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The title

@ Initial condition: u(0) = ug
@ Condition of reproductivity: u(0) =u(T)

@ Condition of reproductivity (or time-periodic condition)
=-Reproductive solutions

@ Moreover ifu(t +T) = u(t) vt € (0, +00)
= Periodic solutions
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@ Initial condition: u(0) = ug
@ Condition of reproductivity: u(0) =u(T)

@ Condition of reproductivity (or time-periodic condition)
=-Reproductive solutions

@ Moreover ifu(t +T) = u(t) vt € (0, +00)
= Periodic solutions

Incompressibility condition
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Navier-Stokes

Q c RY (d = 2 or 3) bounded, regular enough domain.
Q=(0,T)xQ Y =(0,T) x 09Q.

Navier-Stokes equations

%:—F(U-V)U—VAU—I—Vp:f in Q,
V-u=0 inQ,

u(x,t) =0, onyY,

[t Condition in time
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H = {uel? V-u=0,u-n=0o0ndQ},

V = {ueH: V.u=0 u=00n09Q}
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Main classical results for the initial-boundary problem

Definition

If ug € H, f € L3(H™1), u weak solution of the initial-boundary

problemin (0, T) if

u € L2(V)NL*>®(H), / {—uvt+Vu :Vu—(u-V)vu —fv} =0,
Q

for allv € C1(H) N C(V), with compact support and u(0) = up.
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u € L2(V)NL*>®(H), / {—uvt+Vu :Vu—(u-V)vu —fv} =0,
Q

for allv € C1(H) N C(V), with compact support and u(0) = up.

If up € V and f € L2(L?) any weak solution will be a strong
solution if u € L2(H2 N'V) N L>®(V),

then uy € L?(H) and verifies the system pointwise a.e. in Q.
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Main classical results for the initial-boundary problem

Definition

If ug € H, f € L3(H™1), u weak solution of the initial-boundary

problemin (0, T) if

u € L2(V)NL*>®(H), / {—uvt+Vu :Vu—(u-V)vu —fv} =0,
Q

for allv € C1(H) N C(V), with compact support and u(0) = up.

If up € V and f € L2(L?) any weak solution will be a strong
solution if u € L2(H2 N'V) N L>®(V),

then uy € L?(H) and verifies the system pointwise a.e. in Q.

fT =00 OK
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Main classical results for the initial-boundary problem

Weak solution

For any up € Hand f € L2(0, T; H~1(Q)), initial-boundary
problem has (at least) a weak solution.
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Main classical results for the initial-boundary problem

Weak solution

For any up € Hand f € L2(0, T; H~1(Q)), initial-boundary
problem has (at least) a weak solution.

Regularity
If up € V and f € L(0, 00; L2(Q)):
@ Unique strong solution (u, p) local
@ If (ug, ) are small enough the strong solution is global.
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Main classical results for the initial-boundary problem

Weak solution

For any up € Hand f € L2(0, T; H~1(Q)), initial-boundary
problem has (at least) a weak solution.

Regularity
If up € V and f € L(0, 00; L2(Q)):
@ Unique strong solution (u, p) local
@ If (ug, ) are small enough the strong solution is global.

Weak/strong uniqueness property

If a solution has the strong regularity, it coincides with any weak
solution associated with the same data.
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Main classical results for the initial-boundary problem

@ Ifup e Hand f € L2(0, T; H1(Q)) the weak solutions is
unigue.

@ Ifup € Vand f € L(0, c0; L?(Q2)) the strong solution is
global.
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On the time-periodic weak solutions

Forany f € L2(0,T;H™1(Q)), there exists a weak solution of
reproductive problem.
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On the time-periodic weak solutions

Forany f € L2(0,T;H™1(Q)), there exists a weak solution of
reproductive problem.

Time periodic extension, u, of any weak reproductive solution u
to the whole time interval (0, +o0) is a periodic weak solution

corresponding to the data, f, defined as the time periodic
extension of f.
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Main ideas proof existence reproductive solutions

Let uk the unique approximate solution of the Galerkin initial
boundary problem of Navier-Stokes in the finite-dimensional
subspace V¥, spanned by the first k elements of the “spectral”
basis of V (orthogonal in V and orthonormal in H), associated
to a initial discrete data uf € V.
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Main ideas proof existence reproductive solutions

Energy inequality + Poincaré inequality + integrating [0, T] =

.
T U (T)IIZ < luk(0)I1Z +C/0 et [|f(t)][f - dt. (1)’

We define the operator L : [0, T] — Rk,

LX(t) = (ck(t), ...,ck(t)) where cK(t), i = 1,...,k, are the
coefficients of the expansion of u*(t) in VK.

Note that

1L (1)l = Il (t) o2, @ |
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Main ideas proof existence reproductive solutions

We define the operator oK : R — RX as follows: Given
LK € R, ok (LK) = L(T), where LX(t) are the coefficients of the
Galerkin solution with initial value with coefficients L.
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Main ideas proof existence reproductive solutions

We define the operator oK : R — RX as follows: Given
LK € R, ok (LK) = L(T), where LX(t) are the coefficients of the
Galerkin solution with initial value with coefficients L.

Leray-Schauder Theorem

For all A € [0, 1], the possible solutions of the equation
LE(A) = APK(LE(N)), are bounded independently of A?
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Main ideas proof existence reproductive solutions

Since L§(0) = 0, it suffices to consider A € (0, 1] and

O (L) = TLEY).

Definition of ®¥, (1) and (2) =

N

1 T
eclTHXLS()\)Hék < [IL§(M) 13 +C/O et T [If(t)|3-1dt,

]
c [ eI et
0

k 2
1L i

for each X € (0,1].

IA

=M,
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Weak periodic solutions—global solutions

N=2
Assume f : [0, +00) — H™1(Q) and T -time periodic.

The reproductive solution u associated to u(0) = u(T) := uyg, is
unique in [0, T].

The solution u(t) = u(t — T) verifies u(T) = u(2T) := ug and is
unique in [T, 2T].

Navier-Stokes 2D
The solution associated to ug is periodic.
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Weak periodic solutions—global solutions

N =3

Unigueness of weak solution is not known.

It is possible that the reproductive solution u and the weak
solution u associated to the initial data ug := u(0) = u(T) are
different in (0, T), although they coincide locally in time, near of
the initial time t = 0.
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Some variants of Navier-Stokes equations

Boussinesqg equations

gij—uAqu(u-V)UJer = afg+f inQ,
V-u = 0 inQ7
00 .
op ~XAO+(U-V)0 = 0 inQ,

U‘):ZO, le = 0,
u0)=u(T) 6(0) = 6(T) inQ.
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Some variants of Navier-Stokes equations

Micropolar equations

%+(U-V)u—(y+yr)Au+ Vp =2y rot w+f,
divu=0 in Q,

%’t" + (u-V)w — (Ca+ cq)AwW — (Co + €4 — C4)Vdivw

+4l/rW = 21/r rOt u + g;
Us = 0, Wiz = 0,
u(0) = u(T), w(0) =w(T) inQ.
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Reproductivity and maximum principle

Givenu:Q — R3suchthatV-u=0inQandu-n =0 on %,
we consider the (reproductive) convection-diffusion problem for
the unknown ¢ : Q — R (a concentration):

oc —Ac+u-Vec =0, Cz = Cs, c(0) =c(T),
where 0 < ¢ < cy < € on X, for some constants ¢ and cC.

Any reproductive solution satisfies the maximum principle. J
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Reproductivity and maximum principle

Givenu:Q — R3suchthatV-u=0inQandu-n =0 on %,
we consider the (reproductive) convection-diffusion problem for
the unknown ¢ : Q — R (a concentration):

oc —Ac+u-Vec =0, Cz = Cs, c(0) =c(T),
where 0 < ¢ < cy < € on X, for some constants ¢ and cC.

Any reproductive solution satisfies the maximum principle. J

In particular,

d(c—c)—A(c—-c)+(u-V)(c—-c)=0 in Q.
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Reproductivity and maximum principle

Multiplying by (c — ) and integrating in Q:

jt/Qr(c—c)+|2+/Q|V(c—c)+|2go.

Integrating int € (0, T) and using the periodic condition
c(0) =c(T):

i
/O IV(c — )12 = o.

Hence ¢ < ¢ in Q hold. Similarly ¢ > ¢ in Q hold.
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Reproductivity and maximum principle

Generalized Boussinesq system

ou — V- (v(0)Vu) + (u-V)u + Vp = afg +f,
V-u=0,
&6 — V- (k(0)V6) + (u- V)8 =0,

u=0, 0 = Osq on 9 x [0, T),
u(0) = u(T), 6(0) =6(T) in Q.

v:R — RT and k : R — R™ are continuous functions.
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Reproductivity and maximum principle

Omin = MiNfpa  Omax = Maxdsq
Maximum principle = Oqin < 0 < Omax-
Then
3 Vmin > O7 km’m > 0, Vmax = 0, kméx >0
such that

Vmin < V(S) < Umax, Kmin < k(S) <Kmax, VSE€ [Qminaeméx]-
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Reproductivity and maximum principle

Omin = Min fyq Omax = MaxHsq
Maximum principle = Oqin < 0 < Omax-
Then
Fvmin >0, Kmin >0, vmax >0, Kmax >0
such that
Vmin < V(8) < Vmaxs  Kmin < K(S) < Kmax, V'S € [Omin, Omax]-

Changing v by v and k by k, where 7 and k are bounded
functions, the same way that in the Navier-Stokes case.
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Reproductivity and maximum principle

Penalized Nematic liquid crystal model

AU+ (u-V)u — pAu + Vp = —\V - (Vd'vd),
V-u=0,
od + (u-V)d = y(Ad — f.(d)).
u=0, d=nh on 90 x (0,T)
u(0)=u(T), d0O0)=d(T) inQ

f.(d) = e2(|d|? — 1)d

Assuming |h| < 1, we can apply the maximum principle
argument obtaining |d| < 1.
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Reproductivity and maximum principle

We consider a equivalent problem changing f. by?g, the
auxiliary function

_ f.(d) i |d/ <1,
fe(d) =
0 if |d] > 1.

The key is that |?5(d)| < 5% vd € R3. Then, existence of weak

reproductive solution of this model can be proved.
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Regularity of periodic solutions

Time-periodic boundary problem associated to 3D Navier

Stokes model

The periodic extension of a reproductive solution u is a regular
solution in [0, +00) assuming small enough external forces f.

This conclusion is also valid for Boussinesq equations or
micropolar equations.
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Proof regularity time-periodic solutions 3D N-S

Energy inequality + integrating in (0, T') + condition of
reproductivity =

T 5 1 i} .
v [ IvuIE < [ IHOIR -
0 vJo
T
/ Hf(t)Hﬁ_1 small enough + Mean Value Theorem =
0

3t, € [0, T] such that || Vu(t,)|% < e. J
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Proof regularity time-periodic solutions 3D N-S

Let u be the unique regular strong solution with initial data u(t,)
and the same force f.

One proves || VU(t)||2, < 2¢ foreacht > t,

Uniqueness of weak-strong solution = u = u in [t,, T] and
therefore u is regular in [t., T

In particular, 2= > || VU(T)||Z, = [Vu(T)||Z, = [[Vu(0)|1%,
hence u is a strong solution in [0, T].

In[T,2T], u(t — T) = u(t) and so on.
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Regularity of periodic solutions

3D penalized nematic liquid crystal

The regularity of the reproductive solutions for the 3D penalized
nematic liquid crystal model is an open problem.
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3D penalized nematic liquid crystal. Regularity ?

d: adequate lifting function

d=d-d
Energy inequality:
(]
d 2 7112 2 q112
o (IuliZ + MIVIZ ) + 2401V ulZ + MlAd]1%
< € (MIf()IZ + o], )
(]

d =
g (Il + AV +22 [ Fu(a) 249

=N 2\
FaAd - f(d)2, < 2 / lodi + = | "o
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Regularity of periodic solutions

Generalized Boussinesqg model

The regularity of a time-periodic solution for the generalized
Boussinesg model is an open problem.
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Regularity of periodic solutions

Generalized Boussinesqg model

The regularity of a time-periodic solution for the generalized
Boussinesg model is an open problem.

Generalized Boussinesg model with Neumann boundary

conditions for temperature

Assuming f small enough, reproductive solution has
H2(Q)-velocity and H3(Q)-temperature regularity.

When Dirichlet boundary conditions for u and 6 are assumed, it
is not clear how to obtain appropriate differential inequalities in
H?2 for velocity and H? for temperature.
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Generalized Boussinesg model

Periodic solutions

@ Uniqueness of regular time periodic solutions remains
open: H2 regularity for the velocity « Dirichlet condition for
velocity !!

@ Argument of regular time periodic solution small data =
luta)l2: + [16(t)]1, is small but [|6(t,)]|2, ?
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