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In this work we are interested in the analysis of
a non-classical diffusion equation with delays, writ-
ten in the following abstract functional formulation,

+ f(t,ug) in (s,400) x Q, (1)
u="0on (s,+00) x 0N
u(t,x) = ¢(t — s,x),t € [s— h,s],z € 0,
where s € R is the initial time, @ C R” is a

smooth bounded domain, A represents the Lapla-
cian operator with respect to the spatial variables,

le. A=>""0/0x;,
g(a)

a

g€ C'(R),

lim sup
la|—+o00

<0 (2

l9(a) = g(b)] < cla —bl(1+|al’~" +[pI"71), (3)

with 1 < p < ﬁ—f% The time-dependent delay term
f(t,uy) represents, for instance, the influence of an
external force with some kind of delay, memory or
hereditary characteristics, although can also model
some kind of feedback controls. Here, u; denotes a
segment of the solution, in other words, given h > 0
and a function wu : [s — h,+00) x Q — R, for each
t > s we define the mapping u; : [—h,0] x Q@ — R
by

u(0,2) = u(t+ 0,x), for 0 € [—h,0],z € Q.

In this way, this abstract formulation includes sev-
eral types of delay terms in a unified way. For in-
stance, terms like

Fy(t, u(t = h)),
Fy(u(t — (1)),

0 (W
/ Fy(t, 0, ult + 6)) db,
“h

where F; (i = 1,2,3) are suitable functions, and
7 : R — [0, h], can all be described by the following
corresponding f; defined as

fl(tv (b) = Fl(t) ¢(_h))7
fa(t, ¢) = Fa(o(—7(1))),

0
f3(t.6) = / Fy(t.6,6(6)) dob,

—h

()

where ¢ : [—h,0] — X (X denotes certain Banach
or Hilbert space concerning the spatial variable).

Then, when we replace ¢ by u; in , we obtain
(14)-

Non-classical  parabolic  equations  arise
as models to describe physical phenom-
ena such as non-Newtonian flow, soil
mechanics, heat conduction, etc (see

[Aifantis, 1980], [Kuttlerand & Aifantis, 1987],
[Kuttlerand & Aifantis, 1988], [Anh & Bao, 2010],
[Camassa & Holm, 1993, [Ma et al., 2012],
[Peter & Gurtin, [Sun et al., 2007],
[Sun et al., 2008] and  references  therein).
In the work of Aifantis et al.,
[Aifantis, 1980], [Kuttlerand & Aifantis, 1987],
[Kuttlerand & Aifantis, 1988] we can find a quite
general approach to deduce these equations in the
autonomous case without delay. In the aforemen-
tioned papers, it is pointed out that the classical
reaction-diffusion equation

up — Au = g(u)

does not contain each aspect of the reaction-
diffusion problem, and it neglects viscidity, elas-
ticity, and pressure of medium in the process of
solid diffusion. The authors obtained a diffusion
theory similar to Fick’s classical model for solute in
an undisturbed solid matrix, obtaining a hyperbolic
equation
ur + Dyugy = DoAu,

where D; and Dy are positive constants. Assigning
viscosity to the diffusing substance, they arrived to
que following equation

ug + Dyug = DoAu + D3Auy,

and neglecting the inertia term, finally obtained the
non-classical parabolic equation

ur = Do Au + D3Auy,

where Dg is also a positive constant.
The asymptotic behaviour of the model without
delay terms and with constant coefficients

up — pAuy — Au+g(u) = f(z),  pel0,1]

is studied in [Wang et al., 2006], where, in partic-
ular, it is shown the well-posedness of the problem
and the existence of the global attractor either in
H}(Q) or in H?(2), depending on the regularity of
the initial data. They also showed the continuity of
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the global attractor in Housdorff semidistance when
pw— 0in HE(Q).

The introduction of a time dependence in
coefficient 7(t) represents the variability of vis-
cosity in time due to, for example,
environment temperatures. This time dependence
provides the system with a non-autonomous
nature. Although there exist several possibilities
to analyze non-autonomous dynamical systems
(e.g. skew-product flows, uniform attractors,
kernel section, etc), we have preferred to consider
the theory of evolution processes and pullback
attractors. This is a general theory which studies
the asymptotic behaviour of non-autonomous
problems in the pullback sense, that is, when we
fix the final time and study the behaviour when
we start earlier and earlier in the past. Therefore,
we have two different kinds of dynamics in a
non-autonomous problem: the forward dynamics,
when final time goes to infinity, and the pullback
dynamics, when the initial times go to minus in-
finity. This theory has been widely developed over
the last thirty years (see [Caraballo et al., 2010],
[Carvalho et al., 2013], [Caraballo et al., 2006a],
[Chepyzhov & Vishik, 2002],

[Marin-Rubio & Real, 2009]) and it can be
seen as a natural generalization of the classical
theory of semigroups and global attractors.

external

In [Rivero, 2013], Rivero studied the existence
of the pullback attractor and its continuity un-
der non-autonomous perturbations without delay,
showing the existence of a concrete structure under
some assumptions on the non-linearity. The study
of a non-autonomous case with delay appeared
in |[Caraballo & Marquez-Durdn, 2013| for the first
time, where it was established the well-posedness
of the problem when ~(t) = ~ is constant. Also, it
was proved in [Caraballo & Mérquez-Durdn, 2013]
the stability of the stationary solutions under some
appropriate hypotheses on the delay term. In
[Hu & Wang, 2012], Hu and Wang studied this
equation with a specific variable delay term with
bounded derivative, showing the existence of the
pullback attractor in H& and H? without neither
non-linearity nor variable coefficients.

The presence of delays in the models of cer-
tain phenomena implies the necessity of working in
a quite different phase space. Indeed, our initial
data needs now to be a function defined in an in-

terval of certain length A > 0, prior the initial time,
in other words, we need to know the values of a
mapping defined in [s — h, s] if s is such an initial
time. In particular, this fact implies that the com-
pactness property of our non-autonomous dynam-
ical system has to be proved in more complicated
functional spaces, for instance, in a Banach space
This requires the use of
Ascoli-Arzela’s arguments.

The content of this paper is as follows. In or-
der to show the existence and uniqueness of solution
for and the continuous dependence on the initial
data, in Sec. [I] we establish the notation for delay
equations, stating the conditions and results ensur-
ing the well-posedness of . Sec. [2]is devoted to
the study of the global existence of solutions and
the existence of a pullback absorbing family within
the universe of global bounded families. In Sec.
we recall the basic definitions and results for pull-
back attractors, setting the framework for our anal-
ysis. Finally, in Sec. [ the existence of the pullback
attractor for our model is proved.

of continuous functions.

1. Existence of solution

We will first analyze the existence and unique-
ness of solution to our model. Let us denote
Cr, = C(-h,0,L%()) with norm |[[%|c, =
SUPse[—p, 1¥(s)l[L2-  In this way, given ¢ €
C([=h,T),L*(2)), for any t € [0,T] we can de-
fine iy : [=h,0] — L2(Q) as ¥(0) = ¢ (t + 0) for
0 € [—h,0]. Obviously ¢ € Cr. Analogously, it
can be defined Cyy = C([—h, 0], H}(2)) with norm
el = suPaci_n 1(3)ll 3.

We will pick up an initial value ¢ € Cp, such
that ¢(0) € H}(2). Assume also that f : (s, +00) X
Cyu — L*(Q) is continuous in ¢ and locally Lipschitz
in C'g uniformly in time, that is, for all R > 0 there
exists a constant C'(R) > 0 such that, for any t € R,

1F(£,8) = fF(tn)llL2) < CRE = nlloy,  (6)

for all {,n € Cy with Hé.HCHv Hn”CH <R
Proceeding as in [Rivero, 2013], we can define
operators B(t) = (I +~(t)A)~! and A(t) = AB(t),
where A = —A with Dirichlet boundary conditions
and the functions §(t,u) = B(t)g(u) and f(t,¢) =
B(t)f(t,¢), Vt > s, Vo € Ch.
Then, we can write problem as

du
= Wit w), @
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with i@ (s, +00) X C —:L2(Q) defined as h(t, ¢) =
A(t)¢(0) + g(ta ¢(0)) + f(t7 d))? vt ~2 S, qu € CH

The domain of the operator A(t) does not de-
pend on time. In fact, if we define our problem in
HL(Q), then D(A(t)) = HL(). This operator is
uniformly bounded in time and

- 1 1
)= s =@,
for any t € R. Also, for any a > 0 and = € D(A®),
A®A(t)z = A(t) A%z
Thanks to the continuity of the function R >
t — B(t) € L(H}()), we obtain the following es-
timate (see [Rivero, 2013])

1A®) = A($)l| 2 ey < CI(E) = (s,

for a constant C € R.
We can now state and prove the existence of
solution to our problem.

Theorem 1.1. For each ¢ € Cy and under the as-
sumptions , and @, there exists § > 0 such
that in the interval [s — h,s + 0) there is a unique
solution of problem . In other words, there ex-
ists a function u € C([s — h,s + 0), H}(Q)) with
u(t, s;9) = ¢(t — s) for allt € [s — h, s] which sat-

isfies

uwa@—mm+/hmwmn

for allt € [s,s+0), Moreover, if f is continuous in
time, then u € C([s — h, s +8), H}(Q)) N C*((s,s +
8), H} (), i.e. u is a strong solution.

Proof. The proof is based on the contraction map-
ping theorem. To this end, for the given initial da-
tum ¢ € Cpg, and for a positive T' to be determined
later on, we define the following space

X;;F ={ueC([s- h,T),Hol(Q)) cu(t) = ot —s)
tels—h,s,

and [Julyy < 2[dllc |-

for all

(9)
where [[u]l xr = supsefs—nr) [[u(0) ] 3
This space X(f is a complete metric space (since
it is a closed subset of a Banach space).

Now we consider the operator ® : Xg — X(f
given by

¢(t - 8)7
Mm+/hmmﬂﬁ

Let us first check that ® is well defined, i.e. ®(u) €
Xg for all u € X(f.

Given u € Xg, the mapping

t€[s—h,s]

20)E) = te(s,T)

®(u)(-) : [s = h,T) — L*(Q)

is continuous thanks to the continuity of ¢ and the
mapping t € (s,T) — h(t,us). Moreover, for all
t > s we have that

)0y = 600+ [ i

Hg

t
< 16Ol + [ 10 g

<16l + [ A0 egnpllutr) gy dr
+ [ U)ol gydr

s
t

+ [ IO £ gy
(10)
But, HA(T)HL(H(%) < a, for all » > s, and proceeding

as in [Rivero, 2013], we can prove that B(t) o g is
locally lipschitz in HE () uniformly in ¢. Indeed,

by (3)),
lg(u) = g(v)

2n
Ln+2

el [ fru=vl@+lul" + o)
J. |

~ -1 1
< ol (1 Bl + 12 ) )

(11)
Since
2n(p—1) 2n
4 ~—n-=2’
we have that
n(p—1)
HY Q) c L™

Due to

Hy(Q) ——
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function B(t) o g is locally Lipschitz in Hg ().
Therefore, for R = 2||¢||c,, there exists Ly(R)
such that

1B(r)g(u(r)ll g
< |B(r) (g(u(r)) — g(0)) + B(r)g(0)ll 2
< Lg(R)|lw(r)ll 72 + bolg(0)],

(12

where bg > 0 is a constant such that HB(t)HL(Hé) <
bg, for all ¢.
On the other hand, as f is locally Lipschitz,

1B(r).f(r; ur) |
< |1B(r) (f(r,ur) = f(r,0)) + B(r) f(r,0)l g3
< boC(R)[[urllcy + boll f(r, 0)llz2(q)-

~—

(13)
Then, for all t > s we have that

120 0)lmy < 16Oy +a [ lulr)lydr
Ly(B) [ () |y + bl @) - )

t t
+mam/ww%m+m/wmwm@w
Therefore,
8()(®) 1 < 16(0)]]
t
+(a+Ly(R) +b0(J(R))/ lr | dr
t
+%M®W—$+%/Hﬂme@W

Taking into account that

lurlley, = ,Sup [l + )1l
< swp (o)l
c€[s—h,T)
~ Jullxs
<R,

forall s<r<t<T.
Then, we obtain that

@) ()]l g < l9llcy
+ R(t — 5) (a + Ly(R) + boC(R))
+ bolg(0)|(t — s)

t
+%/HﬂMWp@W

for all ¢t € (s,T).
have

12(w) Dy < ¢llcy + R (a+ Le(R) + boC(R))

s+
+mmww+m/ 1£(r,0) | 2y dr

If we write T' = s + 0, we then

for all ¢ € (s,T), and considering § > 0 small
enough, we can ensure that

[2(w) Dy < 2l|¢ll e

We also have the same conclusion for ¢ € [s — h, s],
in fact ||<I>(u)(t)HHé < ||¢|lcy .Vt € [s — h,s], and
therefore, we can conclude that the operator & is
well defined.

Now, by using the contraction mapping the-
orem, we prove the existence of a fixed point for
®(-), which will be the solution of our problem.
To this end, we need to prove that ® is a con-
tracting mapping. Let us take u,v € Xg. Then
||u(t)HH1, Hv(t)HH1 < Rforallte[s,T) and

1 (w)(t) = @ (v) (0]l

/HhruT -

s/ﬁﬁmmmmwm—ww%w

+ [IB0)gtu(r)

Using the uniform bound in time for A(t) and B(t),

and @

1@ (w)(t) = @ (v)(O)]|

(
<K [ fulr) ~ v(r) gy

t
+KE/IVMU»—owHMMT

vVt e (s, T).

h(r,v,)||dr

—g((r)+f(r,ur) = f(r, v0) || gdr

<K [ fulr) = v(r) gy

+K(R)/ sup |Ju(r+6)

—v(r+0)|| gadr.
0e[—h,0] 0

Taking supremum in [s,7) with T'= s + 0
() ~ B(0)]|cx
<Kidfu—ollllxz

+K(R)§| sup sup
rels,T) 6€[—h,0]

IIU(7‘+9)—U(T+9)||H5),
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but, if u,v € Xg, Taking a solution u(t, s; ¢) of and for b > 0,
d du du du
sup sup[Ju(r +6) = v(r +0)]y Sial) = (. e+ b Gy 0 [ o)
r€[s,T) 0€[—h,0] dt b(u) = (u, dt)LQ + b(u, dt)H5 g(u) 7
= sup w(r) —o(r)|| g Yie1 20 + e
relsh.T) H ( ) ( )HHO < — <1 _ T _ Y > HUH?L[(%
<|lu—wv . 1
=l + 2wl

1

Therefore, for § > 0 small enough, & is well defined
900 (g2 = 0) 1% I + K

and is a contraction in Xy4. The proof is therefore
complete. ]

for 51,52,6 > (0. Taking 1 = €9 = %, § =21

2’71

2. Global solution and pullback absorbing and b > 261 = 2m, we obtain

family

d AL +4

—L + t,u + K
In this section we will prove that the local solution, dt (@) < H ”Hl < 2)1 ) 17tz ¥
whose existence has been proved in Theorem is A\
. A . < — | —"—= ) Ly(u)
in fact a global one, i.e. it is defined in the whole 1+ b(A + 28)
future and not only in a small time interval. How- A+ 4
ever, we will deduce this result after obtaining some ( ) > | f(t,ue) H%z

1

a priori estimates which will be also useful to de-

duce the existence of absorbing sets for the process + <)‘1~> Ks+ K, .

generated by our model. L+ b(A1 +26) B
For any ¢ € H}(f), taking into account

and arguing as in [Hale, 1989], for each § > 0 there Denoting C), = (#)7 Cy, = <A1+4)

. 1+b( A1 +23) 2
h th 2
is a constant K5 > 0 such that and Ky = Cp K5 + Ky,
8

/ g(uyu < dl|ul72q) + Ks, d d
9 (14) g (e Ly(u)) = Cper! Ly(u) +ertaLb(u)
2 -
600 < ol + Ko < OO £ (1) 2 + K.
for all u € L?(Q), where G(r fo Integrating between s and ¢ and using @,
Let Ly(p) be the followmg energy functional
eCv Ly (u(t))
L) = 5 (IleliZa +bllely )~ [ Glo). (15) ¢ o z
g lelize +blleliy ) = ) ) < PLG(O) + oy [ € f(rur) s
with b > 0. It is easy to prove that for § = @1 + ? (ecbt - ecbs)
b
t
L) > 2ol —bK (16) < P L9(0) + O C(R) [ ¢l
6 S
t
and for any 8> 0, 0o, [ <Ifr0) adr
L+b(A+2), K, Cyt _ Chps
+ = — :
Ly(p) < o el +0Ks, (17) G, (€ =€)

with Ay the first eingenvalue of A. Replacing ¢ by t + 6 with 6 € [—h,0], by
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and ,

b C 2
3¢ Pt + 0)ll7,
< ecb<s+h)(éb|y¢(o)yy§{01 + bKs,)

t+0
+ Cy O(R)eCoh / O |2, dr
S

t+0
Gy, Ot / €O £, 0)Zadr
S

K,
+ert (Cb —|—bK>\1> ,

where 05 is chosen such that

T4 b(M +26)

Cp = 2\
If t > s+ h, then
Mt + 0)13
< max sup 60th¢(75 +0— )HHh
0€[—h,s—t]
3 e A

sup f%Hmwwww@wwmg

0€[s—t,0] ¢
3 t+0

+ GO R [l i

3 t+60
450 [ o) ade
S

3 Cyt lib
- bK
+b€ (Cb + )\1 ,

but,
sup ot +0 - 9)| 7
0e[—h,s—t] 0
< sup e 6(0)|5,
0e[—h,0] 0
= | 9|2,
and

0 0
sup </t+ecbr||u H2 dT—i—/HeC"THf(r O)H2 dr)
T Cy ’ L2
S S

0e[s—t,0]

t t
< [l dr [ <. 0) i
S

s

Therefore,

b s ~
Sl < € (Gyllgl,, +vEss, )

t
Gyt / O | £, 0) | 2adr

S

K,
+€Cbt (Cf)‘l‘bK,\l)
b 6

t
+ Cr, C(R)eEH / O |12, dr.

S
Assuming that

bCy,

30y eCh (18)

C(R) <

and calling 8 = 2Cy,C(R)e“" (it means 3 < Cj)
and

3 ~
alt) = S (G|, + b,

3 t
4500 [ 1r0) fadr

S

3 ot [ Kb
- bK
+ be (Cb + >\1 ,

by the Gronwall Lemma we obtain that

eMlur|?, < ot +ﬁ/ e

NS (86113, +bEs,)

B (K Oyt
2 oK
Cy— ﬁ<0b+b i}>

3 t gy
+ 5 B0, e[ O 5, 0)

Then,

2
[l &y
< e Ovla(t)

3 et (A
+ O OmDE) (|2, + by,

3 K
+ - b (b—i-bKAl)

bCy— B\ Cy

3
+ bﬂC,\le(Cbh(Cbﬁ)t)/e(cbB)TH F(r,0)]122dr.
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Assuming that there exists a g > 0 such that
for any n € [0, no],

t
[ el o Badr < oo, (19
—Oo
we have
Juel@,, —— 1), (20)
where

(=" (IC{,:erKﬁ) <1+ Cbﬁ_5>

3 t
e I =
—0o0
t
pen (@t [ 1, 0) B ).

Then, we have the global existence of any solution
u(t, s;¢) of , i.e. for each ¢ € Cp, u(-,s;0) €
C([s — h, +00), H}(Q)) in Theorem and, once
we justify in the next section that the solutions of
our problem generates a non-autonomous dynami-
cal system, this also ensures the existence of a fam-
ily of closed subsets { B¢, (0, I2() : t e R} which
pullback attracts bounded subsets of Cy.

Also we need a result on the continuous depen-
dence on the initial data.

Proposition 2.1. Under the assumptions of Theo-
rem[1.1], any solution u(t, s; ¢) of is continuous
with respect to the initial condition ¢ € Cy. More
precisely, if u', for i = 1, 2, are the corresponding
solutions to the initial data ¢' € Cy, i = 1, 2, the
following estimate holds:

luf = uflloy < [[@" — @*[loy e ha P (a1)
for allt € [s,T), where R > 0 is given by
R = max(2(|¢'[lcyr, 2[16% |y )-

Proof. Let ut, for i = 1, 2, bg the corresponding

solutions to the initial data ¢* € Cp, i = 1, 2, in

the interval [s — h,T), for a fixed T" > s. Then we
have that

for t € (s,T).

Now, taking into account @, @, that
[A()| £(zpy < @, and function B(t)og is locally Lip-
schitz in H}(2), for R = max(2| ¢y, 2l¢%|cy)
it is not difficult deduce that

() = w*(0) 1 < 16(0) = 6*(O)

t
+(a+ Ly(R) + C(R) / lut — a2y dr,

fort € (s —h,T).
Thus, replacing now ¢ by ¢ + 6 with 6 € [—h, 0]
and taking supremum in 6,

lu; —uillcy < 16" — 67 lloy

t
4 (a+ Ly(R) + C(R) / b — a2y dr,

por t € (s,T), and therefore, thanks to the Gron-
wall lemma, we deduce . |

3. Abstract results on the theory of attrac-
tors. Existence of pullback attractors

In this section we recall some abstract re-
sults on the theory of pullback attractors.
We present a summary of some results on
the existence of minimal pullback attractors
obtained in [Carvalho et al., 2013] (see also
[Caraballo et al., 2010, Caraballo et al., 2011],
Caraballo et al., 200064, Caraballo et al., 2006bl,
Garcia-Luengo et al., 2012,
Marin-Rubio & Real, 2009]).

Consider given a metric space (X,dx). For A,
B subsets of X let dist(A, B) denote the Hausdorff
semidistance between A and B, i.e.

dist(A, B) = sup infdx(a,b).
acAbEB

Definition 3.1. An evolution process in a met-
ric space (X,dy) is a family of continuous maps
{S(t,s) : t > s} from X into itself with the follow-
ing properties

(1) S(t,t) =1, for allt € R,

(2) S(t,s) =S(t,7)S(r,s), forallt > 7 > s,

(3) {(t,s) € R? : t > s} x X > (t,s,1) —

S(t,s)x € X is continuous.

Let us denote P(X) the family of all nonempty
subsets of X, and consider a family of nonempty
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sets Dy = {Dy(t) : t € R} C P(X). Observe that
we do not require any additional condition on these
sets as compactness or boundedness. Let D be a
nonempty class of families parameterized in time
D={D(t) : t € R} C P(X). The class D will be
called a universe in P(X).

Definition 3.2. It is said that Dy = {Do(t) : t €
R} € P(X) is pullback D—absorbing for the pro-
cess {S(t,s) :t > s} on X if for any ¢t € R and any
D € D, there exists a so(t, D) < t such that

S(t,s)D(s) C Do(t) for all s < so(t, D).

Definition 3.3. The family Ap = {Ap(t) : t € R}
is the D-pullback attractor for the process {S(¢,s) :
t > s}in X if:
(a) for any t € R, the set Ap(t) is a nonempty
compact subset of X.
(b) Ap is pullback D—attracting, i.e.,

lim dist(S(¢,s)D(s), Ap(t)) =0

T——00

for all D € D.for t € R,
(¢) Ap is invariant, i.e.,
S(t, S)AD(S) = AD(t)

The family Ap is minimal in the sense that if C =
{C@) : t € R} C P(X) is a family of closed sets
such that for any D = {D(t) : t € R} € D,

for all s <.

lim distx (S(t,s)D(s),C(t)) =0,

T——00

then Ap(t) C C(t).

Definition 3.4. Given a family parameterized in
time, D = {D(t) : t € R} C P(X), it is said that a
process {S(t,s) : t > s} on X is D—asymptotically
compact if for any ¢ € R and any sequences
{sn} C (—o0,t] and {z,} C X bounded satisfying
$p — —oo and x, € D(sy) for all n, the sequence
{S(t, sn)xn} is relatively compact in X.

Definition 3.5. A process {S(t,s) : t > s} on X
is said to be pullback D—asymptotically compact if
it is D-asymptotically compact for any D € D.

Denoting by

Do, ﬂUStTDO

s<t1<s

for all t € R,

the natural generalization of the w-limit set in the
pullback sense, we have the following result on ex-
istence of pullback attractors.

Theorem 3.6. Consider a process {S(t,s) : t >
s} in X, a universe D in P(X), and a family
Do = {Do(t) : t € R} C P(X) which is pullback
—absorbing and assume also that the process is
pullback ﬁo—asymptotically compact.
Then, the family Ap = {Ap(t) : t € R} defined
by

Dep

1s the D-pullback attractor.

4. Existence of pullback attractors for the
process associated to (|1

On account of the previous results, we will be able
to construct a non-autonomous dynamical system.
More precisely, we will be able to construct a pro-
cess S : Oy — Cpy associated to , and prove the
existence of a pullback attractor for such a process.

Assume hypotheses , , @, with f(t,0) =
0 for all ¢ € R (this assumption is not a real restric-
tion as we can subtract such term to f(¢,-) and add
it to the term g), and suppose that C'(R) satisfies
(18). For each ¢ € Cy and s € R, Theorem
and the a priori estimates in Section 2 ensure the
existence of a unique global solution u(-; s, @) of ( .

Then we can define the family of maps S(¢,s)
in Cy as

S(t,8)p =u(+;8,0) Vit > s.

According to the previous results, it is not difficult
to prove that S(-,-) is a process and we can also
write

(S(t,5)9)(0) = ue(6; s, ¢)
=u(t+0;s,0)
=T(t+6,s)p(0)

6
+/t+ T(t—i—@,r)f(T ur)dr

+ /t+9 T(t+0,7)g(r,u)dr,
S (22)
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for all t > s and 0 € [—h,0], where T'(t,s) is the
evolution process associated to with f =0 and
g=0.

Our universe in this case is the universe Dy of
all families with bounded union, that is, the family
{D(t) : t € R} is in Dy, if and only if (J{D(¢t) : t €
R} is bounded in Cpg. Therefore, assuming that
f(t,0) =0 for all t € R, by estimates in Section
there exists a pullback Dp—absorbing family §0 =
{Bo(t) 1t e R} in Dy.

In order to prove the existence of the pullback
attractor applying Theorem we have the fol-
lowing result.

Theorem 4.1. Let {S(t,s) : t > s} be a process
such that S(t,s) =T(t,s)+U(t,s), where U(t,s) is
compact and there exists a non-increasing function

E:Rt xRt — R

with k(o,r) — 0 when o — oo, and for all s <t and
x € Cg with ||z|lcy, <7, |T(t, s)x||lcy < k(t—s,7).
Then, {S(t,s) : t > s} is Dy-pullback asymptotically
compact.

Proof. Using the fact that any family D of D, has
bounded union, the result following for Theorem
2.8 in [Caraballo et al., 2010]. [

Therefore, on the one hand we need to prove
that

t4+6 3
T(t+6,s)p(0) + / T(t+0,7)f(r,u;)dr

tends to zero exponentially, in fact, in Cy. But this
fact easily follows by arguing as in Section 3, taking
into account that f(¢,0) =0 for all ¢ > s.

On the other hand, we need to prove that
U (t, s)B is relatively compact for any bounded sub-
set B C Cy, where U(t,s) : Cyg — Cp is defined
as

t+60
U9)0)0) = [ T(t+6,7)3(r,ulr.5:0)dr

To this end, it is enough to prove that for any
bounded subset D C Cy, U(t,s)D is pre-compact
in Cy for any t > s, and to prove this we will
apply the Azcoli-Arzela theorem (see, for instance
[Kelley & Namioka, 1982]), for which we need to
check that

(i) U(t,s)D is bounded, Vt > s.

(i) For each 6 € [—h,0], | J (U(t,5)$)(0) is a
peD
compact subset of HE(€).

(iii) The set U(t,s)D is equicontinuous (i.e.,
fro all ¢ > 0, there exists a § >
0 such that if |61 —62] < 4, then
(U(t,5)9)(01) — (U(t,5)9)(62)] < ¢, for all
t > s, and for all ¢ € D),

Assertion (i) follows from the same estimates
obtained in the proof of the existence of the ab-
sorbing family.

Statement (ii) is a consequence of the same
analysis carried out in [Rivero, 2013|, just using the
fact that p < "*2 and, for any n € ( 1), we have
the following Cham of inclusions:

1 B@®)

2n _2n_
H} — L2 2 L — H " cc H' 2= Hp.

Finally, to prove (iii) we need to estimate

t+601
/’ T(t + 01, 7)3(r u(r, 5; 6))dr

t+05
/ T(t + 0, 7)i(r, ulr, 5: 6))dr

If we suppose 01 < 62, we have that

t+61
/ Tt + 01, 7)3(r, u(r, 5, 6))dr

t+02
—/ T(t+ 02, 7)g(T,u(T, s;0))dr

t+60,
g/\uw+&7> (40, 7)3(7, u(r, 5 6))|dr

t+65
+ / |T(t + 02, 7)g(T,

t+601

U(T> S5 ¢))| dr.
Taking into account 7
7l < O,

for certain o > 0 and as any solution of is in
C([s —h,T), H}(Q)), we can obtain that

t+05
/ (T(t + 0o, 1) (7, ulr, 53 9)) | dr
tH) (23)

< (1 _ efa(Ggfel)) =0

Q|
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when ’92 — 91| — 0.

On the other hand, taking into account that the
operator A(t) is uniformly bounded in time, T'(t, s)
is the evolution process associated to with f =0
and g = 0, and the solutions of this problem are
bounded, we can obtain that

‘T(t—i—@l,T)—T(t—i-QQ,T)‘ 301‘91—92’,

and therefore,

t+61
/ (Tt +61,7)— T(t +09,7))3(r u(r, 5: 6))| dr
< Cy |61 — 6s].

Now, we can apply Theorem and Theorem
and obtain the existence of the Dy-pullback at-
tractor.
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