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Navier-Stokes

Navier-Stokes 3D

(NS)


∂tu− ν∆u + (u · ∇)u +∇p = f,

∇ · u = 0 in Ω× (0,T ),

u(0) = u0 u|∂Ω = 0

(NS)m: Approximated Galerkin Pb. ( eigenfunctions Stokes Pb.
“special” basis of V)

V = {u ∈ H1
0 : ∇ · u = 0 in Ω}
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Navier-Stokes

Aum test function (A Stokes operator)

(∂tum,Aum)− ν(∆um,Aum) + ((um · ∇)um,Aum) = (f,Aum),

1
2

d
dt
‖um‖21 + ν‖um‖22 = −((um · ∇)um,Aum) + (f,Aum).

|(f,Aum)| ≤ εν‖um‖22 + C|f|22
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Navier-Stokes

Small data

|((um · ∇)um,Aum)| ≤ |um|6|∇um|3|Aum|2 ≤ C‖um‖3/2
2 ‖um‖3/2

1

≤ εν‖um‖22 + C‖um‖61

Φm(t) = ‖um‖21, Ψm(t) = ‖um‖22.{
Φ′m + νΨm ≤ C1Φ3

m + C2|f|22,
Φ(0) = Φm0
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Navier-Stokes

Φm(0) ≤ δ, ‖f‖L2(L2) < δ/C2 ⇒ Φm(t) < 2δ, ∀t ∈ [0,T ].
Indeed, (by contradiction) if there exists T ∗ ∈ [0,T ],

Φm(T ∗) = 2δ and Φm(s) < 2δ ∀s ∈ [0,T ∗),

then (P Poincaré constant),

Φ′m + νPΦm ≤ C1(2δ)2Φm + C2|f|22 in [0,T ∗].

δ <<: Φ′m + CΦm ≤ C2|f|22 in [0,T ∗].

Integrating in [0,T ∗] with a Gronwall’s technique,

Φm(T ∗) ≤ Φm(0)e−CT∗
+ C2

∫ T∗

0
|f|22 < 2δ.!!

um ∈ L∞(H1) ∩ L2(H2).
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Navier-Stokes

Large viscosity

|((um · ∇)um,Aum)| ≤ |um|3|∇um|6|Aum|2 ≤ C‖um‖1‖um‖2‖um‖2

≤ εν‖um‖22 +
C
ν
‖um‖21‖um‖22

Φm(t) = ‖um‖21, Ψm(t) = ‖um‖22. Φ′m + νΨm ≤
C
ν

ΦmΨm + C2|f|22,

Φ(0) = Φm0
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Navier-Stokes

Φm(t) ≤ M, ∀t ∈ [0,T ] where M > Φ(0) + C2‖f‖22.
Indeed, if there exists T ∗ ∈ [0,T ],

Φm(T ∗) = M and Φm(s) < M ∀s ∈ [0,T ∗),

then,

Φ′m + (ν − C
ν

M)Ψm ≤ C2|f|22 in [0,T ∗].

P Poincaré constant, ν >>: Φ′m + PΦm ≤ C2|f|22 in [0,T ∗].

Integrating in [0,T ∗] with a Gronwall’s technique,

Φm(T ∗) ≤ Φm(0)e−PT∗
+ C2

∫ T∗

0
|f|22 < M.!!
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Some models

A Generalized Boussinesq Model

∂tu−∇ · (ν(θ)∇u) + (u · ∇)u +∇p = αg θ + f,

∇ · u = 0, in Ω× [0,∞),

∂tθ −∇ · (k(θ)∇θ) + (u · ∇)θ = 0,

u = 0, ∂nθ = 0 on [0,∞)× ∂Ω,

u(0) = u(T ), θ(0) = θ(T ) in Ω.

Φm(t) =

∫
Ω

(ν(θm) + 1)|∇um|2 + ‖θm‖22 + |∂tθm|22,

Ψm(t) = ‖um‖22 + |∂tum|22 + ‖θm‖23 + ‖∂tθm‖21.

‖f‖L2(L2) << ⇒ regular (and small) time-periodic solution.
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Some models

A Nematic Liquid Crystal Model

∂tu + (u · ∇)u− ν∆u +∇p = (∇d)tω,

∇ · u = 0, in Ω× [0,∞),

∂td + (u · ∇)d + ω = 0

u(x , t) = 0, d(x , t) = h(x , t) on [0,∞)× ∂Ω,

u(0) = u0, d(0) = d0 or u(0) = u(T ), d(0) = d(T ) in Ω.

f(d) =
1
ε2 (|d|2 − 1)d, ω = −∆d + f(d),
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u(0) = u0, d(0) = d0 or u(0) = u(T ), d(0) = d(T ) in Ω.

f(d) =
1
ε2 (|d|2 − 1)d, ω = −∆d + f(d),

Φm(t) = ‖um‖21 + |ωm + ∂t d̃|22,
Ψ1

m(t) = ‖um‖22, Ψ2
m(t) = |∇(ωm + ∂t d̃)|22

ν >> ⇒ Strong solution of (IVP) in (0,+∞) and regular
time-periodic solution.
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Some models

A Smectic-A Liquid Crystal Model

∂tu + (u · ∇)u− ν∆u− ω∇ϕ+∇p = 0

∇ · u = 0, in Ω× [0,∞),

∂tϕ+ u · ∇ϕ+ ω = 0,

u|∂Ω = 0, ϕ|∂Ω = ϕ1, ∂nϕ|∂Ω = ϕ2 on [0,∞)× ∂Ω,

u(0) = u0, ϕ(0) = ϕ0 or u(0) = u(T ), ϕ(0) = ϕ(T ) in Ω.

ω = ∆2ϕ−∇ · f(∇ϕ), ϕ1 = ϕ1(x , t), ϕ2 = ϕ2(x , t)
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Some models

A Bioconvective Model

∂u
∂t
− 2∇ · (ν(m)D(u)) + u · ∇u +∇q = −mχ+ f,

∇ · u = 0, in (0,T )× Ω.

∂m
∂t
− θ∆m + u · ∇m + U

∂m
∂x3

= 0,
u = 0 on (0,T )× S, u · n = 0 on (0,T )× Γ,

ν(m)[D(u)n− n · (D(u)n)n] = 0 on (0,T )× Γ,

θ
∂m
∂n
− Umn3 = 0 on (0,T )× ∂Ω.

u(0) = u(T ), m(0) = m(T ), in Ω.

Γ

S
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Some models

Φ1
n(t) =

∫
Ω

(ν(mn) + 1)|D(un − uα)|2

Φ2
n(t) = ‖mn −mα‖22 + |∂tmn|22,

Ψ1
n(t) = ‖un − uα‖22,

Ψ2
n = |∂tun|22 + ‖mn −mα‖23 + ‖∂tmn‖21

νmin >> and u0 − uα, m0 −mα << ⇒
Strong time-periodic solution.
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Large time

Lemma

Let Φ ∈ L1(0,+∞) and Ψ ∈ L1
loc(0,+∞) be two positive

functions satisfying

Φ′(t) + CΨ(t) ≤ A(Φ(t)) + B(Φ(t))Ψ(t)

A(Φ) will be an addition of powers (≥ 1) and B(Φ) an addition
of powers (> 0) of Φ. Then,

lim
t→+∞

Φ(t) = 0.

In particular, there exists t∗ ≥ 0 such that Φ ∈ Cb[t∗,+∞).
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Large time

A Double Penalized Smectic-A Model

∂tu + (u · ∇)u−∆u− (∇n)tω +∇q = 0,

∇ · u = 0,

∂tn + u · ∇n− γ∆ω = 0,

Aε2(n) + fε1(n)− ω = 0, in Ω× (0,+∞)

u|∂Ω = 0, n|∂Ω = n∂Ω, ω|∂Ω = 0

u(0) = u0, n(0) = n0 in Ω

fε1(n) =
1
ε2

1
(|n|2 − 1)n

(Aε2(n),n) := (∇n,∇n) +
1
ε2

2
(∇× n,∇× n).
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Large time

Φm(t) = |∇um|22 + |∇ωm|22,

Ψm(t) =
1
2
|Aum|22 + K‖∂tnm‖21

Φ′m + Ψm ≤ C
(

1 + Φ3
m

)
.

Strong solution of (PVI) in (t∗,+∞).
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