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Representations of finite group

Consider a finite group G and a finite dimension space V.
A representation of G inVis amorphism p:G — End(V)

Thatis plr.y) = plx)p(y)

Equivalently, p defines an actionof GonV .= plrv (reV 2eq)

The dimension of the representation p is the dimension of V.



Trivial representation

p: G —C

plr) =

Alternated representation of (G = Gﬂ,

p(z) = sign(z)



Representations of finite
groups: Example 2

Regular representation

We consider a space V whose a basis is indexed by the elements of G. The
regular representation of G, is defined by

1 ityr ==z
'ﬂ(‘r]y"a o { 0 otherwise
Proof:

Consider the product of the two matrices
(plz)p(x")),. = D plx)yyp(z )y
y'eG
There is at most one term y' in the sum, and if it exists it verifies

yr =y and y'z’ = z  orequivalently y’ =y = 3_1;’_1

! fFf
Hence, Yyrr =yr =z

This show that p is a representation



Representations of finite

groups: Example 3

Regular representation of

&5 = [[1,2,3],[1,3,2],[3,1,2], 2,1,3],[2,3, 1], 3,2, 1]

It suffices to construct the representation for the two generators [213] and [132]

p(213)

One verifies that
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o1 0 0 0 0
1 00 0 0 0
00 0 0 01
00 0 0 1 0
00 0 1 00
001 00 0]

= p(213)p(132)



Representations of finite
groups: Example 4

Permutation representation

We suppose that the group G is a subgroup of a symmetric group and
we replace each permutation by the associated permutation matrix.

For example consider the symmetric group

11,2,3),[1,3,2),[3,1,2],[2,1,3],[2,3,1].[3,2, 1]

L T N

1 0 0 1 0 0 00 1 01 0 01 0 0 0 1
o10/,J]oo1|,l]to0oo0],]1T0o0|,]0o0T1[,]010
00 1 010 01 0 00 1 1 0 0 1 0 0

A permutation representation of the cyclic group G={[123],[231],[312]} is given
by the matrices

1 00 01 0 00 1
010 0 0 1 10 0
00 1 1 0 0 010

[123] [231] [312]



Representations of finite
groups: Example 5

Representations of dimension 1 of the cyclic groups

Consider the cyclic group

Cp, ={[12...n],[23...n1],...,[n12...n - 1]}

p([23...nl]) = E}{p{gkﬂ} kel
n



Representations of finite
groups: Example 6 (1)

Specht modules

Consider a partition A of n and the set of the set partitions of n with shape A.

For example, if A=21one has [{1.2}, {3}, [{L.3}.{2}], [{2,3}. {1}]

We to each set partition, one associates a tableau:

2 1
1271 37|23

We consider the space spanned by these generators.

We select only the standard tableaux

3 2
217111 3

Consider the natural action of ©» on the integers {1,...,n}



Representations of finite
groups: Example 6 (2)

Specht modules

For each tableau, we consider the permutation which does not change
the set of elements of each column:

3 3 3 1
‘} —_— —
123. 7, 9l 32L ek
And we sort the lines
3 3 3 1

2 = =
1“3'12 12’321'12 213

From a standard tableau, we construct the formal alternated sums of the tableaux
obtained by this process

[Sn]
[

—
Lo




Representations of finite

groups: Example 6 (3)

Specht modules

The vector space spanned by these elements is a module for the
symmetric group.

One has

and,

213.e 3

1

2

[1S]

2

3

1

This defines a representation of &3

p(132) = (

0

n—lw‘

! ) . p(213) = (

1 0

2

. 213.e

0

b2

1)

-1 -1

This is an example of a more general construction: Specht representation




Subrepresentations

Let (p,V) be a representation of a group G, a subrepresentation is given by a subspace
V1 stable for the action of p.

Example:
Consider a permutation representation (p,V) of a finite group G.
The subspace generated by the vector whose each entry equals 1 is a subrepresentation

of (p,V). Indeed, the action of an element of G permutes the line of the vectors.
Hence:



Maschke Theorem

Maschke Theorem

If V. is a subrepresentation of (p,V), then V can be decomposed as a direct sum

Vel gl

where V_ is a subrepresentation of (p,V).

Example
Consider a subgroup G of &s. The subspace ¢
permutation representation.

is a subrepresentation of the

[ Iy WU [ ST S—

a

[R—

The complementary space is the set of the vectors ag verifying

a4

a; +as +ag +ayg+as =0 as

ay iy
a3 a2

ay a4
ag e (5

)
)
Remark that: o | as | =| awm | €W
)
)



Reducible and irreducible
representations

A representation having a proper subrepresentation is called reducible otherwise it is
called irreducible.

Example

Permutation representations are reducible.
Regular representation are reducible.

Representations of degee 1 are irreducible.
The Specht module S*" (see Example 6) is an irreducible representation of &3

Indeed, suppose that S¥*" has a proper subspace V, the dimension of V is 1. And V is

an eigenvectors of both ({J 1) and ( 0 1 )
1 0 ~1 -1

But this is not possible, since the two matrices has different eigenvectors.

st (3 3) (3 () s (%) -{(0)-(3)

More generaly Specht modules are the irreducible representations of the symmetric groups.



Decomposition of reducibles
representation

Consequence of the Maschke theorem: Each reducible representation is a direct sum of
irreducible representations

Ve~ Pa,V;

Example:
Consider the permutation representation of the cyclic group € := {123,231,312}

( 01 0
p(23)=1 0 0 1
\ 1 0 0 }
Since this group has only one generator and the matrix has three eigenspaces of dimension 1
es e~ 5 1
1 1 1
1

One has the following decomposition

Ejé_w E% 1
C3=C| == |aC| & aC| 1
1 1 1

0 1 0
eigenvects | 0 0 1
1 0 0



Induced representations

Let H be a subgroup of Gand set g = Card(G), h = Card(H), k = %

Let p be a representation of H. How to construct a representation of G from p?

Onehas: G=t{HetoHP. -2t , H t1,....1. €G

Onecanset t; =1

The map defined by p 15 () = (p(t; ' ty)),

with |
(:1‘):{ p(x) ifee H

pLE 0,,%m  otherwise.

is a representation of G called the induced representation of p.



H = {123,321} C G = &3

p(321) = ( [1] [1, )

63 = {123, 132, 213, 231, 312, 321}
Gs=H®I132.HH213.H

p 1 (213) =

o =

= o

o

o =

= O

Lo 15 (132) =

o =

o =

= O

— O

o =




The character x(p) of a representation p is defined by

G — C
)

x(p) : {

Remark that

x(p)(yry ™) = tr (plyxy ™)) = tr (p(y)p(z)p(y) ™) -

But tr(ABC) = tr(BCA)

Hence, a character is invariant on the conjugacy class

x(p)(yzy ™) = tr(p(z)) = x(p(z)).



Induced character= character of induced representation

Let H c G
Consider the decomposition of G into cosets

G=tH&t, H® - St H

One has X(p 15) =Y X(t; 'zti)
1=1

where

R



Central functions (1)
Definition and example

The central functions of a group G are the complex functions which are invariant on
the conjugacy classes.

Examples
The characters are central functions

if {Cq,..., Cp} denotes the set of the conjugacy classes of G, the functions

Card& .
b;(z) = { CardC; it z € Q
0 otherwise

are central.



Central functions (2)
A scalar product and a natural
basis

One defines a scalar product on the space of the central functions as the following
summation over the orbit of G:

|
CardG > [(@)g" ().
re(G

<frg>G —

The functions

Card(d .
bi(z) = CardC, if © € C
0 otherwise

are a natural orthogonal basis

CardG

(bis bj)e = CardC,

6.3'55,:.



Orthogonality of irreducible
characters

Irreducible characters = characters of irreducible representations.

We denote by Irrep G the set of all inequivalent irreductible representations of G, and by
(Ch,. ... Cr.} the set of the conjucacy classes of G.

Two orthogonality relations:

1-1f p,p' € Irrep G

k
, 1 )
x?,x") = o Card(Cy)x5 (X4)" = 0p.0

i=

The set of irreducible characters is an orthonormal basis with respect to the scalar product.

2- for each pair (i,)):

pElrrep G

Furthermore a representation p is irreducible iff  (x”,x”) =1



Conjugacy classes in the
symmetric group

A cycle c of length k is a permutation such there exist disctinct elements aq.....a;_;
such that

Ci{ﬂl}) = a;

Example: 521463:1 —5—6 — 3
Each permutation is a product of disjoint cycles.

42156398 = (14563)(2)(89).

Cycle type: the partition of the lengths of the cycles

ct(354175269) = [3321]

Fact:
Two permutations are conjugate iff they have the same cycle type.



Table of characters: an example

Consider the table of characters of the group &3

— ®» Conjugacy classes

Trivial representation «—

Specht module 21 (Example 6)«
Alternated representation «

b Y
- —

> |2 |
[
el R I el

=

|

'—I.

A0 = (L4300 +21.1)/6 =1
o) = (1,21 43.0.04+2.(-1).1)/6 =0
A = (L1 4+3(-1).1+211)/6 =0
First orthogonality relations (X%, = (1.2.243.0.0+2.(-1). )/6 =1
(30 = (L1.243.(=1).0+2.1. )/6 =0
\(ﬁ, Yy = (L.2.1+3.(-1). +2.1.1)/6 = 1.
C(111,111) = 1.0142241.1=6
(21,21) = 11400411 =2
: : (3,3) = L1+4(-1). +1.1=3
Second orthogonality relations A11.21) = 1142041, -
(111,3) = L142. +1.1 =0
o (2L,3) = LI40.-1+(-1).1=0



Central functions of the
symmetric group

Recall that the space of central functions is spanned by the functions:

CardG .
b;(z) = { CardC; itz e Q
0 otherwise
In the case of the symmetric group &,, the conjugacy classes are indexed by the

partitions of n.

The cardinal of the conjugacy classes [\] is known to be Card G
Zx

Recall that z) = lil'illzizig!...kikik!... if A\ = [“.,kik,...,Quz,]il]

2442221 = 1.11.2°.313°.014%.2 = 1536.

Hence, the space of central functions of the symmetric group is spanned by

ba(cr) = { o if ct(o) = A

0 otherwise



About symmetric functions

Compare  (by,b,) = 2305, and (Px.Pu) = 2x0x

where  Px =Px ---Pa if A=) Ar] @nd  pm =27 a3’ + .

qqqqq

denotes the multiplicative basis of power sums symmetric functions.

The polynomial px encodes the function b,

Remark: X(1s,) =Y z'b
Abn

But hn = » 2 pa
AFn

The complete function /2n = Z mx encodes the trivial representation.
A



The Young subgroup associated to the partition A = [A1,..., \;] F n is defined by

Hy = 601,001 @ @Gt dem i F L A Ae )

Example:
H3221 = 61123} ® 645 ® Sy6,71 ® Y4z}
31251678 € Hgo91
31261587 & Hgo9q



Example:

115 (213) =

o o =

1, :=x(1 Tg: .

Hgl = 1234+ 213 C 63
63 = HEI & 132H21 & 231H21

1152 (132) =

= o O
o = O
o = O
o O =
= o O

Lo ([111]) = 3. 121([21j) =1, 121(’[3]) =0

1153, (231) =

= o O

o o =

o = O



I Young subgroups and complete

I functions

121([111]) = 3? 121([21]) = 1,121{[3]) =0

I Hence 1 — _1 + —1
) e b b
21 5 21 9 111
C t 21 =— =P P
ompare 1o h 1 9 21 9 1

This is a general fact:

The multiplicative basis of the complete symmetric function encodes the (induced)

character of the trivial representations of the Young subgroups.




Equivalently:

By duality



Orthogonalization and
irreducible characters

One obtains the irreducible characters by orthogonalization of the 1, := x(1 TE:).

X' =14]
Ag-
=131 - —J.T{?x' Jlfl;f}_}fl = 131) — 14
Ot o)) 4 X dpey)
X% = liag) - ﬁ?‘% - amjigﬁl} Xt = Li22) — 3.1
Compare to
p 54 = h4
Su, hsa.
53?1 = h,331 — <<;4‘ ‘9341>> 54 = h—3!1 — h,4
(S4, ha o) (S[3.1] f2,2)
S = h — =L Sy — ' = S =h — h
2.2 2.2 (Sa. Sa) 4 (8[3,1],5‘[3,1]) 3.1 2.2 3,1



Irreducible characters and
Schiir fiinetinns

The Schur basis encodes the irreducible representations of the symmetric group.

Frobenius-Schur character formula:
Sx=>_z, "X ("

Or equivalently (by duality)




Conclusion

We have shown the following correspondancen: (Frobenius map)

Central functions

{

(basbu) = 220a

!

if ct(o) = A

otherwise

s

br(o) 0

Ly=x(115;). -

Irreducible characters *

-

Symmetric functions

Py =DPxy -+ Pxg

> <p.h1p;e> — zhﬁ}u,p

»-hy = Z zgllh(ﬁ)pm e Py

I
™ Schur functions

Other correspondances

Characters of induced of irreducible
rep of Young subgroups -+

Kronecker product

—» Product of Schur functions

—®» Inner product



Thank you
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