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Stokes equations

—Au+Vr=f, V-u=h inQ,
) { =7 !
=g on .

Oseen equations

—Au+v-Vu+Vr=f, V-u=h inQ,
©) V !
=g on e

Navier-Stokes equations

(NS) { —Au+u-Vu+Vr=f, V.u=h inQQ,
u=g onl.
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ai
The trace problem

Generalized solutions for (INS)
e For h =0, we know (Leray, 1933) that if

feWP(Q) and ge W VPP(M), with p>2

r.

for I'; the connected components of the boundary I,
i=0,...,I, then there exists a solution of (NS) with

(u,7) € WHP(Q) x LP(Q)
e Serre (1983) proved the existence of weak solution

(u,7) € WHP(Q) x LP(Q) forany g <p<2

with the same hypotheses for h and g.
e Kim (2009) extended the existence result to the

case 3 < p < 2, with connected I' (I =0) and for h
and g small enough in a convenient norm.
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ai
The trace problem

Very weak solutions for (NS)

o The existence of very weak solutions
(u,7) € L3(Q) x W~13(Q), considering

feHYQ), h=0 and gelL?)

big enough and without the restriction of null-flux
(1) was established by Marusic-Paloka (2000) for Q
connected and C1:!.
e BUT the proof is only correct when condition (1) is
satisfied or
i=1
Z l{g-n,1)r,|] < (general case when h =0). (2)
=0
o Kim (2009) proved the same result for any
£ e [WE¥(Q) nw23(Q), and h € [WH¥/3(Q)] and
g € W~1/33(T") small enough, I connected (I = 0).
(Non-correct spaces)
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Motivation

The trace problem

AIM:

o Generalize the very weak solution theory
(u,m) € LP(Q) x W HP(Q),

with 1 < p < oo, for the stationary Stokes, Oseen
and Navier-Stokes equations with non-homogeneous
Dirichlet boundary conditions.

o We need a rigorous definition of the traces of
functions in L?(Q) (see Amrouche-Girault (1994) ou
Amrouche- Rodriguez-Bellido (2010,2011)).

o Regularity and uniqueness of very weak solutions.

@ Solutions in fractional Sobolev spaces.
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Motivation

The

The trace problem

For Stokes, Oseen and Navier-Stokes we follow the
steps:

o Existence of weak solution, that is

(u,7) € HY(Q) x L3(Q).
o Existence of strong solution, that is
(u,7) € W2P(Q) x WIP(Q) for any p > 1.
Existence of generalized solution, that is
(u,7) € WIP(Q) x LP(Q) for any p > 1.
Existence of very weak solution, that is
(u,7) € LP(Q) x W~1P(Q) for any p > 1.

o Fractional Sobolev spaces results.

©
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The mework

The aim
The trace problem

Questions related to the three problems:

@ A trace theorem.
o The 2-dimensional case and the 3-dimensional case.

o Regularity demanded for the convective velocity v
in the Oseen problem.

JSA 2013 (en I’honneur de Martin Costabel)



The trace problem

The first work

o The trace result.
o The 3-dimensional case.
e The convective velocity v € L*(Q2) (for s depending
on L? space) and V- v = 0.
The second work

o The 2-dimensional case and 3-dimensional case.

o The convective velocity v € L3(f) in the 3D case,
v € L2(Q) in the 2D case and V- v # 0 is small (in
some sense).
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The trace problem

Lemma 1 (tangential traces)

Let Q be a bounded open set of R3? of class CI!. Let
1< p<ooandr>1be such that % < %—i—%. The mapping

Y : v+ v.|r on the space D(Q) can be extended by
continuity to a linear and continuous mapping, still
denoted by 7., from T, ,(Q) into W~/PP2(T'), and the
following Green formula holds

<AU7¢>[xr,,p,(9)]/xx,ﬂ,,p,(9) = /Qv-Azﬂda:— (3)

- Ury, 57— )
on W—1/p:p(F)x W1/P:P (I)

for any v € T, () and v € Y, (Q).
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The trace problem

We introduce the spaces:

D,(2) ={p € D(Q); V-9 =0},

D,(Q) = {¢ e D(Q)* V- =0},

JSA 2013 (en I’honneur de Martin Costabel)



Motivation

The trace problem

o For the test functions, we consider the space
Yy (Q) = {¢ € W2 (Q); 9|r =0, (V-4)|r =0}
also be described (see Amrouche-Girault (94)) as:

V(@) = {4 e W@ gl =0, 20 n| =0} ()

o Which is contained in the space:

X:p(Q) = {0 € Wo"(Q); V-9 € WP (Q))

The space D(Q2) is dense in X, ,(2) and for all
g € WLP(Q) and ¢ € X,» (), we have

<vq, <AO>[)(T/,p/(Q)]’X)(T/’p/(ﬂ) = _<Q7 V- (P>W—1,p(Q)><W01»P/(Q)' (5)
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The trace problem

o For the searched solution, we use the space:

(X (Q)={f=V -Fo+Vf; Fo e L(Q), fr e WP(Q),
with  Fo = (fij)i<ij<3}- (6)
We can prove that:
Wil’T(Q) — (Xr’,p’(Q))/ - W727P(Q)7 (7)
+1

where the second embedding holds if % < %
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aim
e trace problem

The trace’s space will be defined over the space:
Tpr(Q) = {veLP(Q): Ave (X ()}
Tpro(Q) = {veTy,(Q); V-v=0},
endowed with the norm

vl = vl @) + 1Av]x,, @)

i) The space D(Q) is dense in T,,(Q) and in
T, () N Hy, - (div; Q) respectively.
ii) The space D,(Q) is dense in T, ,(Q).
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aim
e trace problem

o The tangential trace of functions v of T, ,(Q)
belongs to the dual space of Z,(I'), which is

(Zp(N)) = {n € WPP(T); p-n =0},

We recall that we can decompose v into its
tangential, v,, and normal parts: v = v, + (v - n) n.
@ We also introduce the spaces

H,(Q) = {v e L?(Q); Vv =0},
H,,(div;Q) ={v e L’(Q); V-v € L"(Q)},

which is endowed with the graph norm.

i) The space D() is dense in T, () and in
T, () NH, ,(div; Q) respectively.

ii) The space D,(Q) is dense in T, , ,(Q).
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The Stokes problem

We always assume the compatibility condition:
/Qh(il:) dr = <g " n, 1>W71/p,p(r)><wl/p»p’(r)‘ (8)
o Generalized solutions for Stokes system (Cattabriga

(1961), Amrouche-Girault (1994)), that is,

feW-Lr(Q), h e LP(Q), g € WI1/P2(IN)
= (u,7) € WP(Q) x LP(Q)/R

e Strong solution, that is,

feLP(Q), he WP(Q) g € W2 1/pr(I)
= (u,7) € W22(Q) x WiP(Q)
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The Stokes problem

Definition (Very weak solution for the Stokes problem)

A pair
(u,7) € LP(Q) x W HP(Q)

is a very weak solution of (5) if the following equalities
hold:

For any ¢ € Y,(Q) and x € W' (Q),

_ dp
/Q u- ALP dx — <71', V- SO>W_1,p(Q)XW01,p’(Q)_ <fa 90>Q - <gra %>|—’

/u~dea::—/hxdm+(g'naX>r, 9)
Q Q
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The Stokes problem

o Very weak solution, that is:

Fe(Xy(Q), hell(Q),ge W L/rr()
= (u,7) € LP(Q) x W~1P(Q)/R

o Let f =V -Fo+ Vfi, h, g be given satisfying (8) and
Fo € L"(Q), f1 € WHP(Q), h € L"(Q), g € W/mr(T).

Then the previous solution u belongs to W17 (Q). If
moreover f; € L"(Q2), then m € L"(Q).
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The Stokes problem

Corollary 5 (Solutions in fractionary Sobolev spaces)

Let s be a real number such that 0 < s <1.
i) Let f =V -Fo+ Vfi1, h and g satisfying (8) with

Fo € W*'(Q), f1 € W IP(Q), g € W /PP(T), h € W*"(Q),

with % < % Ik % and r < p. Then, the Stokes problem (S)
has exactly one solution

(u, 7) € WHP(Q) x W LP(Q)/R
satisfying the estimate

| wllwsr@) + 17 llws—1p@)r < C ([[Follwsr@) + I fillws—1r@)+

+ |hllwsr(@) + 19llws-1/pe(r))-
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The Stokes problem

Theorem 6 (Solutions in fractionary Sobolev spaces)

Let s be a real number such that % <s<2. Let f, h and
g satisfy the compatibility condition (8) with

FEWST2P(Q), heWsbP(Q) and ge W 1/PP(D).
Then, the Stokes problem (S) has exactly one solution

(u, 7) € W*P(Q) x W LP(Q)/R

satisfying the corresponding estimate.
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The Oseen problem
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case
f the convective velocity

The Oseen problem 5
E The non-solenoidal case

Weak solution in the 3D case

e For f e H1(Q), v € H3(Q), h € L?*(Q) and g € HY2(I),
with h and g verifying the compatibility condition
(8) then the problem (O) has a unique solution

(u,m) € HY(Q) x L*(Q)/R
verifying the estimate:
lule < C(Ifll)
+ (vl (1Rl + ||g||H1/2(r)))

Iz < C (1+ |lvllLsq) (HfHH*I(Q)

+ (I+llvlles) (1Al + HgHH1/2(F)))'
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The Oseen problem

The 2-dimensional case (sketch of the proof)

o We lift the boundary and the divergence data using
uo € HY(Q) such that

V-ug=hinQ, wup=gonTl
and:
luollzn@) < € (Iblz@ + lglaey) - (10)

o It remains to find (z,7) = (u — ug, 7) in H{(Q) x L3(Q)
such that:

—Az4+v-Vz+Vr=F and V.z2=0inQ, z=0onT.
(11)

being ]~° =f+ Aug— (v-V)uo.
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The 2-dimensional case

Tt ice convective velocity

The Oseen problem - .
I'he non-solenoidal case

Since the space D,(Q2) = {¢ € D(Q); V- =0} is dense in
the space V = {z € H}(Q); V -z =0}, the previous
problem is equivalent to:

Find z € V such that:
Ve eV, /QVz Ve dz +b(v, z,¢) = (F, @)u-1a)xmy@):

where

the trilinear form

b(v, z,p) :/Q(v-V)z-gad:I:

is an antisymmetric form with respect to the last two
variables, well-defined for v € Hx(Q), z, ¢ € H}(Q).
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dimensional case
The new choice of the convective velocity
The non-solenoidal case

The Oseen problem

We consider w € L?(R?) the extension of v to R? given
v in Q,
Vo  in Q' =R?\Q.
where 0 € H}(Q) is the solution of the following

problem:
A = 0 in O/,
% = —v-n onl,
satisfies
10l 11y < Cllo - mlggossogry
and

V- -w=0in R?2

with [lwllpare) < Cl[v]Le(g)-
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wective velocity

1e Oseen problem =
T'he non-solenc

Considering z the extension by zero of z and
z € H(R?), using the result:

Coifman-Lions-Meyer

Suppose u € LP(RY) such that V-u =0 and v € LI(RY)
such that V- -v =0 (0 < p < +00 and 0 < ¢ < +oo with
L+1l<1+ ). Then, u-v e H(RY) with + =141,
we can deduce that:

w-Vz € HY(R?)
and the bound:

lw - Ve < Clwluege I VE s < Clolz@ V2l
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vective velocity

The Oseen problem

The nc

Therefore,
o v-Vz € H(Q) because for ¢ € D(Q)

(v - Vz,0)p)yxp@) = | RZw-V’i'&dwl
< lw - Vzllme) el Bror?)
< Ol Vzli)llellm w2
< COlv[lee@)llVzle@llella o)

(12)
because

HY(R?) — VMO(R?) — BMO(R?).

o Also (v-Vz,2)g-1qyxmia) = 0-
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e The Oseen problem

@ The new choice of the convective velocity




onvective velocity

The Oseen problem

Theorem 7 (Strong solutions for p > 6/5)

Consider p > g, felr(Q), he WhP(Q), g € W2—1/p7p(|‘)
and v € Hy(Q) with

s=3 iftp<3, s=p fp>3 or s=3+¢ ifp=3,

for some arbitrary ¢ > 0 and satisfying the
compatibility condition (8). Then, the unique solution
of (O) verifies

(u,7) € W2P(Q) x WLP(Q).

Moreover, there exists a constant C' > 0 such that

lullwesi@) + Imlwrsye < C (14 vls@) (IFlo) +

+ (L+lvllLs(@) (17lwrr@) + 19lwe-1/p0(r)
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convective velocity

The Oseen problem — :
T'he non-solenoidal case

Theorem 7 new (Strong solutions for p > 6/5)

Consider p > &, f € L?(Q), h € WHP(Q), g € W2~1/PP(T)
and v € H3(Q2) and satisfying the compatibility
condition (8). Then, the unique solution of (O) verifies

(u,m) € Wz’p(Q) X Wl’p(Q).
Moreover, there exists a constant C' > 0 such that
lultwar@y + lInllwrs@ym < € (1 + [vllks@) (I1fl@) +

+ (L4 Iolle@) (IRlwasm) + Iglweyms ) )-

As a consequence, v - Vu € LP(Q) for p > 3.
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nvective velocity

The Oseen problem

The non-solenoid

Sketch of the proof:

@ The result is true for v € Hy(Q2) with
s=3 ifp<3, s=p ifp>3 or s=3+¢ ifp=3,

@ Suppose v € H3(Q) and its approximate function

vy € Dy(2) C Hs(Q).
© We study the problem:

—Auy+vy-Vur+Vmy=Ff, V-uy=~h in Q,
(Ox)
uy=g onl.
o The problem (O,) in under conditions of (1)

o Its solution (uy,m\) € W2P(Q) x WhP(Q) verifies an
inequality independent of A\ on the RHS.
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The Oseen problem

Theorem 8 (Generalized Solutions for the Oseen problem)

Let f ¢ W—1P(Q), v € H3(Q), h € LP(Q), g € WI/Pr(I)
verify the compatibility condition (8). Then, the
problem (O) has a unique solution

(u,7) € WP(Q) x LP(Q)/R.
Moreover, 3 C > 0 such that,
ullwir@) + 1Tl e@)r < C(1+ [|v]lL3@))
X(Ifllw-12@) + (L + vll3@)lhll o) + Hgl!wl_l/p,p((%)).

Moreover, if v-n =0 on I, then the estimate (13) holds
for any 1 < p < oo.
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onvective velocity

The Oseen problem

Sketch of the new proof:

For 1 < p < 2, we use an argument from
Amrouche-Meslami-Necasova:

o First, we consider h =0 and g = 0.

o We regularize f by fy =V (G;,lg) € W P(Q)
where [|[F\ — F|[r) < A, and Gy = py *IF,\ (for ﬁA the
extension by zero of F to R3)

o We study the problem:
—Auy+v\-Vur+Vmy = f,, Vouy=0in Q, uy =0 on I

o By contradiction, we prove that

luallwrr) + ImallLr@) < C (14 [vlls@)) 1Falw-rr@)
e The case h # 0 and g # 0 uses
—Aug+Vmg=0, V-up=h, wur=g
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The Oseen problem

Corollary 9 (Strong solutions for 1 < p < 6/5)

Consider 1 < p < 6/5 and
f € Lp(Q), NS H3(Q)’ h e Wl,p(Q) and ge W271/p,p(r

verifying the compatibility condition (8). Then, the
solution given by Theorem 3 satisfies

(u,7) € W2P(Q) x WP(Q) and the following estimate
holds:

2
lullwas@y + Inllwrs@ye < € (1+ [oll@)® (1F @ +

+ (1 llis) (IRllwasg) + lglweesm) )-
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convective velocity

The Oseen problem — :
T'he non-solenoidal case

Theorem 10 (Very weak solution of Oseen equations)

Let f € (XT »(Q)), he L"(Q), g € W1/PP(I), with
S == + 5, satisfying (8), and v € Hy(Q2), with

T

3—3 ifp>3/2, s=pif p<3/2, ors=3+¢ ifp=3/2

Then, the Oseen problem (O) has a unique solution
(u,m) € Tp,(Q) x WLP(Q)/R verifying the estimates

lulle, @< € @+ o) (1l @p + 1rle +

+ lgllw-1r(ry),
2
[7llw-re@r < C (1+]v]lLs(a) <||f||[xr,,p,(9)]/+||h||Lr(Q)*

+ lglw-sma))-
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e i N onvective velocity
The Oseen problem = : 3
T'he non-solenoi

Definition 10 (Very weak solution for the Oseen problem)
Let f € [X, (Q)] for p > 3/2 and

f=V-Fo+Vf, FoellQ), fel(Q)ifp<3/2
he L"(Q), g € W1/P2(T) satisfying:
1 if p < 3,
r=r(p) =4 1+¢ itp=3, (14
r such that %:%—i—% ifp>%.
the compatibility condition (8) and v € H3(Q).

We say that (u,7) € LP(Q) x W~1P(Q) is a very weak
solution of (O) if the following equalities hold:
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The 2-dimensional case
The new choice of the convective velocity

The Oseen problem

The non-solenoidal case

For any ¢ € Y,/(Q) such that v - Ve € L’ (Q) and
X € WH'(Q),

/Q u- (—ALP - v VQO) de — <7T, V- ‘p>W—1,p(Q)XW01,:D'(Q)

0
= (f.¢)a—lgrgo0r

/u-dem:—/hxdw + {(g-n,r,
Q Q

Remark

The condition v - Vi € L (Q) is necessary to guarantee

that / u-(—Ap —v- V) dz is well-defined for p < 3.
Q

The term / h x dz is well-defined from r = r(p) in (14).
Q
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onvective velocity

The Oseen problem —
T'he non-sole

Theorem 10 new (Very weak solution of Oseen equations)
Let f € (X, (2)) for p > 3/2 and
f=V-Fo+Vfi, Ty GLI(Q), fi ELI(Q) (p < 3/2),

he L"(Q), g € W/PP(I) satisfying (8), v € H3(Q2) and

r = r(p) defined in (14).

Then, the Oseen problem (O) has a unique solution
(u,7) € Tpr(Q) x W-LP(Q)/R with estimates of Theorem
10.
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The Oseen problem

Theorem 11 (Regularity for Oseen equations)

Consider o € (1/p,2]. Let f € Wo=2P(Q), h € Wo~12(Q),
g € W~ 1/PP(T) be given satisfying (8), and v € H3(Q).
Then, the Oseen problem (O) has a unique solution

(u, 7) € WIP(Q) x Wo17(Q)/R
satisfying
lullwer@) + [T lwe-ro@yr < C (1+ [vllLs@)”

X (I lweo-20(Q) + 1Pllwe-100) + gllwo-1/p.0(r))

witha=3ifl<p<Zanda=2ifp> 2.
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The 2-dimensional case
The new choice of the convective velocity
The non-solenoidal case

The Oseen problem

e The Oseen problem

@ The non-solenoidal case




The 2-dimensional case
The new choice of the convective velocity
The non-solenoidal case

The Oseen problem

Main steps:

o Results must be rewritten when V- v # 0.

o We consider
veL3(Q), V-veL¥Q), ie veHss,(div;Q)

o We only focus in the obtention of weak solution for

(0).
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The Oseen problem

o We lift the data by ug € H(Q) such that V- ug =h
and ug|r = g, satisfying:

ol < € (Il 2oy + lllezragr ) -

o The initial problem is equivalent to finding
z =u — ug € H}(Q) such that:

Ve eV, a(z,¢)+b(v,z,¢) = <.fa PlH- Q)xH}(Q)

with f = f + Aug — (v - V)uo,

a(z,cp):/QVz:Vgodm—i/Q(V-v)(z-cp)dm.
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wective velocity

1e Oseen problem

Observe that

1
a(2) = IValtyg—5 [ (V-0)lzPda

Co
> <1 -5 ||V . 'UHL3/2(Q)> ||VZ||%2(Q)

with Cp is the product of the constant of the Sobolev
embedding H!(Q) — L%(Q) and the Poincaré constant. If

we chose v such that:
\Y% —1 15
V- ”HL3/2(Q) < o’ (15)

the bilinear form af(-,-) is then coercive.
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The Oseen problem

@ Moreover, b is a trilinear antisymmetric form with
respect to the last two variables, well-defined for
v € L3(Q) with V- v € L3/2(Q), z, ¢ € H}(Q) because

b(v,z,go):/ﬂ(v-V)z‘cpdw—i-;/Q(V'v)z‘cpda:.

o By Lax-Milgram’s Theorem, we can deduce the
existence of a unique z € Hé(Q) verifying the
estimate:

Izl () < C I Fla-1(q)

< C (IF -y + (1 + Nollo@y) (Il ooy + Il ) )
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The Navier-Stokes problem

-Stokes equations
o The existence of very weak solution is obtained in

L3(Q) x W 13(Q),

o First, for the small data case.

e Second, for arbitrary large f but A and g small
enough.
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The Navier-Stokes problem

Main ideas

o Apply Banach’s fixed point theorem over the Oseen
equations. Indeed, let

T: H3(Q) — H3(Q)

be the application defined as v — Tv = u, where u
is the unique solution of (O) provided by Theorem
4. We set

B, = {v € Ha(Q); v <7
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The Navier-Stokes problem

o To eliminate the smallness on f, we decompose the
problem in two (¢ > 0):

(1) —Ave4v-Vo+Vql = f—f., V-v. =h—h. inQ, v.=g—g.
(2) —Az.+2.-Vz.+2.-Vo. +v.-Vz. + Vg2 = f.,
V-2:=h:inQ, z.=g, onl
where
f.eHYQ), h.eL?Q) and g.ecHY?)
satisfy

1F = Fellxs s @y +10 = hell s+l — gellw -3y < €

and
i=I

Hh€HL3/2(Q) + Z ‘(ga -, 1>|—i’ < 29,
=0
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The Navier-Stokes problem

Finally, we use an extension of Hopf’s lemma: for any
o > 0, there exists y, € Hl(Q), depending on «, such
that for C; > 0 depending only on €,

V-y.=h: in Q y.=g. onl

and for any w € H}(Q), with V- w =0,

i=I
(w-V)y. - wdz| <(a+|hell 2 +C Y 1{ge - n, D) [wlin g
Q =0
< (o +2016) | w|I351 - u
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Stokes problem
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Stokes problem
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Thank you!

in Costabel)



	Motivation
	The equations
	The framework
	The aim
	The trace problem

	The Stokes problem
	The Oseen problem
	The 2-dimensional case
	The new choice of the convective velocity
	The non-solenoidal case

	The Navier-Stokes problem

