Time-Reproductive solutions for a bioconvective flow
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Abstract

We consider the existence and uniqueness of periodic solutions for the generalized bio-
convective flow, which is a well known model to describe the convection caused by the

concentration of upward swimming microorganism in a fluid.
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1 Introduction

We show results of existence of periodic solution to the equations of flow Bioconvective Gene-
ralized, which describe the motion of a viscous fluid and incompressible in which there exists
culture of microorganisms. Understand by bioconvective, convection derived from difference in
concentration of microorganisms in culture, due to the fact that these microorganisms have a
tendency to swim the vertical direction (we are considering the case of a domain where the flow
is submitted to the action of forces gravitational).

The equations discussed in this work are:

0

8—? — 2 div (pu(e)D(u)) +u-Vu+ Vp = —g(1 + pc)x + f,

divu =0, (1)
%—QA—F -V —i—U&—O n (0,7) xQ

o c+u-Ve o, = o : :

Here the following notations are used

e O C R? is a bounded domain and represents the region of flow of fluid. It denotes 02 the
boundary of €.
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e u(z,t) denotes the fluid velocity at a point x = (z1,z2,x3) € €, and instant ¢ € [0,7],
where 0 < T < +00.

e p(z,t) is the hydrostatic pressure at the point x and instant ¢.

e c(x,t) represents the concentration of microorganisms at a point x € 2 and instant ¢.
o u(-) > 0 is the viscosity of fluid.

e 0 is a constant that indicates the rate of diffusion of microorganisms.

e ¢ is the intensity of the acceleration of gravity (assumed constant).

e f represents an external force given. We will suppose that f is divided in two parts, f

which does not depend on ¢ and f that depends on t.

e Y is a unitary vector in the vertical direction, i.e. x = (0,0, 1)!. That is, coordinate system

is placed so that the gravitational forces acting on vertical.
e U denotes the average velocity of swimming of the microorganisms in the vertical direction.

e p is a positive constant, given by p = L 1, where pg and p,, are the density of one

Pm
organism and the culture fluid density, respectively.

In the above equations, V, A and div represent the gradient, Laplacian and divergence ope-

rator, respectively; w - Vu indicates the convection operator, whose component i-th in cartesian
1
coordinates is given by (u - Vu); Z uj 8 . The operator D(u) = i(Vu + (Vu)") represent
373

the stress-tensor.
In what follows, the spaces labeled in bold face represent the cartesian product of the space
with itself three times.
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In order to simplify the notation, we set ¢ = (gp)”'m and p = ¢ — gx3, u(c) = v(m), then

(1) is rewritten as

?;—Zdlv( (m)D(u)) +u-Vu+ Vqg=—my+f,

divu =0, (2)
8—m—9Am+u Vm—i—Ua— 0 in (0,7) xQ

ot Oxs ’ '

The classical bioconvective equations correspond to the particular case of (1) with the vis-
cosity p constant (during of course of this work call this special case of classical bioconvective
equations). Levandowsky and others [15] and Moribe [12] discuss in their work, the biologi-

cal and physical phenomena that give rise to such equations. They also have some qualitative



descriptions based on intuitive arguments. Kan-On, Narukawa and Teramoto [9] do a mathema-
tical analysis of the classical bioconvective equations, obtaining results of existence of solutions
both of the stationary and evolution problems.

We note that in this paper we are interested in the generalized case in which the concentration
of microorganisms affects the viscosity of the fluid. This problem, with initial conditions, was
studied in the papers [2], [3], both for stationary and evolution problem, proving weak and
strong solutions. The uniqueness question also was studied. Now, we study the problem with
periodic conditions and for this we use techniques similar to those in [4], [5], [6].

The system of equations (2) will be considered together with the following boundary condi-

tions
u = on (0,T7) x S,
u-n= on (0,7) x T,
ym)Duwn—n- (Dwn)n] =0  on  (0,T) x T, (3)
Ga—m—Umn;;:O on (0,T) x 0.
On

and periodic conditions:
u(0) =u(T), m(0) =m(T), in Q. (4)

Here, 02 = SUT, is composed of a rigid boundary S and a plane free surface I', both orthogonal
at the points of intersection. We are going to consider S and I' known and time independent.
The vector n(x) = (ni(x),na(z),nz(x)) is the exterior unitary normal vector at the point x €
02 and n is the normal derivative on 9€2. The first and second equation of (3) on I' are
the so called slip conditions for fluid velocity and they are often used to model conditions about
free boundary in fluids (see Joseph [8]). In particular, the third one corresponds to attribute to
the tangential component of the stress vector null value (free boundary condition). Solonnikov
and Scadilov [19], Mulone and Salemi [18] analyze in their works the classical Navier-Stokes

equations with this type of the boundary conditions for domains with free boundary.

By other hand, the third equation of (1) is associated to the equation of conservation T +

div J =0, z € Q, t>0,f0r%:%
J = —0Vc + Ucx. The fourth equation of (9) establishes the condition of null flow at each

+ u -V and J the flow of microorganisms given by

point x € 0. Kan-On and others [9] use this boundary conditions for the concentration of
microorganisms in culture.

In this work, as in Kan-On, Narukawa and Teramoto [9], we will assume that average velocity
of swimming U is constant. In summary, in this work we will be interested in discuss results of

existence and uniqueness of periodic solutions of the system (2)-(4) when U is constant.



2 Preliminaries and auxiliary results

In this Section we fix the notation that we will use in the paper and also we recall some results.
Let Q C R3 be a bounded domain with boundary of class C3. Let H™(f2) be the usual Sobolev
spaces on  with norm || - ||, (m real), (,-) denote the usual inner product in L?(2) and | - |
denote the L?—norm on Q. By HE(Q) we denote the completion of C§°(£2) under the norm
| - |l1, the LP—norm on € is denoted by | - |5, 1 < p < co. If B is a Banach space, we denote by
L%(0,T : B) the Banach space of the B—valued functions defined in the interval (0,7) that are
Li—integrable in the sense of Bochner.

Let 092 = SUT be with S and I' disjoint. Assume that S and I" are sufficiently smooth, we
define

H(Q) ={u € CF(Q); uls =0, w-n|p = 0},
H(Q) clousure of H()) with respect to norm || lz(0)-

Here [ - || g(q) denote the norm given by

1/2
[l (0) = [/Q Vu : Vudx] = [(Vu, Vu)]/? = |Vul. (5)

Also, Y will be denote the closed subspace of L?(f2) consisting of orthogonal functions to the

constants, that is
Y = {7 € L@ | fa)dz =0}
Q
and
B=HY(Q)NY.

The following result can be found in [11]

Lemma 1 (Poincaré-Friedrichs inequality). Let 0 be a bounded domain of R with boundary
09, of class C'. Let ¥ C 0Q be a part of the boundary on which the normal has three independent

directions, then there exists a positive constant Cq depending only on the domain €2 such that
lu| < Co|Vu|, forall we H(Q), u-n|s=0.
The following lemma is given in [19], pp.191.

Lemma 2 (Korn inequality). Let Q be a bounded domain of R® with boundary 02 of class C2.

Then there exists a positive constant ¢, such that:
[l = [Vul <eD(u)], VYue H(Q).

Lemma 3 Under the hypothesis of above lemma, there exists v depending of 0 and OS2, such
that
ul?> <y[D(u)]?, Yue H(Q).



Thus, in H(Q) the norms |Vu| and |D(u)| are equivalent.
We denote by
00 () ={f € C°(Q) : div f =0}

and
X () = clousure of C§, () in L*().

It is well known, see for instance, Temam [20)]

where
G(Q) = {w e L*(Q),w = Vq,q € H'(Q)}.

Also, we consider the following spaces
J(Q) = {u e HQ), divu =0}

and Jo(Q) is the closure of J(€2) in the norm (5).

The following lemma is proved in [13].

Lemma 4 Under the as hypotheses of Lemma 2, there exists a positive constant Cq, such that
9| < Cq|Ve|, Voe HY(Q)NY.

d
It is easy deduce, from the convection-diffusion equation for 7, the equality T / n(z,t) = 0.
Q

Then, we can fix 1 such that / 1 = 0. Therefore, let us consider the following spaces
Q

0
HJ’“V:{nEHk; Haz—Unng:(lonaﬂ,/ano}

where k = 2,3. Hence, HY, is a closed subspace of H*. Consequently |An|s is equivalent to ||n]|2
in H% and |VAn|y is equivalent to ||n||s in Hy (See [7], [14]).
Lemma 5 (Some interpolation inequalities)

1/2 1/2
lole < Clloll,  ols < [0y 20l Vo e HY,

[0]oo < Clloli?|l0]ly* Vv e B2
[vlz200) < Cloly 7 Iloy** Vv e BT 5 e R.

See [1] or [10].



Lemma 6 The Stokes operator A = —PA with domain D(A) = {u € Jo(Q) N H*(Q); D(u)n —
n-(D(u)n)n|r = 0} is positive definite, self-adjoint and its inverse operator A~' is compact, thus
its spectrum is discrete, positive, and the finite multiplicity, the eigenvalues {a;}, i € N converge
to 400, the eigenfunctions {w'} are orthogonal and complete in X and in Jo, Jo N H*(Q) and

satisfy
D(w')-n —n-D(w') - nn|p = 0.

See [18].
By other hand, we denote by P the orthogonal projection of L?(2) — Y. The following
lemma was proved by Kan-On [9], pp. 150-152.

Lemma 7 The operator A; = —PA with domain
2 dp
D(A)=qp€eYNH (Q);Ha—n —Ungp=00n0Q ¢,

is positive definite, self-adjoint and its inverse operator is compact. Therefore, —PA has a
spectrum discrete, positive, with finite multiplicity. The eigenvalues {B;}, i € N converge to

+00, the eigenfunctions {¢'} are orthogonal and complete in'Y .

Also, P, will denote the projection P, : L*(Q) — V,, where V,, = (w!,w?,...,w") and
P, : L2(Q2) — W, with W,, = (¢!, $%,...,¢"). We use in the future the following result proved
in [17].

Lemma 8 Let w € VN H? and consider the Helmholtz decomposition of —Auw, i.e. —Au =

Au + Vq, where ¢ € H' is taken such that / q dr =0 and A is the Stokes operator. Then,
Q

lally < ClAuls.
Moreover, for every e > 0 there exists a positive constant C. (independent of w) such that
lql2 < Cc[Vulz + e[Auls.

The following Green formula will be fundamental, the proof is similar to that given by
Solonnikov [19].

Lemma 9 Let u,v € Jy and q € C'. then,
/ [—2div (v(m)D(u)) + Vqlvdx = 2(v(m)D(u), D(v))
Q
We consider the stationary problem associated to (2),

—2 div (v(m)D(u)) + u - Vu + Vg = —mx + f,

divu =0, (6)

—6’Am+u-Vm+U8—m:O, in Q.
al’g

6



together with the following boundary and initial conditions:

u= on S,

u-n= on I,

y(m)[D(wn —n- (Dwn)n] =0 on T, (M)
0(?9: —Umn3z =0 on of.

Let us recall that }' is the stationary part of the external force f. The following result is been
proved (see [2], [3]):

Theorem 10 Let f € X(). Assume that v is a function of class C* satisfying 0 < vmin <
v(8) < VUmaz and U small enough. Then, there exists a strong solution, (ta, G, Ma), of (6), (7)
verifying

(e, Ma) € (Jo(Q) N H?*(Q)) x (Y N H*(Q)).

Now, if we consider the changes of variables
V=U— Ug, n=m-—mMgy,

then (2) is rewritten as follows

‘Z:t’ — 2div(v(n + ma)D(v)) = 2div(v (1 + ma) D(ta))

+2div(v(me)D(ug)) + v - VU + v - Vg + g - VO + V(g — qa) = =1 - X + f, (8)
dive = 0,

on on

— —0An+v-Vn4+v-Vmg+u,-Vn+U

o =0, in (0,T) x Q.

03
with the initial and boundary conditions

v=0on (0,7) x S,

v-n=0on (0,7) x T,

v(n+mq)[D(v+uqg)n —n- (D(v +us)n)n] =0, on (0,7) x T,

0
Oa—z —Unns =0on (0,7) x 09.

3 Existence of periodic solution

3.1 Existence of the reproductive solution

In this section we seek reproductive solution, namely, a pair (v,7n) solution of (8),(9) satisfying:



Theorem 11 Let f € L?(0,T;X(Q)), vo € Jo(Q) and ny € H>(Q) NY. Assume that v is a

function of class Ct satisfying 0 < vmin < v(8) < Vpmae and sup |/ (s)] < v}, < 0o in R. We
consider (Wa, o, Ma) @ stationary solution obtained in Theorem 10. Then, for |D(uq)|, |Vma|

small enough there exists reproductive solution for the problem (8)

Proof. At first, we need to obtain an a priori estimate for the solution of the problem (8). Given
(w’)$° and (¢7)5° eigenfunctions of A and A; respectively, we consider Galerkin approximations

of the form

V()= CiOwl (), 7(ta) =) dn(t)d (2),
: =

7j=1
solutions of the variational formulation of (8)

ov"™

v Jw?) + 2(v(" + ma)D(v"), D(w’) + 2(v(i1" + ma)D(ua), D(w’))

—2(v(ma)D(ug), D(w?)) + (v - Vo™, w?) + (v" - Vg, w’)
+(uq - Vo', w!) + (n")x,w) = (f, w!) (10)
(0", ¢7) + 0(V", V&) + (0" - V", /) + (0" Vina, &) + (ua - V", &)

n 9 )
U <n ,8333<1>”> =0 (1)

v"(0) = P,vg, n"(0) = Pyno.

By multiplying (10) by ¢, ;, summing with respect to j, we obtain

1 a n n n n n n
5 50" 200"+ ma) D("), D) + 203" + ma) D), Do)~
(12)
2(v(ma) D(ua), D(v"))) + (V" - Vg, v") = =(n" - x,0") + (f,v").
In a similar manner, we have
1d, .9 5 on"
- evn 'rlv a’TL_U nvi :0 13
5" OO+ (0" Vg, ) U (41 G (13)
By Holder inequalities
10 n|2 ny|2 n n|2 n||.,n . n
397017+ 2min| DT < dthnax| D(wa)[[D(0")] + [D(ua)l[0"[5 + [0"[[0"] + [ £][0"]
1 d n n n n n n
s MOV < " Vimal " s + Ul ||V



We put |D(ue)|, |Vma| small enough so that (|D(ua)|? +|Vma|?) < Vrgn, for a given constant
C. Then, we obtain

d n n n n n T
il 2+ 10"?) + vinin| D™ ? + 0]V |* < C(ID(wa) [ + 10" + | £1). (14)

Integrating in [0,¢] and by applying Gronwall inequality we obtain that

t t
0" P v [ DO+ 0 [ (15)

0 0
is bounded by a continuous, bounded function, which not depend on n for every ¢t. Then, from

(14) we obtain
d n n n n
(0" ") + Co([0" P + ") < H () (16)

where H is a function in Ll(O,T ), independent of n. Therefore, by multiplying by e“3t and

integrating in [0, t] we have,

(o™ ()7 + [ (1)*) < (J0"(0)]* + [ (0 / H(s (17)

Given (von,non) € Vi x Wy, we define the application L™ : [0,7] — R™ x R™ as L"(t) =
(@n1(t), .. Cun(t),dni(t), ..., dun(t)), where &, ,(t), dni(t) , i = 1,...,n, are the coefficients of
the expansion of v"(t) and n"(¢t) in V™ and W™ respectively, being (v",n") the unique aproxi-
mate solution of system (10)-(11) with initial condition (von,7on). Notice that ||[L™(¢)||%n  gn =
[ (@) + I (1)].

Given Ly € R" xR", define Y"(Lg) = L™(T'), where L™(t) are the coefficients of the Galerkin
solution (v",n™) with initial value with coefficients Ljj. We want to prove that T™ has a fixed
point. For this, we will use the Leray-Schauder Theorem. Then, we need to show that for all

A € [0, 1], the solutions L{j(A) of the equation
Lg(A) = AT*(Lg (N), (18)

are bounded independently of A. Since L{(0) = 0, it is sufficient to consider A € (0,1]. This is
equivalent to Y"(Ly(A)) = +L§(A). Moreover, by definition of Y™ and (17) we obtain

1 n n ¢
SO I e+ [ H(s
R™xR™ 0
which implies
/ H(s
HLg()‘)HRann— €C3t

for each A € (0,1]. This bound is independent of A\ € [O, 1] and n. Consequently, Leray-
Schauder Theorem implies the existence of at least one fixed point of Y™, that is, the existence
of reproductive Galerkin solution. Finally, by standard arguments of compacity we conclude the

existence of reproductive solution.



3.2 Existence of the periodic solution

We seek periodic solution, namely, a pair (v,7n) solution of (8) satisfying:
v(t)=v(t+T), nt)=nlt+1T) vVt e R.
Definition 12 [t will be said that (w,p,n) is a reqular solution of (2)—(4) in (0,T), if
we L?(H?)NL>®(HY), o e L*(L*  and  pe L*(HY,

neLl’(HY)NL®(HY%) and  Ome L*(HY),

satisfying (2) a.e. in (0,T) x Q, boundary conditions (9) and time reproductivity conditions (4)

in the sense of spaces V and HJQV respectively.

Theorem 13 Let f € L*(0,00; X(Q)) be a t-periodic function with period T. Assume that v is
a function of class C* satisfying 0 < Vmin < v(8) < Vmaz and sup |V/(s)] < v, < 0o in R. We
consider (Wa, o, Ma) a Stationary solution obtained in Theorem 10. Then, for vy big enough

and ||voll1, |lnmolle and |Omol1 small enough, there exists periodic solution for the problem (8),

(9).

To prove this theorem, we first need to demonstrate some differential inequalities, then, using
these inequalities, we shall prove that in the interval [0,7] there is a reproductive solution.

Finally, thanks to the regularity of solutions, we will deduce the existence of periodic solution.

4 Differential inequalities in regular norms

In the sequel, ¢ will denote some constant sufficiently small. By C' we will denote different
constants, independent on data and € and vp,;,. In order to make calculations more simple, we

suppose that f =0.

Lemma 14 For each € > 0 sufficiently small, there exists constants C = C(g) > 0, such that

Vmin

2

1
(" +ma + 1)@ + =2 0" + 510" 5 < ello™[5(In" |2 + [mall2)

dt Jo

C
|5 (1" 17+ "2 + 10" 2 + luallz + lImal3)
min

C

min

+ (" 15 (Nall +1) + luall3(Imall3 + 1)

+ Clllv"[Rlluall3 + [In™13(1wall3 + 1) + lual3([mall5 + 1)].

10



Proof. First, taking v = Av"™ as test function in the v"™-system (10) (A is the Stokes operator
mentioned in Lemma 6) one has
(0", Av™) = 2(V - (v(n™ + mq)D(V")), Av™) = 2(V - (v(n™ + mqa)D(uy)), Av"™)
+2(V - (v(ma)D(ua)), Av") + ((v" - V)", Av™) (20)
+ ((v" - V)ug, Av") + ((uq - V)0, Av™) = —(n"x, Av").

We can write the first term as

(O™, Av™) = —(90", 2V - (D(u™))) = %]D(U"HQ - 2/Fatv"(p(u”)n).

By splitting d;v™ and D(u"™)n in their tangential and normal components:
D(v")n = (D(v")n) -n)n+ (D(v")n— (D(v")n) -n)n), v = (0w -n)n+ (0w — (Opv -n)n),
taking into account that d;v -n =0 and D(v")n — (D(v")n) - n)n = 0 on 0f), we obtain that
d
(0", Av™) = %|D(U”)]2.
On the other hand, by using the identity 2V - (v(m)D(u)) = v(m)Awu + 20/ (m)VmD(u) and
the Helmholtz decomposition Av™ = —Av"™ 4 Vg,,, the second term of (20) is equal to

—2(V - (v(n"™ + mqy)D(v™)), Av™) = (v(n™ + my) Av™, Av™)

(21)
—(v(" +ma)Vy,, Av") = 2(V' (0" + ma)V (1" + ma)D(v"), Av")
Taking into account that
—(W(1" + M)V, AV") = (@, V' (1" +ma) V(0" + ma) AV") + (@, v(1" + ma)V - Av")

= (@ V(1" +ma) V(1" +ma)Av")
since V - Av™ = 0, the second term of (20) becomes
—2(V - (v(n" 4+ mq)D(®™)), Av"™) = (v(n™ + mgy)Av", Av"™)
= (@ V(0" + ma) V(" + ma)Av")
2/ (" 4+ ma)V(n" 4+ ma)D(v"), Av™).
Then, proceeding in analogous way for third and fourth term, (20) can also be written as follows
(using v(-) > viyin > 0)

5 A"+ v [073 < (@ O + )V + ) A0

+2(V (0™ + ma) V(7" + ma) D(v™), Av™) — (v(n" 4+ mea) Aug, Av™)

(o, V' (0" +ma) V(0" + ma) Av™) + 2(' (0" + ma) V(1" + ma)D(ua), Av")
- ((110) Aty AV™) — (go, 1V (Ma) Vinta Av™) — 2(/ (ma) Vine D (ua), Av™) (22)

—((v™- V)", Av"™) — ((uq - V)V, Av™) — (0" - V)ug, Av™) — (n"x, Av™)

11



For to estimate the first term we use Lemma 8 (and [v/(+)| < v),,2)

1/2 /2, n
L < Vhgltmls(1V0" 6 + [Vimale) 40" 2 < Clamly lamlly (10" 12 + lImall2) 10" |2
1/2 1/2 3/2
< C(C" (12 +ello™ 1) o™ 132 (1 2 + malle)
1/2 3/2
< Gl 122" s + Imall2)llz + eC o™ B 2 + Imallz)
1% 1
< mn|| 13+ " 1o 2 (11" 13 + [Imal3) +Clo™ 130" 12 + mall2)-
mln
Analogously,

1/2 1/2 1/2 n n
L < CCellualli? + ellwally)[ually> (17" 12 + mall2) 0" ]2

v, C
mln|| "5 + ——llua 37115 + [Imall3)-

mm

IN

and

C
It < mmll "3+ ——lual3lmall3-
mm

The second term on the right hand side of (22) is bounded by

1/2 3/2
I < Whao([V"6 + [Vmals) D@ 3| 405 < (0" 2 + [mall2)llo™ 110" 3

Vi C
< 225+ ——In"113 + [mall3) o™ 1 ]v"]|2-
28 Vmin
Analogously
1/2 1/2 Vmi C
Is < C(|n" |2 + lImal2) llwallylually *[lo™ 2 < "o o™ 13 + —— (0" 13 + [Imal3) lual3-

28 Vmin

and

Vmin 2 C 2 2
I < n —|m .
213 4 el

The third and sixth terms are bounded by

len C .
L < "5+ ——llual3 i =3,6.

mm

The ninth, tenth, eleventh terms and the last one term on the right hand side of (22) are bounded
respectively by

C C
Iy < mln|| ™13 + [o"1F0"5,  To < mm” ”H2+ Huall lo™ |13,
Vmin
Vmin || n 2 Vmin || np2 C |2
Iy < 5 llv I3+ lualli and L1z < — = [v" |2 —n"[3.
Vmin ‘min

Consequently, from (22) we arrive at

d 4 C
aﬂvnﬂf + ;VminH’UnH% < —[llo" 5" 1T + 715 + lwal3 + mall3)
Vmin (23)

Hin" 3 (luall3 + 1) + luall3(Imall3 + D] + ello™ 311" |2 + [Imall2)-

12



On the other hand, using d,v™ as a test function in the v™-system (10), one obtains
(O™, ™) + 2(v(N™ 4+ mgy)D(v™), 0 D(v™)) — 2(V - (v(n"™ + ma)D(uy)), 0pv™)
+2(V - (v(ma) D(ua)), 0rv™) + (0" - V)o©, 6i0") + (0" - V)ua, Orv") (24)
= ((uq - V)", 0p0") = —(n"x, Opv™).

By taking into account that the second term of the left hand side of (24) can be written as

d( (n"+ma)D(v"), D(v")) = (V'(n" +ma) 0" D(v"), D(v™),

2(v(n"+me)D(v"™),0:D(v")) = 7

we deduce from (24) that

pri AU me)|D(")* + [8r0" |3 < (V' (0" + ma)Om™ D(v™), D(v™))
+2(V' (" + ma) V(™ + ma)D(ug), 0p0™) + 2(v(n"™ + ma) Aug, Opo™)
+2(V (mo)VmaD(ug,), 00™) + 2(v(meg) Aug, Opo™) (25)

—((v™ - V)", 0p0™) — (V" - V)ug, 0:0™) — ((uq - V)U", 0p0™) — ("X, Orv"™)
9
= Z Ji
i=1
The first term on the right side of (25) is bounded by

J1

IN

3/2 1/2
Va0 ] D(0™) 6| D(w™) |5 < Cl0m" |2 [[0" 13 0" |1/

Vmin | n 2 C n|2[,.0 n
v + —10 n v v .

IN

The second one is bounded by

Jo S Vpngg[ V(0" + 1m0 l6] D(ta) 3|07 |2 < C(II0" |12 + [Imall2) [ wall2|0:0™ |2

1
< 100"+ Clluall3(1n" |3 + [Imal3)

and analogously

1
Ja < 771003 + Cllual3mall3.

It easy to see that the remaining terms are bounded respectively, by

Ji <*|8tv”\z+0|!uallz i=3,5,

v, C 1 .
Jo < *!&: "5+ mml! "5+ : "5 ][v" (|7 ]|v"]]3, Ji < — |0 53+Cua 30"} i=17,8
14 Vmin 14

and

Jg < ﬂlﬁtv"\z +Cn"5.

13



Consequently,

1 Vnni C
v(" +ma)| D) + S l0w"[5 < =ZFIl0" 13+ Il 319" 5 + [v"1)
2 14 Vmin (26)

+C (v} llwallf + 10" 13(lwal3 + 1) + [lual B([mall3 + 1)) -

dt

Finally, (23) and (26) prove the Lemma.

Lemma 15 There exists C' > 0 such that

d 0 Vpni 1
@WH% 100 B) + 0l [ + 510} < P2 o 3 + S lor"

+4g 22
3+2 3 2
< I3 (II?? 2+ a3 + 0" 177 0" 1157 )
min

C
" [(In"ll2 + lImall2) + Clom™ 510" |2 + mallz + 1)

min

Ol (Hua\l4+ lual 72 + fua I ) T o ol

(27)

Proof. Differentiating respect to the time the n"-equation of (11) and multiplying by 9;n™ as

test function, using that
(V" - VO™, 0m"™) =0, (ua - VO",0im") =

and

O(Vou"n" -n,om") —UOm",0m" -n3) =0 on (0,T) x 09,

one obtains

0
2dt|3t77 5+ 0|Vom"|* = — (0" V", 0m™) — (0v"Vma, On™) + U(Oim" ' 92s (0m™)). (28)

By bounding the two first terms on the right hand side of (28) in analogous way:

IN

104" o[ V761D |3 < ClOw™ o™ |12 en™ |3 > D1}

1
100"+ gllatn"H? +Cln" 1310013,

— (00" V", 0m")

IN

— (00" Vima, 0m") < T6|8t v" 3+ *Ilf’tnnllf)+0Hma||§|3m”|§

and the third one as

U™, =—(@m™)) < ~ 0™ |3 + C|am™ 3
03 6
we obtain
d n n 1 n n n
%lam 15+ 010" |1} < 100 5+ CUIn"1I3 + Imall3 + 1)[0en™3- (29)

14



U
Note that A3n™ € W™ owing to the choice of spectral basis, moreover VA;n"-n = 514177””3 on

09 Therefore, by using A2n™ as test function, integrating by parts in all terms and taking into

account that
1d

U
—(V@m",VA%n”) = f—|A1n”|§ — / om"ngA1n"™ dS,
2 di 0 Jog

one obtains:

\Am 54 0|V A3 = (Vo"Vn", VA") + (v"V?*0)", VA") + (Vo"Vma, VA"

2dt

ny72 n n n 2,.n 6V77

+("V?me, VAIN") + (Vua Vi, VAI") + (ua V0", VAIN") + U(—-— 9 , VA"
on"ngA1n" dS — on"VAn"ndS + 6 An"VAin"ndS

0 Joa o0 o0
—/ v"Vn"VAin"ndS — v"Vm,VAin"ndS — U, Vn"VAn"ndS

0N 0N 0N
v Mgaras = ZL

a0 0x3 po

We will replace the following estimations for the L;, i = 1,7 in the above inequality:

1/2 1/2
Li < [Vo"ls|Vi"ls|VAin™f2 < Cllo™ ol 1y "1y 10" I3
len C
< g v 13 +o —{ln" [ ™ l2ll7™ 13-
1/2 1/2
Ly < !Un\oo\VQU"MVAW 2 < Cllw" Y™ 132 1 2l s
Vmin |, n2 n2 C n)2(..n4
< — .
< P g O o

Ly < |[Vo"le|Vmals| VA" |2 < Cllo"|la[|mall2lln" |3

Vmin |, n
oI5 +

48 Vmin

< —— |lmal[3]|7" 13-

1/2 2
Li < [v"|e|V? mal2\VA177 lo < Cllo™ (120" 15 [Imal 2l |12

IN

1%
8 lo™ 3 llmall2.

C
o IlE + *Iln I3 + +

mm

IN

1/2 3/2

_20

2

A 15+ Cllualltlln"1I3.

Ls < [Vauals| V20" 3|V A" |2 < Clluall2lln™ [l [In" I3

1/2 3/2

< 20||n 15+ CllualltIn"3-

Lo < |uals| V20" [s|V A"z < Clluallslln™ [l [In" I3

15



Ly < Cln"[l2lln"]]3 < 20!!77 13+ Cln™ 3.

To bound boundary terms we use Lemma 5 and in some cases, the equality VAin" - n =

U
— A1n"ng, provided by the boundary conditions.

0
1/2—6 1/24+6 1/2—6 1/246
L < |am 03| 2200 | 410" 2200y < Cl1On™ 5> N0 12 150 ™ 1>
< %HU"H%+g\latn"\ﬁ+CH77"H2\8t77"!2 for i = 8,9.
U 1/2—6 1/2 5
L < Gl [ An"Aung dS| < ClAW [fan) < Cl" Il 1" 157" < < sl I3+ Clln™ 13
2—9 1/246 1/2—6 1/2446
Ly < \v"w |20 | A 200y < Clo™ 70 oo™ 12l 15> I 12

1/2 1/2 5 1/2 1/2 1/2 1/2 5
< (o 12 1 120 o™ a1 1 172 + ™ ™ s ™ 1) 2
1/2—6 1/246 1/2—6 1/2+6 1/2 1/246
e u/ < (o™l 15> WHQ Sy
1
172 ) i+ i 5 8
o a2 A e E ) < 2 4 & 2720 |4+
96 Vmin
i 2 g g 5 g 5 e 55
96 DL " K
Vmin nn2 n 3133 3+26
< [0™113 + ——ln" l2llm™ 12 + 0™ 1572 7™ 1572 1™ 113.
48 Vmin
1/2 1/2 b 1/2 1/2 1/2 1/2 P
Liz < C(lv"lillmally*lImalls’) >0 (o™ |2 lmally| au/ o "H/ 0™ ][5 | mall2) />
1/2—§ 1/246 1-24 112
K u/ " H/ <o, % lmalle o7 I ||2 T
ol ol Imalelo™l? 7l s
U,
< ;;“nv"u%+@nmau%nn"n%.

1/2 1/2 1/2 1/2 1/2 1/2
Lis < C(lualllln™ 1?0113 )1/2 wall N2 715 + a1 2 1015 %) /20

1/2-6 /248
— 20

2742 +4§ - 4g ] 2— 4§ 8— 82
2 2 2 3—-2 5— 6 5—6 5—6
+C(lually™ lually H77 72 ™ 27 A el ™ M ™ 177

0
< 5ol 5 + C(luall3™ T a3

/8 PO | LA

1/2—6 1/246 1/2—6 1/24+6
Lu \ o H H 0 Ay 2 | Au 1y

IN

1/2—6 1 2+(5
Sl 1 ™ el 15

IN

< sl + Clin 13
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Then we get,

Vmin
4 min

C 2 2 ) $7a8
3+2 3+2
" ll5 <!77"||2 + Imallz + lo" 177 [In™ [l > (30)

min

d 0
3+ 0[5 < =13 + Sl0m™ 1T+ Il " [l2 + [mall2)

+

4

_4 _8
+Cn™M13 ( Nl + uali™ + lluall;™ + 1) + Lo 20" |l2-

Finally, (29) added to (30) proves the Lemma.

5 Proof of Theorem 13

If we suppose vy > 1 adding (19) and (27), one has
a
dt

Vmin 1
([t + ma) + DIDE"E + 11+ 20" ) + 5= 10" + Fl0r0"

0
+ 0113 + S 10" 1T < ellv” 151" 12 + [Imall2)

C
+ (0" I3 (lo" I} + 1" 13 + 19”3 + a3 + [mall3)
c n|(2 n 2 n :2’5174212 n :13‘1732 31
oIz { 10" ll2 + llmallz + [lo™ 17 112 (31)
min

+ U1 (lwall + Tl + Tl 7 + a7 4 1)
+ Cllo" 13 (7" 12 + [uall} + Imallz) + Clom™ l2lln™ |12
+C1on"™ 5 (I3 + IImall3 + 1) + Cllual3(Imall + 1).
By denoting
D (t) = /Q(V(n" +me) + DIDEMP, Q=3+ 10m"3, P =P1+ Dy,

Ui(t) = [lv"[3  and o= [0"[3 + "5 + 10"}

and taking into account that ||ual|2, ||mal|2 are bounded, one has

s _
'+ %‘1’1 +CV¥,; < 5‘1’1((1);/2 +lmall2)

C C
oW (@ 1) 4 Ug(@ 4 [ [f) + DRDS + B (32)
(0) = Pp.

where C1,Co, D, E > 0 are constants independents of vpy.

First step: We will prove that if ®(0) < M/2, then ®(t) < M Vt € [0,T], where M is a positive

constant that we will specify below.
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Let us define R;, Ry and R3 as follows: ||v(0)|1 = R1, ®2(0) = Ry and vmax — Vmin = Rs.

Assume that ¢, Ry and Ry are small enough and vy, is big enough such that,

min C
”4 — &(((Vnin + R3 + )Ry + R2)Y? + Imall2) — — ((Vtnin + Rs + 1)R1 + Ro + 1) > a1 (33)
and
. C
C — = ((vanin + R + DRy + Ro)'? 4 [ma ) > a2, (34)

for some constants a1, as > 0. We define a = min{a;, a2} and P = min{P;, P»} where 1/P; and
1 1

1/P, are the Poincaré constants that verify ®; < ?\Ill and ¢y < F\PQ respectively.
1 2

Since in [3] one can see that

() <C <1 + ynllm) : (35)

we have that ®(t) < 2C for all t € [0,T] where C is independent of vy, Now, we choose Vmin
so that (33) and (34) holds and

_ 8DC®+ E

Cu aP

< (Vmin + 1)R1 + Ro.

We put M = M (vmax, R1, R2) defined as M/2 = (Vmax + 1)R1 + Ro. Let t* > 0 the first
value such that ®(¢*) = M, hence

S(t)=M and B()<M Vtel|o,t).

The following differential inequality holds:

P’ + aP® < DOP2 + F.
P (36)
B(0) = By
for each t € [0,t*].
Multiplying (36) by e*”* and integrating in [0, #*] we deduce
t*
(I)(t*) < (I)(O)e—aPt* + e—aPt*/ (D(I)(I)g +E)€aPs ds. (37)
0

Therefore, by using ®s € L, ®; € L' and taking into account (35) , we obtain
B(t*) < 3(0)e " 4+ (D(20)° + E) L5 (1 — e7oPT)
< (Wmax + DI[v(0)[F + @2(0) + Cuy < (tmax + 1) Ry + Ry + Cuy
but C, < M /2, then we arrives at a contradiction.
Second step: Under conditions of first step then ®(7") < &(0).

Now, since ®(t) < M Vt € [0,T], we can repeat the above argument obtaining (36) in [0, 7]
and we arrive at

O(T) < ®(0)e *FT + O,

18



Choosing vy big enough such that Cyy < ((Vmin+1)R1+Ra)(1—e~2FT) we obtain ®(T) < M/2.
Hence, ®(T") < ©(0)

Third step: Existence of approximate periodic solution
Given (v"°,7n™) € V" x W™, we define the map
L":[0,7T] — R"xR"
t = (fln(t)a -'-7§nn(t),<1n(t)7 7<’rm(t)>

where (&1,(t), ..., &nn(t)) and (Cin(t), ..., Cun(t)) are coefficients of v™(t) and n™(t) respect to
V™ and W™ respectively, being (v"™(t),n"(t)) the (unique) approximate solution of (10)-(11)
corresponding to the initial data (v,0,8n0).

Now, varying the initial data (v"°,7"?), we are going to define a new map
R":BCR"xR" = R" xR"

as follows: given Ly € R™ x R", we define R"(L{) = L"™(T), where L"(t) is related to the
solution of problem (10) — (11) with initial data Lg(= L"(0)) and

B = {(€1n7 ey Ennsy Cln,y "~7Cnn) = Lg : @(0) < M/Q}

By uniqueness of approximate solution of problem (10)-(11), this map is well-defined. Moreover,
using regularity of the corresponding ordinary differential system (equivalent to (10)-(11)), this
map is continuous. By the second step, R™ maps B into B and B is a closed, convex and
compact set. Consequently, Brouwer Theorem implies the existence of fixed point of R™, which

gives us existence of periodic Galerkin solution.
Four step: Pass to the limit in periodic approximate solutions

If the vy is big, owing to the first step we have
o(t) = /Q(V(n" +lmall) + DIV 2 + (1[5 + [0n" 3 < M.
Therefore, the following bounds hold uniformly:
(v™,n™) in L(H' x H)NL*(H? x Hy),
(Opw™) in L*(L?),
(dm™) in L>®°(L?) N LA(HY).

Using compactness results for time spaces with values in Banach spaces with the compact em-
bedding of H? into H', one has

(v™,n") is relatively compact in L*(H' x H?).
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In fact, this compactness is sufficient in the pass to the limit in the approximated problem

(10), (11) in order to control the nonlinear terms.

Now, we go to pass to the limit in periodic conditions. From estimations of n™ in L (H?)
and (9;n™) in L?(H') and using the compact embedding of H? into H', one has that n™ is
relatively compact in C([0,7]; H'), hence n*(T) — n(T) and n™(0) — n(0) strongly in H(Q).
Since n"(T') = 7(0), then 7(T") = 7n(0) in H'(Q). Finally, since n*(T) and 7"(0) are bounded
in H?(Q), we have that n(T) = n(0) in H%(Q).

The argument for u is similar, hence one deduces u(T) = w(0) in H' ().

Finally, given the reproductive solution (v,7) associated to v(0) = v(T') := vg and n(0) =
n(T) := no, then (v,n) is the (unique) solution of the initial-boundary problem associated to the
initial data (vg,no), which is defined for all time ¢ € (0, 00). Moreover, this solution is T-periodic,
because in (7,27) must be equal to the reproductive solution defined as v(t) = v(t — T') and
7(t) = n(t — T') (which verifies v(T') = v(2T) = vg and (T) = n(2T") = 1) and so on.
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