= [Z;:;JZQ_H Ph(u)eh-f—l) 621] = 7P22+1(u) [6Z1a622+2] R
Piyj(u)lez,, €ivji1] = —Poyyi(u)(azer) — ...

S
Piyj(u)(0geivjrimz + -+ 0 17 e2)

= —0yPij(u)eirjii—zy — (03P + a3 Pipj1) (W)eipj—z —
(aziﬁfizzﬂﬂ- +.o+adPoyy1)(u)ey =0,

where = [€,,4i-1, €254j] + [€21+is €2+j—1]. Consequently, we have to solve the
system of equations

a3 Piyj(u)
a3 Py j(u) +

Il
S o
e S

QI Pij(u) 4+ ..+ adPayia (u) = 0.
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Now, we compute the expression of Pi;(u), Piyj—1(u), ..., Pyi1(u) by using
the reasoning of the proof of Proposition 3.7.

B+j(u) = Oélg E q)k 1— 122+]—2]{3+l>
k=0 1=0
i k

Pipj(u) = a%z Z(;) (D) ®r-1-a(z2 +J = 2k +1);

k :
Poy(u) = o272 "N () (1) Prmimi(za + 5 — 2k + D).

When solving this system of equations, we obtain solutions of type ag_l = 0.

e For the Jacobi identities J(e,,, €:41, €245) = 0, J (€244, €2p11, €245) = 0 and
J(€2+4is €2945, €20+k) = 0, only brackets of type 3 are involved. We will study
this type of brackets.

We define the degree function deg : N x N — N, where N = {1,...,n}, as
deg(a,b) = a+b. Notice that, according to Proposition 3.3, deg([a,b]) = a+b

implies [eq, €p] € (€2, ..., €atrp—2—2). The brackets of type 3 are given by
ptk

[62’14'1)7 622+k] = Z Ph([eZH-p—l? 622+k] + [€z1+p7 Crotk— 1])€h+1 + ak+p 162
h=2

Let us note that deg(z1+p—1, 29+k) = z1+20+p+k—1 = deg(z1+p, zo+k—1).
In order to compute the term 327 Py ([e2, 1p-1, €2prk] + [€214p) €2k—1])€hs1 D
a bracket of type 3, we have to decompose it by using the following brackets
of type 1 and 2

(€240, €2o11] = Q€11 + ... F i, 1 <1< 29 — 245
_ 1 !
[6217 ezz+l+1] = €41 +...+ al+1€27 2 S [ +1 S n — zg,

and their index pairs have the same degree. In fact, we obtain that

1<i<z9—2zy;

lfh+2)
2<h<I+1.

Ph([ezl+l? 622+1] + [621 ’ 6Z2+l+1]) = (al—h+3+al_h+3 , for

zo—z1<l<n—2zo—1;
2<h<I+1.

Ph([621+l’ 622+1]+ [ezl ) 622+l+1]) O‘é Ziga for

From the remaining Jacobi identities, we obtain this type of equations

(6ap+7ag_l)()\ozq+uozg_l):0, B,7, A ueC, and p,g€{2,...,n — 2z}
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Now, we show an algorithmic procedure which computes the law of an n-dimensional
non-model filiform Lie algebra g starting from the value of a(g). More concretely,
we give a step-by-step explanation of this algorithm for obtaining the law of g with
alg) =k eN.

Input

1. The dimension n of a non-model filiform Lie algebra g.

2. The value k of the invariant «a(g).

Output

1. A list with the triples (21, 22,n) such that there exist non-model filiform Lie
algebras associated with them.

2. The law of each family of filiform Lie algebras for each triple.

Method

1. First, computing the value of the invariant 2z, by using Proposition 3.2. Accor-
ding to this value and Expression (1.2), several possibilities appear for the

invariant zj.

2. For each value of z;, computing all the possible non-zero brackets of g given
by Proposition 3.3.

3. Then, ruling out those values of z; not satisfying the Jacobi identities
J(ep,er,e) =0, for 2 <h <k <l<n.

4. Next, obtaining a list with all the triples (21, z2,n) such that there exist non-

model filiform Lie algebras having such invariants.

5. By using Proposition 3.3 again, computing the law of each Lie algebra asso-
ciated with a triple given in the previous step.

Now, we show the implementation of the previous algorithm. To do so, we
have used the symbolic computation package MAPLE 12. Note that before ru-
nning any sentence or loading a package, we must restart all the variables and
delete all the computations with the command restart. After that, we load the
library DifferentialGeometry, LieAlgebras to activate commands related to Lie
algebras such as BracketOfSubspaces.
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First, we show the implementation of a routine which computes the law of a
filiform Lie algebra from the triple (21, z2,n) by using Proposition 3.3. This routine,
named law, receives the triple (21, 22, 1) as input and returns the filiform Lie algebra
associated with this triple. For the implementation, we define a list as a local variable
L. This list saves the indexes and the value of the structure constants corresponding
with the non-zero brackets of the filiform Lie algebra. First, L saves the brackets
given by filiformity (i.e. [e1,en] = ep—1, V3 < h < n) and the bracket [e,,, €.,41] =
azes. Then, a loop is programmed for including the indexes of the rest of non-zero
brackets in L.

law:=proc(z_1,z_2,n)
local L; L:=[seq([[1,h,h-1],1],h=3..n),
[[z_1,z_2+1,2],a[111];
for i from 1 to n do for j from 1 to n do c[i,i][j]:=0; od; od;
for i from 1 to z_2-z_1 do for 1 from 1 to i+l do
L:=[op(L), [[z_1+i,z_2+1,i+3-1],al[1]1]1];
clz_1+i,z_2+1][i+3-1]:=a[1];
od; od;
for i from 2 to n-z_2 do
L:=[op(L),[[z_1,z_2+i,i+1],a[1]1]1];
clz_1,z_2+i][i+1]:=al1];
for j from 2 to i do
L:=[op(L),[[z_1,z_2+i,i+2-j]1,a[j1[j-1111;
clz_1,z_2+i][i+2-j]:=aljl[j-1];
od; od;
for i from 2 to n-z_2 do for j from 1 to z_2-z_1+4i-1 do
L:=[op(L), [[z_1+j,z_2+i,2],
ali+j]1[i+j-1117;
clz_1+j,z_2+i]1 [2] :=a[i+j] [i+j-1];
for h from 2 to i+j do
L:=[op(L),[[z_1+j,z_2+i, h+1],
clz_1+j-1,z_2+i] [h]l+c[z_1+j,z_2+i-1]1[h]]];
clz_1+j,z_2+i] [h+1] :=c[z_1+j-1,z_2+i] [h]+
clz_1+j,z_2+i-1]1[h];
od;od;od;
return _DG([["LieAlgebra",Algl,[n]],L]);

end proc:

V V V V. V. V. V V V V V V V V V V V V V V V V V V V Vv VvV

Next, we implement the routine coefficients, which receives as input the triple
(21, 2z9,n) and returns a list with all the structure constants «; and Oé;_l involved in

the law of the associated filiform Lie algebra.

> coefficients:=proc(z_1,z_2,n)
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> local M; M:={}; for i from 1 to
> z_2-z_1+1 do M:={op(M),alil}; od;
> for j from 2 to 2+%n-z_1-z_2-1 do
> M:={op(M),aljl[j-113}; od;

> return M; end proc:

\4

DGsetup(law(z_1,z_2,n));

From here on, we can operate over the Lie algebra associated with the output
given by law. This algebra is denoted by Algl. Now, we change the format of the
subindexes of the basis vectors with the command assign.

> assign([seq(el|i=e[i],i=1..n)]1);

After that, we have to define the variable Eq from the output of the routine law.

Now, we execute this sentence

Algl > L := LieAlgebraData(Eq, [seq(el[i],i=1..n)], Alg2);
> DGsetup(L);

From here on, we work over the Lie algebra Alg2. With the command

LieAlgebraData we can evaluate the following sentence

Alg2 > TF, EQ, SOLN, AlglList :=Query(coefficients(z_1,z_2,n),"Jacobi");

This sentence provides us the conditions given by the Jacobi identities in terms
of equations for the filiform Lie algebra. Additionally, AlgList shows us a list with
all the non-zero brackets. Finally, for each term given by the previous output, we
have to write the following commands

Alg2 > DGsetup(AlgList[i]);

Alg2_i > f:=proc() if BracketOfSubspaces([ez_1],[en])=[] then
Alg2_i > return "It is not a filiform Lie algebra"; end if; if
Alg2_i > BracketOfSubspaces([ez_2], [ez_2+1])=[] then return
Alg2_i > "It is not a filiform Lie algebra"; end if; else return
Alg2_i > AlgList[i],SOLN[i]; fi; end proc:

Mlg2_i > £()

With these sentences, we program a routine which studies if the Lie algebra given
in AlgList[i] is compatible with the definition of the invariants z; and z9. In the
affirmative case, the output is the set of conditions for the structure constants given
by the routine coefficients and the non-zero brackets of the Lie algebra. In case
of incompatibility, the output is the message "It is not a filiform Lie algebra'.
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Using this algorithm and its implementation, we have computed the triples
(21, z2,m) associated with non-model filiform Lie algebras up to dimension 14. This
triples are shown in Tables 3.1-3.3, structured according to the maximal dimension

for their abelian ideals and including the restrictions for the coefficients «; and oz;:_l,
if they exist.

Next, we show a computational study of the algorithm. To do so, we have used
an Intel Core 2 Duo T 5600 with a 1.83 GHz processor and 2.00 GB of RAM.
Table 3.4 shows some computational data about both the computing time and the
memory usage. These data were obtained considering the family of filiform Lie
algebras associated with the triple (n —3,n — 3, n).

Additionally, we show some brief statistics about the relation between the com-
puting time and the memory usage by the implementation. In this sense, Fig. 3.1
shows the behavior of both the computing time and the memory usage according
to the dimension n. In fact, the computing time increases more quickly than the
memory usage. As we can observe in Fig. 3.2, the increase of the computing time
corresponds to a positive exponential model, whereas the memory usage does not
follow such a model. Finally, we have also studied the quotients between memory
usage and computing time, obtaining the frequency diagram shown in Fig. 3.3. In
this case, the behavior can be also considered exponential, although this time is

negative.
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Table 3.1: Triples for non-model filiform Lie algebras of dimension less than 12.

Chapter 3.

Dim | (g Triples Restrictions
5 3 (4,4,5) None
6 3 (4,4,6) None
4 (4,5,6) None
(5,5,6) None
7 4 (4,5,7) {a1 =0}
(5,5,7) None
5 (k,6,7) None
k=4.6
8 4 (4,5,8) {al,ag =0,a0 = 704%}
(5,5,8) 3 algebra
5 (4,6,8) {a1 =0}
(5,6,8) None
(6,6,8) None
6 (k,7,8) None
k=4.7
9 5 (4,6,9) {o1, 02,0 = 0,03 = (3 + L2)as)
(5,6,9) {a1 =0,a} = —%Oxg}, {a1 = 0,0 = as}
(6,6,9) 7 algebra
6 (4,7,9) {a1, a2 =0}
(5,7,9) {a1 =0}
(6,7,9) None
(7,7,9) None
7 (k,8,9) None
k=4.8
10 5 (k,6,10) ? algebra
k=4..6
6 (4,7,10) {0417(12,04% =0, a% = —%oag,ozf’l = —%oa;}
(5,7,10) {a1, 2,02 =0}, {a1, a0 = O,ag = —Tas},
{a1 = 0,04% = —ag,cxg = —%OL:},}
(6,7,10) 3 algebra
(7,7,10) None
7 (4,8,10) {a1,a2 =0}
(5,8,10) {a1 =0}
(k,8,10) None
k=26.8
8 (k,9,10) None
k=4.9
11 6 (k,7,11) 7 algebra
k=4..7
7 (4,8,11) 7 algebra
(5,8,11) {a1,a2,0d =0,a2 = %ag}
(6,8,11) {1 =0,0) = 202}
(7,8,11) None
(8,8,11) None
8 (4,9,11) {a1,2,a3 =0}
(5,9,11) {a1,a2 =0}
(6,9,11) {01 = 0}
(k,9,11) None
k=7.9
9 (k,10,11) None
k=4.10

Theoretical Study
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Table 3.2: Triples for non-model filiform Lie algebras of dimension 12 and 13.

Dim | S(g) | Triples Restrictions
12 6 (k,7,12) 3 algebra
k=4..7
7 (4,8,12) 7 algebra
(5,8,12) {a1,02,3,0},02, 08 =0,a4 = %Mﬁai}
(6,8,12) {a1, 2,0 =0, ag = %\gﬁag}
(7,8,12) {a1 =0,a2 =0,al = —%ng}
(8,8,12) None
8 (4,9,12) 3 algebra
(5,9,12) {oq,ag,a% =0,03 = —%ag,oq = i?ai
(6,9,12) {a1, az, a% =0}, {al,a% =0, a3 = ldas}
{a1 = 0,04% = 7%0&2,0{% = f—ag}
(7,9,12) {a1 =0,a} = 1—54oz2}
(8,9,12) None
(9,9,12) None
9 (4,10,12) {041 =gy = a3 = 0}
(5,10,12) {a1 = as =0}
(6,10,12) {a; =0}
(k,10,12) None
k=17..11
10 | (k11,12) None
k=4..11
13 7 (k,8,13) 7 algebra
kel4,8]
8 (4,9,13) 7 algebra
(5,9,13) {ov, @l =0}, for 1<i<4
(6,9,13) 7 algebra
(7,9,13) {1, 02,03, 03, a3=0,as4=—2a}}
{al,ag,a% =0}
{a1,02 = 0,00 = 75i3ra%, af =-% <(2957i[§’£>}
(8,9,13) {o1,03 =0}, {01 =0,a0=—2}
(9,9,13) None
9 (4,10,13) 3 algebra
(5,10,13) 3 algebra
(6,10,13) {ahag,a%:(),ag::tgag}
(7,10,13) {a1 =0,00 = —%a%}, {a1 = 0,2 = a}}
(8,10,13) {a1 =0}
(9,10,13) None
(10,10,13) None
10 (4,11,13) {a1, a2, a3, a4 = 0}
(5,11,13) {a1,a2,a3 = 0}
(6,11,13) {a1, 2 =0}
(7,11,13) {a1 =0}
(k,11,13) None
ke[8,11]
11 (k,12,13) None
ke4,12)
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Table 3.3: Triples for non-model filiform Lie algebras of dimension 14.

Dim | B(g) | Triples Restrictions
14 7 (k,8,14) 7 algebra
kel4,8]
8 (k,9,14) ? algebra
ke4,9]
9 (4,10,14) 3 algebra
(5,10,14) 3 algebra
(6,10,14) {al,az,ag,a%,ag =0,04 = %ai,
as = —%(9 + 5%)&%}
(7,10,14) {al,ag,a%,aizo, as :f%ag
{al,ag,a%,ai =0,a3 = %a%}, {al,ag,ag,a%,ag =0}
(8,10,14) {a1, 02,0} = 0},{01,02 = 0,02 :—%a;;}
{a1 =0,a2 = o, 03 = 71—54043}
(9,10,14) {a1 =0}
(10,10,14) None
10 (4,11,14) 7 algebra
(5,11,14)  algebra
(6,11,14) {al,ag,a% =0,a3 = —%a%,o@ = —%ai}
(7,11,14) {a1,a2,0d =0}, {a1,ad =0,a3 = %ag},
{1 = 0,0 = —%a%,ag = —%a%}
(8,11,14) {on =0}, {a} = Zas}
(9,11,14) None
(10,11,14) None
(11,11,14) None
11 (4,12,14) {a1, a2, a3, a4 = 0}
(5,12,14) {a1,a2,a3 = 0}
(6,12,14) {a1, 00 = 0}
(7,12,14) {ay =0}
(k,12,14) None
ke(8,12]
12 (k,13,14) None
kel4,13)

Table 3.4: Computing time and memory used.

Input | Computing time | Memory used
n =10 0.51 s 5.31 MB
n =15 0.69 s 5.37 MB
n =20 0.92 s 5.49 MB
n =25 1.07 s 5.53 MB
n =30 1.62 s 5.56 MB
n =35 1.95s 5.59 MB
n =40 2.46 s 5.62 MB
n =45 3.03s 5.65 MB
n =50 3.59 s 5.68 MB
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Chapter 4

Algorithm and applications

In this chapter, we show an algorithmic method to compute a and [ invariants,
as well as the set of all abelian subalgebras and ideals of an arbitrary Lie algebra
over the field K = C or R. After that, we develop two different applications. The
first one corresponds to the computation of a and [ invariants for Lie algebras of
low dimension. To do so, we use the main and non-main vectors and check all the
computations with the algorithm. Finally, we study and determine the minimal
faithful unitriangular matrix representation of non-model filiform Lie algebras and
filiform Lie algebras up to dimension 8 by applying both invariants and the algorithm
to obtain abelian ideals and subalgebras. These representations are computed over
the family of Lie algebras g,, formed by strictly upper triangular matrices, using their
abelian subalgebras to make the computations and obtain their representations. The
content of this chapter can be seen in the papers [22, 24, 25, 27].

4.1 Algorithmic method

Let us consider an n-dimensional Lie algebra g with basis B,, = {Z;}_,. If n is low,
we can easily compute its abelian subalgebras and ideals because the number of non-
zero brackets with respect to B, is quite greater in proportion with the dimension
of g. To solve this computational problem, we have implemented an algorithmic
method which computes a basis of each non-trivial abelian subalgebra of g. In this
algorithm, we will use the main and non-main vectors to express any given basis of
the subalgebra in order to determine the existence of non-zero brackets. The vectors
in this basis will be expressed as a linear combination of the vectors in 5,,.

To implement the algorithm, we have used the symbolic computation package
MAPLE 12. We start loading the libraries 1inalg and ListTools to activate co-

59
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mmands like Flatten and others related to Linear Algebra, since Lie algebras are
vector spaces endowed with a second inner structure: the Lie bracket. Besides, the
library combinat has to be also loaded to apply commands related to Combinatorial
Algebra. Finally, we have also loaded the library Maplets[Elements] in order
to display a message so that the user introduces the required input in the first
subroutine, which is devoted to define the law of the Lie algebra considered.

Now, we show the different steps constituting the algorithm and its corresponding
implementation. The structure of the algorithm is based on two main routines calling
several other subroutines with different functions. Let us note that all the routines
are written in the same worksheet in order to run it after introducing the data asked
for the dialog window built with the library Maplets[Elements].

1. Implementing a subroutine which computes the Lie bracket between two arbi-
trary basis vectors in B,. This subroutine depends on the law of g.

The first subroutine, named law, receives two natural numbers as inputs.
These numbers represent the subindexes of two basis vectors in B,,. The sub-
routine returns the result of the bracket between these two vectors. Besides,
conditional sentences are included to determine non-zero brackets (which are
introduced in the subroutine) and the skew-symmetry property. Since the
user has to complete the implementation of this subroutine with the non-zero
brackets of g, we have also added a sentence at the beginning of the imple-
mentation, reminding this fact. Note that before running any other sentence,
we must restart all the variables and delete all the computations saved for
another law used before. Additionally, we must update the value of variable
dim, which saves the dimension of the algebra to be studied.

> restart:

> maplet:=Maplet(AlertDialog("Don’t forget to introduce non-zero brackets
of the algebra and its dimension in subroutine law",
’onapprove’=Shutdown("Continue"), ’oncancel’=Shutdown("Aborted"))):

> Maplets[Display] (maplet) :

> assign(dim,...):

> law:=proc(i,j)

> if i=j then return O0; end if;

> if i>j then return -law(j,i); end if;
> if (i,j)=... then return ...; end if;
> if ...,

> else return 0; end if;

> end proc;
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The ellipsis in command assign corresponds to write the dimension of the
algebra g to be studied. The following two suspension points are associated
with the computation of [Z;, Z;]: First, the value of the subindexes (4, j) and
second, the result of [Z;, Z;] with respect to B,. The last ellipsis denotes the
rest of non-zero brackets. For each non-zero bracket, a new sentence if has
to be included in the cluster.

2. Programming a subroutine to compute the bracket between two vectors ex-
pressed as a linear combination of vectors from the basis B, of g.

Then, we implement a subroutine, bracket, which computes the bracket bet-
ween two arbitrary vectors of g. These vectors are expressed as linear combina-
tion of the vectors in B,,. The subroutine law is called in the implementation.

> bracket:=proc(u,v,n)

> local exp; exp:=0;

> for i from 1 to n do

> for j from 1 to n do

> exp:=exp + coeff(u,Z[i])*coeff(v,Z[j])*law(i,j);
> end do;

> end do;

> return exp;

> end proc:

3. For each k-dimensional subalgebra h of g, computing the bracket between two
arbitrary vectors in the basis of h. Those vectors are linear combinations of
a main vector (whose coefficient is equal to 1) and the n — k non-main ones.
These expressions depend on the dimension of b.

After introducing the law of g, we have to compute the brackets in an arbitrary
subalgebra . To do so, we implement the subroutine eq, which requires four
inputs: the dimension n of g; the subindexes i and 1, indicating the main
vectors in the bracket to be computed; and a list M with the subindexes of the
non-main vectors in h. To do so, three local variables eqt, L and P are defined.
For computing the brackets between the vectors in B,,, the subroutine eq calls
the subroutine bracket, which is necessary to obtain each bracket in the law
of h. Whereas the variable eqt saves the expression of the bracket belonging
to the law of b, the list P takes the elements of M two by two and finally, L is a
list containing all the coefficients in the expression of eqt with respect to B,,.
Precisely, the list L is the first term of the output of the subroutine eq. The
second is a list with the subindexes i and 1 corresponding to L. Let us note
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that the subindexes of the main vectors have to be saved together with the
coefficients in order to use them in a later subroutine.

Each vector in the subalgebra h can be expressed as a linear combination of one
main vector and the n — k non-main ones according to expression (1.4), where
each row represents the coefficients of one vector in the basis of h. Obviously,
we can assume that the coefficient of each main vector is equal to 1, because the
row of (1.4) corresponding to that main vector can be divided by its coefficient.
To implement the subroutine eq, the coefficients of the non-main vectors are
denoted by b[i,k].

> eq:=proc(n,i,l,M::1ist)

> local eqt,L,P; L:=[];

> if nops(M)=1 then P:=[[M[1],M[1]]] else P:=choose (M,2); end if;

> eqt:=law(i,l);

> for k from 1 to nops(M) do

> eqt:=eqt + b[1,M[k]]*law(i,M[k]) + b[i,M[k]]*law(M[k],1);

> end do;

> for j from 1 to nops(P) do

> eqt:=eqt+(b[i,P[j1[1]1]1*b[1,P[j1[2]1]1-b[i,P[j1[21]1*b[1,P[j1[1]1])*
law(P[31[11,P[j1[21);

> end do;

> for m from 1 to n do

> L:=[op(L),coeff(eqt,Z[m])];
> end do;

> return L, [i,1];

> end proc;

Let us note that it is also possible to program the subroutine eq by using the
subroutine bracket. However, we will consider the previous implementation
for the computational study due to the fact that if we consider an implemen-
tation of eq which calls the subroutine bracket, both the computing time and

the used memory will increase.

> eq:=proc(n,i,l,M::1ist)

> local eqt,L,u,v;

>  L:=[]; eqt:=0; u:=Z[i]; v:=Z[1];

> for k from 1 to nops(M) do

> w:=u+b[i,M[k]I*Z[M[k]]; v:=v+b[1,M[k]]1*Z[M[k]];
> end do;

> eqt:=bracket(u,v,n);

> for m from 1 to n do

> L:=[op(L),coeff(eqt,Z[m])];
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> end do;
> return L,[i,1];

> end proc:

4. Solving a system whose equations are obtained by imposing the abelian law
to the brackects computed in the previous step for the subalgebra b.

Next, we implement the subroutine sys, which receives two inputs: The di-
mension n of g and a list M with the subindexes of the non-main vectors in
the basis of h. This subroutine solves the system of equations generated by
the subroutine eq. Four local variables L, P, R and S have been defined for its
implementation: L is a list with the subindexes of the main vectors; the list R
contains the expressions computed by the subroutine eq; P is defined as in the
previous subroutine; and, finally, S is a set where the equations of the system

are saved

> sys:=proc(n,M::1ist)

> local L,P,R,S; L:=[1; R:=[1; S:={};

> for x from 1 to n do

> if member(x,convert(M,set))=false then L:=[op(L),x]; end if;
> end do;

> if nops(L)=1 then P:=[[L[1],L[1]]] else P:=choose (L,2); end if;
> for j from 1 to nops(P) do

> r[jl:=[leq(n,P[j]1[1],P[3]1[2],M];

> end do;

> R:=[seq(r[i][1],i=1..nops(P))];

> for y from 1 to nops(R) do

> for k from 1 to n do

> S:={op(S),Rly]l [k]=0};

> end do;

> end do;

> return {solve(S)};

>

end proc;

5. Programming a subroutine which determines the existence of abelian subalge-
bras in a fixed dimension.

This subroutine, called absub, is implemented by introducing two natural
numbers n and k, namely: n is the dimension of g and k is less than n. This
subroutine determines the existence of abelian subalgebras with dimension k.
Two local variables are used by the subroutine: L and S. The first variable,
L, is a list whose elements are lists with the subindexes of the n—k non-main
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vectors. The variable S is a set with the solutions given by the subroutine
sys. In this way, absub returns a message indicating the non-existence of
k-dimensional abelian subalgebras or, if there exist k-dimensional abelian sub-
algebras, returns the set S. Since the coefficient of each main vector is 1, the
system given by the subroutine sys has not solutions when S vanishes. When
the system has some solution, the family of computed vectors is linearly inde-
pendent and forms a basis of the subalgebra. Let us note that, the solutions
in S will be determined according to the the field K that we are considering.
For example, if the solutions in S contain complex coefficients, there will be no
real solutions for the system solved by sys and there do not exist any abelian
subalgebras of dimension k for the case K = R. For this field, it would be
necessary to include a conditional sentence for determining if such complex
coefficients appear.

> absub:=proc(n,k)

> local L,S; L:=choose(n,n-k); S:={ };

> for i from 1 to nops(L) do

> if sys(n,L[i])={{}} then S:=S else

> for j from 1 to nops(sys(n,L[i])) do

> S:={op(8),{convert(L[i],set),sys(n,L[i]) [j1}};

> end do;

> end if;

> end do;

> if S={} then return "There is no abelian subalgebra"; end if;
> if S={{}} then return "There is no abelian subalgebra" else return S;
> end if;

> end proc;

. Computing a(g) by ruling out dimensions for abelian subalgebras.

Next, we implement the subroutine alpha, which receives the dimension n
of g as its unique input and returns the « invariant of g. The subroutine
starts studying if a(g) = n by using the subroutine absub. Then, a loop is
programmed to stop when absub does not find abelian subalgebras.

alpha:=proc(n)
if type(absub(n,n-1),set)=true then return n-1; end if;

for i from 2 to n-1 do

end if;

>
>
>
> if absub(n,i)="There is no abelian subalgebra" then return i-1;
>
> end do;

>

end proc;
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7. Computing the basis of an abelian subalgebra of maximal dimension, that is,
a subalgebra with dimension «a(g).

The following subroutine, named asmd, receives as input the dimension n of g
and returns the basis of an abelian subalgebra of maximal dimension. To do
s0, this subroutine calls the subroutines alpha and absub.

asmd:=proc(n)
local u,L,R,S,B,k;
k:=alpha(n);S:={};L:={}; u:=absub(n,k);
if k=1 then return {seq({Z[il},i=1..n)}; end if;
if type(ul1][1],set(integer))=true
then R:=u[1][1]; S:=u[1][2] else
R:=ul1]1[2]; S:=ul1][1];
end if;
for x from 1 to n do
if member (x,R)=false then L:={op(L),x};
end if;
end do;
for i from 1 to nops(L) do
b[i]:=Z[L[i]]; end do;
for i from 1 to nops(L) do
for j from 1 to nops(R) do
bli]:=b[il+a[L[i],R[j1I*Z[R[j1];
end do;
end do;
B:={seq(b[i],i=1..nops(L))};
return eval(B,S);

end proc:

8. Computing the basis of an abelian subalgebra for a fixed set of non-main

vectors and some restrictions given by the previous subroutines.

Now, we implement the subroutine basabsub, which receives three inputs: the
dimension n of g and two sets, S and T, with the subindexes of the non-main
vectors in the basis of . We will use this subroutine with the solution given by
sys. We have defined four local variables R, B, M and N for its implementation.
First, we introduce a conditional sentence if for the sets M and N in the cluster
to find out whether S or T is the set of non-main vectors. This is due to the
fact that MAPLE 12 sometimes returns the solutions in different order. R is a
set with the subindexes of the main vectors and, in the set B, we compute the
basis for the abelian subalgebra. In this way, B is the output of this subroutine.



66

Chapter 4. Algorithm and applications

> basabsub:=proc(n,S::set,T::set)

> local R,B,M,N; R:={};B:={};

> if type(S,set(integer))=true then M:=S; N:=T else M:=T; N:=S; end if;
> for x from 1 to n do

> if member(x,M)=false then R:={op(R),x}; end if;

> end do;

> for i from 1 to nops(R) do

> alil:=Z[R[il];

> end do;

> for i from 1 to nops(R) do

> for j from 1 to nops(M) do

> alil:=alil + b[R[il1,M[j11*Z[M[j1];

> end do;

> end do;

> B:={seq(ali],i=1..nops(R))};

> return eval(B,N);

>

. Programming a subroutine which computes a list with all the abelian subal-

gebras of g with certain dimension k.

The following subroutine, named listabsub, requires two inputs: the dimen-
sion n of g and a natural number k, less than n and which corresponds with the
dimension of the abelian subalgebra. To implement it, we consider two local
variables S and L. This subroutine calls the subroutine basabsub to compute
a basis for each k-dimensional abelian subalgebra. Whereas this value is saved
in the local variable S, L is a set with the bases of each abelian subalgebra
of g with dimension k. Precisely, the list L is the output of the subroutine
listabsub.

listabsub:=proc(n,k)
local S,L; S:=absub(n,k);L:={};
if k=1 then return {seq({Z[il},i=1..n)}; end if;
if S="There is no abelian subalgebra" then return {}; end if;

L:={op(L) ,basabsub(n,S[i] [1],S[i]1[2])};
end do;

>
>
>
>
> for i from 1 to nops(S) do
>
>
> return L;

>

Let us note that it is also possible to give an equivalent implementation for
the subroutine asmd by using the subroutine 1istabsub.
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10.

11.

asmd:=proc(n)
local k;
k:=alpha(n);

return listabsub(n,k);

vV V V V V

end proc:

Implementing the routine to compute a list with the bases of all the non-trivial
abelian subalgebras of g by using the previous subroutines.

Now, we implement the routine allabsub, which receives the dimension n of
g as its unique input. The routine allabsub returns a set with the bases of
all the abelian subalgebras of g with dimension less than or equal to a(g). In
this way, the routine starts computing a(g) and then, the output is defined by
using the previous subroutine listabsub.

> allabsub:=proc(n)

> local B,k; k:=alpha(n);B:={};
> for i from 1 to k-1 do

> B:={op(B),listabsub(n,i)};
> end do;

> return B;

> end proc

Programming a subroutine which determines if there is an abelian ideal asso-
ciated with a given abelian subalgebra.

Next, we explain the subroutine abideal, which requires two inputs: a set
S with the basis of an abelian subalgebra and the dimension n of g. The
subroutine determines the existence of an abelian ideal from the basis S of
an abelian subalgebra, obtained with the subroutine listabsub for a fixed
dimension. To do so, we impose that S has to be the basis of an abelian ideal.
Then, we solve the system: if there is no solution, the output of this subroutine
is the message “It is not an abelian ideal" and if there is a solution, it returns
the basis of an abelian ideal.

> abideal:=proc(S,n)

> local w, R, L, Q, M; w:=0; R:=[1; L:=[1; Q:={}; M:={}; N:={};
> for i from 1 to nops(S) do
> w:=w + a[i]*S[i];
> end do;

> for i from 1 to nops(S) do
>

for j from 1 to n do
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if bracket(S[i],Z[j],n)<>0 then
L:=[op(L) ,bracket(Z[j],S[i],n)]; else L:=L; end if;
end do;
end do;
for i from 1 to nops(L) do r[i]:=0;
for j from 1 to nops(S) do
rlil:=r[i]+c[i,j]*S[j];
end do;
end do;
R:=[seq(r[i],i=1..nops(L))];
M:={seq(L[k]-R[k], k=1..nops(L))};
for i from 1 to nops(M) do
Q:={op(Q) ,seq(coeff (M[i],Z[j1)=0,j=1..n)3};
end do;
if {solve(Q)}={} then return "It is not an abelian ideal" else
return eval(S,solve(Q));

end if;

V V. V V V V V V V V V V V V V V V V

end proc:

Computing 5(g) from «a(g) and the previous subroutine.

The subroutine beta receives the dimension n of g as its unique input and
returns the 3 invariant of g. Let us note that this value can be zero (semisimple
Lie algebras). The subroutine starts computing the value of a. Then, a loop
is programmed by using the previous subroutine and listabsub

> beta:=proc(n)

> local r; r:=alpha(n);

> for k from 0 to r-1 do

> for i from 1 to nops(listabsub(n,r-k)) do
> if abideal(listabsub(n,r-k)[i],n)<>"There is no abelian ideal"
> then return r-k;

> end if;

> end do;

> end do;

> return 0;

> end proc

Implementing a subroutine which determines the set of abelian ideals of ma-
ximal dimension, that is, abelian ideals with dimension 5(g).

Next, in this subroutine, named aimd, we compute the basis of an abelian ideal
of maximal dimension; that is, an abelian ideal with dimension 5(g). To do so,
the routine aimd calls the subroutines beta, listabsub and abideal. First,
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we compute the set of all abelian subalgebras of dimension 3(g) and then we
apply the subroutine abideal to obtain abelian ideals.

> aimd:=proc(n)

> 1local k,S,T; k:=beta(n);S:=listabsub(n,k);T:={};
> for i from 1 to nops(S) do

> T:={op(T) ,abideal (S[i],n)};

> end do;

> return T;

> end proc

14. Programming the routine to compute a list with the bases of all the non-trivial
abelian ideals of g by using the previous subroutines.

The routine allabideal receives the dimension n of g as its unique input.
This routine returns a set with the basis of all the abelian ideals of g with
dimension less than or equal to 5(g). The output of this routine is defined by
using the subroutines listabsub and abideal.

> allabideal:=proc(n)

> local B, k; k:=beta(n); B:={};

> if k=0 then return {}; else

> for i from 1 to k do

> for j from 1 to nops(listabsub(n,i)) do

> if abideal(listabsub(n,i)[j],n)<>"There is no abelian ideal"
> then B:={op(B),abideal(listabsub(n,i)[j],n)};
> end if;

> end do;

> end do;

> end if;

> return B;

> end proc

Now, we show an example using the 4-dimensional Lie algebra with non-zero
brackets [Z1, Zs| = Zs3, [Z1, Z3] = Z4. First, we have to complete the implementation
of the subroutine law as follows

> restart:

> maplet:=Maplet(AlertDialog("Don’t forget to introduce non-zero brackets
of the algebra and its dimension in subroutine law",
’onapprove’=Shutdown("Continue"), ’oncancel’=Shutdown("Aborted"))):

> Maplets[Display] (maplet) :

> assign(dim,4):
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> law:=proc(i,j)

> if i=j then return O;end if;

> if i>j then return -law(j,i);end if;

> if (1,j)=(1,2) then return Z[3];end if;
> if (i,j)=(1,3) then return Z[4]

> else return O;

>

>

end if;

After that, we must run all the routines. Once done this, we can compute the «
and S invariants as well as the set of abelian subalgebras and ideals of g.

> alpha(dim);

> listabsub(dim,alpha(dim));
{{z[2]1,Z[31,Z[4]1}2}
> allabsub(dim) ;

{{{Z21,2[3]1,Z2[41}},{{Z2[11},{Z2[21},{Z[3]1},{Z2[4]}},
{Z[4]1,Z[1]1+b[1,2]1*Z[2]+b[1,3]1*Z[3]1},{Z[4],Z[2]1+b[2,1]1*Z[1]+b[2,3]1*Z[3]},
{Z[4]1,Z[31+b[3,11%Z[1]1+b[3,2]1*Z[2]1},{2[2]1+b[2,3]1*Z[3],Z[4]+b[4,3]*Z[3]},
{z[2]+b[2,4]1*Z[4],Z[3]1+b[3,41*Z[4]1},{Z[3]1+b[3,2]1*Z[2],Z[4]+b[4,2]*Z[2]}}

> beta(dim);

> allabideal(dim);
{{z[41},{2[31,2[41},{z[2]1,2[3],Z2[4]}}

Now, we develop a computational study of the previous algorithm, which has
been implemented with MAPLE 12, in an Intel Core 2 Duo T 5600 with a 1.83
GHz processor and 2.00 GB of RAM. Tables 4.1 and 4.2 show some computational
data about both the computing time and the memory used to return the outputs
according to the value of the dimension n of the algebra.

This computational study was done considering a particular family of Lie alge-
bras: Lie algebra s, with basis {e;}! ; and law [e;, e,] = ¢;, fori < n. This family
has been chosen because these algebras constitute a special subclass of non-nilpotent
solvable Lie algebras, which allows us to check empirically the computational data
given for both the computing time and the memory usage.

In Table 4.1, the set of all non-trivial abelian subalgebras has been computed for
the algebras in this family up to dimension n = 13 inclusive. Starting from n = 8§,
the computing time is about three times greater when the dimension n is increased
in one unit. In Table 4.2, the set of all non-trivial abelian ideals has been computed
for the same family of Lie algebras up to dimension n = 10 inclusive.
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Table 4.1: Computing time and memory usage for allabsub.

Input | Computing time | Memory usage
n=2 0s 0 MB
n=3 0s 0 MB
n=4 0.11s 3.13 MB
n=>5 0.15 s 5.06 MB
n==06 0.43 s 5.38 MB
n="7 1.05s 5.56 MB
n=2=8 2.67 s 6.06 MB
n=>9 6.98 s 7.06 MB
n =10 20.27 s 8.25 MB
n=11 61.17 s 11.50 MB
n=12 187.89 s 13.87 MB
n=13 804.73 s 51.93 MB

Table 4.2: Computing time and memory usage for allabideal.

Input | Computing time | Memory usage
n=2 0s 0 MB
n=3 0.08 s 3.31 MB
n=4 0.50 s 5.75 MB
n=2> 1.98 s 5.88 MB
n==~0 8.03 s 6.50 MB
n="7 35.97 s 6.94 MB
n=3~8 169.54 s 7.56 MB
n=29 779.37 s 8.19 MB

n =10 4118.78 s 9.31 MB
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Next we show a brief statistics about the relation between the computing time
and the memory usage of the main routines allabsub and allabideal for the Lie
algebras s,,. These statistics are summarized in Figures 4.1-4.3.

Figure 4.1 and 4.2 show the behavior of the computing time (C.T.) and memory
usage (M.U.) for both routines according to the dimension n of s,,. We can observe
that the computing time increases more quickly than the memory usage in both
cases. Moreover, whereas the increase of the computing time corresponds to a
positive exponential model, the memory usage does not follow such a model.

We have also studied the quotients between memory usage and computing time.
The resulting data can be observed in the frequency diagram of Figure 4.3. In this

case, the behavior can be also considered exponential, although this time is negative.

Figure 4.1: Graphs for the C.T. and with respect to the dimension.
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Next, we compute the complexity of the algorithm. To do so, we consider the
number of operations carried out in the worst case. We use the big O notation to
express the complexity. To recall the big O notation, the reader can consult [108]:
given two functions f,g : R — R, we say that f(z) = O(g(z)) if and only if there
exist M € R* and zy € R such that |f(z)| < M - g(x), for all x > x,.

We denote by N;(n) the order of the operations when considering the step 1.
This function depends on the dimension n of the Lie algebra. Table 4.3 shows the
number of computations and the complexity of each step, as well as indicating the
name of the routine corresponding to each step. In fact, we determine that the
complexity of the algorithm has a polynomial order, where the two last routines are

the most computationally expensive.

Table 4.3: Complexity and number of operations.

Step Routine Complexity Operations
1 law O(n?) Ni(n) = O (@)
2 bracket O(n%) = Z Z Ni(n)
i=1j=1
n(n—1)
2
3 eq O(n*) N3(n) Ni(n)
j=1
n(n—1)
2
4 sys O(n®) Z N3
i=1
7,(712 1) n2
5 absub O(n'0) Ns( Z
i=1 j=1
6 alpha O(n'h) Ng(n) = Z 5(n)
7 basabsub O(n?) Nr(n) = O(n? Z O(n) + Z > on
i=1 1=1j=1
8 listabsub O(n10) Ng(n) = Ns(n) + Z N7(n)
i=1
9 allabsub O(n'l) + Z Ng(
n "'L
10 abideal O(nﬁ) N10 Z Z NQ(TL
i=1j=1
n—2 n
11 beta O(TLIQ) Nii(n) = Ng(n) + Z (Ng(n) + Nip(n))
k=0 i=1
12 allabideal O(n'?) Niz2(n) = Ni1(n) + Z (Ng(n) + N1io(n))
i=1j=1
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4.2 Computation of o and [ invariants for

low-dimensional Lie algebras

In this section, a and § invariants are computed for Lie algebras of dimension less
than 5, solvable Lie algebras of dimension less than 7 and nilpotent Lie algebras of
dimension less than 8. To do so, we consider

e the classification of complex Lie algebras of dimension less than 5 given in [19].

e de Graaf’s classification of non-decomposable complex solvable Lie algebras of
dimension less than 5 [32].

e Mubarakzyanov’s classification of 5-dimensional non-decomposable real solva-
ble Lie algebras [75].

e Turkowski and Mubarakzyanov’s classifications of 6-dimensional non-decomposable
real solvable non-nilpotent Lie algebras [104, 76].

e de Graaf and Seeley’s classifications of 6-dimensional non-decomposable com-
plex nilpotent Lie algebras [33, 92|.

e Magnin’s classification of non-decomposable complex nilpotent Lie algebras
up to dimension 7 [71].

According to Proposition 2.2, a and [ invariants will be the same for all the
cases with the exception of Mubarakzyanov and Turkowski’s classifications of 5 and
6-dimensional non-decomposable real solvable Lie algebras. In fact, we will deal
with the cases where o and [ are different in Remarks 4.1 and 4.2.

4.2.1 Lie algebras of dimension less than 5

Now, we compute the « invariant for Lie algebras up to dimension 4.

Proposition 4.1. Let g be a Lie algebra of dimension less than 5. Then, the possible
values of a(g) are given in Table 4./.

Proof. Since « invariant of an abelian Lie algebra is exactly its dimension, then
a(C™) = n, for n € N. Additionally, in virtue of Lemma 2.1, « invariant is additive
and, hence, its value for Lie algebras gs3, 942, 943, 944, 045, a6 and gs7 can be
computed directly. Moreover, a invariant of g3 = sly was already computed by
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Malcev (see Table 1). Consequently, we only have to compute the value of « for the
Lie algebras go9, 93,4, for i = 2,4,5 and g4, for j =8,9,...,16.

The Lie algebra goo is generated by the vectors {ej,es} and there is a unique
non-zero bracket: [e;,e3] = e;. Hence, goo is non-abelian and a(gs2) < 2. Since
1-dimensional Lie algebras are abelian, both (e;) and (es) are abelian subalgebras
of goo and a(geo) = 1.

Fixed and given i € {2,4,5}, let us prove that a(gs;) = 2. We have to find a 2-
dimensional abelian subalgebra in g3;, in addition to determining the non-existence
of 3-dimensional abelian subalgebras. First, a(gs;) < 2 because the Lie algebra g3 ;
is non-abelian. Obviously, the subalgebra (es, e3) of gs; is abelian for i € {2,4, 5}.
So, a(gs;) = 2, for i € {2,4,5}.

Now, we prove that a(gs;) = 3, for 7 = 8,...,13. To do so, it is sufficient to
bear in mind that these algebras are non-abelian and that (eq, e, e4) is an abelian
subalgebra.

Finally, we prove that a(gsx) = 2, for & = 14,15,16. We have to find a 2-
dimensional abelian subalgebra in g4, as well as determining the non-existence of
3-dimensional abelian subalgebras. Since the Lie algebra g4 is non-abelian, we can
set that a(gsx) < 3. First, (e2, e4) and (es, e4) are abelian subalgebras of g4 . Now,
we define the subalgebras

a = ({ei+ e | 1 <i <ANi £,

where ¢; is the non-main vector.

e For [ = 1,4, [es + A€y, e3 + A3e;] = e4 + u is non-zero, because u € (eq, e3).

e For [ = 2,3, [e; + Meg,eq + \ge] = peg + v with g # 0 and v € (es, e3).
Consequently, this bracket is non-zero and a(gsy) = 2, for k = 14, 15, 16. 0

4.2.2 Solvable non-nilpotent Lie algebras of dimension 5 and 6

Now, « invariant is computed for non-decomposable real solvable non-nilpotent Lie
algebras of dimension 5 and 6. In Tables 4.8-4.10, we denote by g¢;, for 1 <7 < 40,
the Lie algebras from Turkowski’s classification [104] and for 41 < i < 143 we have
the remaining algebras from Mubarakzyanov’s classification [76].

Proposition 4.2. Let g be a 5-dimensional non-decomposable real solvable non-

nilpotent Lie algebra. Then, the possible values of a(g) are given in Tables 4.5-4.6.
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Proof. The 4-dimensional subalgebra of g5 ; generated by (eq, es, e3, e4) is abelian for
j€{7,...,18}. Since g5, is not abelian, a(gs ;) = 4 and the previous subalgebra is
an abelian subalgebra of maximal dimension. Moreover, D(gs ;) is a 4-dimensional
abelian ideal for j € {7,...,18}. Consequently, these algebras are 2-step solvable.

The subalgebras (e, es,e4) and (eq,eq,e3) are abelian subalgebras of g5 ; for
Jj €419,...,29} and for j € {30,...,35,38,39}, respectively. So, we can set that
a(gs,;) > 3, for j € {19,...35,38,39}.

Consequently, it is sufficient to prove the non-existence of 4-dimensional abelian
subalgebras of g5 ;. Once more, the reasoning is analogous for all these algebras. So
we only study explicitly the algebra gs 22, whose law, with respect to a certain basis
{ei}2_1,is [ea, €3] = ey, [ea, e5] = €3, [eq, €5] = e4.

By applying the reasoning and notation used in Proposition 4.1, assume the
existence of a 4-dimensional abelian subalgebra and find a non-zero bracket in its

law.
e For k € {1,4,5}: [e2 + Aaek, €3 + Azex] = e1 + v is non-zero, because v €
({e ?:2)-
e For k € {2,3}:[eqs + \ser,e5 + Asex] = €4 + w is non-zero, because w €

<el7 €9, €3, €5>.

So, there do not exist 4-dimensional abelian subalgebras of g5 22 and a(gs22) = 3.

The subalgebra (e;,es2) is abelian for gs 35 and g5 37. Hence, both a(gs3s) and
a(gs37) > 2 and we only have to prove the non-existence of abelian subalgebras of
dimension 3. Both cases are analogous, so we will prove it for gs 37.

Let us suppose the existence of a 3-dimensional abelian subalgebra. We can
express 3-dimensional subalgebras as follows

ajr = ({ei + Niej + e, | 1 <i <5 A4k #1i}),

where e; and e, are the two non-main vectors. Proving that a;; is non-abelian is

equivalent to finding a non-zero bracket in its law.

e For (], k) € {(1, 2), (1,4)} The bracket [63 + )\3€j + [seg, es + )\5(3]' + /~L5€k] =
ey + v is non-zero, because v € (eq, e3, €4, €5).

e For (j,k) € {(1,3),(1,5)}: The bracket [ex + \aej + poek, €4 + Asej + paex] =
e + v is non-zero, because v € (eq, €3, 4, €5).

e For (], k}) S {(2, 5), (3, 5)} The bracket [61 + )\16]' + [1€g, eq + )\4€j + ,M4€k] =
2e1 + w is non-zero, because w € {e;)7_,.
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e For (j,k) = (4,5): The bracket [e2 + Aae; + piaey, €3 + Aze;j + psex] = ex +w is
non-zero, because w € (e;)7_,.
e For (j, k) = (2,3): If ag3 is abelian, the bracket

ler + Areg 4 pies, eq 4 Agea + praes] = (24 Aipey — padg)er + Arep + paes

would be zero, obtaining the system {2 + Ay g — iy Ay = 0, Ay = py = 0}, which
has no solution.

e For (j, k) = (2,4): Consider the brackets
les + Asea + pizeq, 5 + Asea + pises] = —Aser 4+ (1+ Aspis — p13Xs)ea + (s — Az)es,
le1 + Mg + fr1€q, e5 + Asea + fises] = 2user — Aeg + (Aifis — p1ds)es.

If ay 4 is abelian, these brackets would be zero and the system {1+ A3p5 —psAs=
0, us = A1 = A5=0, us — A3=0, \jp5 — 1 A5 = 0} without solutions would be
obtained.

e For (j,k) = (3,4): Consider the brackets
[e2 + Ases + poeq, e5 + Ases + pisea] = Aser + (Aapis — s — D)es + (s + Az)ez,

le1 + Ares + ey, e2 + Ages + piges] = —priea + (22 — Ar)er + (Ajpe — piAg)es,
ler + Ares + prreq, e5 + Ases + piseq] = 2user + Area + (Aipis — s )es.

If a3 4 is abelian, these brackets would be zero, obtaining the following system
without solutions {Agpts —piods —1=0,1 = s = A\ = X5 = 0, s + Ay =
0, 22 — A1 = 0, Ao — pido = 0, Ay pis — pii A5 = O}-

Hence, there are no 3-dimensional abelian subalgebras in g5 37 and a(gs37) =2. O

Remark 4.1. Regarding Lie algebras @525, 9526 and gs37, we have an analogous
situation to the one shown in Example 2.2. This is due to the fact that over R,
a(gs25) = algss) = 3, but B(gs25) = B(gs26) = 2 since the abelian ideals of
dimension 3 for both algebras are (e1, ey, e3 £ ies) and (e1, ey, e + ie3). For Lie
algebra g5 37 we have a(gss7) = 2, but 5(gs37) = 1 since the 2-dimensional abelian
ideals of gs 37 are (e, ea £ies) and (e1, e3 +iey).

Proposition 4.3. Let g be a 6-dimensional non-decomposable real solvable non-

nilpotent Lie algebra. Then, the possible values of a(g) are given in Tables 4.8—4.14.
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Proof. In order to prove this result, we can use an analogous reasoning to the one
used in the proof of Proposition 4.2 bearing in mind that

o (e3,€4,€5,€6) is an abelian subalgebra of ge ;, for j =1,...,27.

(e3,eq,e5) and (es, eq, eg) are abelian subalgebras of ge s and ge j,
for 7 =29,...40, respectively.

o (e1,€9,€3,€e4,€5) is an abelian subalgebra of ge ;, for j =41,...,52.
o (e1,€9,€4,€5) is an abelian subalgebra of g ;, for j = 53,...,78.

o (e1,€9,€3,€4) is an abelian subalgebra of g ;, for j = 79,...,115.
e (e1,€9,€3) is an abelian subalgebra of g¢ ;, for j = 116, ..., 139.

]

Remark 4.2. Table 4.7 shows the cases of 6-dimensional non-decomposable real
solvable Lie algebras where o and (8 invariants are different, due to the fact that the

abelian ideals of dimension « are defined over C.

4.2.3 Nilpotent Lie algebras of dimension less than 8

The invariant a(g) for a complex nilpotent Lie algebra g has been obtained up to
dimension 6 in connection with degenerations [19, 92]. We want to give a list here,
thereby correcting a few typos in [92]. In dimension 7 there is no list for a(g), as
far as we know. We use the classification of complex nilpotent Lie algebras up to
dimension 7 by Magnin [71], and for dimension 6 also by de Graaf [33] and Seeley
[92]. The result for the indecomposable algebras in dimension n <5 is as follows

Proposition 4.4. Let g be a complex nilpotent Lie algebra of dimension less than
6. Then, the possible values of a(g) are given in Table 4.15.

Proof. The « invariant of Lie algebras ny and ny was computed and pointed out
in Table 4.4. First, we prove that a(gs2) = a(gs5) = 4. Let us note that in this
case, (ea,e3,€4,€5) is an abelian subalgebra of g5 and gs5, that are non-abelian,
so ags2) = a(gs5) = 4. Now, we compute a 3-dimensional abelian subalgebra
of g5, Vi € {1,3,4,6}, and we have to prove that it is not possible to obtain an
abelian subalgebra of them with dimension greater than 3. The algebra (e3, ey, e5)
is an abelian subalgebra of g5 ;, for i € {1,3,4,6}. Consequently, it is sufficient to
prove that it is not possible to obtain a 4-dimensional abelian subalgebra of gs ;, for
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i €{1,3,4,6}. For reasons of length, we only study explicitly one example of these
algebras. The other cases are analogous.

Let us consider Lie algebra gs3 which law with respect to the basis {e;}}_; is
given by: [es, e4] = e3, [e2, e5] = €1, [e4, €5] = ea. Let us suppose that there exists a
4-dimensional abelian subalgebra in g5 3. This subalgebra can be expressed as

ar = ({ei + Niew|1 < i <B AT Ak},

where e, is the non-main vector. To prove that a; is non-abelian it is necessary and
sufficient to find a non-zero bracket in its law.

e For k € {1,3,5}, the following bracket is non-zero: [ea+Aaeg, e4+Asex] = €3+,

because the vector v belongs to (eq, e, €4, €5).

e For k = 2, a non-zero bracket is given by [es + Asea,e5 + Asea] = es + v,
because the vector v belongs to (eq, es, ey, €5).

e For k = 4, the following bracket is non-zero: [es + Asey, €5 + Aseq] = €1 + v,
since v belongs to ({e;}:=5).

Consequently, there do not exist 4-dimensional abelian subalgebras in g5 3 and

04(95,3) =3.
O]

Proposition 4.5. Let g be a nilpotent Lie algebra of dimension 6. Then, the possible
values of a(g) are given in Table 4.16.

Proof. Clearly a(C®) = 6. Since « invariant is additive in virtue of Lemma 2.1, its
value for Lie algebras gs; @ C, for i = 1,2,...,6; n3g ®ng; ny & C* and ny & C? can
be computed directly. Consequently, we only have to compute the value of « for Lie
algebras gg;, for i € {1,...,20}. These algebras are shown in Table 4.17.

Let us note that (eq, es, eq, €5, €5) and (es, €3, 4, €5, €g) are H-dimensional abelian
subalgebras of gs¢ and gg,16, respectively. Since these algebras are non-abelian, we
can conclude that o(gss) = (g6,16) = 5.

Moreover, (e, 4, €5, €6), (€2, €4, €5, €6) and (eq, 4, €5, €g) are abelian subalgebras
of ge, for i € {1,3,4,5,7,8,11,12,14,15,17,19}; g ;, for j € {2,10,13} and g0,
respectively. So, a invariant of these algebras is, at least, 4. In this way, we have
to see if there exists some abelian subalgebra of them with dimension 5. We study
one example of the Lie algebras considered and the other are analogous.

We consider the algebra ge 19 = (€1, €2, €3, €4, €5, €g) with law [e1, es] = e3, [e1, €3] =
eq, [e1,e4] = e5,[e1,e5] = e, [ea, €3] = €5, [e2,€4] = e6. A B-dimensional abelian sub-

algebra is expressed by a; as in Proposition 4.4.
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e For k € {3,...,6}, the bracket [e; + A\jex, e2 + Aaex] = e3 + v, is non-zero
since v belongs to ({e; }iz3).

e For k = 2, a non-zero bracket is [e; + A\ Za, e3 + A3Zs] = €4 + Azes + Ajes.
e For k = 1, this bracket is non-zero: [es + Aseq, €3 + Aze1] = e5 — Azesz + Aoey.
There is no 5-dimensional abelian subalgebra in g 19, S0 a(g619) = 4. O

The Hasse diagram for degenerations of nilpotent Lie algebras in dimension 6 is
shown in Figure 4.4, removing the typos in [92]|. If g —qee b, then a(g) < a(h).

In dimension 7, we use Magnin’s classification of non-decomposable, complex
nilpotent Lie algebras in [71] (see Table 4.18-4.21) to compute the « invariant of
each isomorphism class. Note that 4 < «a(g) < 6 in this case according to Lemma
2.5. The result is as follows

Proposition 4.6. Let g be a non-decomposable nilpotent Lie algebra of dimension

7. Then, the possible values of a(g) are the following

alg) =4: 9= 0701, 97,04() 97,05 8706, 87,07, §7,0.8, §7,1.02> §7,1.03, §7,1.1(ia)a1>
97,1.13i0)s 97,1.1(iii)» 97,1.13iv)» 97,1.1(v)s 87,1.1(vi)s 97,1.2(60),0%1> 87,1.2(54) 5
97,1.23ii3)s 97,1.2(iv)s 97,1.3(ia),0£0, 97,1.3(i3)> 97,1.3(iii)s 97,1.3(iv)s 97,1.3(v)s
9715, 97,1.8, 97,1.11, 97,114, 97,117, 97,119, 97,1.20, 97,1.215 97,2.1(ia),a0,15
97,2.13i3), 97,2.1(iii)» 97,2.1(iw)y 97,2.1(v)» 97,22, 97,24, 97,2.5, 87,2.6, 97,2.105
97212, 87,213, 87,217, §7,2.23, §7.2.26, §7,2.28, §7,2.29, §7,2.30, 97,2.34,
97,2.35, 87,2.37, 87,3.1(ia),a£0,1, 97,3.1(iii); 97,3.13, 97,3.18, 97,3.22, 97,4.4-

alg)=5: g= 87,0.2, 97,03, 87,1.01(:)5 97,1.01(i4)s 97,1.1(ia),a=1> 87,1.2(ia),a=15 97,1.3(ia),a=0>
9714, 97.1.6, 97,1.7, 97,1.9, 97,110, 97,112, 97,113, 97,1.15, 97,1.16, §7,1.18;
97,2.1(i0),0=0,1, 97,2.7, 97,2.8, 97,2.9, 97,2.11, 97,2.14, 97,2.15, §7,2.16, §7,2.18;
97219, 87,2.20, 97221, §7,2.22, 97224, §7,2.25, 97,227, §7,2.31, 87,2.32,
07,2.33, 87,2.36, 97,2.38, §7,2.39, 97240, 972.41, §7,2.42, 97,2.43, 97,2.44,
97,2.45, 87,3.1(i4),a=0,15 97,3.3, 97,34, 97,35, 8736, 97,3.7, 97,38, 87,3.9,
97,3.10, 97,3.11, 97,3.12, 97,3.14, 97.3.15, 97.3.16, 87,3.17, 97,3.19, 97,3.21,

97,323 87.3.24, 97.4.1, 87,4.3-

a(g)=6: g=g9r23, 0732, 97,320, G7.4.2-
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Figure 4.4: Hasse diagram for degenerations of nilpotent Lie algebras in dimension 6.
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4.2.4 Tables

Table 4.4: Lie algebras of dimension less than 5

g dim(g) Lie brackets a(g)

g1,1 =C! 1 1
g2,1 = C? 2 2
g2,2 =2 2 le1,e2] = e1 1
g3,1 = C3 3 3
g3,2 = n3 3 le1,e2] =e3 2
93,3 =12 ®C! 3 le1,e2] = e1 2
93,4 =13 3 [e1,e2] = ez, [e1,e3] =ea +e3 2
93,5 = '3\ 3 [61,62}262,[61,63}2)\63,)\6((:*,‘)4 <1 2
93,6 = 5[2 3 [61, 62] = e3, [61, 63] = —281, [62, 63] = 262 1
ga1 =C4 4 4
g42 =13 D ct 4 [e1,e2] = e3 3
g43 =12 D c2 4 [61, 62] = e 3
ga,4 =13 C! 4 le1,e2] = ez, [e1,e3] = ez +e3 3
9475=t37,\®(cl 4 [61762]262,[61763]=/\€3,)\€(C,0<|)\‘Sl 3
04,6 = t2 B2 4 le1,e2] = e1,[e3,e4] = e3 2
ga,7 = slo @ ct 4 [61, 62] = es, [61, 63] = —2eq, [62, 63] = 2eo 2
94,8 =14 4 [61, 62] = e3, [61, 63] = €4 3
04,9 =4, 4 [61762] = e, [61763] = es, [61764] = qeq,0 € c* 3
G410 = taas 4 ler,e2] = e3, [e1,e3] = ea, [e1, 4] = e 3

’ o —Bes +eq,aceC*, geCora,B=0
@ 4 [e1, e2] = e3, [e1,e3] = eq, 3

’ le1,ea] = a(ez +e3),a € C*
04,12 4 [e1, e2] = e3,[e1,e3] = eq, [e1, ea] = e2 3
94,13 4 [e1,e2] = 2ea +e3,[e1,e3] = Les, [e1,ea] = Leq 3
diie 4 le1,e2] = ez, [e1,e3] = e3, 9
le1,eq] = 2eq,[e2,e3] = €4
94,15 4 le1,e2] = e3,[e1,e3] = e2, [e2,e3] = €4 2
e 4 [e1,e2] = e3, [e1,e3] = —aea + e3, 9
4,16 [61,64]164,[62,63]164,046((:
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Table 4.5: 5-dimensional non-decomposable real solvable non-nilpotent Lie algebras

g Lie brackets a(g) Parameters
o057 le1,e5] = e1, [e2, e5] = aea, 4 —-1<y<B<all,
’ les, e5] = Bes, [eq, e5] = vea afy # 0.
95,8 [e2; e5] = e1, [e3, e5] = e, [eq, e5] = yea, 4 o<yt
d5.0 le1,es] =f1,[62,€5]=6i+63, 4 0£~<B
[es, e5] = Bes, [e4, e5] = veq
95,10 [e2,e5] = e1, [e3,e5] = ez, [eq, e5] = eq 4
le1,e5] = e1, [e2,e5] = e1 + €2,
fo.11 le3,e5] = e2 +e3, [eq, e5] = vea 4 770
45 1 le1,e5] = e1,[e2,e5] = e1 +e2, 4
’ le3,e5] = e2 +e3,[eq,e5] =e3 + ey
e1,e5] = e1, [e2, e5] = vea,
85,13 les, 65}[: pei — 864,[ [ea, el} = se3 + pey 4 8 # 0y <1
o514 le2, e5] = e, [e3, e5] = pe3 — ea, 4
' [e4, e5] = e3 + pes
le1,e5] = e1, [e3, e5] = ves,
5,15 le2, e5] = e1 + e2, [eq, e5] = e3 + veq 4 “lsysl
516 le1,es5] = e1, [e2,e5] = e1 + ez, A 620
’ le3, e5] = pe3 — sea, [eq, e5] = se3 + pea
o517 [e1,e5] = pe1 — ez, [e2, e5] = e1 + pea, 4 s#£0
’ les, e5] = ge3 — seu, [ea, e5] = se3 + qgeq
[es,e5] = e1 + pe3 — eq, [e2, e5] = e1 + pe2
9518 le1,e5] = pe1 — e2, [eq, e5] = e2 + €3 — pey 4 p20
le2,e3] = e, [e1,e5] = (1 + a)eq,
85,19 le2, e5] = €2, [e3, e5] = aes, [ea, e5] = Bea 3 B#0
le2, e3] = e1,[e1,e5] = (1 + a)eq,
95,20 le2,e5] = e2, [e3,e5] = aes, 3
[84,65] =e1 + (1 + a)e4
g5.91 [82, 63] =e1, [81, 65] = 2eq, [64, 85] = ey, 3
’ le2,e5] = e2 +e3,[e3,e5] =e3 +ea
45 2 [e2,e3] = e1, [e2, e5] = e3, 3
’ les,e5] = eq
05.93 le2,e3] = e1,[e1,e5] = 2e1, [e3,e5] = e3, 3 B£0
’ [e2,e5] = ea + e3, [eq, e5] = Bes
d5.24 [82763] 1617[81765] :261,[63785]163, 3 =41
’ le2,e5] = e2 + e3, [e4, e5] = €e1 + 2eq
45 25 [e2, e3] = e1, [e1, e5] = 2pe1, [ea, e5] = Bea, 3 B£0
’ [e2, e5] = pea + e3, [e3, e5] = —ea + pe3
[e2, e5] = pe2 + e3, [e1, e5] = 2peq,
95,26 [e2,e3] = e1, [e3, e5] = —ea + pes, 3 e==+1
[e4, e5] = ee1 + 2pey
g5 07 le2,e3] = e1,[e3,e5] = e3 +e4, 3
’ ler,es5] =e1,[eq,e5] =e1 +eq
05,25 le2, es] = e1, [e2, e5] = aeq, [ea, e5] = ea, 3
’ le1,e5] = (1 4+ a)er, [es,e5] = e3 +ea
452 [e2, e3] = e1, [e1,e5] = ex, 3
' le2,e5] = e2, [e3,e5] = ey
le2,eq4] = e1,[e3,e4] = €2,
95,30 le1,e5] = (2+ h)et, [es, e5] = eq, 3
lea,es5] = (1 + h)ea, [e3,e5] = hes
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Table 4.6: 5-dimensional non-decomposable real solvable non-nilpotent Lie algebras

(1)

g Lie brackets a(g) | Parameters
le2,e4] = €1, [e3,e4] = €2,
95,31 [617 65] = 3e1, [63, 65] = e3, 3
[e2,e5] = 2e2, [es,e5] = e3 + €4
g5 59 [e2,eq4] = e1,[e3,e4] = e2,[e1,e5] = e1, 3
’ [e2, e5] = e2, [e3,e5] = he1 +e3
05 55 [e1, eq] = e1, [e3, ea] = Bes, 3 B2 442 £0
’ [e2,e5] = ea, [e3,e5] = ves
g5 le1, eq] = aer, [e2, eq] = e2, 3
’ le3,eq] = e3,[e1,e5] = e1,[e3,e5] = e2
g5 55 le1,eq] = hei, [e2,eq] = e2, [e3,e4] = e3, 3 2 4 a2 £0
’ le2, e5] = —es, [e1,e5] = aer, [e3,e5] = e2
05 36 le2,e3] = e1,[e1,eq] = e1, 9
’ le2,eq] = e2,[e3,e5] = e3, [e2,e5] = —e2
. le2, e3] = e, [e1,e4] = 2e1, [e2, e4] = e2, 9
’ le3, eq] = e3,[e2,e5] = —e3, [e3,e5] = e2
05,38 [e1,e4] = e1,[e2,e5] = ea, [ea,e5] = e3 3
45,3 le1,eq] = e1,[e2,e4] = e2, 3
' le1,e5] = —ea, [e2,e5] = e1, [eq, e5] = e3

Table 4.7: Cases when o and ( invariants are different in non-decomposable real

solvable Lie algebras of dimension 6

g afg) | B(g) | Abelian ideals of dimension a(g) over C
96,5, for 4 3 (e1,e4,e5,ea £ ies),
j=A{73,74,77,78} (e1,e4,e5,e3 + iea)
96,k for 3 9 (e3, e6, €4 £ ies),
k = {35,36,37, 39, 40} (e3, €6, e5 + ieq)
46126 3 9 (e1,e2,e3 L ies), (e1,e2,e5 +ie3)
’ (e1,e4,e3 L ies), (e1,e4,e5 L ies)
(e1,e2 * eq, €3 * ies),
(e1,e2 * eq,e5 * ie3)
3 2
€1,€4 €2,€3 €5),
96,130 + +i
e1,e4 + e2,e5 T ie3
+ +1
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Table 4.8: 6-dimensional non-decomposable solvable non-nilpotent Lie algebras

g Lie brackets a(g) Parameters
ab,e,d [e1,e3] = aes, [e1, eq] = ceq,[e1,e6] = €6 4 ab#0
96,1 le2, es] = bes, [e2, ea] = dea, [e2,e5] = e5 +d2#0
le1,e3] = aes, [e1,eq] = ey, [e1, e5] = es,
gg:gﬂc [e2, e6] = e, [e2, €3] = bes, 4 a’? +b2#£0
le2,eq] = ceq, [e2,e5] = es5
le1,e3] = e3, [e2,e5] = e5, [e1,e4] = ey,
96,3 le1,es] = eq, [e2, e3] = aes + ey, 4
le2, e4] = aeuq, [e2,e6] = €6
le1,e3] = es, [e1,e4] = ea,[e1,e5] = eg,
gg:Z le2, e6] = aeg, [e2, e3] = eu, 4 a#0
le2, ea] = —es, [e2,e5] = aes + beg
gg’g le1,e3] = ae3, [e1,e5] = e5 + €6, [e1, e6] = €6 4 a0
’ [e2, e3] = bes, [e2,e4] = €4
Qg’g le1,e3] = aes, [e1, eq] = aeq,[e1,e5] = e5 + €6 4 a4+ b2 £0
’ le1,eq] = €6, [e2,e3] = e3 +eq,[e2,e4] = €4
le1,e3] = aes, [e1, ea] = aeq, [e2, e5] = bes,
gg:?’c le1, e6] = es, [e2, €3] = ce3 + ea, 4 a’? +b2#£0
le2,eq] = —e3 + ceq, [e1,e5] = e5 + €6
d6s [e1,e3] = e3,[e1,e4] = €6, [e2,e4] = €4 4
' le2, e5] = e5 + €6, [e2, 6] = €6
6o le1,e3] = e3, [e1,e4] = €6, [e2,e6] = €6 4
’ [e2, e4] = eq +es5, [e2,e5] = e5 + aes
le1, e3] = aes, [e1, ea] = e3 + beg, [e1,e5] = e5
9610 [e2, e5] = es, [e1, es] = e, 4
le2,e3] = e3,[e2,e4] = €5
le1,e3] = eq, [e2,e3] = €3, [e2,e4] = ey,
93,11 le1, e6] = es, [e2,e5] = aes, 4
le1,e5] = e5 + eq, [e2, e6] = aeg
le1,e3] = e3 +eq,le1,e5]) =e5 +eg
a, le1,eq] = eq, [e1,e6] = €6, 4
96,12 le2,e3] = aeq + e5 — beg, [e2,e4] = €5
le2,e5] = —e3 + besq + aes, [e2, e6] == —eq
b le1, e3] = aes, [e1, e4] = cea,[e1,e5] = eg,
9613 le2, e5] = es5, [e1, e6] = —es, [e2, e3] = bes, 4
le2, eq] = dea, [e2,e6] = €6
garbe le1, 65]_= ces + eg, [61_,66] = —e5 +_cee 4 ab 0
’ le1, e3] = aes, [e2, e3] = bes, [e2,e4] = ea
le1,eq] = ea, [e1,e5] = aes + beg
Qg’?}f’d le2, e6] 7_d€6, le1, es] = —bei—‘r aeg 4 b£0
’ le2, e3] = ces + ea, [e2, e5] = des,
ler,e3] = e3,[e2,eq] = —e3 + ces
[61, 83} = e4, [61, 85} = aes + €6, [62,83] = e3,
9616 le1,e6] = —es + aeg, [e2, e4] = eq, 4
le2, es] = bes, [e2, es] = bes
o le1,e3] = aes + ea, [e1,e4] = aeq, [e1,e5] = €6 4
96,17 le1,e6] = —es, [e2, e5] = es, [e2, e6] = €6
le1, es] = ea, [e1, e5] = aes + beg,
a,bre le1, e4] = —e3, [e2, es] = deg,
96,18 le2, eq] = ea, [e1,e6] = —bes + aes, 4 b#0
le2, e3] = e3, [e2, e5] = ces
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Table 4.9: 6-dimensional non-decomposable solvable non-nilpotent Lie algebras (II)

g Lie brackets a(g) Parameters
[e1,e3] = eq +es5, [e1, e6] = —es, [e1, e5] = es,
96,19 [e2, e5] = es, [e1,e4] = —e3 + eg, [e2, 3] = es, 4

le2, eq] = ey, [e2, e6] = €6
le1, es] = aeq, [e1, e6] = eq, [e2, e4] = bey

a 4 a?+b2#£0
96,20 le2, e5] = es, [e1,e2] = e3 7
a [e1,ea] = €4, [e1,e5] = €6, [e2, 4] = aes
96,21 _ _ _ 4
' [e2, e5] = es, [e2, e6] = eq, [e1,e2] = e3
o [e1,e3] = es, [e1,e5] = es, [e2, e3] = aes 4 a>+e#£0
6,22 [e2, eq] = ey, [e1, e2] = €e5 e=0,1
le1,e3] = e3,[e1,eq] = eq,[e1,e5] = es,
9693 le2, e3] = e4, [e2, e4] = —es, 4 €=0,1
[e2, e5] = aes, [e1, e2] = ees
le1,e5] = e5 + eq, [e1, 6] = €6,
96,24 4
lea, e4] = eq,[e1,e2] = €3
, le1, e4] = aeq, [e1, e5] = es, [e1, €6] = —es,
9695 le2,e5] = e5, [e2, e6] = es, 4 a? +b% #0
[e1, e2] = e3, [e2, e3] = beyq
a [e1, e5] = aes + e, [e1, e6] = —e5 + aegp 4
96,26 — =
le2, e4] = eq,[e1,e2] = e3
0 ar [e1,e3] = eq, [e1,e5] = eq, [e1,e6] = —e5 4 c=0.1
' [e2, e5] = es, [e2, e6] = e, [e1, e2] = ee3
le1, e3] = es, [es, e6] = e3, [e1,e5] = —es,
06,28 [e1, e6] = eq, [e2, ea] = ea, [e2, e5] = 2e5, 3
[e2, e6] = —es, [e5,e6] = e
. [e1, e3] = e3, [ea, e5] = e3, [e1, e4] = eq,
9529 le1, e6] = aes, [e2, e3] = es, 3 a®+ b2 #0

le2, e5] = es, [e2, €] = beg
le1,e3] = 2es, [e1, e5] = e5, [e2,e4] = es5,
98 30 le2, e6] = es, [e1, €6] = aes, 3
lea,e5] = e3,[e1,e4] = ey
[e1,eq] = eq, [e1,e5] = —es, [e2,e3] = e3

g6.31 le2, e5] = es5, [e2,e6] = €3 + €6, [e4,e5] = €3 3
le1,eq] = eq,[e1,e5] = —es, [e1, e6] = e3,
96,32 le2,e6] = e6, [e2,€3] = e3, 3
le2, eq] = aeq, [e2,e5] = (1 — a)es, [eq, €5] = e3
le1,e3] = e3,[e1,e4] = eq,[e2,e3] = €3
96,33 3

le2, e5] = e5 + es, [e2, e6] = €6, [e4,e5]) = €3
le1,e3] = e3, [e1,eq] = eq,[e1,e5] = e,
ggy34 le2, ec] = es, [e2, €3] = (1 + a)es, [e2, ea] = aea, 3
le2,e5] = es, [eq,e5] = e3
le1, eq] = es5, [e1, e6] = aes, [e2, e3] = 2e3,

gg:gs le2, ea] = eu, [e1, 5] = —euq, [e2,e5] = es, 3 a’? +b2#£0
le2, es] = bes, [e4, e5] = e3
le1,e4] = es,[e1,e5] = —eq, [e2, e3] = 2e3,
96,36 lea, es] = e3, [e2,e4] = ey, 3
le2, e5] = es5, [e2, e6] = €3 + 2e6
[e2, e4] = es + aes, [e1,e4] = e5,[e1,e5] = —eq,
ggy37 le1, e6] = e3, [e2, €3] = 2e3, [e2, e5] = —aeq + €5, 3

[e2, e6] = 2es, [e4, 5] = e3
le1,e3] = e3,[e1,eq4] = eq,[e2,e3] = €3
[e2,e5] = es, [e1, e2] = eq, [ea, 5] = €3

96,38
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non-nilpotent Lie algebras

g Lie brackets a(g) Parameters
[e1, e2] = e, [e2, e5] = e5, [e1, eq] = e,
96,39 [617 65] = —ey4, [62, 63] = 2es3, 3
[e2, e4] = ea,[ea,e5] = e3
46,10 le1,e2] = e3,[e1,ea] = e5,[e1,e5] = —ea 5
’ [e2, e6] = €6, [es,e5] = e3
e [e1, e6] = e1, [e2, e6] = aea, [e3, e6] = beg 5 0 < |d < el
6,41 lea, 6] = ceq, [e5, eg] = des < <lal <1
gareyd le1, e6] = ae1, [e2, e6] = e1 + aea, [e3,e6] = e3 5 0<d<ld<1
’ lea, es] = cea, [es, es] = des
o, le1,e6] = ae1, [e2,ec] = e1 + aea, [e3, e] = e2 + aes 5 0<ld <1
, [e4, e6] = e, [e5, e6] = des
g [e1, e6] = ae1, [e2, e6] = e1 + aez, [e3, e6] = ez + aes 5
6,44 lea,e6] = e3 + aea, [e5,e6] = e5
0645 le1,e6] = €1, [e2,e6] = e1 + €2, [e3,e6] = e2 + e3 5
' [e4, e6] = e3 +eq,[e5,e6] = ea +e5
ol [e1,e6] = e1, [e2, e6] = se2, [e3, e6] = e2 + se3 5 s<h
' [eq, e6] = hey, [e5, e6] = eq + hes
s le1,e6] = ae1, [e2,e6] = e1 + aea, [e3, e6] = e2 + ae3 5 @402 £0
’ lea, e] = be, [e5, e6] = eq + bes
gaber [e1, e6] = aex, [e2, eg] = bez, [e3, e6] = ce3 5 o<l <lbl<a
' [e4, e6] = pes — es, [e5, 6] = e4 + pes
GZ’ZQP le1, e6] = ae1, [e2, es] = bea, [e3,e6] = e2 + bes 5 040
’ [e4, e6] = pes — es, [e5, 6] = e4 + pes
P le1, e6] = aer, [e2,e6] = e1 + aez, [e3,e6] = e2 + ae3 5
6,50 [e4, e6] = pes — es, [e5, 6] = e4 + pes
@ le1, e6] = ae1, [e2,e6] = pe2 — e3, [e3,e6] = e2 + pe3 5 as 40
' [ea, e6] = geq — ses, [es, es] = seq + qes
A le1, e6] = ae1, [e2,e6] = pe2 — e3, [e3,e6] = e2 + pe3 5 a0
’ lea, e6] = €2 + peq — es, [es, e6] = €3 + €4 + pes
gl [e2,e3] = e1, [e1,e6] = (a + b)e, [e2, e] = aez, 4
6,53 [e3, e6] = bes, [eq, e6] = ea, [e5, €] = hes
ga’b le2, e3] = €1, [e1,e6] = (a + b)er, [e2, e6] = aea, 4
6,54 les, e6] = bes, [eq, e6] = ea, [e5,e6] = €1 + (a + b)es
o [e2, e3] = e1, [e1,e6] = (1 + h)e1, [e2, e6] = e2 + ea, 4
6,55 [e3, e6] = hes + es, [e4, e6] = e4, [e5, e6] = hes
le2,e3] = e1,[e1,e6] = e1,[e2,e6] = e2 + ey,
96,56 4
[es, e6] = es5, [ea, e6] = e1 + eq
gos le2, e3] = e1, [e1,e6] = aeq, [e2, e6] = aea, 4 a?+e2#£0
6,57 les, e6] = eq, [ea, 6] = €e1, [e5, e6] = e5 ae # 0
b le2,e3] = e1, [e1,e6] = (1 + a)er, [e2, €6] = aea, 4 b0
’ le3, es] = e3 + e4, [ea, es] = ea, [e5, e6] = bes
g le2,e3] = e1, [e1,e6] = (1 + a)er, [e2, e6] = aeq, 4
6,59 [e3, e6] = e3 + €4, [es,e6] = e4,[e5,e6] = €1 + (a+ 1)es
b lea,e3] = e, [e1,e6] = eu,
g 4 b+£0
6,60 [es, e6] = e3 + eq, [e4, e6] = e1 + e, [e5, e6] = bes
gk [e2, e3] = e1, [e1, e6] = 2ae1, [e2, e6] = aea + e3, " B0
’ le3, e6] = ae3, e, es] = e, [e5, e6] = hes
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Table 4.11: 6-dimensional non-decomposable solvable non-nilpotent Lie algebras
(IV)

g Lie brackets a(g) Parameters
o [e2, e3] = e1, [e1, e6] = 2ae1, [e2, es] = aez + e3, 4
0.2 [es, e6] = aes, [e4, e6] = €4, [e5, e6] = €1 + 2aes
le2, e3] = e1, [e1, e6] = 2aeq,
gg”g’Sh le2, e6] = aea + e3, [e3, e6] = ae3 + ea, 4 eh=0
[e4, e6] = aeq, [e5, e6] = ee1 + (2a + h)es
o [e2, e3] = e1, [e2, e6] = aes, 4
6,64 [es, e6] = e, [eq, e6] = he1, [e5,e6] = e5
o le2,e3] = e1,[e1,e6] = (1 + h)e1, [e2, e6] = ez, 4
6,65 [es, es] = hes, [e4, es] = bes + e5, [e5, es] = bes
le2, e3] = e1, [e1,e6] = (1 + h)e1,
98 66 [e2, e6] = e2, [e3, es] = hes, 4
leq,e6] = (14 h)es +es5,[e5,e6] = e1 + (1 + h)es
. lea,e3] = e1, [e1,e6] = (a + b)e1, @+ 52 £0
9667 le2, e6] = aes, [e3, es] = bes + e, 4 ca—0
les, es] = bes + e5, [e5, e6] = €e1 + bes
o le2,e3] = e1, [e1, es] = 2e1, [e2, e6] = €2 + €3, 4
6,68 [e3, e6] = es, [ea, ec] = bea + e5, [e5, es] = bes
[e2, e3] = e1, [e1,e6] = 2e1, [e2,e6] = €2 + e3,
96,69 4
[es, e6] = e3, [e4, €6] = 2e4 + €5, [e5, 6] = €1 + 2e5
46,70 [e2, e3] = e1, [e2, e6] = e3, 4
' lea, e6] = es + €5, [es5,e6] = e5
le2, e3] = e1, [e1, e6] = 2e1, [e2,e6] = e2 + €3,
g6,71 4
le3,e6] = e3 + e, [eq,e6] = €4 + €5, [e5,e6] = €5
= =2
o le2, e3] = e1, [e1, e6] = 2ae1, %t h>e
96,72 [e2,e6] = aez + es, [e3, e6] = —e2 + aes, 4 h—0
[ea, e6] = €e1 + (2a + h)eu, [es5, es] = ces
aob, [e2, e3] = e1, [e1, e6] = 2aen, [e2, e6] = aea + e3, 4 b <2
’ [es, e6] = —ea + aes, [e4, 6] = beu, [e5, €] = 2ae5 + €1
le2,e3] = e, [e1, e6] = 2aeq,
o [e2, e6] = aez + €3, [e3, e6] = —e2 + aes, 4 eh =0
le4; e6] = (2a 4 h)eq + e5, [e5, e6] = (2a + h)es + eeq
g(g’?’; [e2,e3] = e1,[e1,e6] = (a+ b)er, [e2, e6] = aea, 4 a2 462 £0
’ le3, eg] = bes, [eq, eg] = ceq + €5, [e5,e6] = —eq + ces
s le2,e3] = e, [e1, e6] = 2aeq, [e2, e6] = aea + e3, 4
6,76 le3, e6] = aes, [eq,e6] = ceq + €5, [e5,e6] = —eq + ces
, [e2, e3] = e1, [e1, e6] = 2ae1,
9677 [e2, e6] = aez + e3, [es, es] = —e2 + aes, 4 s#0
lea, e6] = beq + ses, [e5,e6] = —seq + bes
le2,e3] = e, [e1, e6] = 2aeq,
98,78 [e2, e6] = aea + e3 + eu, [e3, e6] = —ea + ae3 + es, 4
[e4, e6] = aeq + es5, [e5,e6] = —ea + aes
le1,e5] = e2,[ea, e5] = e1, [e1,e6] = (R + L)ex,
h
95779 le2; e6] = (h + 2)e2, [es, e6] = ces, 4 c#0
lea, ee] = hea, [e5,e6] = e5
le1, e5] = e2,[ea, e5] = e1, [e1, e6] = (R + 1)eq,
96 80 le2,e6] = (h +2)e2, [e3, e6] = e2 + (h + 2)es, 4
lea, e6] = hey, [e5,e6] = e5
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Table 4.12: 6-dimensional non-decomposable solvable non-nilpotent Lie algebras (V)

g Lie brackets a(g) Parameters
le1,e5] = ez, [ea, e5] = e1, [e1,e6] = (h+ 1)eq,
ggYSl le2, e6] = (h + 2)ez, [e3, eg] = hes, 4
[64,66] = e3 + hey, [65,66] =e5
le1,e5] = ez, [es, e5] = e1, [e1,e6] = (h + 1)eq,
96 52 le2, e6] = (h + 2)ez, [e3, e6] = €3, 4
[847 66] = hey, [65, 66} =e3 + e5
le1,e5] = ez, [eq,e5] = e1,[e3,e6] = e2 + €3, 4
96,83 le2, e6] = ez, [es, e6] = —eq, [e5,e6] = e3 +e5
le1,es5] = e2, [ea,e5] = e, [e1, e6] = 2e1,
95’84 [e2, es] = 3ea, [e3, €] = ces, 4 c#0
lea, e6] = ea,[e5,e6] = eqa +e5
[61,65} = ea, [64,65} =e1, [61,66} = 2eq,
96,85 [e2,e6] = 3ea, [e3, eg] = ea + 3es, 4
lea, e6] = e4, [e5,e6] = eq + €5
le1,e5] = ea, [ea, e5] = €1, [e1, e6] = 2e1,
96,86 [627 66] = 3ea, [637 66} = es, 4
les, e6] = €3+ €4, [e5,e6] = es + €5
93’27 le1,e5] = e2, [ea,e5] = e1,[e1,e6] = e, 4 c#0,
) le2, e6] = e, [es, e6] = ces, [ea,e6] = €e2 + ea e=0,=%1
0SS le1,e5] = e2, [es, e5] = €1, [e1,e6] = e1, 4
) le2, e6] = €2, [e3, e6] = cea + €3, [ea, e6] = €ea
o 50 [e1,e5] = ez, [es, e5] = e1, [e1, e6] = €1, 4 c=0,+1
’ [e2, e6] = ez, [e4, e6] = eea + ea, [e5,e6] = €3
05 00 le1,e5] = ez, [es, e5] = e1, [e1,e6] = e, 4 =041
’ le2, e6] = €2, [e3,e6] = €e2 + €3, [eq,e6] = e3 + e
. le1, es5] = e2, [ea, e5] = e1, _
86,91 le3, e6] = e3, [ea, e6] = €ea 4 e==+l
le1,e5] = ea, [eq, e5] = €1,
96,92 les, es] = e3, [e4, e6] = €ea, [e5, e6] = ea 4 €=0,+1
06,05 [es,e5] = e1, [es, e5] = €2, [e3,e6] = e3, 4
' lea, e6] = €4, [e5,e6) = —es
c, le3, es] = e1, [eq, e5] = ez, [e1,e6] = e1, [e2, e6] = Ne2, 4
96,94 les,ee] = (1 — c)es, [eq, e6] = (A — c)eq, [e5, e6] = ces
les,e5] = e1, [ea, e5] = e2, [e1,e6] = €1
96,95 le2,e6] = (1 + ¢)ea, [e3,e6] = (1 — c)es 4
[ea, e6] = €1 + e, [e5, e6] = ces
les,e5] = e1, [ea, e5] = €2, [e1,e6] = €1
95,96 le2,e6] = (1 — c)ea, [e3,e6] = e2 + (1 — c¢)es 4
lea, e6] = (1 — 2¢)eq, [e5, e6] = ces
les,es5] = e1,[eq,e5] = e2,[e1,e6] = €1
96,97 [e2, e6] = 2ce2, [e3,e6] = (1 — c)es 4
lea,ec] = ceq, [e5,e6] = €4 + ces
les,e5] = e1, [ea,e5] = e2,[e1,e6] = e
98 08 le2, ee] = 2e2, [e3, e6] = e2 + 2e3 4 w=0,1
[e4, e6] = e, [e5, e6] = weq + e5
o o0 les,es5] = e1, [eq, e5] = e2, [e1,e6] = €1 4
’ [63,66] =63,[64,66] 262,[65,66] = h64
8 100 les,e5] = e1, [ea, e5] = ea, [e1,e6] = €1 4 w=01
’ le2, e6] = 2e2,[eq, e6] = e1 + eu, [e5,e6] = weq + €5
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Table 4.13: 6-dimensional non-decomposable solvable non-nilpotent Lie algebras
(VD)

g Lie brackets a(g) | Parameters
les,es] = e, [ea, e5] = ea, [e1, e6] = 2e1
gé’ml [62, 66] = 2)e2, [637 66} = e3 4
lea,e6] = (2\ — 1)eq, [e5,e6] = e3 + €5
les,es] = e, [ea, e5] = ea, [e1, e6] = 2e1

w J—
9,102 le2,e6] = ez, [e3, eg] = e2 + €3, [e5, eg] = wez + e5 4 w=01
@ 108 [e3,es5] = e1, [eq,e5] = e2,[e1,e6] = e1 4

’ le2, e6] = Aea, [e3,e6] = €3, [eq, e6] = e2 + Aea
ot 101 le3, es] = e1, [es, e5] = ea, [e1,e6] = e1, [e2, €6] = e2, 4

[63766] = hes + es, [64766} =e1 +eq
le3,e5] = e1,[ea, e5] = e2, [e1,e6] = Ae1 + e2
gg’j‘os le2, e6] = Aea, [es,e6] = (1 — c)es + ea 4

lea, e6] = (A — c)eu, [es5, e6] = ces
N les,e5] = e1, [ea,e5] = ez, [e1,e6] = Ae1 + ez
927106 le2,e6] = Aea, [es,e6] = (1 — c)es + ea 4
[ea, e6] = (A — c)ea, [es5, es] = ces
le3, es] = e1, [es, e5] = e2,[e1,e6] = 2e1 + €2
98 107 [e2, e6] = 2e2,[e3,e6] = e3 + €4 4
[ea, e6] = €4, [e5,e6] = heq + €5
les,es] = e1, [es,e5] = e2,[e1,e6] = e1 +e2

¢ 4
9,108 le2, e6] = €2, [e3,e6] = €3 + e, [eq,e6] = ce1 + eq
[es, e5] = e1, [ea, e5] = ez, [e1,e6] = €1 + €2
96,109 4
le2,e6] = €2, [e3,e6] = e3 + €4, [ea,e6] = e2 + €4
[es, e5] = e1, [eq, e5] = ez, [e1,e6] = pe1 + e2
96,110 [e2, e6] = —e1 + pe2, [e3,e6] = (p — c)es + ea 4
lea, e6] = —e3 + (p — c)ea, [e5, e6] = ces
[e2,e5] = e1, [e3, e5] = e2,[eq, e5] = e3,
gg’lu [61766] = (h+3)617[62766} = (h+2)€27 4

[63,66] = (h + 1)63, [64,66] = he4, [65766] =es5
le2,e5] = e1, [e3,e5] = e2, [eq, e5] = e3,
06,112 le1, e6] = 4ex, [e2, e6] = e, [e3, es] = 2e3, 4
[64,66] = ey4, [65,66] =e4 +e5
[e2,e5] = e1, [e3, e5] = e2,[eq,e5] = e3,[e1,e6] = e1,

9§ 4 e==1
6,113 [e2, e6] = €2, [e3,e6] = €e1 + €3, [eq,e6] = ce2 + 4
6114 [e2, e5] = e1, [e3, e5] = ez, [es, e5] = €3, [e1, e6] = €1, 4
' [e2,e6] = e2, [e3, e6] = e3, [e4, €6] = €4
[e2, e5] = e1, [e3, e5] = ez, [ea, e5] = e3,[e1,e6] = e1,
86,115 4

le2, e6] = e2, [e3,e6] = e3,[eq,e6] = €1 +e4
le2,e4] = e3,[e2,e5] = e1,[eq, e5] = e2,
93116 le1,e6] = (2h + 1)eq, [e2, e6] = (h + 1)ea, 3
les,es] = (h+ 2)es, [ea, es] = e4, [e5,e6] = hes
[e2, e4] = e3, [e2,e5] = e1,[eq, e5] = €2, [e1, 6] = e1,
[82,66} = e, [63,66} = 2e3, [64,66] =ce1 +eq
[e2, ea] = e3, [e2,e5] = €1, [eq,e5] = e2, [e3,€6] = e3,
le1,e6] = —e1, [ea, e6] = e3 + eq, [e5,e6] = —e5
le2, eq] = €3, [e2,e5] = e1, [eq, e5] = e2,
96,119 le1,e6] = 3e1, [e2, eg] = 2e2, 3
[63,66] =e1 + 3es, [64,66} =e4 +e5, [65,66} = e5

€
96,117

96,118
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Table 4.14: 6-dimensional non-decomposable solvable non-nilpotent Lie algebras
(VII)

g Lie brackets a(g) | Parameters

[e2, eq] = e3, [e2,e5] = e1, [es, e5] = €2, [e2, e6] = ez,
le1,e6] = 2e1, [e3, e6] = e3, [e5,e6] = e5

[e2, e4] = e3, [e2,e5] = e1,[eq,e5] = e2, [e2, e6] = e2,

le1, e6] = 2e1, [e3,e6] = €3, [e5,e6] = eez + e5

[e2,eq] = e1,[es, e5] = e1, [e1,e6] = aeq,

g 15" le2, e6] = (& + Nez, [es, e6] = (& + A1)es, 3 a=0,2

leq, e6] = (5 — Nea, [e5,e6] = (5 — M1)es

le2, eq] = e1, [e3,e5] = ex, [e1, e6] = aeq,

96,120

98,121 3 e==+1

A
06723 le2,e6] = (% + Nea + e3,[e3,e6] = (§ + Nes, 3
lea,e6] = (§ — Aea, [es, e6] = —ea + (5 — Nes
46 124 [e2; ea] = e1, [e3, e5] = ex, 3
o le2, e6] = e2, [eq, e6] = —ey, [e5,e6] = e3
o le2, eq] = e1,[e3,e5] = e1, [e1, e6] = 2e1, [e2, e6] = (A + 1)ex, 3
e3,e6] = es, [eq, e6] = (1 — Ney, [e5, e6] = e3 + e5
6,126 [ ] [ 1= (1 —=Neg,| ] +
06126 [e2, ea] = e1, [e3, e5] = e1, [e1, e6] = 2e1, [e3, e6] = es, 3
’ [e2, e6] = e2 +e3, [eq, e6] = e, [e5,e6] = —ea +e5
46,127 [e2, e4] = e1, [e3,e5] = e1, [e1, e6] = 2e1, [ea, €6] = €4, 3
’ le2, e6] = e2 + e5, [e3,e6] = e3 + e4, [e5, 6] = €3 + €5
[e2,e4] = e1, [e3,e6] = —voe2 + (§ + po)es, [e3, es] = e,
96195"° [e1, e6] = ae1, [es5, e6] = —voes + (§ — po)es, 3
lea, e6] = (5 — po)ea + voes, [e2, e6] = (5 + po)e2 + voes
[e2, e4] = e1, [e3,e5] = e1, [e1, e6] = aeq,
96159 [e2,e6] = (s + 5)e2,[e3, e6] = Ses + voes, 3
[ea, e6] = (§ — s)ea, [es, e6] = —roes + Ses
[e2, e4] = e1, [e3, e5] = e1, [e1, e6] = aeq, y
071
96,130 [e2, e6] = Gea + ea,[e3,e6] = Fe3 + woes, 3 e
[ea; e6] = e2 + Sea, [es5, e6] = —voes + Ses
06 151 le2,eq] = e1, [e3,e5] = e1, [e2, e6] = eq, 3
’ les; es] = es, [ea, es] = ez, [e5,e6] = —e3
[e2, e4] = e1, [e3, e5] = e1, [e1, e6] = aeq,
96155"° [e2, e6] = e + voes, [e3,e6] = Fes — poez, 3
leq, e6] = poes + Sea, [es, e6] = —poes + Ses
2 2
le2, ed] = €1, [e3,e5] = e1, [e1, e6] = aer,
96,153 [e2,e6] = Sea + es + voes, [e3, e6] = Fes + voea, 3

[64,66] = ez — vpe3 + %64, [65,66] = —ypez + %65
les,eq] = e1,[e2,e5] = e1,[e3,e5] = e2,
98134 le1, e6] = (A +2)e1, [e2, e6] = (A + 1)e, [es, e] = Aes, 3
lea, es] = 2e4, [e5,e6] = €5
[e3,eq] = e1, [e2,e5] = €1, [e3,e5] = €2, [e2, e6] = €2,

96,135 [61, 86] = 2eq, [64, 66} = e1 + 2ey4, [65, 66] =eé€5 3

96.136 [33784] = €1, [62785] =e1, [63,85] = e, [64,86] = e2 + 2ey4, 3
’ le1, e6] = 3e1, [e2, e6] = 2e2, [e3,e6] = €3, [es,e6] = e3 + e5

46 157 les, ed] = €1, [e2,e5] = e1, [es,e5] = ea, [e1, e¢] = 4en, 3
’ le2, e6] = 3ea, [e3,e6] = 2e3 + eu, [ea, e6] = 2e4, [e5,e6] = €5

o s le3,eq] = e1,[e2, e5] = e1, [e3,e5] = ez, [e1, e6] = e, 3
: le2, e6] = he1 + e, [e3, e6] = e3, [es5, e6] = hey

06,150 [e3,ea] = e1, [e2, e5] = e1,[e3,e5] = e2, 3

lea,e5] = e3,[ej,e6] = (6 —j)e;, V1< j <5
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Table 4.15: « invariant for nilpotent Lie algebras of dimension less than 6.

g dim(g) Lie brackets a(g)
ns3 3 [e1,e2] = e3 2
ng 4 [61762] = €3, [61,63] = €4 3
95,6 5 [e1,e2] = e3, [e1,e3] = e, [e1,e4] = es5, [e2,e3] = e5 3
95,5 5 le1,e2] = e3, [e1,e3] = e, [e1,e4] = e5 4
95,3 5 [61,62] = ey, [61, 64} =es, [62,63} —e5 3
95,4 5 [61,62] = es, [61, 63} = ey, [62,63} =e5 3
95,2 5 le1,e2] = eq, [e1,e3] = es5 4
95,1 5 le1,e3] = es, [e2,ea] = e5 3

Table 4.16: « invariant for 6-dimensional nilpotent Lie algebras

Magnin | de Graaf Seeley a(g)
96,20 Lg,14 12346 3
96,18 Lg,16 12346 3
96,19 Lg,15 12346 p 4
96,17 Le,17 12346 4
96,15 Le,21(1) 1346¢ 4
96,13 Le,13 1246 4
06,16 Le,18 12346 4 5
96,14 Le,21(0) 2346 4
96,9 Le,19(1) 1364 4
96,12 Le,11 1346 4

5,6 ® C Los 1+ 12355 | 4
96,5 Le,24(1) 246 4
96,10 Le,20 136p 4
96,11 Le,12 1346 4 4

955D C Leg,7 1+ 12354 5
96,8 Le,24(0) 246 p 4
96,4 Le,19(0) 246 4
96,7 Lg,23 246 4
96,2 Le,10 146 4
96,6 Le,25 246 4 5

954 D C Leg,9 1+ 235 4

953D C Lg 5 1+ 135 4

n3®nz | Le22(1) 13 +13 4

ny @ C2 Le,3 2+ 124 5
96,1 Le,22(0) 26 4
96,3 Le,26 36 4

9520 C Le s 1+25 5

9510 C Le 4 1+15 4

ng @ C3 Lg,2 3+13 5
(o L1 0 6
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Table 4.17: 6-dimensional non-decomposable nilpotent Lie algebras

g Lie brackets
96,1 le1, e2] = es, [e1, ea] = e, [e2, €3] = eq.
96,2 le1,e2] = es, [e1,e5] = e, [e3,e4] = e6.
96,3 le1, e2] = e4, [e1, €3] = es5, [e2, €3] = eq.
06,4 le1, ea] = e4, [e1, e3] = es, [e2,e4] = e5.
96,5 le1, e2] = eu, [e1,e4] = €5, [e2, €3] = e, [e2, e4] = €.
96,6 [e1, e2] = ea, [e2, e3] = eg, [e2, ea] = es.
96,7 le1,e2] = eq, [e1,e3] = es5, [e1, ed] = eg, [e2, €3] = —es.
06,8 le1, e2] = eu, [e1,€e4] = €5, [e2, €3] = es5, [e2, e4] = €.
96,9 le1, e2] = e4,le1, e3] = es, [e2, e5] = eq, [e3, e4] = es.
96,10 le1,e2] = ea,[e1, e3] = es, [e1, ea] = eq, [e3, 5] = es.
96,11 [e1, e2] = ea, [e1,e4] = e5,[e1,e5] = es, [e2, €3] = es.
06,12 | [e1,e2] = eq,[e1,ea] = es, [e1,e5] = eq, [e2, e3] = eg, [e2, e4] = es.
06,13 | le1,e2] = ea,[e1,eq] = es5,[e1,e5] = eq, [e2, €3] = €5, [e3, ea] = —es.
06,14 [e1, e2] = e3, [e1,e3] = eq, [e1, e4] = €5, [e2, €3] = es.
96,15 | [e1,e2] = e3,[e1,e3] = e4,[e1, e5] = eq, [e2, e3] = e5, [e2, e4] = eg.
96,16 [e1, ea] = es, [e1,e3] = ea, [e1,eq] = es, [e1, e5] = es.
06,17 | le1,e2] =es,[e1,e3] = es, [e1,e4] = es, [e1,e5] = eg, [e2, €3] = eg.
96,18 | [e1,e2] = e3,[e1,es] = es,[e1, es] = e5, e, e5] = €6, [e3, €4] = —es.
le1,e2] = e3,[e1,e3] = eq, [e1,e4] = €5,
96,19
le1,e5] = eq, [e2, e3] = e5, [e2,e4] = eq.
le1,e2] = e3,[e1,e3] = ey, [e1,e4] = e5,
96,20
[e2, e3] = es, [e2, e5] = e, [e3,e4] = —es.

Table 4.18: 7-dimensional non-decomposable nilpotent Lie algebras (I)

g Lie brackets
0701 le1,e2] = e3,[e1,e3] = eq,[e1,e4] = €5, [e1, e5] = es, [e1, e6] = €7,
le2, e3] = eg, [e2,e4] = e7,[e2, e5] = e7, [e3, eq] = —e7.
970 le1,e2] = e3, [e1,e3] = ey, [e1,e4] = e5,[e1,e5] = e,
’ le1,e6] = er, [e2,e3] = e5 + er, [e2, e4] = eq, [e2, e5] = er.
00 [e1,e2] = e3, [e1,e3] = eq, [e1,e4] = e5, [e1, e5] = e,
’ le1,e6] = e7, [e2,e3] = es + €7, [e2,e4] = e7.
le1, e2] = e3, [e1,e3] = ea, [e1,e4] = Aer + eq, [e1,e5] = e7,
97’0'40\) [61, 86] = e7, [62, 83] = es5, [62, 84] = ey, [62, 85] = eg, [63, 85] = e7.
97.0.5 le1,e2] = e3, [e1,e3] = eq,[e1,e4] = €6 + €7,
’ le1,e6] = er, [e2,e3] = es, [e2,e5] = eg, [e3,e5] = er.
ar.0. [e1,e2] = e3, [e1,e3] = eq, [e1,e4] = €7, [e1, e5] = eq, [e1, e6] = e7,
[e2, e3] = es5, [e2, ea] = €6, [e2,e5] = e7, [e3, e4] = e7.
o701 le1, e2] = e3,[e1,e3] = eq, [e1,e4] = e7,[e1,e5] = e7, [e1,e6] = e7,
[e2,e3] = es, [e2,e4] = e7,[e2,e5] = e, [e3,e5] = e7.
008 le1, e2] = eq, [e1,e3] = e, [e1,e4] = e5,[e1, e5] = e,
’ le2, e3] = eq, [e2, e4] = es, [e2, €6] = €7, [e4, e5] = —e7.
0710166 le1,e2] = eq,[e1,eq] = e5, [e1,e5] = eq, [e1, e6] = e7,
’ [e2,e3] = e5 + €7, [e3,e4] = —es, [e3, e5] = —e7.
67 1.01(:0) le1,e2] = e4,[e1,e4] = e5,[e1,e5] = e,
le1, e6] = e7, [e2,e3] = e + €7, [e3,e4] = —er.
7 102 le1, e2] = e3, [e1,e3] = ea, [e1, e5] = e, [e2, €3] = es5,
’ le2, eq] = €6, [e2,e5] = e7, [e2, e6] = e7, [e3,e5] = —er.
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Table 4.19: 7-dimensional non-decomposable nilpotent Lie algebras (II)

g Lie brackets
97,1.03 [e1, e2] = e3, [e1,e3] = ey, [e1,e4] = e5, [e1,e6] = e7,
, [e2, €3] = €6, [e2, e4] = €7, [ea, 5] = €7, [e3, e4] = —er.

[e1,e2] = es, [e1, e3] = ea, e1, eq] = €5,

97.1.1(02) le1, e5] = e6, [e1, e6] = e7, [e2, €3] = €5,
[e2, ea] = e, [e2,e5] = Ner, [es, ea] = e7(=A + 1).
07,1.1(44) le1,e2] = e3, [e1, e3] = eq, [e1, e4] = es5, [e1, e5] = €5,
le1, e6] = e7, [e2, e5] = e7, [e3, ea] = —er.
97,1.1(ii4) le1, e2] = e3,[e1, e3] = ey, [e1,e4] = €5, [e1,€5] = €5,
: [e2,e3] = e5, [e2,ea] = €6, [e2, e5] = —er, [e3, ea] = er.
97,1.1(iv) le1,e2] = es, [e1, e3] = ea, [e1, e5] = eg, [e1, €6] = e,
[e2, e3] = es, [e2, e4] = €6, [e2, e5] = €7, [e3, ea] = er.
97,1.1(v) [e1, e3] = eq, [e1,e4] = es5, [e1,e5] = e, [e1,e6] = e7,
, [e2, 3] = €5, [e2, ea] = eg, [e2, 5] = e7, [e3, ea] = —er.
97,1.1(vi) le1, e2] = e3,[e1, e3] = es,[e1,e4] = €5, [e1, €6] = €7,
, [e2, e3] = es, [e2, e5] = e7, [e3, ea] = —er.
07,1.2(iy) [e1, e2] = eq, [e1,e3] = eq, [e1,e4] = €5, [e1,e5] = e7,
[e2, e3] = Aes, [e2, ea] = €6, [e2,e6] = e7, [e3, ea] = er(—A + 1).
07,1.2(i4) [e1, e2] = e, [e1,es] = e5,[e1,e5] = e7,[e1, e6] = 7
, [e2, €3] = €6, [e2, ea] = eg, [e2, e5] = e7, [e3, e4] = —er.
07,1.2(iii) le1, e2] = ey, [e1, e3] = eq, [e1,e4] = €5, [e1,€5] = €7,
: [62’63] = €5, [62734] = €ég, [63,64] = —e7.
97,1.2(iv) [e1, e2] = ea, [e1, e4] = e, [e1, 5] = —er, [e1, e6] = e7,

[e2, 5] = es, [e2, e5] = e7, [e3, ea] = er.

07,1.3(iy) le1, e2] = e, [e1, e3] = e5,[e1,e4] = e, [e1, €6] = €7,
: [e2,e3] = eq, [e2, ea] = Aer, [e2,e5] = e7, [e3,e5] = e7.
97,1.3(i1) [e1,e2] = eq, [e1, €3] = e5, [e1, e4] = ¢, le1, es] = e
[e2, e3] = e, [e2, ea] = e7, [ea,e5] = F, [e3,e4] = =57
97,1.3(iii) [e1,e2] = eq, [e1, e3] = e5, [e1, e4] = e,

le1,e6] = er,[e2,eq] = e7, [e3,e5] = er.

[e1,e2] = eq, [e1,e3] = e5, e1, ea] = €6,
97,1.3(iv) [e2, e3] = e, [e2, e4] = e7, [e3,e5] = e7.
97,1.3(v) le1, e2] = eq, [e1, e4] = eq,[e1,e6] = e7,[e2,e3] = €6

le2,e4] = €7, [e3,e4] = —e7, [e3,e5] = —e7.
07,14 le1, e2] = e3, [e1, €3] = ea,[e1,ea] = e5,[e1,e5] = €6
7 [e1, e6] = e, [e2, es] = eg, [e2, €4] = e7.
97,1.5 [e1,e2] = es, [e1,e3] = eq, [e1,e4] = e5,[e1,e5] = €6
[62’63] = €6, [62735] = —er7, [63764] = e7.
97,1.6 le1, e2] = e3, [e1, e3] = eq, [e1, 4] = €5,
, [e1,e5] = €6, [e1, €8] = e7, [e2, €3] = e7.
97,1.7 [e1, e2] = e, [e1, e3] = es, [e1, eq] = €6,
[e1,e5] = e7, [e2,e3] = es, [e2,e4] = e7.
97,1.8 le1,e2] = ea, [e1, e4] = e, [e1,€6] = €7,
[e2, e3] = es, [e2, ea] = e7, [e3, e5] = €.
97,1.9 le1, e2] = ea, [e1, es] = eq, [e1, e4] = €5,
! le1,e5] = e7, [e2,e3] = e7, [e2, e4] = es.
g7,1.10 le1,e2] = es,[e1, e3] = e4, [e1, e4] = es,
, [e1,e6] = e7, [e2, e3] = e5, [e2, e5] = e7.
97,1.11 le1,e2] = eq, [e1,e4] = e5,[e1,e5] = eq, [e1,e6] = e7
[62163} = €6, [62164} = eg, [62,65} =e7, [63,64} = —e7.
97,1.12 le1,e2] = eq, [e1, e4] = es5, [e1, e5] = e, [e1, 6] = er
: le2, e3] = e7, [e2, e4] = es, [e2,e5] = e7.
97,1.13 le1,e2] = es,[e1,e3] = ea, [e1, e4] = €6, [e1,€5] = €7
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07,1.14 le1,e2] = e3,[e1,e3] = eq,[e1,e4] = es, [e2,e3] = €5
le2, e5] = —er, [e2, 6] = —e, [e3, e4] = e7.
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Table 4.20: 7-dimensional non-decomposable nilpotent Lie algebras (III)

g Lie brackets
- le1, e2] = e4,[e1, e4] = es, [e1,e5] = e,
" [e1; e6] = e7, [e2, e3] = e7, [e2, e4] = e7.
‘ [e1,e2] = e3, [e1,es3] = e5, [e1, ea] = e6,
g7,1.16 _ _
[e1,e5] = e7, [e1,e6] = e7, [e2,e3] = e7.
[e1, e2] = e3, [e1,e3] = e, [e1,e4] = es, [e1,e6] = e7,[e2, e3] = es,
97,1.17
le2, e5] = e, [e2, e6] = e7, [es, ea] = —e7, [es, 5] = er.
[61,62} = e4, [61,64} = és, [617 55} = e,
g7,1.18
[e2,e3] = es + €7, [e2, e4] = e6.
le1,e2] = ea, [e1,e3] = €5, [e1, e4] = e7,
97,1.19 _ _ _
le1, e5] = e, [e2, ea] = eq, [e3, e5] = e7.
47120 le1,e2] = es, [e1,e5] = eq, [e1,e6] = e7,[e2,e3] = eq,
- [e2, e4] = eq, [e2,e5] = €7, [e3,e4] = e7.
le1, ea] = ea, [e1,e4] = e5,[e1,e5] = es, [e2, €3] = es,
g7,1.21
[e2, eq] = eq, [e2, e6] = e7, [eq, e5] = —e7.
. ' le1,e2] = e, [e1,e3] = e5, [e1,e4] = €6, [e1,€6] = €7,
7,2:1(0x) le2, e3] = eq, [e2, e5] = Aer, [e3,eq] = er (A —1).
g le1,e2] = ea, [e1, e3] = €5, [e1, e4] = es,
97,2.1(44) — — —
[e1,e6] = e7, [e2,e5] = €7, [e3,e4] = €.
[e1, e2] = ea, [e1, e4] = e, [e1,e6] = e,
987,2.1(i4i) _ _ _
le2, e3] = eg, [e2,e5) = e7, [e3, eq] = —er.
es] = — =
] le1,e3] = es, [e1, eq] = e, [e1, e6] = e7,
97,2.1(iv)
le2, e3] = eq, [e2, e5] = e7, [e3,e4] = e7.
le1, e2] = e4, [e1, e3] = es, [e1, e4] = eg,
97.2.1(v) _ _
[e2; e3] = e, [e2, e5] = e7, [e3, e4] = e7.
[e1, e2] = es, [e1, €3] = eq, [e1, ea] = 2er7, [e2, €3] = eq,
g7,2.2
le2, e6] = e7, [e3, e5] = —er, [e3,e6] = er.
97,2.3 le1;e2] = es, [e1,e3] = eq, [e1,e4] = e5,[e1,e5] = €6, [e1,€6] = e7.
le1;e2] = es, [e1, e3] = eq, [e1,€4] = €5,
g7,2.4
le1, e5] = eq, [e2, e5] = —er, [e3,e4] = e7.
le1,e2] = e3, [e1,e3] = eq, [e1,e5] = eq, [e1,e6] = e7,
g7,2.5
[e2, e3] = es, [e2, e4] = e, [e3, 4] = e7.
le1, e2] = es, [e1, e3] = eq, [e1, €4] = €6,
g7,2.6
le2,e3] = e5, [e2, e6] = e7, [e3,e4] = —er.
97,2.7 [e1, e2] = es, [e1,e3] = ea, [e1,e4] = e, [e1,e6] = e7,[e2,e3] = es5.
97,28 le1,e2] = e3,[e1,e3] = ey, [e1, e4] = e, [e1,e5] = e7, [ea, e3] = e5, [e2, eq] = e7.
97,2.9 le1, e2] = e3, [e1, e3] = e4, [e1, e4] = eq, [e2, €3] = e5, [e2, e5] = e7.
97,2.10 [e1,e2] = ea,[e1,e3] = e7,[e1, ea] = es, [e1, e5] = e6, [e2, e6] = e7,[ea, 5] = —e7.
97,2.11 le1,e2] = eq,[e1,e4] = e5,[e1,e5] = er,[e1, e6] = e, [e2; e3] = €6, [e2, €4] = es.
97,2.12 [e1, e2] = ea, [e1, e3] = es5, [e1, e4] = eq, [e2, e4] = e7, [e3, e5] = e7.
97,2.13 le1,e2] = ea, [e1,e4] = es5, [e1,e5] = e, [e2, €3] = e, [e2,e6] = €7, [ea, e5] = —er.
le1,e2] = eq, [e1,e4] = e5, [e1, e5] = e, [e1, €6] = e,
g7,2.14
le2, e3] = es, [e3, e4] = —ep, [e3,€5] = —er.
le1,e2] = ea, [e1, e4] = es5, [e1,€5] = eq,
g7,2.15
le1, e6] = er, [e2, e3] = e, [e3, e4] = —e7.
07,2.16 le1,e2] = eq, [e1,e4] = es, [e1,e5] = eq, [e1,e6] = e7, [e2,e3] = er.
97,2.17 [e1, e2] = eq, [e1,e4] = es5, [e1,e5] = e7, [e2,e3] = es5, [e2, e4] = eg, [e3, 4] = —e7.
07,2.18 [e1, e2] = eq, [e1,e4] = es5, [e1,e5] = e7, [e2,e3] = e7,[e2, eq] = es.
97,2.19 le1,e2] = eq,[e1,e3] = eq,[e1,eq] = €5, [e1, e5] = e7, [e2,e4] = €.
97,2.20 le1,e2] = e4,[e1,e3] = es,[e1,e5] = es, [e1,e6] = e7, [e3,e5] =
07,2.21 [e1,e2] = ea, [e1,e3] = e5, [e1, ea] = eq, [e1, e6] = e7, [e2, e3] = e7.
97,2.22 [e1, e3] = ey, [e1, ea] = e, [e1, e6] = e7, [ea, e3] = e5, [e3, e4] = e7.
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Table 4.21: 7-dimensional non-decomposable nilpotent Lie algebras (IV)

g Lie brackets
97,2.23 le1,eq4] = eq, [e1,e6] = e7,[e2,e3] = e5, [e2, e5] = e7, [e3,e4] = e7.
97,2.24 le1, e2] = eq, [e1,eq] = es, [e1,e5] = —e7, [e1,e6] = e7, [e2,e3] = e5, [e3,e4] = er.
07,2.25 le1,e2] = es5, [e1, e5] = eg, [e1,e6] = €7, [e2, e3] = eq, [e3,e4] = —e7, [e3,e5] = —e7.
97,2.26 le1,e2] = ey, [e1,e3] = e5, [e1,e5] = eq, [e2,e5] = e7, [e3,e4] = e7,[e3,e5] = eq.
§7,2.27 le1,e2] = es, [e1,e3] = er,[e1,e5] = eq, [e2, e4] = e7, [e2, e5] = e7.
97,2.28 le1,e2] = es5, [e1,e3] = eq, [e1,e6] = €7, [e2,e5] = e7, [e3,e4] = e7.
§7,2.29 le1,e2] = es5, [e1,e5] = eq, [e2,e3] = eq, [e2,e5] = e7, [e3,e4] = e7.
97,2.30 le1,e2] = es, [e1,e5] = es, [e1,e6] = e, [e2,e5] = er, [e3,e4] = e7
07,2.31 le1, e2] = eu, [e1,e4] = e, [e1,e6] = €7, [e2,e3] = es5, [e2,e5] = er.
97,2.32 le1,e2] = eq, [e1,e3] = es5, [e1,e4] = eq, [e1,e6] = €7, [e3,e5] = €7
97,2.33 le1, e2] = eq, [e1,e4] = es, [e1,e6] = e7, [ea, e3] = e5, [e3,e5] = er.
07,2.34 le1,e2] = e4, [e1,e3] = e5, [e1,eq] = e7, [62784] = eg, [63765} =e7
97,2.35 le1, e2] = eq, [e1,e3] = es, [61765] = eg, [e2,e4] = €q, [e2,e5] = €7, [e3, e4] = e7.
97,2.36 le1,e3] = es, [e1,eq] = e7, [e2,e3] = eq, [e2, e4] = —es5, [e3,e6] = —er.
le1,e2] = eq, [e1,e3] = es, [e1,e4] = e5, [e1,e6] = e,
97,2.37
le2, ed] = €6, [e2,e5] = e7, [e3, ea] = e7.
07,2.38 le1,e2] = e3, [e1,e3] = eq, [e1,e5] = e7, [e2,e3] = e7, [e2,e4] = eq.
97,2.39 le1,e2] = eq, [e1,e3] = es5, [e1,eq] = e, [e1,e5] = €7, [e2,e3] = e6.
07,2.40 le1,e2] = e3, [e1,e3] =es5, [e1,e4] = e7, [e2,e3] = eq, [e2,e4] = e5.
07,2.41 le1,ea] = e3, [e1,e3] =es, [61,64] €6, [e1,e6] = er, [e2,e3] = eq, [e2,e5] = €7
07,2.42 ler, e2] = eq, [e1,e3] = es, [e1, e5] = eq, [e2, €3] = eq, [e2,e4] = €7
§7,2.43 le1,e2] = ey, [e1,e3] = es5, [e1,eq] = e7,[e1, e5] = eq, [e3,e5] = e7.
§7,2.44 le1,e2] = eq, [e1,e3] =es5, [e1,e5] = e7, [e2,e3] = €6, [e2,e4] = €7.
97,2.45 le1,e2] = es5, [e1,e4] = er, [e1,e5] = eq, [e2,e3] = e7, [e2,e4] = eq.
07.5.100) le1,e2] = e4, [e1,e3] = e5, [e1,e6] = e7,
’ [82,63] = €ég, [62,65] = /\677 [63,64} = 67()\ — 1).
07,3.1 (i) le1, e2] = eq, [e1, e3] = e5, [e1, e6] = e7, [e2, e5] = e7, [e3, e4] = e7.
07,3.2 le1, e2] = e4, [e1,e3] = es, [e1,ea] = €6, [e1,€6] = e7.
07,3.3 le1, e2] = e4, [e1,e4] = e, [e1,e6] = €7, [e2,e3] = es5.
07,3.4 le1,e2] = eq, [e1,e3] = es5, [e2,e4] = e, [e3,e5] = €7
97,35 le1,e2] = eq, [e1,e3] = e5, [e2,eq] = eq, [e2,e5] = €7, [e3,e4] = e7.
07,3.6 le1, e2] = e4, [e1,e3] = es, [e1,e5] = er, [e2,e3] = es.
07,3.7 le1,e2] =es5, [e1,e5] = e, [e2,ea] = eq, [e3,€4] = —e7.
97,3.8 [e1,e2] = es, [e1,e3] = e6, [e1,e5] = e7, [e2, e4] = e7.
97,3.9 le1, e2] = es, [e1,e5] = —er, [e2,e3] = eq, [e2,e4] = e7.
97,3.10 [e1, e2] = es, [e1,e3] = es, [e2, e4] = es, [e2, e6] = e7, [e3,e5] = e7.
97,3.11 [e1, e2] = es, [e1,e3] = eq, [e1,e5] = e7, [e2,e4] = es.
97,3.12 [e1, e2] = es5, [e1,e3] = e, [e2,e4] = €6, [e3,e4] = e7.
07,3.13 [e1, e2] = es5, [e1,e5] = eg, [e2,e5] = e7, [e3,e4] = e7.
97,3.14 [e1, e2] = es5, [e1,e3] = eg, [e1,e6] = e7, [e2,e4] = e7.
07,3.15 [e1, e2] = es5, [e1,e3] = eg, [e2,e5] = e7, [e3,e4] = e7.
07,3.16 [e1, e2] = es5, [e1,e5] = e7, [e3,e4] = es, [e3,e6] = e7.
07,3.17 [e1, e2] = es5, [e1,e5] = eg, [e1,e6] = e7, [e3,e4] = e7.
07,3.18 [e1, e2] = eq, [e1,e6] = e7, [e2,e5] = e7, [e3,e4] = e7.
07,3.19 [e1, e2] = eq, [e1,e3] = e7, [e3,e4] = es, [e4,e5] = e7.
97,3.20 [e1,e2] = eq, [e1,e3] = e5, [e1,e4] = €5, [e1,e5] = er7.
97,3.21 [e1,e2] = eq, [e1,e3] = e5, [e1,e4] = €5, [e3,e5] = er7.
07,3.22 [e1,e2] = e4, [e1,e3] = es, [e1,e5] = er, [e2, e5] = eq, [e3,e4] = eg.
97,3.23 [e1, e2] = e3, [e1,e3] = e5, [e1,eq] = e7, [e2,e3] = es.
07,3.24 [e1, e2] = es5, [e2,e3] = eq, [e2, eq] = e7, [e3,e4] = e5.
07,4.1 [61,62] es, [e1,e3] = eq, [e3,e4] = er
07,4.2 le1, e2] = es, [e1,e3] = eq, [e1,e4] = er7.
07,4.3 [e1, e2] = e, [e3,e5] = es, [es, e5] = er
07,4.4 [e1, eq] = e7, [e2,e5] = e7, [e3,e6] = e7
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4.3 Matrix representation of filiform Lie algebras

In this section we obtain a minimal faithful unitriangular matrix representation
for each model filiform Lie algebra. Additionally, we also introduce a method for
obtaining such representations for non-model filiform Lie algebras, debugging and
improving the one given in [7]. In order to compute those representations, we have
used the Lie algebras g, of n x n strictly upper-triangular matrices. Therefore, we
have taken advantage of the previous calculations done in Chapter 3 to compare the
abelian subalgebras and ideals in Lie algebras g, and the unique abelian ideal of
maximal dimension for each filiform Lie algebra, as it was proved in Proposition 3.2.
This can be seen in Example 4.3 and in Tables 4.22-4.24 where we have computed
the minimal faithful unitriangular matrix representations of filiform Lie algebras
with dimension less than 9.

Given a Lie algebra g, a representation of g in C™ is a homomorphism of Lie alge-
bras ¢ : g — gl(C") = gl(C,n). The natural integer n is called the dimension of this
representation. Ado’s theorem states that every finite-dimensional Lie algebra over
a field of characteristic zero (as in the case of C) has a linear injective representation
on a finite-dimensional vector space, that is, a faithful representation.

Usually, representations are defined by using an arbitrary n-dimensional vec-
tor space V' (like in [43]) and homomorphisms of Lie algebras from g to gl(V) of
endomorphisms of V'; that is, by using g-modules.

With respect to minimal representations of Lie algebras, Burde |15] introduced
the following invariant value for an arbitrary Lie algebra g

w(g) = min{dim(M) | M is a faithful g-module}.

The invariant u(g) plays an important role in the theory of affine flat manifolds
and affine crystallographic groups, see [17]. Moreover, there exist several relations
between this invariant and « invariant of Lie algebras. For example, if g is a Lie
algebra with dim(D(g)) = 1, then u(g) > dim(g) — a(g) + 1. In this section, matrix
representations of filiform Lie algebras are studied. Moreover, we are interested in
minimal matrix representations of these algebras with a particular restriction: the
representations have to be contained in g,,. In this way, given a filiform Lie algebra
g, we want to compute the minimal value n such that g, contains a subalgebra
isomorphic to g. This value is also an invariant of g and its expression is given by

f(g) = min{n € N | 3 subalgebra of g,, isomorphic to g}.

Let us note that the invariants p(g) and fi(g) can be different from each other.
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Proposition 4.7. Let g be an n-dimensional filiform Lie algebra. Then ji(g) > n

Proof. For a given n-dimensional filiform Lie algebra g, we have to prove that it is
not possible to find a subalgebra of g,,_; isomorphic to g.

First, we write the vectors of an adapted basis {e;}?_; of g as linear combinations
of the vectors in the basis B,,_; of g,_1

e = Z )\ﬁinJ, for 1 <k <n.
1<i<j<n—1

We will prove that all the coefficients )\2 of e5 € Z(g) have to be zero.

From the equation [e1,en] = ep_1, for 3 < h < n, the following relations are
obtained
ML=, 1<B<n—2;
BB+ h L R for Shsn-3 (4.1)
)\Bvaﬁ Zﬁ<p<0¢ﬁ(>\ﬁp)\paﬁ )\paﬁ)\ ) Oéﬁ 26+2

From the equality [e1, e3] = e2, we can conclude that )\%ﬁﬂ =0, forl <p<
n — 2. Now, we have to prove that )‘l2,az =0, for1 <1 <n-—3. To do so, we are
going to prove that )\p ag )\3 = 0 in each case.

From the equality [e1, ex] = ex_1, for 3 < k < n—1, we can affirm that )\ﬁ 541 =0,
for 1 < 8 <n — 2. This implies that )\ =0, when ¢—p<n-—4.

If we consider the bracket [ei,e,] = e,_1, we conclude that /\5 541 = 0, and,
therefore, /\;q =0, where ¢ — p = n — 3. Consequently, all the coefficients of ey are

null and this is a contradiction. O

4.3.1 Model filiform Lie algebras

The law of a fixed n-dimensional model filiform Lie algebra g with an adapted basis
{e;}, is the following

le1,en] = ep—1, for3<h<n. (4.2)

Now, we will construct the n-dimensional subalgebra f, of g, and its law is
exactly the same of the model filiform Lie algebra g. Just define a basis {e;}?,
of this subalgebra as linear combinations of the vectors in the basis B,, of the Lie
algebra g,

el = g Xiit1, 2= X1, €3 =Xop, ..., e = Xp_1n (4.3)
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Consequently, we have defined the subalgebra §/, whose elements have the follo-

wing form
0 X1 0 0 i)
0 O Tl 0 I3
folzy) = S R : (xp, € C, for k=1,...,n).
0O 0 0 - 21 Tp
0 0 0 0 an
0 0 0 0 0

With respect to this faithful matrix representation, the adapted basis {e;}",
of I is given as follows

1, if k=h;

= f/ ith =
en = Ju(wr),  with z { 0, if k£ h.

According to the reasoning just given above and Proposition 2, we can affirm
the following result

Proposition 4.8. Every n-dimensional model filiform Lie algebra has an n-dimen-
sional minimal faithful unitriangular matrix representation. Moreover, a represen-

tative is given by the Lie algebra f/, given in (4.3). O

4.3.2 Non-model filiform Lie algebras

If the filiform Lie algebra g is non-model, then the invariants z; and 2z, exist. Hence,
there exist some additional non-zero brackets to [e1, es] = e,_1, for 3 < h < n. Con-
sequently, non-model filiform Lie algebras cannot be represented by Lie algebras f,.

Now, we show an algorithmic method to compute minimal faithful unitriangular
matrix representations for non-model filiform Lie algebras. These representations
are minimal in the following sense: finding a faithful matrix representation of a given
Lie algebra g in g,, but no representations of g can be obtained in g,_;.

To do so, we give a step-by-step explanation of the method used to determine
these minimal representations for a given filiform Lie algebra g of dimension n > 4.

Let us note that this algorithmic method debugs and improves the one introduced
previously in [7] to be applied for any filiform Lie algebra, not necessarily model.
When imposing the condition of being non-model, remarkable improvements have
been achieved in its implementation with respect to computing time and memory

usage.
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1. According to Proposition 1.1, we have to compute the first natural integer [
such that the lower central series of g; is compatible with the one associated
with g. By bearing in mind Proposition 4.7, we can start considering | = n, for
n-dimensional filiform Lie algebras. Hence, we have ruled out the Lie algebra
g, with [ < n.

2. Now, we search a subalgebra of g; isomorphic to g, where [ > n and [ is as
small as posible. To do so, an adapted basis {e;}!; of g is considered and its
vectors are expressed as linear combinations of the basis B,

ey = Z ’\Zin’j’ for1 <h<n.

1<i<j<l

3. The next step is to impose the brackets given in (4.2), obtaining again the
equations shown in (4.1), but with respect to the algebra g; considered by the
method.

4. After solving the system of equations resulting from the previous step, we solve
a new system obtained by imposing the rest of the brackets in the law of g.
In particular, we will compare the abelian subalgebras of maximal dimension
of g and g;.

Obviously, the solutions of this system depend on the particular Lie algebra
studied in each moment. Hence, we have generalized some cases by using invariants
z1 and 2y in Section 4.3.4. The solutions of the system given in Step 4 have been
computed by using the command solve of the symbolic computation package Maple
12. This command works efficiently with polynomial equations, receives as inputs
the list of equations and the list of variables, and returns as output the algebraic
expression of the solutions.

After checking the existence of representations in the Lie algebra g;, we search
a natural representative in the sense of considering the following conditions: e; €
(X1,) and there exist the greatest possible number of null-parameters. The first
condition is due to the fact that Z(g) = (Xi;) and is also in concordance with
Proposition 2.

Another point to consider is the number of solutions for the system. This number
can be studied by defining the set [’ of polynomial expressions and by using the
command is finite, which determines if the number of solutions is or not finite
for the system defined by the input set F'. Likewise, the Noether normalization
lemma is also very useful to describe the elements in an algebraic variety.
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Furthermore, in order to compute a particular solution of the previous system, we
have searched one such that the number of null coefficients is as greater as possible.
In this way, the coefficients could be assumed equal to zero when they do not appear
in the relations obtained. This will be a natural representative of the Lie algebra g.

4.3.3 Examples of application

Next, we give two examples of computing minimal faithful matrix representations
for filiform Lie algebras. The first is referred to a model filiform Lie algebra and,
afterwards, we apply our algorithmic method (given in the previous section) to
compute this type of representation for a non-model filiform Lie algebra.

Example 4.1. Consider model filiform Lie algebra ] generated by {e;}’_; with law
le1,e3] = €2, [e1,e4] = e3.

We can compute its minimal faithful unitriangular matrix representation as was
shown in Subsection 4.3.1 by using the Lie algebra f),. However, although we can
obtain directly a representative of such representation, we might be interested in
determining how many representations the algebra f} has: a finite or infinite amount.
To do so, it is necessary to apply the algorithm given for non-model filiform Lie
algebras in Subsection 4.3.2, but directly over its dimension, 4, and only using
Steps 3 and 4. In this way, we determine if there is a finite or infinite number of

solution of the system obtained. First, we define the vectors
e1 = Ao X12+ A g X1g+ .+ Ay Xs,
€y = /\%72X172 + )\%’3X1,3 +...+ /\374X374,
e3 = A}, X102+ AT g X1+ .o+ NS4 X5,

€4 = )\1172X1’2 + )\41173X173 + ...+ )\374X3’4.

Now, we introduce the following commands in MAPLE, taking into account that
)\ﬁj is denoted by cijk
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> ecl:=c121%c233-c231%c123-¢c132: [e1,e3] = ea
> ec2:=c121%c243+c131%c343-c241%c123-c341*c133-c142: le1, e3] = e
> ec3:=c231%c343-c341%c233-c242: [e1,e3] = ea
> ecd:=cl122: [e1,e3] = ea
> echb:=c232: le1,e3] = ea
> ec6:=c342: [e1,e3] = eg
> ecT:=c121%c234-¢c231%c124-¢c133: [e1,e4] = e3
> ec8:=cl121*c244+c131*c344-c241*%c124-c341*c134-c143: k1,e4]=:63
> ec9:=c231*%c344-c341%c234-c243: le1,e4] =e3
> ecl10:=c123: [e1,e4] = e3
> ecl1:=c233: [e1,eq4] = e3
> ecl12:=c343: [e1,e4] = e3
> ec13:=c121%c232-c231%c122: [e1,e2] =0
> ecld:=c121%c242+c131*%c342-c241*%c122-c341*c132: k1,eﬂ =0
> ec15:=c231%c342-c341%c232: [e1,e2] =0
> ecl6:=c122%c233-c232%c123: [e2,e3] =0
> ecl7:=c122%c243+c132%c343-c242%c123-c342*c133: [e2,e3] =0
> ecl18:=c232%c343-c342%c233: [e2,e3] =0
> ecl19:=c122%c234-¢232%c124: [e2,e4] =0
> ec20:=c122xc244+c132%c344-c242%c124-c342%c134: [e2,e4] =0
> ec21:=c232%c344-c342%c234: [e2,e4] =0
> ec22:=c123%c234-c233%c124: [es,eq] =0
> ec23:=c123*c244+c133%c344-c243%c124-c343%c134: [es,e4] =0
> ec24:=c233%c344-c343%c234: [es,eq] =0

Note that the previous commands correspond to the six bracket products giving
the law of the Lie algebra f; (including the non-zero ones), showing the correspon-
ding bracket beside the commands. All these previous polynomial expressions form
the system of equations to be solved to obtain the coefficients )\ﬁ ; determining the
subalgebra in g4 isomorphic to fi; i.e. the minimal faithful representation. The
system is the following

> F:=[ecl,ec2,ec3,ecd,ech,ecb,ec?,ec8,ecd,ecl0,ecll,ecl2,
ecl3,ecld,ecl15,ec16,ecl7,ecl18,ecl19,ec20,ec21,ec22,ec23,ec24];

>is_finite(F);
false

Consequently, there exist infinite solutions of this system and, hence, of possible
minimal faithful representations. However, after applying Noether’s normalization
lemma and intersecting the previous set with the algebraic variety defined by the
equations )\"172 =0, for i = 1,2,3,4, we obtain a finite number of solutions. Effec-
tively
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eql:=cl21: eq2:=cl122: eq3:=c123: eq4:=cl24:

H:=[ecl,ec2,ec3,ecd,ech,ec6,ec7,ec8,ec9,ecl0,ecll,ecl2,ecl3,
ecl4,eclb5,ecl6,ecl7,ecl8,ecl9,ec20,ec21,ec22,ec23,ec24,eql,eq2,
eq3,eq4]:

> is_finite(H);

true

However, both the original system and the one after applying Noether’s normali-
zation lemma do not impose the condition of “being linearly independent” necessary
so that {e;}%, can be a basis of f}. Hence, we must also consider the condition

saved in eq corresponding to define a matrix given by the coordinates of e; in the

ith row and then to impose the maximal rank for the matrix.

> with(LinearAlgebra):

> M:=Matrix([[c[1,2,1],c[1,3,1],c[1,4,1],c[2,3,1],c[2,4,1],
c[3,4,11]1,[c[1,2,2],c[1,3,2],c[1,4,2],c[2,3,2],c[2,4,2],c[3,4,2]],
[c[1,2,3],cI1,3,3]1,c[1,4,3],c[2,3,3],c[2,4,3],c[3,4,3]],
[cl1,2,4]1,c[1,3,4],cl1,4,4]1,c[2,3,4],c[2,4,4]1,c[3,4,4]11]1):

> eq:=Rank(M)=4:

Note that this reasoning can be done for every model filiform Lie algebra.

Example 4.2. Consider Lie algebra {2 generated by {e;}?_; and with non-zero
brackets: [e1, ep] = ep_1, for 3 < h < n; and [ey4, e5] = 5.
The lower central series of g5 and f2 are compatible

C*(2) = (ea, e3,€4) C C*(g5) = (X1.3, X1.4, X15, Xoa, Xo5, X35)

C*(73) = (ez. es) C C(85) = (X1, X5, Xo5)
CH(13) = (e2) € CHgs) = (X15)
After applying Steps 2 and 3, the following basis vectors are obtained
€1 = )\%,QXLQ + /\%73X173 + ...+ )\;),5X3’5 + )\}175X475,
€2 = A5 X15, 3= Xia+ A ;X105 + A5 5 X055,
€4 = )\111,3)(1,3 + )\11174X1,4 + A5 X1s + )\374)(2,4 + )\12175X2,5 + X35 X555,
€5 = )\?,QXLQ + /\?73X173 + ...+ )\2,5X3’5 + )\275X475,
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restricted under the following constraints

.
4 Y1 5 1 5
A3p = A3aAis — Ai5A34,

/\:2)’,5 = /\%,3)‘%),4)\?1,5 - 2)\}1,5/\%,3)‘3,4 + /\411,5&1;74)\3,3,

/\%,5 = /\%,2)‘3,5 + /\%,3)\?,,5 + )‘%,4)\?1,5 - )‘411,5)\?,4 - A%,sA?,s - )\%75)\?,2,

A= AaX33A3s — 20023408 3 + A3 4530 0,

M5 = MaAssAiaAs — 3AsA 2253734 + 3N s M 0 A3 4N 5 — AL sA3 4 A3 3T 0,

/\:1)’,5 = )\%,2)‘%,3)\2,5 + )\%,2)\%,4)\2,5 - 2)\}1,5)\%,2)\3,4 - A%,Q)‘%)A/\S,S + )\%,3)‘:12,,4)\151,5
—QA%,3/\}1,5>\3,4 + )‘i,5>\5,4)\?,2 + >\111,5)\:1;,4)‘?,3 - )\;1;75%72)\373 + Aé,s))\%s)\?gv

Xis = )\%,2)‘%,3 - )‘é,:;)‘im

My= )‘%,2)‘%,4 + A%,s)‘gA - A%A)‘iz - )‘:13,4)‘?,37

le 5= A%,s)‘g,s + A%,4)‘451,5 - Ai,s)‘gA - )‘:1’,,4)‘3,3’ )\‘2{4 = )‘%,3)‘2,4 - )‘5,4)‘3,3-

Note that the previous system is of degree four, being well-known the existence
of efficient methods in Algebraic Geometry to solve this type of systems. For a
filiform Lie algebra of higher dimension, the degree of the corresponding system is
always one unit less than the dimension of the algebra.

Now, by imposing the bracket [ey, e5] = e, the following vectors are obtained

€1 = )\%72X172 + )\%73X1,3 + ...+ )\:1))75X375 + )\11175X4,5,

e2 =M 5X15, €3 =X, X144+ A X154+ A5 5 Xos,
€4 = Ail,gXl,a + A%,4X1,4 + >\41175X1,5 + A§,5X2,5 + )\375){3,5,
€5 = AiQXLQ + )\51),3X1,3 + ...+ /\?75X1,5 + )\3’4X2,4 + ...+ /\45175X4,5,

under these constraints

p

1 4 _ 1 15 1 5 5 1 3 _ 1 5 5
3)‘4,5)\1,4 - 3)‘1,2)‘2,4)‘4,5 - >‘1,3)\3,5a 3)‘4,5)\1,4 - _2)‘1,2)\3,5)\2,&
1 y4 1 1 5 1 \23)5 5 15 3 __ 5
3)‘4,5)‘2,5 - 3)‘4,5)‘2,3>\3,5 - 3(/\4,5) )‘2,4 - )‘3,5)\2,37 3)‘2,5 - >\3,5>

A5 = A oAS s+ ALgAS s — MsAT, — AS A9
1,5 — NM,27\25 1,33,5 4,5"M,4 3,57\1,3»
1 y1 _ 5 _ Y1 5 2 __ 5 1 5
3)‘4,5>‘3,4 - )‘3,57 )‘1,34 - )‘1,2)‘2,37 )‘1,5 - )‘3,5)‘1,2/\2,37
1 4 _ 5 15 1 3 _ 1 y1 y1 5
3)\4,5)\2,4 - _)‘3,5)\2,& 3)\4,5)\1,5 - 3>‘1,2)‘4,5)\2,3>‘3,5_
1 135 1 \2 5 y1 5 1 5 5 1 y1 5 1
6)‘1,2)‘2,4()\4,5) - )\3,5)‘1,2)\2,3 + )‘4,5)‘1,3)‘3,5 - 3)\3,5)‘1,2)\2,3)\4,5-

\

Next, we show a particular solution to obtain a representative for Lie algebra f2
e1=X12+ Xoz+ X34, e2=Xy5 e3=Xgg,

e = X4+ X35, e5=Xos+ Xys.
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Example 4.3. We consider the Lie algebra f§ generated by {e;}_, and with non-zero
brackets: [e1,en) = en—1, for 3 < h < 6; and [ey, e5] = e, [e4, es] = €3, |5, €6] = €4.
The lower central series of g¢ and §§ are compatible

C2(58) = (e2,e3,eq,e5) C C%(g6) = (X1.3, X1.4, X1.5, X1.6, X2.4, X2 5, X2.6, X35, X3.6, X4.6)
C3(f§) = (e2. e3,e4) € C*(g6) = (X1,4, X1,5, X1,6, X2,5, X2.6, X3,6)
C*(f5) = (e2, e3) € C*(g6) = (X1,5, X1,6, X2,6)
C°(f5) = (ea) € C°(g6) = (X16)

After that, we apply Steps 2 and 3, obtaining these vectors
e1=MoX12+ A1 X135+ M X4+ ...+ M5 Xas + Mg Xao + A6 X5,
e2 =M X163 = A1 5 X155+ A 6 X1.6 + A3 6 X6,
eq = )\411,4X1,4 + A%,5X1,5 + XiﬁXlﬁ + A§,5X2,5 + A%,6X2,6 + A§76X3,6,
e5 = A g X1g+ ...+ AL gX16+ A5 4 Xoa+ ...+ A3 6 Xo6 + A5 X35 + A X536 + A6 Xue
e6 = A o X12+ A3 X1 3+ A0 X+ + A5 Xus + A 6 Xu6 + AL 6 X56-

Now, we impose the brackets [eq, e5] = ea,[es,e5] = e3,les,eq] = €4 and the
fact that (es, e3, eq) and (X14, X15, X1,6, X2, Xo5, Xog, X34, X35, X36) are abelian
ideals of maximal dimension in fa and ge, respectively. Under those conditions, we
can obtain the following representative

1
e1 = X2+ Xog+ X34+ Xy5,e0=2X16,e3= —§X1,5 + Xo 6,

1 1 1 1
€4 = §X1,4 + §X1,5 + X3, €5 = —§X1,3 + §X2,5 + Xy,

1 1 1 1
€6 = —5X1,2 + §X1,3 — Xo3+ §X2,4 — X34 — §X3,5 — Xy5+ X56.

4.3.4 Filiform Lie algebras of dimension less than 9

It is well-known that u(g) = dim(g) when g is a filiform Lie algebra of dimension less
than 10 (see [15]). Our main goal is to show explicit representatives for the minimal
faithful unitriangular matrix representation of filiform Lie algebras with dimension
less than 9 and the generalization for two families of n-dimensional filiform Lie
algebras where D(g) is abelian. In Tables 4.22-4.24, we write those representatives
by using the classification given in [13]. Let us note that, for these algebras, we
have only written down the non-zero brackets not given by filiformity; i.e. we are
assuming implicitly Equation (4.2). In this way, we can state the following results
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Proposition 4.9. If g is a filiform Lie algebra of dimension n < 9, then f(g) = n
(i.e. the minimal faithful matrix representation of g is a subalgebra of g,,). Moreover,
such representations can be obtained with a natural representative.

Proposition 4.10. Let § be an n-dimensional filiform Lie algebra verifying z; =
2o =n — 1. Then, a(f) = n and a natural representative of § is determined by the

following vectors
n—2
e1=Y Xiiy1; en=Xp 1, V2<k<n—2
i=1

€n—1 = Xl,n—l + Xn—2,n; €n = X2,n—1 + Xn—l,n'

Proof. 1t suffices to apply our algorithmic procedure taking into consideration that
non-zero brackets for the case z; = 20 = n — 1 are the following

[61761‘&] = €h—1, V3 S h S n; [en—l’en] = €. O

Proposition 4.11. Let | be an n-dimensional filiform Lie algebra verifying z1 =
n—2 and zo = n—1. Then, i(f) = n and a natural representative of f is determined

by the following vectors

n—2
e = ZXi,i-i-l; er = Xp—1n, V2 k<n—2; ep =X 1+ X 3p;
=1

€n—1 = X2,n—1 + Xn—2,n; €n = X3,n—1 + Xn—l,n-

Proof. Analogous to the previous proof, but with the following non-zero brackets

ler,en] =en1, V3<h <y [ena,en] =€ [en 1,60 =es. O
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Table 4.22: Minimal faithful matrix representations for dimension < 7

Law Representation
1 e1 = X1,2,e2 = X1,3,e3 = Xo 3.
1 e1 = X192+ Xo3,ea = X1 4,e3 = Xo 4,64 = X3 4.
1 e1 = X12+ Xo3+ X34,e2 = X155,
5 e3 = Xo5,e4 = X35,e5 = Xy 5.
2 e1 = X1,2+ X233+ X34,e2 =X15,e3=X25,
f5 lea, e5] = e2.
eqg = X114+ X35,e5 = Xo4+ Xy5.
L e1 =X12+Xo3+ X34+ Xy5,e0=X16,e3 =Xop,
6 es = X36,65 = Xa,6,e6 = X5,6.
T
—Ss4 X — Xi6.63 =X
2 les, eq] = e3. er1 = ;1 Xiit1,e2 1,65 €3 2,6,
eq = X3,6,e5 = X1,5 + Xa,6,e6 = X2,5 + X4,6.
2 les, e6] = e2, e1 =30 Xiit1,62 = X1,6,e3 = Xo.6,
6 les, es] = e3. es = X366+ X1,5,e5 = Xo 5+ Xa6,e6 = X35 + Xs5.,6-
lea, e5] = eo e1 =X12+Xo3+ X34+ Xa5,e20 =X,
i lea 766] e es =5 X15+ Xo6,ea=3X14+ $X15+ Xa,
6 [65’66] -~ 647 es = %IXI,S + %X2,5 + X4,6,e6 = %IX1,2+
,€6] = e4. 1 1 1
3X13—Xog+5Xoa—X34—3X35—Xu5+ X586
3 > ] 3 5 ’ 3 5 5 5
les, e5] = ez e1 =X12+ Xo3+ X34+ Xas,e2=X16,€3 = %Xl,s
i lea; e6] = e3 + ez, +Xa6,e4a =35X14+ Xz6,e5 = —5X1,3+ Xo 5+ Xa6,
les, e6] = e4 + e3. eg = *%Xl,Z —X1,3—X23—X34— X454+ X56.
il e; = Zle Xiit1,e2 = X1,7,e3 = Xa 7,
7 e = X37,e5 = X4 7,66 = X5,7,e7 = X¢,7.
> _ el = Z?:1 Xiit1,e2 = X1 7,e3 = Xo7,e4 = X3.7,
f= les,e7] = e2
es = Xa7,e6 = X1,6 + X5,7,e7 = Xo6 + Xe,7-
i les, er] = ez, er1 = 1 Xiit1,e2 =X1,7,e3 = Xo7,e4 = X3,7,
7 les,e7] = e3 es = Xa7,e6 = X5,7,e71 = —X14 — Xo5 — X3,6 + Xe,7-
e1=>5_y Xi,it1,e2=—4X1,7,e3= X1,6—18X1,7—3Xa 7,
les, e7] = ea e4=9X1,6—66X1,7+X26—-9X27—-2X37,e5=—3X1 5+
2 [es e;] — e +’63 44X1,6+6X26—22X2 7+ X36—3X3,7—X4,7,
’ e6=—22X15—3X25+22X> 6+3X3,6+X4,6,
er=—X1,4—22X55-3X35+X5,7.
lea,er] = [es,e7] = e2 e1=30_, Xiit1,e2=—5X17,e3= X1,6—4X27,e4=—X26
2 les, e6] = —ea, —3X3,7,e5= *%X1,5 +X3,6— 2X4,7,e6= gX1,4*%X1,5+X4,6*
les,e7] = e3 X4,7—X5,7,67=—%X1,3— %X1,4+ %X1,5—4X2,5+X4,6+X5,6-
lea,er] = e e1=30_; Xiit1,e2= 2X1,7,e3= —%X1,6+3X2,7,
i [65’ er] = 337 ea=X15—2X1 75 X2 6+ X37,e5=X1,6+X25— 3 X36
7 les 677] —ept e —X4,7,e6=X3,5+X4,6,67= *X1,3+%X2,4+2X2,5*
e 2X45+ X577+ Xo6—X3,5—X4,6—X5,6+X6,7-
les, e7] = es, e1=X12+ Xo3 — %X3,4 + Xe,7,e2=2X1,7,€3= _%XI,G
i les, e7] = e2 +%X2,7754:X1,5_%X2,6+X3,7765:X2,5_%X3,6_X4,77
les, e7] = es e6=X3,5+X4,6,€7= *X1,3+%X2,4* 2X4 5+ X5,7
e1=X1,3+X2,3— X2 4+X34+PiX36+X45+iX56+X6,7,
ea=—1X1 7,e3=1X1,6—1X1,7,e4=—X1 5+1X1 6t
[64 67] = el (%iﬁ_l_%i)X1’7+%i(ﬁ+l+2a)X277’65:X174_X175
[e; ce] = e ’ +X1,6— (14 a)iXz 6+ 2i(B+3+20) Xo 7+ 2i(B—1) X3 7,
i les 87]7_ (1+ a)es e6=—X1,3+X14+iX15+(a—B+1)X25—i(14+a) X2 6t
[ee.’ er] = (1+ 04)64’ (’8+%ai+2+i+a+%iO‘Q)X?J_ifBX&G_%i(ﬁ"‘l)x‘l%
’ er=(B—1)X1,4+X12+(28-1-a) X2 4+ (14+a) X2 5—
(B+3ia—2—i—a—2ia?)Xa 6+ BX35— 5i(8+1)Xs5,7,
B is a root of 3Z2—2a2—50 — 3—3aZ.
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Table 4.23: Minimal faithful matrix representations for dimension 8 (I)

Chapter 4.

Law Representation
i e1=>0_, X;it1,e2= X1,8,e3= X2 8, ea= X3 8,
es=X48,e6=X538,e7=Xe¢,8, 8= X7 3.
2 e, es] = e2 8122?:1 Xiit1,e2=X1,8,e3= X2 8,e4=X38,e5= X4 8,
e6=X5,8, e7= X1 7+ X6,8,e8= X2 7+ X7 5.
8 le, es] = ez, e1=30_1 Xiit1,e2=X1,3, e3= Xa,3, e4= X35, e5= X483,
8 ler,eg] = e3 e6=X5,8, e7=Xp,8, es=—X1,5— X2,6—X3,7+ X7 8.
B e1= 2?21 Xiit1,e2=X1,8,e3= X2 8,e4=X38,e5= X4 8,
fa [e[et e}gl; ej; e6=X5,8, 7= X6,8,
ToslTeRTes eg=—X1,5— X1,6—X2,6— X2 7— X3 7+ X73.
les, es] = ez, e1=30_1 Xiit1,e2=X1,3, e3= Xa,3, e4= X35, e5= X483,
3 [es, e8] = e3 e6=X5,8, 7= X¢,8,
[e7, e8] = ea+es eg=—X1,4—X1,6—X2,5— X2,7—X3,6— X4,7+X78
les, es] = ez, e1=30_, Xiit1, 2= X1,8,e3= X2 8, ea= X3.8, 5= X4 3,
i$ [e6, e8] = ea+e3 e6=X5,8,e7=X¢,8, e8=—X1,4— X1,5— X1 6+ X1,8
le7, eg] = aea+e3+ey X2 5—X26—aXo7—X36—X3,7—X47+X78
les, es] = aea, e1=>0_1 X;it1,e2=X1,3, 3= Xa,5, e4= X35,
i1 lee,er] = e2 es=—X1,7+X4,8,e6=X1,6+X5,38,
8 les, es] = (14+a)es er=X2,6+X3,7+X6,8, es=—(1+a) X144+ X1 8
[677 68] = (1+a)64 4(1+a)X27570(X3’6+(170£)X4,7+X7’8
les, es] = aea, e1=>0_1 X;it1,e2=X1,8, 3= Xa,5, e4= X35,
8 les,er] = e2 es=—X1,7+X4,8,e6=X1,6+X5,8, e7=X2,6+X3,7+ X653,
8 les, es]=(1+a)es+ea es=—(14+a)X1,4— X1 5+ X1,8— (1+a) X2 5—Xo6
le7,es]l=(1+a)es+es —an’G—X3y7+(1—C¥)X4,7+X7,g.
lea, es] = ez, 6122?:1 Xiit1,e2=X1,8,e3= X2 8 e4=X1,7+ X35,
9 [es,es] = e3 es=Xo7+ X, e6=—5X1,5— 1 Xo6+1 X374+ X5.8,
8 les, es] = ea, er=—1% X2 5— X3,6— 3 Xa,7+ Xe 8,
le7,es] = e5 es=—23 X3,5— 3 X4,6—2X5,7+ X7 8.
lea, es] = ez, 61:2?:1 Xiit1,e2=X18,e3= X2 8,e4=X1,7+ X33,
10 [es, es] = e3 es=Xo7+Xa8,e6=—5X15— 5 Xo6+3X37+X58,
8 [es, es] = ea, er=—1% X2 5— X3,6— 3 X4,7+ Xe 8,
le7, es] = ea+e5 eg=—X1,6—X2,7— %X3,5—%X4,6—2X5,7+X7,8-
les, es] = ez, e1=30_; Xiit1,e2=X1,8,e3= Xa.8,ea= X1,7+ X3 3,
11 les, es] = e3 es=Xo7+Xas,e6=—2X15— 3 Xo6+3X37+X58,
8 les, eg] = ex+eu, 57:*%X2,5*X3,6*%X4,7+X6,8768:*X1,5*04X1,6
le7, es] = aea+ez+es _X2,6—aX2,7—%X3,5_X3,7_%X4,6_2X5,7+X7,8-
lea, eg] = ez, e1=30_; Xiit1,e2=X1,8,e3= Xa,8,ea= X1,7+ X3 8,
les, eg] = ez, 55:_2X1,7+X2,7+X4,8756:_%X1,5+X1,6—%X2,6
12 les, e7] = e2, *X2,7+%X3,7+X5,8,67:*%X2,5+X2,6*X3,6*
les, e8] = aea+ez+eq 1 X474 X6,8,e8=—2X1 4— X1 5—2X2 5—aXag
[e7, es]= aeztestes —1 X35~ X3 6—0X3,7— 3 X4,6— Xa4,7—2X57+ X7 8.
les, e8] = —ea, €1=Z?:1 Xiit1,e2=X1,8,e3=X23,e4=X3 3,
les, e8] = e3 + eq, es=X1,6+X2,7+X43,
33 [es, 7] = e2 + e3, e6=—X1,5+ 3 X1,6+ 3 X2,7+X3,7+Xs5.8,
les, er] = ea, er=—12 X1 5— X2 5— X3,6+ 3 X3,7+X¢.8,
le7, e8] = es + e5 es=X1,3 +X2,4—%X2,5—%X3,6_X4,6—X5,7+X7,8~
[eq, eg] = crea, e1=3 01 Xiit1,e2=X18, 3= Xa.s,
14 les,e7] = e2 e4=—2X17+X38,e5=X1,6— X2 7+Xags,
8 les, eg] = —es, e6=X2,6+X5,8,e7=X3,6 +X4,7+ X638,
les,e7] = e3 eg=X4,6+2X57+X738.

Algorithm and applications




Matrix representation of filiform Lie algebras

Table 4.24: Minimal faithful matrix representations for dimension 8 (IT)

Law Representation
G
[ea, eg]=—2e2, e1=> ;1 Xijit1,e2=X18,e3=X2 3,
les, er]=e2 es=—2X1,7+X338,e5=X1,6 +3X1,7—
15 les, eg]l=—e3+e2, Xo,7 +Xa,8,e6=X2,6 +3X2,7 +X5.8,
8 les, er]=e3 er=X36 +X3,7 +Xa,7 +X6,8,
[es, es]=e3, es=2X14+2X25 +2X36+
[e7, eg]=e4 Xa6 +5Xa7 +2X57 +X78.
les, e7] = e2 6
les 766] _ _e; e1=3"0 1 Xjit1,e2=X1,8,e3= —3X1,7+
[e; eg] = e3 Xo8,e4= %Xl,G +X3,8,e5= *%X1,5+
&° [es 768] — e Xy,8,e6= 3X14 +X58,e7= —1X13
[eeyes] . 65’ +X6,8768:—%X1,2—X2,3—X3,4—X4,5
’ ’ —X5,6—Xe6,7 +X7,8.
[e7, es] = e6-
5 T
lea, e7] = ez, e1=> ;1 Xiit1,e2=X18,e3=—5X1,7
1 1
lea; e8] = e3 +Xo8,e4a =5X1,6 +X38,e5 = —5X1,5—
les, e6] = —ea, 3X1,7+ X4,66 = %X1,4 + X1,6
f§" les, es] = ea, —2Xa7+ X587 =—2X13+ Xo6— Xa7
1
les, e7] = e2, +X6,8,e8 = —3X1,4 — 5X1,2 — X23—
les, e8] = e3 + e5 3Xo5 — X34 —2X36— Xa5—
[e7,es] = eq + 6. 3X47— X566 — X6,7+ X78.
el = Zle Xiit1+ = X782 = X1,8,
leq, e7] = e2, i0 3 0y
les,eg] = e3 e3 = —3 X1,7+ 1 X28,ea = 3X1,6 —2Xa27
les éS] — ey +3X38,e5 = —3X1,5 — 2X37 + 35 Xas,
18 [e: es] = s ’ eg = %X1,4 —2Xy47+ %X5,8,€7 = *§X1,3
o ’ —2X57 4+ = Xes,e8 = 2 X1,2
[e6, e8] = e2 +e5 20 3
e, e8] = €3 + €6 —5X15 — X23—5Xo6— X34 —5X37
’ —Xa5 — §X4,8 — X5,6 —3Xe,7 — 4%X7,8-
e1=X12+X13—Xo3+164X25 — X3 4—
164X36 + 184 X3 7 — 164Xy 5 + 164X, 7
1
[ea, e7]=e2, [ea, e5] =e3 ~ X6~ Yor g Xrs 2 = Xis,es =
es 766} *—62’ [65’ es]=e4 164X1,7 + 5 Xo,8, €4 = 164X1,6 + 164X, 7—
19 ’ [es €7i _ 762 ’ %Xa*,s,es =164X15 + 164X 6 — X1,8+
8 ' ’ 1X48,e6 = X144 164X1 5 + 164X 6—
les,es] = e2 +e3 +es 164 1 1 1
= X1,7— 3X28 — 5X3,8 — 555 X5,8,
[577 68] =e3t+eq+es. 3 3 8220 323828
er =X13+X1a+ 55 X1,6 — °55 X2,7
+ 335 Xe.8,e8 = Xa3 — 284 X5 6+
X3,4+328X3.6 + 164X45 + X5,6 + X6,7-
e1 =X12+X13—Xo3+ %Xz,zx - %Xz,z’)
—X34+2X35— 2X3,6+ 35 X3,7
2 P
—Q%OXs,s — X5 — £Xa6 — 55 Xa,7
1
—X5,6 — %X5,7 — X6,7 — 5X7.8,
[ea,er]=e2, [ea, e8] =ea+e3 e2= Xi8,03 = X1,7 ~ X154 5 Xo,
) - ’ ) - _ § _ l _ l
[es, es] =—e2, [e5, 7] :_%627 e =X16+ §X1,8 12X2,8 23X3,87
les, es] = eq + 2e3 e = X15 T X160+ 5 X17 — 55 X1
= 5 6 3 1 i
N [676 er] = _253 ' —55 X271+ 75X2,8 + £ X3,8 + 5Xa8,
T 5 €6 =X1,4+%X1,5+%X1,6+%X1,7+
[56768]*554‘5547 B X g —3Xes—2X,-— Lx, a1t
[e7,es] = es + Le 12501,8 7 542,67 552,77 551428
7,€8 6 565 3x _1lx _1x _ 1y
£ X3,7— X838 — 75X4,8 — 5X5.8,
er =X13+X14+ %XI,G + éXz,sf
§1X2,6 — %Xzﬁ + %Xg,s + %IXB,G-F
£X4,7+ 5Xe6,8,e8 = X2.3 — 52 X256
+X3,4 + %XS,G + Xa5 + X5,6 + X6,7.
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Conclusions

In this dissertation, we have dealt with abelian subalgebras and ideals of maximal
dimension for arbitrary Lie algebras and, as a particular case, for solvable Lie al-
gebras. We have also analyzed several special families of solvable Lie algebras in
relation to this notion. We have studied this from both a theoretical view-point
and an algorithmic approach. In this way, Chapter 2 constitutes a theoretical study
of abelian subalgebras and ideals contained in Lie algebras. We have given several
general properties and bounds for a and [ invariants in cases of supersolvable, sol-
vable and nilpotent Lie algebras. Then, we have focused on the cases of Lie algebras
containing abelian subalgebras of codimension 1 and 2, and the case of codimension
3 for nilpotent Lie algebras.

In Chapter 3, we have shown algorithmic methods to compute abelian subalge-
bras and ideals of maximal dimension for the most important families of solvable
Lie algebras: Lie algebra g,, Lie algebra b, and Heisenberg algebra $;. In order
to conclude the chapter, we have studied filiform Lie algebras, proving that there
exists a unique abelian ideal of maximal dimension for these algebras. In fact,we do
not only have analyzed o and S invariants with respect to the dimension of a given
Lie algebra, but we have also obtained a relation allowing us to determine the law
of a general filiform Lie algebra. At this respect, we have given a characterization
of the law of a general filiform Lie algebra and we have proved several result about
the coefficients in those laws.

In Chapter 4, we have shown an algorithmic method to compute abelian subal-
gebras and ideals of any finite-dimensional Lie algebra, starting from the non-zero
brackets in its law. Moreover, we included in this chapter two different applications
of the previous results. The first was related to the computation of o and S inva-
riants for low dimensional Lie algebras. The second application was the computation
of minimal faithful unitriangular matrix representations of filiform Lie algebras and
the use of these invariants to retrieve these representations.

In our opinion, the results obtained in this dissertation can be considered a new
step forward in the study of Lie algebras in general. More concretely, we believe
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112 Conclusions

that our main contribution is related to the study of abelian subalgebras and ideals
of maximal dimension in Lie algebras and more concretely on solvable ones. We
have also determined laws for filiform Lie algebras starting from the value of the
maximal dimension of their abelian ideals. Therefore, we think that this can be
considered another step towards the problem of classifying filiform Lie algebras in
general, which seems to be a very difficult task. Moreover, we have also given several
algorithmic methods that we believe that can be very useful to compute abelian
subalgebras and ideals in Lie algebras, as well as making easier the computation
of matrix representations of filiform Lie algebras. In fact, besides explaining and
implementing algorithms to compute the value of o and [ invariants for any given
Lie algebra, we have also applied them to several types of Lie algebras; namely:
general, solvable and nilpotent for dimension less than 5, 7 and 8, respectively.
Finally, we have also determined a representative for the matrix representation of
general model filiform Lie algebras and, applying our general algorithmic method,
for all filiform Lie algebras up to dimension 8.

However, there exist several open problems that we want to study in the near
future. Regarding the second chapter, we have the following questions

1. Does Theorem 2.2 hold for supersolvable Lie algebras?

2. Let g be a supersolvable /nilpotent Lie algebra with a(g) = n—k containing an
abelian subalgebra a of maximal dimension, and let I be a maximal subalgebra
containing a that is an ideal of g.

(i) Is it true that dim Z(I) > n — 2k + 17
(ii) Is it true that dimCy(l) < k — 17
(iii) If they are true, do 1 and 2 imply that 5(g) = n — k?

In reference to Chapter 3, we would like to study the isomorphism classes of filiform
Lie algebras starting from some relation over the coefficients «; and a§_1 that were
defined at the end of this chapter. Another open problem that we want to deal
with is to compute the matrix representation of filiform Lie algebras of dimension
greater than or equal to 9. We will also keep studying new methods to improve
our representations and to obtain new ones for other types of Lie algebras such as
solvable ones, for instance. Finally, we will try to look for some applications of
all the results obtained in this dissertation to other fields or sciences like Applied
Mathematics, Physics, etc.

We hope to continue this research in the future in order to solve all these open
problems.
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