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Schur functions

fSymmetric functions over x = (z1,zs,...,,)
® Let A= (A, \o,...,)\,) be apartition of length < n
Eaid
® Schur functions: s)(x) = ”L =T
Ly

o Complete:  hi(x) = sk(x), ha(x) = hy, (x)hy,(x) - -

® Elementary: ep(x) = sx(X), ex(x) = ey (X)er,(x)---
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Schur functions

fSymmetric functions over x = (z1,zs,...,,) T
® Let A= (A, \o,...,)\,) be apartition of length < n
EAN
® Schur functions: sy (x) = ”L =T
Ly

o Complete:  hi(x) = sp(x), ha(x) = hy (X)hy, (Xx) -
® Elementary: erp(x) = s1x(Xx), ex(x) = ey (X)exn,(x)---
Transition matrices

® h,(x)=)>, K, sx(x) coefficients K,, € Z>

® s\(x)=>_, By, hu(x) where B=K"" with B, €Z
® Jacobi-Trudi:  s)(x) = | hy,—it+4(X) |

L with ho(x) =1 and hi(x) =0 if k£ <O. J
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Schur function products and quotients

Let A be the ring of symmetric functions of x¢, x,, . .. T

Basis of A: Schur functions s, for all partitions A

Stability: sy(xq,x9,...,2,) = sx(x1,T2,...,2,,0,0,...)

Product: s,s, =3, ¢}, sx outer product
Littlewood-Richardson coefficients c§, € Zxg

Coproduct: A:sy=> ¢\ s,®s,

TR %
Skew Schur functions: quotient
_ _ Ao
Dy sy = sy, = y Cow Su = \hki_w_iﬂ

Scalar product: (-|-) on A such that

(Sx]Su) = Oau and = (Su|sa8u) = (Sun | su) J

Seville-2009 _p.4



Hive model for LLR coefficients

#® Knutson and Tao [1999], as described by Buch [2000], j
and adapted by [2006]

#® An integer n-hive is a triangular graph with non-negative
integer edge labels satisfying:

» Elementary triangle condition: ¢ +7 =p
P

N o T
T
» Elementary rhombi condition: o« >~ and 5 > ¢

. < N

» Note: The triangle condition implies o+ = 3 + 7. J
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LR-hives edge labels

fDefinition An LR n-hive is an integer n-hive for which the
boundary edge labels are determined by partitions A, u, v of
no more than n parts with |\l + |u| = |v|
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LR-hives edge labels

fDefinition An LR n-hive is an integer n-hive for which the T
boundary edge labels are determined by partitions A, u, v of
no more than n parts with |\l + |u| = |v|

Theorem The LR-coefficient ¢, is the number of distinct
LR n-hives with boundary labels determined by A, i and v.

o |
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Stretched LR coefficients
f.ﬂ Partition A = (A1, Xa,..., \y) T
® Stretching parameter ¢t € N. Let tA = (tA,tAe, ..., t\,).
Littlewood-Richardson coefficients ¢ ..

r
» Stretched Littlewood-Richardson coefficients ¢ ..
r

Theorem [Rassart, 2004]
P (t) =cX, isapolynomialin t.
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Stretched LR coefficients
f.ﬂ Partition X = (A, Ao, ..., \,)

® Stretching parameter ¢t € N. Let tA = (tA,tAe, ..., t\,).

» Littlewood-Richardson coefficients cf ,.
» Stretched Littlewood-Richardson coefficients ¢ ..
r

Theorem [Rassart, 2004]
P (t) =cX, isapolynomialin t.

Ex: n =4, =(7530), p = (7420),v = (9964), o, =

1
Py (1) = 5 (5t + bt + 2)

1+ 3z + z°

B w(z) = gpwz = 1=
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Ehrhart quasi-polynomials

® Let P € R™ be arational convex polytope
® Let P be the interior of P

® For teN let i(P,t)=#{tPNZ™}

® For te N let i(P,t) = #{tPNZ™}

Theorem There exist polynomials F,(t) of degree d in t
and quasi-period k such that

i(P,t) = B(t) for t =I(modk)
ie. i(P,t) is a quasi-polynomial of degree d in t.

o
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Ehrhart quasi-polynomials

® Let P € R™ be arational convex polytope
® Let P be the interior of P

® For teN let i(P,t)=#{tPNZ™}

® For te N let i(P,t) = #{tPNZ™}

Theorem There exist polynomials F,(t) of degree d in t
and quasi-period k such that
i(P,t) = B(t) for t =I(modk)
ie. i(P,t) is a quasi-polynomial of degree d in t.
Theorem If P is an integer convex polytope then
i(P,t) = P(t)
- is a polynomial of degree d in t o
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Generating functions

fCoroIIary For all rational convex polytopes P there exists T

G(P,z) =) i(P,t) 2 = Niz)

= [ L (T —27)%

# with N(z) apolynomial in >z of degree <d
® > d,=d+1 and N(0)=1i(P,0)=G(P,0)=1
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Generating functions

fCoroIIary For all rational convex polytopes P there exists T

G(P,z) =) i(P,t) 2 = 3 “ﬁ (f)zp)dp

# with N(z) apolynomial in >z of degree <d
® > d,=d+1 and N(0) =i(P,0) =G(P,0) =

Corollary For all integer convex polytopes P there exists

G(P,z)zz (P, t) z —Z P(t 17(;))%1

t>0 t>0

® with P(t) apolynomialin ¢t of degree d
# with N(z) a polynomial in > of degree <d

L.o and N(0) = P(0) =4(P,0) =G(P,0)=1 J
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Application to stretched LR-coefficients

The LR-hive conditions define a rational convex polytope T
There exist A, u, v such that this polytope is not integer
Theorem (P, t) = Py (t) is polynomialin ¢

Ehrhart reciprocity: (P, —t) = (=1)% ¢(P,t) forall t € N

Corollary PY (t) contains (t+1)(t+2)---(t+m) asa
factor if m’P contains no interior integer points.
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Application to stretched LR-coefficients

f #® The LR-hive conditions define a rational convex polytope T
® There exist A, i, v such that this polytope is not integer
® Theorem i(P,t) = P} (t) is polynomialin ¢
® Ehrhart reciprocity: (P, —t) = (=1)% ¢(P,t) forall t € N

» Corollary Py (t) contains (t+1)(t+2)---(t+m) asa
factor if m’P contains no interior integer points.

Ex: n=T7,\=(433210), u = (432210), v = (7444321), ¢} — 13

(6) = oz (0 1)+ 2)(E+3)(E+4)(t +5)
- (5t 4 21)(t* 4 2t + 4)
1 +4z +122°% 4 32°

G = LR s
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Observations

fStretched LR polynomial:
® Py (t) = Yi,at! isapolynomial of degree d
s Problem predict d.
o Conjecture a; > 0 forall i

® Py (t) may contain factors (¢ + 1)(¢ +2)---(f +m) for
some m € N Problem predict maximum value of m.
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Observations

fStretched LR polynomial:
® Py (t) = Yi,at! isapolynomial of degree d
s Problem predict d.
o Conjecture a; > 0 forall i

® Py (t) may contain factors (¢ + 1)(¢ +2)---(f +m) for
some m € N Problem predict maximum value of m.

Generating function:
® G5,(2) = X% Pr(t)2' = N(2)/(1—2)*!
with N(z) =>"" , b; 2" a polynomial of degree n < d
s Problem predict n
L o Conjecture b; non-negative integer for all ;
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Characters of the symmetric group 5,

Irreducible representations specified by partitions
A= (A1, A, ..., ) F

Conjugacy classes specified by partitions
p=(1912%...n%%) Fn
Characters

n!

H(A)

Dimensions y}. = f) =

Seville-2009
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Characters of the symmetric group 5,

- N

# lrreducible representations specified by partitions
A= (A1, A, ..., ) F

#® (Conjugacy classes specified by partitions
p=(1912%...n%%) Fn
# Characters

n!

H(A)

® Dimensions 3. = f) =

Ex. n=8, A=(4,3,1), f =28!/(6.4.3.1.4.2.1.1) = 70.

X | k| sk 6
L = hook: \ hook lengths: |4

o S

Seville-2009 -p. 13
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S,, character formulae

f’ Power sums: p, =2 + 25 +... for k=1,2,...

® let p=(1*,2* ... n*)Fn and z,=]][,_, k% as!

® Power sum functions: p, = p{* p5? - - po»

1
Frobenius p, = Z X, sn and s, = Z = X Py
AFn pkn 7P
X;\ = (sa ’pp)

® Hence

Seville-2009
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S,, character formulae

f.’ Power sums: p, =2 + 25 +... for k=1,2,...
® let p=(1*,2* ... n*)Fn and z,=]][,_, k% as!
® Power sum functions: p, = p{" p5* - - po»

1
: _ A . A
Frobenius p, = § X, S and s, = § — X, Dp

AFn pFn P
#® Hence Xg = (sx|Dpy)
Murnaghan-Nakayama x,= ) (=171 x4,
A/ p=¢
® p= ( 7]{0%’...) — p\k: ( 7kO‘l@_l’...)
#® The sum is over those p for which A\/u is a continuous
L boundary strip ¢ of k£ boxes occupying row(£) rows.

Seville-2009

-

|

-p. 14



Reduced notation - Murnaghan, 1938

fScharf and Thibon [1994] T
® For pkFmlet () =) 7 Sm-mu =01 Dx_, s, then

ED SRR ED SR SIS

nez hﬂi—l_i+j k€Z>q 3>0

® Let " = ((u)]p,) with p=(1"1,2%2, )+ n, then
Xém — Xgn_m’ﬂ) — (Ul D, S ‘pp) — (DA—1 S ‘Dm pP)

with Dy, s, = Z (—1) Sy /19
Jj=0
and D, p, = (p; +1)™

Seville-2009 -p.15



Character polynomial - Frobenius, 1904

qupta [1952] Character expressed as a polynomial in the aiT

Y H()

k>0 &Fm—k i>1 \ D

with p= (121,222 . )) and £ = (17,202, )
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Character polynomial - Frobenius, 1904
qupta [1952] Character expressed as a polynomial in the aiT

=3 > oI

k>0 ¢éFm—k i>1 Bi
with p= (121,222 . )) and £ = (17,202, )

Butler and K. [1973]
® Let [ =W = nmmm) — pln=mn) Thep

SPIDIE- D IR I N

k>0 kbk ntm—k i>2 i

L with p = (1*1,2%2 ...) and n = (272,37, ...) J
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Example

f.p Character in case (u) = (3,2,1) with p= (121,222 . ) T

K = oo — 1)(ar — 2)(a — ) — 6)(on — 8)

1 1
- ;alar—Dlar=5)as — —(ar —1){ar —2)(a1 = 3) as

— asz(az —1) + (a3 — 1) as

Seville-2009 -p. 17



Example

Character in case (u) = (3,2,1) with p = (121,2% .. )) T

20 = Lo (ar — 1)(an — 2)(an — 4) (a1 — 6)(an — 8)

— il —D)(ar —5)as— (a1 —1)(as —2)(r —3) s

— asz(az —1) + (a3 — 1) as

5/3[1
Note: |u| =0, F**' =[31] , H(p) =5-3-1-3-1-1=
1

7820 = Lo — 1)(n— 2)(n— 4)(n — 6)(n—8) with zeros

at n=0,1,2,4,6,8 determined by S(n—6,3,2,1) = 0

(321)

X IS a polynomial of degree depending only

on «q, as, a5 With sums of indices <

Seville-2009
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Case (p) with p=m and p = (1*1,2%2, .. )

f.ﬂ The character y!* is a polynomial of degree m T

P

® Depends only on o, with £ a hook length of F*

® |n each term the sum of the indices k£ is <m

Ry 15 n=m-+ u; —1
9 S(n—m,,u) — I =0 & ‘ K
h,ui—i—l—l—j for + = 17 2, Ny’
1 m
® Butler and K. [1973] fi# = 7 [ n—m—pi+i)
K)o
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Case (p) with p=m and p = (1*1,2%2, .. )

s

9o

The character ! is a polynomial of degree m

Depends only on o, with £ a hook length of F*

In each term the sum of the indices k£ is <m

P —m—1+; n=m- ; —1
S(n—m,pu) — =0 &
h,ui—i—l—l-j for + = 17 2, Ny’
1 m
Butler and K. [1973] f = —— || (n —m — p; + i)
H(p) -3
In fact setting Xff” =0 forall p+m+ p; — i with
i=1,2,...,m completely determines x* asa

polynomial in the «, of degree m, with leading
term of"/H(u) [K. and Welsh, 2009]

Seville-2009
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Example

fNature of character polynomial T

9o

9

9o

Let X! () = x"732D = xBU with p = (1,2%2,...)
Then X?*'(«) is a polynomial in oy, s, a3 of degree 3

In each summand the sum of the indices £ onthe a; is
no greater than 3

21 2
X (a) = cpai + c1a4 + cpay + ¢3 + chian + s + cgais

Seville-2009 -p. 19



Example

fNature of character polynomial
® Let X?'(a) =" = &1 with p= (17,202, .)
® Then X?*(«) is a polynomialin a;,as, a3 of degree 3

® In each summand the sum of the indices £ onthe «; is
no greater than 3

® X% a) = cyad + c1a2 + oy + ¢z + cpaqan + csan + cgars
|dentification of zeros
hn—S hn—2 hn—l hn

-

K S(n—3,2,1) — =0 = ne€ {O, 2,4}

Seville-2009
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Dimension
fDimension p=1% with oy =n and a;, =0 for k> 1 T

|
® X2n 0. . . 0) =320 _ p(n-321) _ n.:
(.0, 0y =xa In H(n—3,2,1)
_ n! - n(n—2)(n—4)
In—1ln=3[n=5] - 9 1 - 3
3 1
1
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Dimension
fDimension p=1% with oy =n and a;, =0 for k> 1 T

|
® X2(n 0. . ..0) =320 _ p(n=321) _ n:
(.0, 0y =xa In H(n—3,2,1)
_ n! - n(n—2)(n—4)
In—1ln=3[n=5] - 9 1 - 3
3 1
1

Alternatively

o #"*2Y is a polynomial in n of degree 3 with leading

term "~ — ™ and F=320 _ 0 for n=0,2,4
= — p— n —
H2D) 3 o
1
® Hence f"321) = _n(n—2)(n—4)

o 3 |
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Implication of zeros for complete polynomial

X« :cgoz3+cloz2+cgoq+cg+c4041042+c5042+c6043
1 1

o co—ﬁ:% and X*'(a)=0 forall pFnc{0,2,4}
e p=0: c3=0
o p=2. c3+c3=0
s p=1% 8cy+4ci +2c+c3=0
s p=4: no information
o p=13. cg+c1+co+c3+c5=0
o p=2% ¢34+ 2c5=0
o p=1%2: 8¢y +4c; +2cy+c3+2cs +c5=0
o p=1% 64cy+ 16¢c; +4cy +c53 =0
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Implication of zeros for complete polynomial

X« :C()Oé3—|—C1CV2—|—CQCV1—|—C3—|—C4041042—|—C5042—|—C6CV3
1 1

r Cozﬁ:% and X?*'(a) =0 forall pFn € {0,2,4}
s p=20 C3 =
s p=2 c3+c5; =0
e p=1% 8cy+4dc; +2c+c3=0
s p=4: noinformation
o p=13. cg+c1+co+c3+c5=0
o p=2% ¢34+ 2c5=0

o p=1%2: 8¢y +4c; +2cy+c3+2cs +c5=0

o p:14: 64cy + 16¢c1 + 4co +c3 =0

1

\_ ® Unique solution: X*'(a) = 3 (o —2)(og —4) — s J

Seville-2009 -p. 21



Kronecker coefficients

~ ® Characters x; form an orthogonal basis of the space of |
class functions of S,,.

#® Product: X; X)) = Z Iru X, With A pv,pbEn

Kronecker coefficients g%, € Zxg

1 . ..
® Note g, =) — X> X5 X% is symmetricin A, p, v

, P
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Kronecker coefficients

Characters x; form an orthogonal basis of the space of |
class functions of S,,.

Product: X; X)) = Z Iru X, With A pv,pbEn

Kronecker coefficients g%, € Zxg

1 . .
v T Vo.M
Note g, = Zp: SRR is symmetric in A, u, v
Inner product: sy *s, =3, 95, s,
Inner coproduct: ¢ :s, =, g5, Sx ® sy

Sp xS, =s, and 5:37%:2#%7@ S, &S,

Stn—11) * Sy = Su1 51— S, = -+ (dp(p) — 1) s, + - -
where dp(u) is the number of non-zero distinct parts of MJ

Seville-2009 -p.22



Evaluation of Kronecker coefficients

fTheorem see for example [Robinson, 1961] T
T =
Z,i B)\,H Zpl—ﬁ;l Zal—ﬁ;z T ZTI—K}n (Z Cpa 7') (Zy CZO'“'T)

Proof:

® s, =|hy, Zﬂ\—ZBARh— > Bakhihgoo by

r>s>---2>t

o 5:hr:Zsp®sp and  s,5, --- s —Z CANIE

pr
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Evaluation of Kronecker coefficients

fTheorem see for example [Robinson, 1961] T

I =
Z/«; B)\,n Zpl—ﬁ;l ZJI—RQ T ZTI—K}” (Z Cpa 7') (Zy CZO'“'T)

Proof:

® s, =|hy, Zﬂ\—ZBARh— > Bakhihgoo by

r>s>---2>t

o 5:hr:Zsp®sp and  s,5, --- s —Z CANIE

pr
Corollary Forall p>0 and utkn

S(n—p,p) * Spu = Zal—p Su/o So — ZTl—p—l Su/T ST

o |

Seville-2009 -p.23



Special case A = (n — p, p)

fCoroIIary Forall p>0 and utn
S(n—p,p) * Sp = Zal—p Sujo So ZTl—p—l Su/T St
Proof Stn—pyp) = Pn—p Np — hp—pi1 Np_1
P (Zpl—n—p Sp & Sp) ( Zal—p So & 50)
= (an Su) & (Zal—p Sp/o 50)



Special case A = (n — p, p)

fCoroIIary Forall p>0 and utn

S(n—p,p) * Sp = Zal—p Sp/o So ZTl_p—]. Su/T St

Proof

S(n—p,p) = hn—p Py — Pen—pt1 hpa

0: hn—p hp — (Zpl—n—p Sp 2 SP) ( Zal—p So X SU)

Note: forany q > 1y

X k% kX

(gP) * x
k %k k  k  xk

o

*
*
*
o
*

x* ok

p/o

- (Z,ul—n Su) & (Zm—p Su/o 30)

= Sujo So = S(gr4o.u)/(q"0)

Seville-2009
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Combinatorial model in case A = (n — p, p)

fTheorem [Ballantine and Orellana, 2006] expressed here in T
terms of hives
If 111 >2p—1 then gu—pp) . iSthe number of hives with
boundary as shown forall ¢ - p with ¢ =p; and XY =0

g+or - qto,  w gy

LThis is a subset of the hives contributing to (s(v40.)/(37.0) | $2) J

Seville-2009 -p.25



Proof

f.o For given o let 7= (01 —1,09,...,0,) T
® Let ¢ be a map from a o-hive to a potential 7-hive
obtained by deleting 1 from all thick edge labels

® Underthismap v: X — X —-1landy: YV —Y —1

® Theresultisa 7-hiveifandonlyif X >0 and Y > 0

g+or—1 - qto, g g

Seville-2009 -p.26



Proof contd.
f.p Underthismap v : 7 +— Z +1 T

® All 7-hives are obtained other than those with 7 +1 =0
#® There exists no such r-hive unless u; < 27 = 20y — 2

#® All 7-hives are obtained if u; > 2p— 1> 207 — 1

Seville-2009 -p. 27



Proof contd.
f.p Underthismap v : 7 +— Z +1 T

® All 7-hives are obtained other than those with 7 +1 =0
#® There exists no such r-hive unless u; < 27 = 20y — 2

#® All 7-hives are obtained if u; > 2p— 1> 207 — 1
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EX: p=3,g=06,1=(12,3), 0 = (5433),v = (6441), ¢¥, =4

Seville-2009 -p.28



Ex: (3,0,0)-hive mapped to a (2,0, 0)-hive
-

Seville-2009



Reduced Kronecker coefficients

fTheorem: [Murnaghan, 1938] T
let A\=(n—r,p),u=(n—s,0),v=(n—1tT1)
with n € Z>g and ptr,oF s, 7=t. Then
SA* Sy =2, Jrs Su
reduced Kronecker coefficients g’ € Zxg
with g’ independent of n

Note For n sufficiently large we have ¢§, =7/,
but for n — ¢t < 74 modification rules are required

o |
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Reduced Kronecker coefficients

fTheorem: [Murnaghan, 1938] T
let A\=(n—r,p),u=(n—s,0),v=(n—1tT1)
with n € Z>g and ptr,oF s, 7=t. Then

SA* Sy =2, Jrs Su
reduced Kronecker coefficients g’ € Zxg
with g’ independent of n

Note For n sufficiently large we have ¢§, =7/,
but for n — ¢t < 74 modification rules are required

Theorem: [Thibon, 1991] For all partitions p, o, 7
(p) * (o) =3, G, (T)  reduced inner product

o |
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Relation between non-reduced and reduced cases

fTheorem [Briand, Orellana and Rosas, 2008] T
Let \, u, v be partitions of n with

A=n—rp),u=Mm-—s,0),v=(n—t 7). Then
g, =) (1) gl
i>1

where 7(1) =171

and 7(i)=(n—-t+1,n+1,..., 5 0+ 1,7,...,7) for i >2

Proof Use reduced inner product and select all terms of
weight n together with the modifications following from

Sn—t—1+4j . :
S(n—t,r) = R and moving :th row to top

STi_1—i+]

Seville-2009
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Littlewood’s formula
fLittlewood [1958] (modern derivation by Thibon [1991]) T

) * (o) = > ((sp1c0)) (So/tme)) (s % 5y))

§m,¢

Z ((Spse) (So/m) Ds,(Se % 5y) )

§,m,m

Seville-2009



Littlewood’s formula
fLittlewood [1958] (modern derivation by Thibon [1991])

) * (o) = > ((sp1c0)) (So/tme)) (s % 5y))

§m,¢

Z ((Spse) (So/m) Ds,(Se % 5y) )

§,m,m

Special cases
® (1) * (o) = (5155) + (So/151) + (55/1)
® (2) % (o) = (S255) + (51 55/1 (51 + 50))
+ (So/2 (S2+ 851+ 50)) + (Soy12 (512 + 1))
® (1) *(0) =D 150 era  Sr—a Soje (Q_ys0 Se/y) )
-
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Special case (r) * (s) = > __g; (T)
B ()% (s) = S-S5z So—y) -

x>y>0

— Z < h/rr—_g(; hs—:c hm—y >
x>y>0

— S: S: KT,(r—x,s—:U,w—y) <T>
x>y>0 T

where the Kostka coefficient K, ;5. =
1—|—min2_1{7'1—7'2,7'2—7'3,71—&,7'1—[?, Tl—C,CL—Tg,b—Tg,C—Tg}
with

® min> ({---} =min{---} ifallarguments are >0

L’ and min> ({---} = -1 ifanyargumentis <0 J

Seville-2009 -p.33



Stretched Kronecker coefficients
f » Kronecker coefficients g5, T

» Stretched Kronecker coefficients Q% () = g% .,

Seville-2009 -p. 34



Stretched Kronecker coefficients

f » Kronecker coefficients g5,
» Stretched Kronecker coefficients Q¥ ,(t) = g% ,,

Ex1:Forn =2, A= (11), p = (11), v = (11)

1t =0(mod2)
#o=0. &0 -1
0 t=1(mod2)

Seville-2009
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Stretched Kronecker coefficients
f # Kronecker coefficients g5,
» Stretched Kronecker coefficients Qf,(t) = g% ,,
Ex1:Forn =2, A= (11), p = (11), v = (11)

1t =0(mod2)
#o=0. &0 -1
0 t=1(mod2)

Ex2:Forn=3, A= (21), u = (21), v = (21)
{ (t + 2) t = 0(mod2)
(t+1) t=1(mod2)

gK,u = 2, QK,u(t)

= N

Seville-2009
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Stretched Kronecker coefficients

f » Kronecker coefficients g5,
» Stretched Kronecker coefficients Q¥ ,(t) = g% ,,

Ex1:Forn =2, A= (11), u = (11), v = (11)
1t =0(mod2)
Iae =0, QF,(1) = {
. Aul) 0 t=1(mod2)
Ex2: Forn =3, A= (21), u=(21), v = (21)
Lt +2 = 2
(t+1) ¢t =1(mod2)
Ex 3: Briand, Orellana and Rosas [2008]
Forn =12, A = (66), p = (75), v = (642)
2(t+2) t=0(mod2)

=0 A= { (1) t=1(mod2)

Seville-2009
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Further examples of Q% () = gfi)w

fEx 4: Forn =6, A = (21), p = (111), v = (111), g¥, = 0

y

= §(t+6) = 0(modo)

=<(t—1) t=1(modb)

V B _ %(t +4) t=2(modb)
Qxu(t) = S =1t +3) t=3(modb)
= §(t+2) = 4(modo)

| =5t +1) t=5(modb)

Ex 5: Briand, Orellana and Rosas [2008]
Forn =18, A = (10,8), n = (11,7), v = (10,6,2), ¢§, = 3

&= { )

(7t* + 6t +4) t = 0(mod2)
(7t* + 6t — 1) t = 1(mod2)

Seville-2009
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Remarks on Q)Y (¢)

. By definiion Q%,(t) = g, € Zs0 o

® Theorem [Mulmuley 2007] Q% (t) isa
guasi-polynomial in ¢ of some quasi-period k&
ie. there exist polynomials P (t) for( =0,1,... ., k—1
such that Q% ,(t) = Fi(f) for all = I(mod k)

#® QObservation [Briand, Orellana,Rosas, 2008]
Q%,(t) does not satisfy the Saturation Hypothesis
le. there exists A, i, v such that
Q%,(1) >0+ Q%,(t) >0 forall t €N

o Ex1:Q5,(1)=0# Q%,(t)=0 forall ¢t >0
o Ex3:Q%,(1)=0# Q%,(t) =0 forall ¢t =1(modk)
. e Ex3: P(1)=0+4 P(t)=0 forall ¢ |

Seville-2009 —-p. 36



Remarks on Q)Y (¢)

f.’ Observation [Briand, Orellana,Rosas, 2008] T
Q%,(t) does not satisfy the Positivity Hypothesis
le. there exists A\, u, v and [ such that at least one
coefficient of P(¢) is negative. cf. Ex 3,4,5

® Remark Q% ,(f) is not necessarily an Ehrhart
guasi-polynomial since there exists A, i1, v such that

s Q%,(1)=0% Q%,(—1) =0 or more generally
o Q%,(m) 2 (=1)*Q%,(=m) =0 forany m >1
le. a violation of Ehrhart reciprocity. cf. Ex 3

In such cases Q%,(¢) cannot count the number
of integral points of any expanded rational convex
L polytope

Seville-2009 —-p. 37



Q%,(t) with A = (n —1,1) and p = v

fCaseswith a>0,a>b>0anda >b>c>0 as
appropriate for t =0,1,...,12

-

p=v (012 3 4 5 6 7 &8 9 10 11 12

r oo o0 0 0 O 0 0 0 0 0 0
aa r o1 0 1 0 1 0 1 0 1 0 1
ab 112 2 3 3 4 4 D D 6 6 7
aaa 1 01 1 1 1 2 1 2 2 2 2 3
aab,abb |1 1 3 4 7 9 14 17 24 29 38 45 57
abc 1 2 6 12 24 42 72 114 177 262 380 534 738

LConjecture The results are independent of a, b, ¢

Seville-2009
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Q%,(t) with A = (n —1,1) and p = v

fCaseswith a>b>c>d>0 for t=0,1,...,10 T
u=v|0 1 2 3 4 5 6 7 8 9 10
acaa |1 0 1 1 2 1 3 2 4 3 D
abbb |1 1 3 5 9 13 22 30 45 61 85
aabb |1 1 4 6 14 20 40 56 98 136 218
abcc |1 2 7 16 38 77 157 291 533 922 1566
abcd |1 3 12 36 102 258 616 1368 2892 5812 11220

Conjecture The results are independent of a, b, ¢, d
The cases abbb and aaab are identical
\— The cases abce, abbe and aabe are identical J

Seville-2009 -p. 39



Q% (1) with A= (n—1,1)and u = v

fCaseswith a>b>c>d>e>0 for t=0,1,...,10

uw=v |0 1 2 3 4 5 6 7 8 9 10
aaaaa |1 0 1 1 2 2 3 3 5 D 7
abbbb |1 1 3 5 10 15 26 38 60 &85 125
aabbb |1 1 4 7 16 27 b4 88 158 253 421
abccc |1 2 7 17 42 91 196

abbcc |1 2 8 20 55 128 304

abcdd |1 3 13 42 133 378 1029

abcde |1 4 20 80 300 1020

LConjecture The results are independent of a,b, ¢, d, e
The cases abbbb and aaaab are identical, etc.

Seville-2009
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Nature of Q) (¢)

f #® A quasi-polynomial of degree d and quasi-period k& T
o Q% () = aq(t)t* + - +ar(t)t + ao(t) with aq(t) # 0
» a;(t) is either constant or has some integer period m|k
» lowest common period k
e a;(t) =lco,C1y-..,Cm1]m Signifying that
a;(t) =c, forall t =r(modm) forr=20,1,...,m—1

Seville-2009 —p. 41



Nature of Q) (¢)

f #® A quasi-polynomial of degree d and quasi-period k&
o Q% () = aq(t)t* + - +ar(t)t + ao(t) with aq(t) # 0
» a;(t) is either constant or has some integer period m|k
» lowest common period k

s a;(t) =|co,c1,---,Cm1]m Signifying that
a;(t) =c¢, forall t =r(modm) forr=0,1,...,m—1
1
® Ex Q2113(>_6 (t+16,—1,4,3,2,1])
1
®» Ex le a(t) = 8 (£ 4 [12,6]5 ¢

T [487 _77 207 217 327 _77 367 57 327 97 207 5]12)

o

Seville-2009
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Observations contd.

fGenerating function: T
» GKM(Z) Zt 0 Q)\,u( /D
® D( ) — (1 _ Zpl)nl (1 _ ZP2) e (1 _ me)nm
with all n; > () and Z;n:l n; = d—+1
e k=Ilem{pi,p2,.-.,Pm}
s N(z)=> ", bz isapolynomial of degree n <d
e bp=1 sothat G%,(0) =Q%,(0) =
o Conjecture b; is an integer for all ;

Seville-2009 -p. 42



Observations contd.

fGenerating function: T
» GKM(Z) Zt 0 Q)\,u( /D
® D( ) — (1 _ Zpl)nl (1 _ ZP2) e (1 _ me)nm
with all n; > (0 and Z;n:l n; = d—+1
e k=Ilem{pi,p2,.-.,Pm}
s N(z)=> ", bz isapolynomial of degree n <d
e bp=1 sothat G%,(0) =Q%,(0) =
o Conjecture b; is an integer for all ;
Ex: Forn =6, A = (51), u = (321), v = (321), g5, =2,
degree d =5, quasi-period k = 6.
1 — 2+ 2°

- W) = TR e ) |

Seville-2009 -p. 42




Stretched reduced Kronecker coefficients

f.o reduced coeffs 7, stretched reduced coeffs g7 . T

® Theorem @, (t) =7, ,, isquasi-polynomialin ¢.

Seville-2009 —p. 43



Stretched reduced Kronecker coefficients

f.’ reduced coeffs 7, stretched reduced coeffs g7 . T
® Theorem @, (t) =7, ,, isquasi-polynomialin ¢.
Ex: p=(1),0=(21), v =(21), B =2, Gio(t)
ST+ 6)(3t* + 42t7 4+ 238t* + 612t + 720) t = 0(mod6)
t+5)(3t" + 45t° + 265t° + 715t + 412) ¢ = 1(mod6)
t -+ 4)(3t" + 48t° 4 298t* + 848t + 1000) ¢ = 2(modb)
t+3
——(t +2

(

(

(

(3t* + 51¢° + 33717 + 1029t + 900)  t = 3(mod6)
(3t + 54t? + 38217 + 1276t + 1840) t = 4(mod6)
(

)
)
——(t+ 1) (E+4)(t+ 7)(3t> + 241 + 85) ¢ =5(mod6)

Seville-2009 —p. 43



Example continued

A

lternatively,

_ 1
Qio101(t) = —o= (3 £+ 60t* + 490t + 2043 ¢

4320
_|_

_|_

4392, 3087], ¢

4320, 2060, 4000, 2700, 3680, 2380]6>

where each [cy,c1,...,cn_1],n Signifies that the coefficients
take the values ¢, for t = r(modm) and r=0,1,...,m

o

Seville-2009
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Example continued

A

lternatively,

_ 1
Qio101(t) = —o= (3 £+ 60t* + 490t + 2043 ¢

4320
_|_

_|_

4392, 3087], ¢

4320, 2060, 4000, 2700, 3680, 2380]6>

where each [cy,c1,...,cn_1],n Signifies that the coefficients
take the values ¢, for t = r(modm) and r=0,1,...,m

Note: Degree d = 5, and quasi-period k = 6.

o

Seville-2009

—p. 44



s

tretched reduced Kronecker coefficients:

Observations

-

® Q1) =3, alt)t isaquasi-polynomial of degree d

K

K

K

K

ao(0) =1 sothat @, (0) =1

each «;(t) has integer period

lowest common period k

forall t = m(modk) all a;(t) are constant
and Q,,(t) is a polynomial

Conjecture all a;(t) >0

T

for some m and ¢t = —m(modk) @, () contains
factor (t +m) Problem - predict which m

8 Ex. Qin(t)=0 for t=—1,-2,-3,—4,-5 —6,-T. |

Seville-2009 —p.45



Data on @fa(t) witha > 0> 0

oc=T1|N N x @Ta(t)
a 1/2 t
+12, 1],
aa 1/72 | ¢+ 12¢°
+t 48, 39]5
+[72, 20, 64, 36, 56, 28]¢
ab 1/4320 | 3t° + 60t* + 490> + 2043¢2

+ 4392, 3987),
+[4320, 2060, 4000, 2700, 3680, 2380]s

Seville-2009
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Data on @, ,(t) witha > b > ¢ > 0

N

N Q71 , (1)

1/103680

6t° + 225t% + 3160t3 + 2 [*, *],

+1 [*7 Xy 0k, K, K, *]6 + [*7 Koo 7*]12

1/209018880

219 + 135¢% + 40927 + 72900t° 4+ 845712¢°
44 [, *|o + {3 %, *|o + {2 [, %]

+1 [*7 Xy 0k, K, K, *]6 + [*7 Koo 7*]12

abc

1 /45984153600

12t 4 990¢1° + 36740t” + 809325¢°
+11770176t" + 118974241t° + 85655328t°
_|_t4 [*7 *]2 + 10 [*7 *]2 + t? [*7 *]2

+1 [*7 X, 0k, Kk, K, *]6 + [*7 Ky00e 7*]12

Seville-2009 —p. 47



Data on @, () witha > b>c>d >0

N

N Q71 ,(t)

1/1451520

t7 4+ 8415 + 2877t + 51660t4
4¢3 %, %[y + 2 [, %]

1 [k, %, ok, kK, ok

J12 + [*, %, -+, *60

Seville-2009
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Observations contd.

fGenerating function: T
® G(2) = X2, Qu(t) ' = N(2)/D(2)
® D(Z) — (1 _ Zpl)nl (1 _ ZP2)”2 .. (1 _ me)nm
with all n; > () and Z;n:l n; = d—+1
e k=Ilem{pi,p2,.-.,Pm}
s N(z)=> ", bz isapolynomial of degree n <d
s bp=1 sothat G,,(0)=Q,,(0) =1
o Conjecture b; is an integer for all ;

T
o

Seville-2009 -p. 49



Observations contd.

fGenerating function: T
® G,(2) = X2, Qu(t)2' = N(2)/D(2)
o D(z)=(1—2P )" (1—2P2)"2...(1— zPm)"m
with all n; > () and Z;n:l n; = d—+1
e k=Ilem{pi,p2,.-.,Pm}
s N(z)=> ", bz isapolynomial of degree n <d
s bp=1 sothat G,,(0)=Q,,(0) =1
o Conjecture b; is an integer for all ;
Ex: p=(1),0=(21), 7= (21), g1 =2,
degree d =5, period k = 6.

—92] 1 —z+ 22

- Sl = Tpa -2 - ) .

Seville-2009 -p. 49
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Further data on @10(2) witha > 0> c> 0

-

p 0O=T @ia(z) d kT
1l a 1/(1—2)(1 — 2% 1 |2
1 aa 1/(1—2)(1—2%)2%(1— 2% 3 |6
1 ab (1— 2+ 2%)
/(1 —2)°(1 —2%)%(1 — 2°) 5 |6
1 aaa | 1/(1—2)(1—2%)2(1—2°)%(1— 2% 5 |12
1 abb | (1 —z+22°— 24 2%
/(1 —2)3(1 — 29)*(1 — 2%)%(1 — 2*%) 9 |12
1 abc (1— 2+ 22)(1 — 24 2% +42° + 2* — 2° + 2°)
/(1 —2)°(1 —2)*(1 — 2%)%(1 — 2*%) 11]12
1 agaa | 1/(1— 2)(1— 22)2(1 — 2)2(1 — 212(1—2%) |7 |60

Seville-2009



Data on G ;(z) and Q; 5(t)

r [T Qns(1)
11]1/(1 - 2) 1

10| 1/(1 = 2)(1 — 2?%) (t+[2,1]2)/2
0 | 1/(1-2) t+1

8 |(14+2z+22)/(1—2)(1—2%) | (Bt+[2,1]2)/2
7 (1 2)/(1 - 2)? 2t + 1

6 | (1+22+22%)/(1—2)(1—2%) | (5t+[2,1]5)/2
5 | (142)/(1—2) 2t + 1

4 11/(1-2z) 1

3 [1/(1—2% t+1

2 | 1/(1—2)(1 - 22) (t+ [2,1]5)

1 1/(1 = 2) 1

Seville-2009




Data on G ;(z) and Q; 5(t)

| Gys(2) Qgs5(t)

92 | 1/(1 — 2) 1

82 |1/(1 — 2)*(1 — 2?) (t* + 4t + [4, 3]2)4
721 (14+2)/(1—2)3 2+ 2t +1

62
52
42
32
22

(4t* 4+ 5t + [2,1]2) /2
(5t* + 5t +2)/2

(7t* 4 8t + [4,1]) /4
(3t* 4 6t + [4,1])/4
1

Seville-2009




Data on G ;(z) and Q; 5(t)

T | Ggs(2) Q5(1)

621 | 1/((1 — 2)3(1 — 2?)) (t* 4+ 4t + [4,1]2) /4
531 | 1/(1 — 2)3 (t* 4 3t + [2,1]2)/2
521 | (1+ 2+ 22)/((1 — 2)2(1 — 22)) | (3t2 + 6t + [4,1]5)/4
432 | 1/(1 — 2) 1

Seville-2009




Data on G ;(z) and Q; 5(t)

[ e Qi) .
621 | 1/((1 — 2)%(1 — 2?)) (t* + 4t + [4,1]2)/4
531 | 1/(1 — 2)3 (t* 4 3t + [2,1]2)/2
521 | (142 + 22) /(1 — 2)2(1 — 22)) | (3% + 6t + [4,1],) /4
432 1 1/(1 — 2) 1
Summary

® (), (t)all of degree <2 and quasi-period < 2
® Q. (t)= (A’ +Bt+14,C])/4 Conjecture A, B,C € Zxg
® G, (2) = (L4+pz+q2°) /(1= 2)4(1 — 22)to4H)

o |

Seville-2009



Stability of stretched Kronecker coeficients

m,uyn 0123456789T

66 75 642 |n=12|1 0 2 1 3 2 4 3 5 4
76 85 742 [n=13|1 2 6 10 17 24 34 44

836 95 842 |n=14|1 3 10 18 31 45 64

6) (5) (42) [n>15[1 4 12 22 37 54 76 100 129

Seville-2009 -p. 54



Stability of stretched Kronecker coeficients

|7)\ v n o1 2 3 4 5 6 7 8 9 T
66 75 642 |[n=12|1 0 2 1 3 2 4 3 b 4
7 8 742 \n=13|1 2 6 10 17 24 34 44
8 95 842 |n=14]1 3 10 18 31 45 64
(6) (b)Y (42 |n>15|1 4 12 22 37 54 76 100 129

AoV G(z)

66 75 642 | (1 —2z2+2%)/(1—2)(1— 2%

7685 742 | (14222)/(1 — 2)2(1 — 22)

86 95 842 | (1+2z+42*)/(1—2)*(1 — 2%
(1+22+422)/(1 —2)%(1 — 2 o

Seville-2009 -p. 54




-

Stability of stretched Kronecker coeficients

A

14

vV

Q(1)

66
76
86

(6)

16!
89
95

(5)

642
742
842
(42)

(t+1[2,—1]2)/2

(3t* + 4t + [4,1]2) /4
(3t + 3t +[2,0]5)/2
(7t* + 8t + [4,1]2)/4

Seville-2009
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Stability of stretched Kronecker coeficients

Aopov Q)
66 75 642 | (t+[2,—1]5)/2
76 85 T42 | (3t* + 4t + [4,1]3)/4
86 95 842 | (3t? + 3t +[2,0])/2
(6) (5) (42) | (7t* + 8t + [4,1]3)/4
Aopoov Q1)
66 75 642 | (0t2 + 1t + [4, —2]2)/4
76 85 742 | (3t* + 4t + [4,1]1)/4
86 95 842 | (6t* + 6t + [4,0]2)/4
(6) (5) (42) | (7t* + 8t +[4,1]5)/4

Seville-2009
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Stability of Kronecker coeficients

~ Stability o
o Let)\:(n—r’p),lu:(n—S,O’),V:(n—t,T)
with pFr, o s, 7 Ft.

® There exists b € N such that g5, =g, forall n>b.

® Problem determine b

Seville-2009 - p. 56



Stability of Kronecker coeficients

~ Stability O

o Let)\:(n—r’p),lu:(n—S,O’),V:(n—t,T)
with pFr, o s, 7 Ft.

® There exists b € N such that g5, =g, forall n>b.

® Problem determine b

Example
® (6)*%(5) = -+ +4(42)+6(52)+5(62) +4(72) +2(82) +(92) +-
® (6)x(42) =---+4(5) +6(6) +---+2(9) + (10) + - -
® (5)*(42) = -+ +4(6) + 4(T7) +2(8) +(9) + -
® (6)x (5) *x (42) = 4(0) +39(1) + -+ - + 3(15H) + -
L..b 6+9=54+10=64+9 =15 J

Seville-2009 - p. 56
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