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Navier-Stokes

Navier-Stokes 3D

ou—vAu+ (u-V)u+Vp=f,
(NS)S V-u=0 inQ x (0, T),

u0)=uy Upo=0

(NS)m: Approximated Galerkin Pb. ( eigenfunctions Stokes Pb.
“special” basis of V)

V={uecH):V-u=0inQ}

Blanca Climent Ezquerra. Universidad de Sevilla. WIMA 2012.  4/21



Navier-Stokes

Aup, test function (A Stokes operator)

1d

5 gillumllT + vllum|l3 = —((um - V)tm, Atm) + (f, Atm).
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Navier-Stokes

Aup, test function (A Stokes operator)

1d

5 gillumllT + vllum|l3 = —((um - V)tm, Atm) + (f, Atm).

\(F, Aup)| < ev||um|2 + C|f2
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Navier-Stokes

Small data

(U - V), Atm)| < |Unls| VU3 Atm|z < Cllum| 3| um|*2

< 5’/HumH§ + C”Um”ﬁs
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Navier-Stokes

Small data

(U - V) Um, Atm)| < |U|s|V Un|s|Atm|2 < C|ltm||Y? | um||/?

< 5’/HumH§ + C”Um”ﬁs

Om(t) = llumlf,  Wm(t) = |[um|l3.

{ Cb;n + vV, < C1¢‘?n + Cg|f|g,
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Navier-Stokes

®m(0) <9, [[fil2(2) < §/Ca = dm(t) <20, Vt € [0, T].
Indeed, (by contradiction) if there exists T* € [0, T],

On(TH) =24 and dn(s) <20 Vse[0,T),
then (P Poincaré constant),
O+ VP, < C1(26)20, + Colfi3  in [0, T*].
<< O+ Chy<Colfia in[0, TH.

Integrating in [0, T*] with a Gronwall’s technique,

T*
Om(T*) < &p(0)e~ T + Cg/ 13 < 26.1!
0

Up € L°(H') N L2(HP). J
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Navier-Stokes

Large viscosity
[((Um - V) Um, Aup)| < |Um|3|V Un|e|AUmlz < Cl[Uum|l1||Uml[2|[uml|2

c 2 2
< vl tm||3 + — | umllF | um12
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Navier-Stokes

Large viscosity
[((Um - V) Um, Aup)| < |Um|3|V Un|e|AUmlz < Cl[Uum|l1||Uml[2|[uml|2

c 2 2
< vl tm||3 + — | umllF | um12

Pm(t) = HUmH% Wn(t) = ||Um||§‘

C
O+ Wi < ~ O + Cel 3,
®(0) = Pmo
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Navier-Stokes

®m(t) < M, Vt € [0, T] where M > &(0) + Col/fi|3.
Indeed, if there exists T* € [0, T,

On(T*)=M and  ®p(s)<M Vse[0,T%),

then,
C .
'+ (v — ;M)\Ilm < czmg in [0, T7].

P Poincaré constant, v >>: &/ + P, < Co|fi3  in [0, T*].

Integrating in [0, T*] with a Gronwall’s technique,

T*
On(T") < On(0)e ™™ +Co [ |1 < M
0
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Some models

A Generalized Boussinesq Model

ou—V - (v(0)Vu)+ (u-V)u+Vp=agb +f,

V-u=0, in Q x [0, 00),
80—V - (k(0)V6) + (u-V)d =0,

u=0, onf =0 on [0, 00) x 09,
u(0) = u(T), 0(0) = 0(T) in Q.
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Some models

A Generalized Boussinesq Model

ou—V - (v(0)Vu)+ (u-V)u+Vp=agb +f,

V-u=0, in Q x [0, 00),
80—V - (k(0)V6) + (u-V)d =0,

u=0, onf =0 on [0, 00) x 09,
u(0) = u(T), 0(0) = 0(T) in Q.

Om(t) = /Q(V(9m) + 1)|VUm|? + [|6m]13 + [8:8m3,

Win(t) = |[Umll3 + |0ttml3 + [10m|15 + |00

[fll 22y << = regular (and small) time-periodic solution. J
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Some models

A Nematic Liquid Crystal Model

ou+ (u-V)u—vAu+Vp = (Vd)lw,

V-u=0, in Q x [0, 00),
od+(u-V)d+w =0
u(x,t) =0, d(x,t) = h(x,t) on [0, 00) x 09,

u(0) =up, d(0)=dy or u(0)=u(T), d0)=d(T)inQ.

fd) = S(dP - d.  w=-ad+Ad)
ARy
Ho
’)\UW Vil
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Some models

A Nematic Liquid Crystal Model

( O+ (u-V)u—vAu+Vp=(Vd)w,

V-u=0, in Q x [0, 00),
ohd+ (u-V)d+w=0
u(x,t) =0, d(x,t) = h(x,t) on [0, c0) x 09,

u(0) = up, d(0)=dy or wu(0)=u(T), d0)=d(T)in Q.

fd) = S(dP - d.  w=-ad+Ad)

Om(t) = Ul + lwm + 03,
V(1) = [Uml3,  WE(t) = |V(wm + rd) 2

v >> = Strong solution of (IVP) in (0, +occ0) and regular
time-periodic solution.
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Some models

A Smectic-A Liquid Crystal Model

ou+ (U-VYu—vAu—wVe+Vp=0
V-u=0, in Q x [0, 00),
Oip+U-Vo+w=0,

Usa =0, ¢laa=v1, Oplaa = ¢2 on [0, ) x 09,
u(0) = up, ©(0) =g or wu(0)=u(T), p(0)=¢(T)inQ.

w= A% —V-f(Vp), 01 = @1(X, 1), Y2 = pa(x, 1)
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Some models

A Smectic-A Liquid Crystal Model

( O+ (u-Vu—vAu—wVep+Vp=0
V-u=0, in Q x [0, c0),
Oip+U-Vo+w=0,

Usa =0, o¢lsa=p1, Oplaa =2 on [0, 00) x 09,
u(0) = up, ¢(0) = o or u(0)=u(T), p(0)=p(T)inQ.

w:AZQO_Vf(VSO)a ©1 :S01(X7 t)a Q02:902(X7 t)

_ On(t) = |+ |om — 053,
V() = luml, V3(0) = |lwm - 0313

v>> = Strong solution of (IVP) in (0, +o0c) and regular
time-periodic solution.

Blanca Climent Ezquerra. Universidad de Sevilla. WIMA 2012.  15/21




Some models

A Bioconvective Model

(0
8—‘;—2V-(u(m)D(u))+u-Vu+ vVg=-my+f
V-u=0, in(0,T) x Q.
om om

\ W—GAeru-Ver Ua—XS_O,

u=0 on(0,T) xS, un=0 on(0,T)xT,
v(m)[D(uyn —n- (D(u)n)n] =0 on (0, T) xT,

0(2,: — Umnz=0 on (0, T) x 99
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Some models

ol(t) = /Q ((m") + 1) D" — u,)2
O2(t) = |Im" — ma3 + [om"3,
Wi(t) = U — ua3.

V2 = |0 + |m” — ma 5 + [9rm"|3

Umin >> and Uy — Uy, Mg — M, << =
Strong time-periodic solution.
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Lemma

Let® € L'(0,+00) and ¥ € L} (0, +00) be two positive
functions satisfying

(1) + CV(t) < A(P(1)) + B(d(1))W(t)

A(®) will be an addition of powers (> 1) and B(®) an addition
of powers (> 0) of . Then,

lim &(t) = 0.

t——+o0

In particular, there exists t* > 0 such that ® € Cp[t*, +00).
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Large time
A Double Penalized Smectic-A Model

ou+ (u-Viu—Au— (Vn)lw +Vg=0,
V-u=0,

otn+u-vVn—~vAw =0,
A, (n) + £, (n) —w =0, inQx(0,+0c0)
Upa =0, nNlsa = Mo, wlsa=0
u(0) = wo, n(0)=ng inQ

1
£,(n) = S (nf — 1)n
1

(Ao, (n). ) = (Vn,VA) + - (V x 0,V x ).
€5
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Pm(t) = |Vum’§ + W‘*’m’%a

1
Wn(t) = E\Aumfg + K||0enm||3

O+ W < C(1+03,).

Strong solution of (PVI) in (¢, +00). |
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