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Abstract. This article presents some results on existence and uniqueness of mild solutions to
neutral stochastic functional evolution integrodifferential equations driven by a fractional
Brownian motion. The existence of mild solutions for the equations are discussed by means of
theory of resolvent operators. Under some sufficient conditions, results are obtained by using a
Banach contraction principle.
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1. Introduction
In this paper, we study the existence of mild solutions for a class of abstract stochastic
partial neutral functional integro-differential equations modeled in the form
dlu(t) + G(t,u(t—r(t)))] = A®)[u(t) + G(t,u(t — r(t)))]dt
+[[L BAS)UE) + (s, u(s — r(s))]ds + F(t u(t - 5(1))) Jdt
+o(t)dBH(t) for t e [0,T],
Uo(.) = o, -7<t<0,

)

J
where A(t) is a linear operator which generates a linear evolution system {R(t,s), t > 0} ona
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Hilbert space X, B(t) is a closed linear operator on X with domain D(B) > D(A) which is
independent of t, B is a fractional Brownian motion on a real and separable Hilbert space Y.
The functions r,6 defined from[0,+o) into [0,7](r >0) are measurable, and
G,F:[0,+0) x X — X, o [0,40) — L£3(Y,X) are appropriate functions. Here £5(Y,X)
denotes the space of all Q-Hilbert-Schmidt operators from Y into X (see Section 2).

Neutral integro-differential equations arise in many areas of applied mathematics. For
instance, the system of rigid heat condition with finite wave speeds, studied in [6], can be
modeled in the form of integrodifferential equations of neutral type with delay, and for this
reason these equations (with an initial condition or a nonlocal condition) have received much
attention in the last few decades. One of the important techniques to discuss these topics is the
semigroup approach; see , for example [13, 8, 9]. In the paper [5], Caraballo and Diop
investigated the existence of solutions for the following stochastic functional differential
equation:

dlu(t) + G(t,u(t—r(t)))] = Afu(t) + G(t,u(t — r(t)))]dt
+ [ BAS)UE) + G(s,u(s - r(s))]ds + F(t u(t - 5(1))) dt

\

> (2)
+o(t)dBH(t) for t € [0,T],
Uo(.) =, —-7=<t=<0, )
which differs from (1) only in its A(t), by using a semigroup approach and classical fixed point
arguments.

In this work, the linear part in our equation is an operator independent of time t and
generates a strongly continuous semigroup, so that the semigroup approach can be employed.
Our purpose in the present paper is to establish some results concerning existence and
uniqueness of the solutions for the non-autonomous stochastic integrodifferential equations
(1). A motivating example for this type of equations is the following non-autonomous
boundary problem:

0 o b
L0t + gtxtt- pu o)) = | L5 4749 D + g x(t- p )]
2

+ [ b(t=9)-L7X(5.8) + 9(.x(s — p1.£)]s

(Xt p2,8) + o) 9B ), > (3)
X(t,0) + g(t,x(t—r(t),0)) =0 for t=>0,
x(t, 7) + gt x(t—r(t), 7)) =0 for t>0,
X(0,8) = %0(0,8),0(s,.) €L?[0,T], —p<6<0, 0<&<m. )

Such problems arise in the study of stochastic systems in the presence of hereditary
influences on the state variable. For example, stochastic integrodifferential systems which
cover a large area of system dynamics including reactor dynamics [4, 14, 16], heat transfer by
conduction and radiation [17, 15], mathematical modeling of system hysteresis [11, 14],
models of transmission of infection of diseases [3]. Therefore, it is meaningful to deal with (1)
to acquire some results applicable to problem (3).
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As we know, non-autonomous evolution equations are much more complicated, to be dealt
with, than autonomous ones. Our approach here is to assume that {A(t) t> O} is a family
of linear operators on X with dense domain such that it generates a linear evolution system.
The results in this paper are natural continuation and generalization of the results reported by
Caraballo and Diop [5].

Let us now describe the remaining contents of the paper. In Section 2, we introduce some
notations, concepts of resolvent operators, basic results about fractional Brownian motion and
Wiener integral over Hilbert space. In Section 3, we prove the existence and uniqueness of
mild solutions for the system (1). An example to illustrate our previous abstract results is
analyzed in Section 4.

2. Wiener Process and Deterministic Integrodifferential Equations
2.1. Wiener process

In this section we introduce the fractional Brownian motion as well as the Wiener integral
with respect to it. We also need to establish some important results which will be needed
throughout the paper. So, first, let (Q2, F,1P) be a complete probability space.

Definition 2.1. Given H € (0, 1), a continuous centered Gaussian process SH(t), t € R, with
covariance function

Ru(s,t) = B[O ()] = 7 (" +s —[t—s[*), tseR,

is called a two-sided one-dimensional fractional Brownian motion (fBm), and H is the Hurst
parameter.

Now we aim at introducing the Wiener integral with respect to the one-dimensional fBm
pH. Let T > 0 and denote by A the linear space of R-valued step function on [0, T], that is
¢ Aif

n-1

PO = D Xi L@,
i=1

where t € [0,T], xieRand 0=t; <ty <--- <ty =T. For ¢ € A we define its Wiener
integral with respect to " as

n-1
I; ¢(s) dp"(s) = ZXi(ﬂH(tm) — BH(t)).
i-1

Let H be the Hilbert space defined as the closure of A with respect to the scalar
product (1o, 1i0:5)« = Ru(t,s). Then the mapping

n-1
60 = X% L ® ~ [ 96 d87)
i1
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is an isometry between A and the linear space span{g", t e [0,T]}, which can be extended to
an isometry between 7 and the first Wiener chaos of the fBm span-’@{s", t e [0, T]} (see
[21]). The image of an element ¢ € H by this isometry is called the Wiener integral of ¢ with
respect to gH. Our next goal is to give an explicit expression for this integral. To this
end, consider the Kernel

t
Knu(t,s) = cHs%‘HJ. (u—s)"zutzdu,
S

where cy = /% , with B denoting the Beta function and t < s. It is not difficult to
—2H, H-

see that
aKH ts) =cu(L ) t—s)"2.

Con5|der the linear operator Ky @ A — L2([0,T]) given by
Kip)® - [ oL 9t
Then

Kiilion (5) = Ku(t,$)1p01(8),

and K}, is an isometry between A and L?([0, T]) that can be extended to A (see [1]).
Considering W = {W(t), t e [0, T]} defined by

W) = g ((KE) o),

it turns out that W is a Wiener process and g™ has the following Wiener integral representation:
BH(t) = j ; Ku(t,s) dW(s).

In addition, for any ¢ € A,
[ 96 ds*®) = [ (<o),

if and only if K} (p e L2([0,T)).
Also denoting L%([0,T]) = {p € A, K{j¢ € L%([0,T])}, since H > % allows for

L#([0,T]) < L}([0,T)), (4)
see [18]. Moreover, the following useful result holds.

Lemma 2.1. [19] For ¢ e L% ([0, T]),

HEH-1) [ [ lollolir - u-2drdu < cullol?,

Next we are interested in considering a fBm with values in a Hilbert space and giving the
definition of the corresponding stochastic integral. Let (X, ||. || x,(.,.)x) and (Y, ||. ||y, (.,.)y) be
separable Hilbert spaces. Let £(X,Y) denote the space of all bounded linear operator from X to
Y. Let Q € L(X,Y) be a non- negative self-adjoint operator. Denote by £9(Y,X) the space of
9 e L(Y, X) such that 9Q7 is a Hilbert-Schmidt operator. The norm is given by

1912905 = |.9q—| — tr(9Q9*).
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Then 9 is called a Q-Hilbert-Schmidt operator from Y to X.
Let {gH(t)}neny be a sequence of two-sided one-dimensional standard fractional Brownian
motions mutually independent on (€2, 7, P). When one considers the following series

Zﬁ;{(t)en, tZ 0!
n=1

where {en}nen IS @ complete orthonormal basis in X, this series does not necessarily converge
in the space Y. Thus we consider a Y-valued stochastic process

BH(H) = D s (®HQZe,, t>0.

n=1

If Q is a non- negative self-adjoint trace class operator, this series converges in the space Y, that
is, it holds that Bf(t) € L2(Q,Y). Then, we say that the above Bf(t) is a Y-valued
Q-cylindrical fractlonal Brownian motion with covariance operator Q. For example, if {on}nex
is a bounded sequence of non-negative real numbers such that Qe, = onen, assuming that Q is
a nuclear operator in Y (that is, Z;":l on < ), then the stochastic process

BR(M) = > pH(®Q%Ten= D Jonpi(®en, >0,

n=1 n=1

is well-defined as a Y-valued Q-cylindrical fractional Brownian motion.
Thenletg : [0,T] - L3(Y,X) such that

Z:L” Kf ((pQ 2 en) || L£2([0,T];X < . (5)

Definition 2.2. Given H € (0,1), and let ¢ : [0,T] - L%(Y,X) satisfy (5). Then, its
stochastic integral with respect to the fBm B§ is defined, for t > 0, as follows

[ 00888 = 3| 0®Qtenpt® - 3| (Ki@Qe)S)AW(S) (6)
n=1 n=1

Notice that if
1
2 l0Q%enll 4y <
n=1

then in particular (5) holds, which follows immediately from (4).
Now we end this subsection by stating the following result which is crucial for proving our
main result. It can be proved by similar arguments to those used in Lemma 2 in Caraballo et al.

[6].
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Lemma 2.2. If v : [0,T] - L9(X,Y) satisfies IZ”‘V”igdS < oo, then the above sum in (6) is
well defined as a X-valued random variable and

t H 2 2H-1 ! 2
B[ vedsr@| = 2H e [y 20

Proof. See [2]. H
2.2. The stochastic convolution integral
Here we present some properties of the stochastic convolution integral of the form
o t
R® = | Rts)o(s)dBH(s), te[0T]
0

where o(s) € £9(X,Y) and {R(t,s), t> O} is an evolution system of operators.
The following result on the stochastic convolution integral R should always hold.

Lemma 2.3. Suppose that ¢ : [0,T] - L3(X,Y) satisfies supipmlo(t) ||ig(x,v) < o0, and
suppose that {R(t, s), t> O} is an evolution system of operators satisfying
IR(t,s)|| < Me P9 for some constants B > 0and M > 1, for allt > s. Then

t 2
]EH [ Rt9)o dBH(s)H < CM2H(sup (1001 2500r,)-
te[0,T]

Proof. Let {en}nen be a complete orthonormal basis of Y and {Bf'}ney is a sequence of
independent, real-valued standard fractional Brownian motion each with the same Hurst
parameter H € (%, 1). Thus, using the fractional Itd isometry one can write

E H j; R(t,5)o(s)dBH(s) H i

B | Re9oemdst | 2
n-1

= i I; J;( R(t,s)o(s)en, R(t,Na(r)en)H(2H — 1)|s — r|2H-2dsdr
n=1

< HEH -1 [ {IRCS0© 1 [ IREDo) s - ri22dr tds

t t
< HEH-1M? | O{e-ﬁﬂ-s) 1965) | gy [ & ls = HP2 o) ﬁg(X,Y)dr} ds.
Since o is bounded, one can then conclude that

t 2
]EHJO R(t,5)o(5)dBH(S) H < HEH - DM2(sup [lo()[1290y,)? X
te[0,T]

t t
X I {eﬁﬁs) I e PUD|s - r|2H2dr} ds.
0 0
Performing the change of variables v = t — s for the first integral, and u = t — r for the second
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one, we obtain

¢ 2
EHJO R(t,5)o(s)dBH (s) H < HEH - DM2(sup (6D 1 2g001)? X

te[0,T]

t t
—pv —Buly _ v|2H-2
X Io{e Ioe |u—v| du}dv.

t 2
5[ [ Rt )o@ © || < M (sup o) 1255,))%
te[0,T]

and the proof is then complete. H

From [29] it follows that

2.3. Partial integro-differential equations in Banach spaces

Let us recall some fundamental results needed to establish our results. The resolvent
operators play an important role to study the existence of solutions and to give a variation of
constants formula for nonlinear systems. We need to know when the linear system (7) has a
resolvent operator. For more details on resolvent operators, we refer the reader to [12]. The
following assumptions are:

e (i) A(t) generates a strongly continuous semigroup of evolution operators.
« (i) Suppose Y represents the Banach space D(A) equipped with the graph norm defined by

Yl == [Ay|+ly| for yeY.
A(t) and B(t,s) are in the set of bounded linear operators from Y to X, £(Y,X) for0 <t<T
and 0 <s < T respectively. A(t) and B(t,s) are continuous on 0 <t<Tand 0 <s<t<T,
respectively, into £(Y, X).
To obtain the results, we consider the following abstract integrodifferential Cauchy problem

dvi(t) [A(t)v(t) + ; B(t, s)v(s)ds}dt, for 0<s<t<T, -

v(0) = vge X

Definition 2.3. [12] A resolvent operator for Eq(7) is a bounded linear operator valued
function R(t,s) € £(X) for 0 < s <t < T, satisfying the following properties:

o (i) R(tt) = Iand|R(ts)| < NefS) t s e [0, T] for some constants N and p.

e (i1) R(t,s) is strongly continuous in s and t.

e (ili) Fory € Y, R(t,s)y is continuously differentiable insand t,and for0 <s <t <T,

%R(t,s)y = AR, S)y + j "B(t— nR(r, s)ydr,

%R(t, s)y = —R(t,5)A(S)y — j : R(t,1)B(r — s)ydr,

with %R(t,s)y and %R(t, s) are strongly continuous on 0 <s <t < T. Here R(t,s) can be
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extracted from the evolution operator of the generator A(t).

For the family of linear operators {A(t) : 0 <t < T}, the following assumptions need to be
imposed:
e (H1) The domain D(A) of {A(t) : 0 <t < T} is dense in X and independent of t; A(t) is a
closed linear operator.
o (H2) For each t € [0,T], the resolvent operator R(A,A(t)) exists for all A with ReA < 0 and
there exists K > 0 such that |[R(1, A(t)) (< (|/1|+1)

o (H3) There exists 0 < § <1 and K > 0 such that ||(A(t) — A(s))AL(r)||< K|t —s|® for all
t,s,r € [0, T].

e (H4) For each t € [0,T]and some A € p(A(t)), the resolvent set of A(t), the resolvent
R(A A(t)), is a compact operator.
Under these assumptions, the family {A(t) : 0 <t < T} generates a unique linear evolution
system, also called linear evolution operator.

Definition 2.4. [20] A two parameter family of bounded linear operators

U(t,s), 0 <s<t<T,onXis called an evolution system if the following two conditions holds
e () U(s,s) = I, U(t,n)U(r,s) = U(t,s), for0 <s<r<t<T.

e (ii) (t,s) — U(t,s) is strongly continuous for0 <s <t <T.

Lemma 2.4. [20] Assume that (H1) — (H3) hold. Then, there exist a unique evolution system
U(t,s), 0 <s <t <Tandaconstant K > 0 such that
e (i) U(t,s) <K for0<s<t<T,

e (i) for 0 <s<t<T, U(ts): X>Y and t - U(t,s) is strongly differentiable in X. The
derivative iU(t s) belongs to L(X) and it is strongly continuous on 0 < s <t < T. Moreover,

forall 0 < s S t < T, itholds
QU(t,s) +ADU(L,S) = 0

us) || = 1au sl £

H ot t

AU, )AGS™) I K,
e (iii) foreachy € Yand t € [0,T], U(t,s)y is differentiable with respecttoson0 <s <t <T
and @U(t s)y = U(t,s)A(s)y.

Lemma 2.5. [10] Let {A(t), t € [0, T]} be a family of linear operators satisfying (H1)-(H4). If
{U(t,s), 0<s<t<T;} is the linear evolution system generated by {A(t),t € [0, T]}, then
{U(t,s),0 < s <t < T} isacompact operator whenever t —s > 0.

3. Existence of Mild Solutions for Eq (1)

In this section, we establish the existence and uniqueness of mild solutions of Eq (1) using
a contraction mapping principle. For this reason we introduce the following technical
assumptions.
« (H5) There exists a resolvent operator R(t,s) which is compact and continuous in the uniform
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operator topology fort > s.
e (H6) The function F : [0,+w0) x X — X satisfies the following conditions: there exist positive
constants C;,C, such that, forall t € [0,T] and x,y € X

IFX) —FAY) | < Callx =yl

IF@t) 112 < Ca(L + [IX]1%).

e (H7) The function G : [0,+x) x X — X satisfies the following conditions: there exist
positive constants C3,C4,0 < C3 < 1suchthat, forallt € [0,T]and x,y € X

IGtX) -Gty I < Cslx-yl,
IG(tX) 117 < Ca(L + [IxII).

e (H8) The function G is continuous in the mean square sense. For all
X € u e C([0,T],L2(Q, X)), it holds that limes B G(t, x(t) — G(s,x(s)||? = 0.
e (H9) The function o : [0,+w0) — L£3(Y,X) satisfies

.
[To®) 12905 <0, wT >0,
0 2
Moreover, we assume that ¢ € C([-7,0],L%(Q, X)). Next, we introduce the concept of mild
solution for Eq (1).

Definition 3.1. An X-valued process {u(t), t € [-z,T]}, is called a mild solution of Eq (1) if
u e C([-1,T],L2(Q, X)),u(t) = o(t) fort € [-r,0], and, for t € [0, T], satisfies

u() + Gt ut—r(s))) = R(L0)[¢(0) - G(0,9(-r(0))] + _[; R(t,s)F(s,u(s - 6(s)))ds

+ j ; R(t,s)o(s)dBH(s) P-a.s.

To prove our main results we first recall the next lemma, which is Lemma 1 of [7] by
Caraballo et al.

Lemma3.1. [7] Forx,y € Xand 0 < ¢ < 1,

2 2 2
XI5 < e Ix=ylk+ ¢ Iyl

Theorem 3.1. Under the assumptions (H1) — (H9), for every ¢ € C([-1,0],L%(Q, X)) there
exists a unique mild solution u to Eq (1).

Proof. Assume that T > 0 is a fixed time and let Ct := C([-7,T],L%(€, X)) be the Banach
space of all continuous functions from [—z, T] into L?(€, X) equipped with the supremum norm
IC1le, = sup (BlI{(2) 12)¥2, and let us consider the set

ze[-1,T]

St(p) = {u € C([~-7,T], L2(Q, X)) : u(s) = (), for s e [-z,0]}.
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St(p) is a closed subset of Cr provided with the norm ||. || .. Define the operator I" on St(¢)
by T'(u)(t) = (t) fort € [-7,0], and fort € [0, T]

F® = R(t0)[e(0) - G(0,9(-r(0)))] - G(t,u(t - r(1))

t t 8)
+ j RES)F(S,u(s — 6(5))ds + jo R(t,5)5(5)dBH(S).

It is clear that, proving the existence of mild solutions to Eq (1) is equivalent to finding a fixed
point for the operator I'.

Next we will show, by using the Banach fixed point theorem that I" has a fixed point. We
split the proof into two steps.

Step 1: For arbitrary u € St(¢), let us prove thatt — I"(u)(t) is continuous on the interval [0, T]
in the L2(Q,X)-sense. Let 0 <t < T and |n| be sufficiently small. Then, for any fixed
u € St(e), we have

Tt +h) = CWO [ = [[(R(E+h,0) = R(,0)[(0) = GO0, p(=r(0)))]ll
+IG(t+h,ut+h—r(t+h))) —G(tuct—r())|l

t+h t
+ H jo R(t+ h,s)F(s, u(s — 5(5)))ds — jo R(t,$)F(s, u(s — 5(3))ds H

t+h t
0 0

= > Li(h).

1<i<4
Using the continuity of R(t,s), we obtain

Ihin(r)l (R(t+h,0) —R(t,0))(¢(0) - G(0,9(-r(0)))) = 0.

From (H4), we have
I(R(t+h,0) = R(t,0))(¢(0) — G(0, p(-r(0)))) |
< [Nef®™ 4+ Nef[lp(0) — G(0, p(=r(0)) Il L2(qy)-
Then, by the Lebesgue Majorant Theorem, we conclude that

lim E|l1(h)|? = 0.
h-0
Moreover, assumption (H8) ensures that
lim E|l,(h)|? = 0.
h-0

For the third term I3(h), we suppose h > 0 (similar estimates hold for h < 0), then we have
t t+h
I3(h) < HIO(R(t+ h,s) — R(t,8))F(s, u(s — 5(5)))ds H " Hj R(t, S)F(s,Us — 5(5)))ds H
t

< Is1(h) + I32(h),
and due to Holder’s inequality,
Ells(h)|? <tE I; (R(t+h,s) — R(t,5))F(s,u(s — 5(s))) || 2ds.

Again exploiting the continuity of R(t,s), we have for each s € [0, 1],
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lim (R(t+h,s) —R(t,s))F(s,u(s—6(s))) =0,
h-0

and
| (R(t+h,s) — R(t,5))F(s,u(s — 5(s)))ds || < NJ||F(s,u(s —(s)))ds| € L2([0,1] x Q),

where N = [2N2e-25t0) | 2N2e-28t], Then, by the Lebesgue Majorant Theorem once more, we
conclude that

lim El|31(h)|2 = 0.
h-0

Next, by Holder’s inequality, it follows that
T

Ells2(n)[2 < CohN2(1 - ) [ (Bllu(s - 8(s)) 12 + 1)ds,
0

and then

lim El|32(h)|2 = 0.
h-0

Now, for the term 14(h), we have

lu(h) < Hj;(R(tm,s) _R(,5))0(s)dBH(s) H ; HJ:+hR(t+h,s)cr(s)dBH(s) H

< lg1(h) + 1a2(h).
By lemma2.2,

Ella(h? < 2HER | ;||(R(t +h,5) = R(6,5)0(9) 13 do.
Since limn_o || (R(t + h,s) — R(t,5))o(s) ||f:g =0 and
I(R(t+h,8) = R(1,9))5(s) | g < [NePE™ + Ne-?]||a(s)[| 25 € L*([0,T],ds),

the Lebesgue Majorant Theorem then implies that

lim El|41(h)|2 = 0.
h-0

Again by lemma2.2, we obtain that
t+h
Ello(n)[? < 2HN2(1 - e2Mt2+ [ Vo(s) | yds 0 when h 0.
t
The above arguments show that limn.oE[T(u)(t+h) — T'(u)(t))||*> = 0. Hence, we conclude
that the function t — I'(u)(t) is continuous on [0, T] inthe L2?-sense.

Step 2: Now we show that T is a contracting mapping in St,(¢) for some small enough T; < T
Forevery u, v € St(p) and t € [0, T], by using lemma3.1 we have

ITW)® -TWO11* < C% IG(tut—r(®)) -GVt —rON I

1 t 2
|| [ Res)Fesuis - 865) - Fesvis - somas|

Owing to the Lipschitz properties of F and G combined with Holder’s inequality, there holds

+




95 T. CARABALLO, M. A. DIOP, and A. A. NDIAYE

EIF@)® - TM)® 1% < CoBllu(t - 1) —v(t—r(1)|?
N e L) [ Bluts - 5) - vis - 5(©) | ds,

1
Hence
sup E[T(W®) -TW®) 1% < at) sup Efu(s) —v(s) 2,
se[-,t] se[—1,t]
where

a(t) = Ca+ 5 1 ~N2C 2( L8 ez/’t )t

By condltlon (|||) in (H4) we have a(0) = C3 < 1. Then there exists 0 < T; < T such that
0 < a(T1) <land Tis a contraction mapping on St,(¢) and therefore has a unique fixed
point, which is a mild solution of Eq. (1) on [—z,T1]. This procedure can be repeated a finite
number of times in order to extend the solution to the entire interval [—z,T]. This completes the
proof. H

4. Application

As we mentioned in the Introduction, neutral stochastic differential equations arise in many
real world problems such as physics, population dynamics, ecology, biological systems,
biotechnology, optimal control, theory of elasticity, electrical networks, etc. Now, to illustrate
our results, we consider the stochastic partial functional integrodifferential equation with finite
delays (0 > p > pi > 0,i = 1,2):

N

21x08) +9(txt-pue)] - [ L5 4700 [x0& + gxt-pr o))

+[ b-9L; [x(s &)+ 9(s,X(s — p2,£))]ds

+f(t, x(t - 5(t) £) +o(t)9B= d (t) > 9)
X(t,0) + g(t,x(t— p1,0)) =0 for t>0,
X(t,7) + g(t,X(t— p1,m)) =0 for t>0,
X(0,8) = Xo0(0,),0(s,.) €L2[0,T], —p<0<0, 0<&<m, )

where B denotes a fractional Brownian motion, g,f : R* xR - R, r,§ : [0,+0) - [0,7], and

b:R*->R are continuous functions. Let X = L2([0,n]) and
e == rsin(nx) (n=1,2,3,---). Then (en)nevis a complete orthonormal basis in X. Let
A = <, whose domain is Y := D(A) = H2([0,7]) N H([0,x]). Then, it is well known that

Az = Z:: n%(z,en)e, for any z € X, and that A is the infinitesimal generator of a strongly
continuous semigroup of bounded linear operators{R(t)}=0 on X, which is given by
R(t)¢ = ZL e g, enden, ¢ € D(A).In addition, it follows that R(t) is compact for every
t > 0and ||R(t)|| < e foreveryt > 0.In order to define the operator Q : Y — Y, we choose a
sequence {onrn=1 < R* and set Qe, = onen, and assume that tr(Q) = 2:21 Jon < . Define
the process BH(s) by
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BH = Z JG_nVn(t)en1

n=1
where H e (%,1) and {yH}neny is a sequence of two-sided one-dimensional fractional
Brownian motions mutually independent. Now we define an operator A(t) : D(A) c X - X
by
AWMIE) = Al(S) + 7 (L E)I(S).
Let b(+) be continuous and y(t,&) < —a(a < 0), for every t € R. Then, the system

X' (1) = ADX({H) t>s } (10)
X(s) =xeX

has an associated evolution family, given by
t
U(t, s)x(6) = [R(t - S)ejs v odn, J (s).

From the above expression, it follows that U(t,s) is a compact operator for every t,s € [0, T]
witht > sand ||U(t,s) | < et

Suppose then that the following conditions hold:

e (Al) Fort >0, f(t,0) = g(t,0) = 0.

« (A2) There exist positive constants Iy, 15, Is, l4, with 0 < 713 < 1, such that

[f(t,{1) = f(t,2) < hald1 — ol

19(t,&1) —g(t,82)| < 12K[C1 = &a.
« (A3)

If(t, Ol < 1a(1 + [£]2);

l9(t, Ol < 1a(1 + %),

for t>0 € {,01,(2 € R.
e (A4) The functiono : [0,+0o[— LI(L2([0,x]),L%([0,x])) satisfies

[ilo(s)]124ds < o0, VT >0,
Let C = C([-p,0], X) and define the operators F,G : R* x C - X for & € [0,7] by
G(t,¢)() = 9t,¢(=p1)(5));
F(t.9)(S) = (. 9(=p2)(E)).
If we put
u(é) =xé for t>0 and & € [0,7],
e(0) (&) =xo(0,8) for 0 e[-r,0] and ¢ € [0,n],
then Eq (10) takes the following abstract form
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dlu(®) + G(t,u(t— p1))] = A®[u(t) + G(t,u(t — p1))]dt
; U; B(t — $)[U(S) + G(5, U(S — p1))]ds + F(t u(t — p2)) ]dt
+o(tdBR() for t> 0,

uit) = ¢, te[-p,0]
By assumption (Al)we have

IRt g0 - Ft92) = ([ I8 - Ft g2 (@)

12

T 172
= (7 610-p2)(©) - 1t gal-p)(@)IPde )

T 172
< 13(J 101p2) (@) - da(-p2)(@) P
< lillgs =2l

demonstrating that F(t,x) satisfies a Lipschitz condition. Further, by assuming (A2) it follows
that

IFeool} = ([TFeon@rds)
- ([ Kscpornpa)

<12 ([ + hco@re)

< BBr[1+ 16115 ]

The remaining conditions can be verified similarly. Thus, all the assumptions of theorem
3.1 are fulfilled. Therefore, the existence of a mild solutions for (9) is verified.
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