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[ 1. Introduction

Solid state
Temperature: Cristal liquid:
random order optical characteristics of a liquid(anisotropic)
molecules electro-magnetics characteristics of solid
+

Liquid state
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. Introduction

thermotropic liquid crystals
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- 1. Introduction

Samples:

eSoap, soup
eBiological membranes
eThe protein solution to generate silk of a spider

eDNA and polypeptides can form LC phases
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Applications:

eLiquid Crystal Displays : wrist watches, pocket calculators, flat
screens...

eLiquid Crystal Thermometers: to show a "map" of temperatures
to find tumors, bad connections on a circuit board...

e\Windows that can be changed from clear and opaque with the
flip of a switch

eTo make a stable hydrocarbon foam
eOptical Imaging and recording

eNondestructive mechanical testing of materials under stress.
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W

Isotropic phase Nematic phase
Average direction: d
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Chiral nematic phase
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.
Nematic Crystal:

The molecular
orientation (the
material's optical
properties) can be
controlled with applied
electric fields
orientation

Schlieren texture of Liquid Crystal nematic phase




- 2. Statement of the proble

Ericksen-Leslie version:

QCRY (N =2or3), 00 regular
1

Ginzburg-Landau penalization function: f(d) = —2(|d|2 —1)d, >0
£

= |d| = 1 is partially conserved to |d| <1

Od+ (u-V)d =(Ad - f(d)), |[d]| <1,
in (0,7) x

{ ou+ (u-V)u—vAu+ Vp=-Vd'Ad, V-u=0,

u(z,t) =0, d(z,t) = h(z,t) on 002 x (0,7
u(z,0) =u(x,T), d(z,0) =d(x,T) in



- 2. Statement of the problem.

d(z,1)00x%0,1) = do(T)

Trivial stationary (static) solution:

u =0,
d solution of the elliptic problem: — Ad+ f(d) =0 in ), dppq = dy,
p such that Vp=—Vd'Ad.



- 2. Statement of the proble

Previous results: Existence weak solution, initial value

problem with Dirichlet’s boundary (do indepent of time).
Existence and uniqueness classic solution, viscosity larger

F.H. Lin, C. Liu, Non-parabolic dissipative systems modelling the flow of liquid
crystals, Comm.Pure Appl. Math, (1995)

Goal: Existence of reproductive weak solution (global in time)

for a nematic liquid crystal model.

N=2 periodic solution

B. Climent Ezquerra, F. Guillén Gonzalez, M. Rojas Medar; Reproductivity for a
nematic liquid crystal model, Z. Angew Math. Phys.(2005)

Difficulties: The strongly nonlinear coupling
Time reproductive condition
Constraint |d| <1
Time dependent boundary conditions



~ 2. Statement of the problem.

Compatibility condition:

lh| <1 on 0Qx(0,7) and h(0) = h(T) on 0S2.

Definition 1: (u,d) Reproductive solution

uw€ L*(V)N L>®(H)
de LOO(Hl)v Ad e L2(L2)7 d|8§2><(0,T) =h
verifying
(Oru, v) + (u- V)u,v) + (Vu, Vv) + (Vd'Ad,v) =0 Vve VNL®
(Ord,e) + ((u-V)d,e) + (f(d),e) — (Ad,e) =0 Vec L’

u(0) =w(T), d0)=d(T) in Q.



- 2. Statement of the problem.

Weak Maximun Principle for d

e=d(|d(z,t)]> - 1)y test function ———>

|d(x,t)| < 1a.e in 2 x (0,7)

_ f(d) if |d <1
f(dFﬁ(d){O() . :d:>1

~

f(d)] <1/e2 Vde RV



- 2. Statement of the problem.

Lifting of boundary data: ne HY(0,T; H/?(00)N)

We define d(t) as { —Ad=0 in £, —
dlsq = h(t) on 09,
de HY(0,T; H (Q)N)
We define d(t) as d(t) = d(t) — d(¢) —

d(t) € Hy()",
Ad=Adin Q x (0,T)
d(0) = d(T) if and only if d(0) = d(T)



B D Statement of the problem.
Definition 2: (u,d) Reproductive solution

ue L*(V)N L™(H),
de L>®(H)), Ade L*(L?),

(Vu, Vv) + (Vd'Ad,v) =0 Vve VN L™,
(f(d),e) - (Ad.e) = ~(did,e) Vee L,



- 2. Statement of the problem. Th

Theorem

Let T >0 and Q C RY (N = 2 or 3) an open bounded domain with Lipschitz
boundary. Assume h € H(0,T; H/?(8Q)) such that

lh| <1 on 02 x (0,7) and h(0) = h(T) on 0S.

Then there exists a weak reproductive solution (u, d)



] 3. The Galerkin initial-boundar

Let {¢;}i>1 and {p;}i>1 “special” basis of V and Hy(f), respectively, formed
by eigenfunctions of the Stokes and the Poisson problems following:

—Ag; = N¢; inQ —Ap; = pip; in
O; 0 on Of) Vi 0 on 0f),

loilli = 1, ||w:]]l1 = 1 for all 1.

U, (1) = Z im (1) 0 d, (t) = Z Ci,m (1) @i,



- 3. The Galerkin initial-bounda

For each m > 1, given uyg € H and dy € HAl, there exits a unique solution
(W, dpy), With w,, : [0,T] — V"™ and d,,, = d,,, + d, with d,,, : [0,T] — W™,
verifying the following variational formulation a.e. in t € (0,7):

( (Ot (1), Vi) + (U (t) - V) U (t), Vi) + (Vi (1), Vviy)
+(Vd ()Adn(t),vin) =0 Vv, € V7

(Pm) § (Ordon(t), €m) + (i (£) - V)i (1), &) + (f(din(t)), €)
+(Vdp(t), Ven) = —(0:d(t),en) Ve, € W

\ Um(O) = Uom = Pm(“O)y dm(o) = do,, = Qm(dO)a




4. “A priori” estimates

(w,, system, w,,) + (d,, system, —Aam)

d ~ ~ -~
= (72 + 1V dmllF2 ) + 20V umllFz + A2 < 2(1F (o) 72 + 10l )

.

(Wy,) is uniformly bounded in L>°(H) N L*( V)
d,,) is uniformly bounded in L™ (H3) N L?(H?)
(d,,) is uniformly bounded in L>°(H")

(Ad,,) is uniformly bounded in L?(L?).

(

(O¢w,) is uniformly bounded in L*(( VN L))
(8¢dy,) is uniformly bounded in L?(L%/?)



all 4. Compactness .

) is relatively compact in L?(H)

1

(u
(d,,) is relatively compact in L?(H}).
(dy,) is relatively compact in L*(H")

Sufficient to pass to the limit in equations.



= 5. Uniqueness of approximate s

Uy = UL, — U2
Let (ul ,d' ) and (v2 ,d>,) be two solutions; g g
m — Ym — Ym

(u,

1 system — u2, system, u,,) + (db, system — d>, system, —Ad,y,)

a

= (w22 + 1V anllzz) < am@)([wnllzz +[1Vdnl72)
 lun(0)]22 + || Vdin (0)]|2. = 0.

with a,,(t) bounded in € L*(0,T)

u,, = 0 and Vd,, =0 Since d,,, = 0 on 012, then d,,, =0



6. Reproductivity of approximate

Energy inequality:

d ~ ~ -~
= (lumllFe + 1V dmllF2 ) +C (lum 72 + 1V dmllF= ) < 2 (1£(dn) 7 + 95?2

T (o (1) 3 + V(D)) < [ (0)]32 + [V (0)]3

T ~
2 [ (I () + 100

>



6. Reproductivity of approximse

Given (u)*, dy') € V™ x W™, we define the map
L 0,T] — R™xR™
e (D)oo o () Com(8)scos G (8)

AN

(wn,(t), dp (1)) solution of (Pm) for data (u’, dy")

" R xR™ — R™xR™

Lgt = @™(Lg") = L™(T)

where L™ (t) is related to the solution of problem (Pm) with initial data
Lg* (= L™(0))



6. Reproductivity of approximate

Leray-Schauder’s Theorem: VA € [0, 1], solutions L{*(\) of
Lg'(A) = A@™(Lg"(A))
uniformly bounded (independent of \)?

~ 1/2
127 (8) e = (e ()32 + 1V o (8)]3: )

| A2
€CT||XL0 Mfemxrm < NLG M) lgm xgmm + K(T),

m 2
IZE ) e <~



- 7. The pass to the limit

d,, is relatively compact in C([0,T]; L?)

A (T) — d(T) in L?

d:z(()) — d(0) in L?

de Cu([0,T); H')
= d(T) = d(0) in H*(Q)



- 8. Periodic solutions

2D

Unique weak solution inital-boundary problem.

u(0) = u(T) := ug d(0) = d(T) := dy

= solution in (0, c0)

Solution periodic and regular



"
3D Regularity?

d ~ ~ ~
— (Il + 11Vdl32 ) + 2V ulZ: + [Adl3: < 2 (I£(@]F: + |03 ).,

§

T T T
/0 Va2 + / |Ad|2. < © / 1F(d)]2 +

f(d) = 5 (ld? - d



- 8. Periodicit

3D

(wsystem, u) + (dsystem, —Ad + f(d))

F(d) = (|d? — 1)2/4e% and f(d) = V 4F(d)

g

d ~
& (s + V@ +2 |
Q

~ . 9
HIAd = (D)7 < [18:d]l72 + 110:d s

F(d)) + 2|Vl

T A~
/0 |Ad— f(d)|2. <<



