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Abstract

In this paper the asymptotic behaviour of the solutions to a non-autonomous 2D-
Navier-Stokes model is analyzed when the initial datum belongs to V, for two frame-
works: the universe of fixed bounded sets, and also for another universe given by
a tempered condition. The existence of pullback attractors in these different uni-
verses is established, and thanks to regularity properties, the relation between these
several families of attractors and the corresponding in H is successfully studied. Fi-
nally, two results about the tempered behaviour in V and (H?(£2))? of the pullback
attractors, when time goes to —oo, are obtained.
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1 Introduction

The Navier-Stokes equations govern the motion of usual fluids like water, air,
oil, etc. These equations have been the object of numerous works since the
first paper of Leray was published in 1933 (e.g. cf. [8,17,26,11,16], and the
references therein).
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On the one hand, the theory of attractors was initiated to deal with some
open problems as the understanding of turbulence. Actually, many related
items have been developed in the last decades with partial or total success, as
determining modes and nodes, simplification to finite-dimensional dynamics,
and also applied to general problems in dynamical systems.

On the other hand, the appearance of more complex and realistic models
that aimed to deal with terms depending non-trivially on time involved sub-
stantial changes. While a first (and natural) approach was that of uniform
attractors (e.g. cf. [4,5] and the references therein), other different approaches
appeared to allow unbounded time-depending terms and processes, as random
or stochastic models.

In particular, the theory of pullback attractors has been extensively developed
in the last years in a vast range of problems (e.g. cf. [7,15]). This approach
studies under minimal requirements not only the future of the dynamical sys-
tem but what are the current attracting sections when the initial data come
from —oo.

Namely, it has been applied in many different situations as for instance those
coming from chemical, physical, and biological motivations, and also for several
models related to the Navier-Stokes system (e.g. cf. [10,9,23,13,20,22]).

Recent advances in the theory of non-autonomous dynamical systems include
the consideration of universes of initial data changing in time (usually in
terms of a tempered condition of growth), accordingly to the intrinsically
non-autonomous model (e.g. cf. [6,2]).

However, many questions remained open in this direction, as for instance a
proper comparison between pullback attractors in the classical sense and the
so-called pullback D—attractors (this problem was addressed in [21]), and
pointing out the usefulness of the last concept when dealing with non-compact
but only asymptotically compact processes.

The goal of this paper is to continue the analysis of some of these questions,
and indeed we aim to address them with a non-autonomous 2D —Navier-Stokes
model. Namely, we will present a study on the regularity of the different fam-
ilies of pullback attractors, the relation among them, and their tempered be-
haviour in different norms.

The structure of the paper is as follows. In Section 2 the statement of the
problem is done, recalling some basic definitions and estimates that will be
necessary bellow. Section 3 is devoted to present under minimal assumptions
some abstract results on pullback attractors in different spaces and the relation
among them. The existence of pullback D—attractors in the H!'—norm in
several universes is treated in Section 4 by using an energy method which



relies on the continuity of the solutions (we deal with the two-dimensional
case). Finally, under some suitable additional assumptions, some results about
the tempered behaviour of these families are obtained in Section 5.

2 Statement of the problem

Consider an arbitrary value 7 € R, and the following Navier-Stokes problem:

gﬁ: —vAu+ (u-V)u+ Vp = f(t) in (1, +00) x €,
divu =0 in (7, 400) X €, (1)

u =20 on (7,+00) x 01,

u(r,x) = u(z), x € Q,

where the set Q C R? is open and bounded with smooth enough boundary,
v > 0 is the kinematic viscosity, u is the velocity field of the fluid, p is the
pressure, u, is the initial velocity field, and f is the external force term de-
pending on time.

To start, we consider the following usual function spaces:
V={ue (CFQ): divu =0},

H = the closure of V in (L*(Q))* with the norm |-, and inner product (-,-),
where for u,v € (L?(Q))?,

(w:0) =3 [ ws()us(e)d,

V' = the closure of V in (H}(Q))? with the norm ||-|| associated to the inner
product ((+,-)), where for u,v € (H}(2))?,

2 ou; Ov;
wwzzégam

ij=1

We will use |||, for the norm in V' and (-,-) for the duality (V', V). We
consider every element h € H as an element of V'  given by the equality
(h,v) = (h,v) for all v € V. It follows that V' C H C V', where the injections
are dense and compact.



Define the operator A:V — V' as
(Au,v) = ((u,v)) VYu,v e V.

Denoting D(A) = (H*(Q))? NV, then Au = —PAu for all u € D(A), is the
Stokes operator (P is the ortho-projector from (L?(£2))? onto H). On D(A)
we consider the norm |- |pa) defined by |u|p(ay = |Au|. Observe that on D(A)
the norms || - [|(g2(0))2 and | - |p(a) are equivalent, and D(A) is compactly and
densely injected in V.

Let us denote
b= 3 [ w20
U, v, w) = u;—w;dx,
T ij—1 Q al’l J
for every functions u,v,w : Q — R? for which the right-hand side is well
defined.

In particular, b has sense for all u,v,w € V, and is a continuous trilinear form
on VxV xV.

Some useful properties concerning b that we will use in the next sections are
the following (see [24] or [26]):

There exists a constant C; > 0, only dependent on (2, such that (recall that
we are in dimension two)

[b(u, v, w)| < Cful | Aul 2|0l Jw],  Vue D(A), veV,weH, (2)

|b(u, v, w)| < Cy|Aulljv|||w|, Yue D(A), veV, we H, (3)

and
b v,w)] < Crlul 2 [ul ool V2|2, Vuvw eV (4)

Assume that v, € H and f € L2 (R; V).

loc

Definition 2.1 (Weak solution) A weak solution of (1) is a function u that
belongs to L*(1,T;V) N L*(7,T; H) for all T > 7, with u(7) = u,, such that
forallv eV,

d

7 (), v) + v{Au(?), v) + b(u(t), u(t), v) = (f(t), v), (5)

where the equation must be understood in the sense of D'(T,+00).

Remark 2.2 If u is a weak solution of (1), then from (5) we deduce that for
any T > 7, one has ' € L*(1,T;V"), and so u € C([r,+00); H), whence
the wnitial datum has full sense. Moreover, in this case the following energy



equality holds:

()2 + 20 /St<Au(r),u(r)>dr — Ju(s)P + 2/:<f(r),u(r)>dr, Vr<s<t

A notion of more regular solution is also suitable for problem (1).

Definition 2.3 (Strong solution) A strong solution of (1) is a weak solu-
tion u of (1) such that u € L*(1,T; D(A)) N L>(7,T; V) for all T > 7.
Remark 2.4 If f € L} (R; H) and u is a strong solution of (1), then u' €
L3(1,T; H) for allT > 7, and sou € C([1,+00); V). In this case the following
energy equality holds:

a1 —i—2u/:|Au(r)|2d7’+2/:b(u(r),u(r),Au(r))dr

= lufs)I? +2 [ () Au(r)) dr, Vr<s <t (6

3 Abstract results on attractors theory. Existence of minimal pull-
back attractors

The results in this section are a slight modification and generalization of those
presented in [21] (see also [2] and [3]). In particular, we consider the process
U being closed (cf. [18], see below Definition 3.1). The proofs are not difficult,
but some of them are given explicitly for the sake of completeness.

Consider given a metric space (X, dy), and let us denote R2 = {(t,7) € R? :
T < t}.

A process on X is a mapping U such that R x X 5 (¢,7,2) — U(t,7)r € X
with U(7, 7)z = x for any (1,2) € Rx X, and U(¢,7)(U(r,7)z) = U(t, )z for
any 7 <r <tandall z € X.

Definition 3.1 A process U on X is said to be closed if for any 7 < t, and
any sequence {x,} C X with x, - x € X and U(t,7)x, — y € X, then
Ut,T)r =y.

Remark 3.2 In [21] it was observed that the assumption of U being strong-
weak (also known as norm-to weak) continuous is weaker than to ask to U
being continuous (in the sense that for any pair 7 < t, U(t,7) : X — X was
continuous).



Now we point out that to ask to U being closed is weaker than being strong-weak
continuous. This more relaxed concept may be useful in some situations.

Let us denote P(X) the family of all nonempty subsets of X, and consider
a family of nonempty sets Dy = {Dy(t) : t € R} C P(X) [observe that
we do not require any additional condition on these sets as compactness or
boundedness].

Definition 3.3 We say that a process U on X is pullback D\o—asymptotically
compact if for any t € R and any sequences {1,,} C (—o0,t] and {z,} C X
satisfying T, — —oo and x, € Dy(1,) for all n, the sequence {U(t,1,)x,} is
relatively compact in X.

Denote

ADot) =\ J UL 1)Do(r) VteR, (7)

s<tT<s

where {--- }X is the closure in X.

We denote by distx (07, Os) the Hausdorff semi-distance in X between two
sets 07 and O,, defined as

distx (04, 05) = sup inf dx(z,y) for O, Oy C X.

ze0 y€O2
The following result is standard, and it does not use any continuity assumption
on U (e.g. cf. [2,21]).

Proposition 3.4 If the process U on X is pullback ZA)O-asymptotically com-
pact, then, for allt € R, the set A(Dy,t) given by (7) is a nonempty compact
subset of X, and

lim distx (U(t,7)Do(7), A(Dy, t)) = 0. (8)

T——00
Moreover, it is the minimal family of closed sets satisfying (8).

Assuming also that U is closed, we obtain the invariance of the family of sets

{A(Dy,t) : t €R}.

Proposition 3.5 Suppose that the process U on X is pullback ﬁo-asymptoti-
cally compact and closed, then the family of sets {A(Dy,t) : t € R}, defined
by (7), is invariant for U, i.e.

A(Dy,t) = U(t, 7)A(Dy,7) V7 <t.

Proof. Consider 7 < t and y € A(D\o, 7). Then, there exist sequences {7,} C



(—o0, 7] and {z,} C X satisfying lim, 7,, = —oo and z,, € Dy(7,) for all n,
such that U(r, 7,)z, — .

On the one hand, from the pullback /ﬁo—asymptotic compactness we have that
{U(t, 1)z, } is relatively compact, so there exists a subsequence U(t, T, )X,
— z € A(Dy,t). Since U(t,7,) = U(t,7)U(7,7,) for all n, from the fact that
U is closed, we deduce that z = U(t,7)y. The inclusion U(t, ) A(Dy,7) C
A(Dq, t) is thus proved.

On the other hand, consider z € A(Dy,t), and {r,} C (—o0,7], with 7, —
—o0 and x, € Dqy(r,) for all n, such that U(t,7,)x, — z. By using the
concatenation property of the process, we have that U(t,7,,) = U(t, 7)U (7, 7,)
for all n. Now, since the sequence {U(r,7,)x,} is also relatively compact,
for a subsequence we deduce that U(7, 7 )2w — y € A(Dp, 7). Again, since
U is closed, we have that z = U(t,7)y. Thus we have proved the inclusion
U(t, 7)A(Do,7) D A(Dp,t). m

Let be given D a nonempty class of families parameterized in time D= {D(t) :
t € R} C P(X). The class D will be called a universe in P(X).

Definition 3.6 It is said that Dy = {Do(t) : t € R} C P(X) is pullback
D—absorbing for the process U on X if for any t € R and any D € D, there
exists a To(t, D) <t such that

—

U(t,7)D(1) C Dy(t) for all T < 19(t, D).

Observe that in the definition above Dy does not belong necessarily to the
class D.

Proposition 3.7 [cf. [2, Prop.10]] If Dy is pullback D—absorbing for a pro-
cess U, then
A(D,t) c A(Dy,t) forall D €D, t €R.

In addition, if D\O € D, then
A(Dy,t) € Do(t) for allt € R.

Definition 3.8 A process U on X is said to be pullback D—asymptotically
compact if it is /ﬁ—asymptotically compact for any D € D, 1.e. if for any
t €R, any D € D, and any sequences {m} C (—o0,t] and {z,} C X satisfying
Tn — —00 and x, € D(t,) for all n, the sequence {U(t,T,)x,} is relatively
compact in X.

As a consequence of Propositions 3.4 and 3.5, we have the following



Proposition 3.9 Assume that the 2 process U is closed and pullback D— asymp-
totically compact. Then, for each D €D and any t € R, the set A(D t) is a
nonempty compact subset of X, invariant for U, that attracts D in the pullback
sense, i.e.

lim disty (U(t,7)D(7), A(D,t)) = 0. (9)

T—r—00

Moreover, it is the minimal family of closed sets satisfying (9).

Proposition 3.10 Assume that Dy = {Do(t) : t € R} C P(X) is pullback
D—absorbing for a process U on X, which is pullback Dy-asymptotically com-
pact. Then, the process U s also pullback D—asymptotically compact.

Proof. Consider fixed t € R, D € D, and sequences {r,} C (—o0,t] and
{z,} € X, with lim,, 7, = —o0, and x,, € D(7,) for all n. We must prove that

from the sequence {U(t,7,)z,} we can extract a subsequence converging in
X.

Observing that D\O is pullback D—absorbing for the process U, we deduce
that for any integer £ > 1 there exists a 7,, € {7,} such that 7,,, <t —Fk
and y,, = U(t — k, 7 )an, € Do(t — k). As U is pullback Dy-asymptotically
compact, from the sequence {U(t,t — k)y,,} we can extract a subsequence
{U(t,t = K')yn,, } converging in X. But U(t,t — K)y,,, = U(t,t — K )(U(t —
K\ Tn,)Tn,, ) = U(t, Tn, )Tn,, . This finishes the proof. m

With the above definitions and results, we obtain the main result of this
section.

Theorem 3.11 Consider a closed process U : R% x X — X, a universe D
in P(X), and a family Dy = {Do(t) : t € R} C P(X )Awhzch is pullback
D—absorbing for U, and assume also that U s pullback Dy—asymptotically

compact.

Then, the family Ap = {Ap(t) : t € R} defined by

Ap(t) = | A(’ﬁ,t)x teR,

Dep

has the following properties:

(a) for anyt € R, the set Ap(t) is a nonempty compact subset of X, and

Ap(t) € A(Dy, 1),



(b) Ap is pullback D—attracting, i.e.

lim disty(U(t,7)D(7), Ap(t)) =0 forall D €D, teR,

T——00

(¢c) Ap is invariant, i.e. U(t,7)Ap(T) = Ap(t) for all T <'t,
(d) if Dy € D, then Ap(t) = A(Do,t) C Do(t) ", for all t € R.

The family Ap is minimal in the sense thatAifé' ={C(t) : te R} C P(X)
is a family of closed sets such that for any D = {D(t) : t € R} € D,

lim disty(U(t, 7)D(7), C(t)) = 0,

then Ap(t) C C(t).

Proof. As DO is pullback D—absorbing for U, from Proposition 3.7 we know
that A(D,t) c A(D,, ) for any t € R and D € D, and if moreover Dy € D,

then A(Dy, t) C Dy(t ) for all t € R.

AS/\U is pullback ﬁo—asymptotically compact, by Proposition 3.4, the set
A(Dy,t) is nonempty and compact, for any t € R.

By Proposition 3.10, U is also pullback D—asymptotically compact. Thus,
again by Proposition 3.4 applied to D instead of Dy, for any ¢ € R and
D € D, the set A(D,t) is nonempty and compact.

These considerations prove (a) and (d).
Moreover, as evidently
distx (U(t, 7)D(7), Ap(t)) < distx (U (¢, 7)D(7), A(D, 1))
for any D € D, (b) is also a consequence of Proposition 3.4.
Now, in order to prove (c) we observe that by Proposition 3.5, we also have
U(t,7)A(D,7) = A(D,t) for all 7 <t and any D € D. (10)
If y € Ap(t), there exist two sequences {D,} ¢ D and {y,} C X, such that
Yn € A(D,,,t) and y,, — y. But by (10), y, = U(t, 7))z, with z, € A(D,,,7) C
Ap(7). By the compactness of this last set, there exists a subsequence {x,/} C
{z,,} such that z,, — = € Ap(7). But then, as U is closed, y = U(¢, 7)z, and

this proves that Ap(t) C U(t, 7).Ap(7). The reverse inclusion can be proved
analogously.

Finally, the minimality is also easy to obtain taking into account Proposition
3.9 and the definition of Ap. ®



Remark 3.12 Under the assumptions of Theorem 3.11, the family Ap is
called the minimal pullback D—attractor for the process U.

If Ap € D, then it is the unique family of closed subsets in D that satisfies

(b)~(c).

A sufficient condition for Ap € D is to have that Dy € D, the set Do(t) is
closed for all't € R, and the family D is inclusion-closed (i.e. if D €D, and
D'={D'(t) : t e R} C P(X) with D'(t) C D(t) for all t, then D' € D).

We will denote D the universe of fixed nonempty bounded subsets of X i.e.
the class of all families D of the form D = {D(t) = D : t € R} with D a fixed
nonempty bounded subset of X. In the particular case of the universe Dy, the
corresponding minimal pullback D —attractor for the process U is the pull-
back attractor defined by Crauel, Debussche, and Flandoli, [9, Th.1.1,p.311],
and will be denoted Apx-.

Now, it is easy to conclude the following result.

Corollary 3.13 Under the assumptions of Theorem 3.11, if the universe D
contains the universe Dy , then both attractors, AD%c and Ap, exist, and the
following relation holds:

Apx(t) C Ap(t)  VteR.

Remark 3.14 It can be proved (see [21]) that, under the assumptions of the
preceding corollary, if for some T' € R the set U< Dy(t) is a bounded subset
of X, then

AD%{(t) = Ap(t) vt <T.

Now, we establish an abstract result that allows to compare two attractors for
a process under appropriate assumptions.

Theorem 3.15 Let {(X;,dx,)}iz12 be two metric spaces such that X, C Xo
with continuous injection, and fori =1, 2, let D; be a universe in P(X;), with
D1 C Dy. Assume that we have a map U that acts as a process in both cases,
ie. U:R2x X; — X; fori=1, 2 is a process.

For each t € R, let us denote

X

where the subscript i in the symbol of the omega-limit set A; is used to denote
the dependence of the respective topology.

10



Then,
Ay (t) C As(t)  forallt € R.

Suppose moreover that the two following conditions are satisfied:

(i) Ai(t) is a compact subset of Xy for all t € R, N
(i1) for any Dy € Dy and any t € R, there exist a family Dy € Dy and a
s <t (both possibly depending on t and D), such that U is pullback D;-
1

asymptotically compact, and for any s < t% there exists a 7, < s such
1

that
U(s,7)Dy(T) C D1(s) for all T < 75.

Then, under all the conditions above,

Ai(t) = Aq(t) forallt € R.

Proof. Since the omega-limit set is characterized as

Ai(Dy,t) = {x € Xi : 31, = =00, € Dy(7y), 0 = X; = im U(t, 7).},

by the continuous injection of X into X, we have that Al(b\l, t) C Ag(b\l, t),
for all D; € Dy and any t € R. This implies that

U AMDit)c | Aa(Dit)y € | As(Doyt).

DieDy DyeDy D2€Dsy

Again from the continuous injection of X; into X5, we obtain one inclusion:

A= U MDut) U AaDat) = Aslt).

ﬁl €D, EQEDQ

For the opposite inclusion, assuming (i) and (ii), consider Dy€Dyandt eR
given. For any x € Ay(Ds, t) there exist two sequences {7, } and {z,} with 7,, <
t for all n, satisfying lim,, 7,, = —00, x, € Do(7,), and z = Xo—lim,, U(t, 7,) .
By assumption (ii), there exist a D; € D; and an integer kﬁl > 1 such that

U is pullback /ﬁl—asymptotically compact, and for any k > kﬁl there exist
Tp, € {z,} and 7, <t — k such that

Yn, = U(t — k, T, )Tn, € Di(t — k).

As U is pullback ﬁl—asymptotically compact, there exists a subsequence of
the sequence {z,, } (relabelled the same) such that

X1 — hinU(t,t — k)ynk =z € A1<D\1,t>.

11



But taking into account that U(t,t — k)y,, = U(t, T, )Tn,, by the continuous
injection of X into X3, we deduce that z = z. Thus, © € Ay(Dq, ).

Consequently,

U Aa(Da,t) € |J Au(Dyt) € Ai(t).

52 €Do ﬁl €D,

As A, (t) is compact in X, from the continuous injection, it is also compact
in X5, and in particular, closed. Taking closure in X5 in the above inclusion,
we conclude that As(t) C A;(t). The proof is finished. m

Remark 3.16 In the preceding theorem, if instead of assumption (ii) we con-
sider the following condition:

(11°) Jor any Dy € Dy and any sequence Tn — —00 there exist another family
D1 € D, and another sequence T, — —oo with T, > T, for all n, such that
U s pullback D1 asymptotically compact, and

U(7),7,)Ds(1,) C Dy(7),  for allm, (11)

then, with a similar proof, one can obtain that the equality As(t) = Ay(t) for
all t € R, also holds.

Observe that a sufficient condition for (11) is that there exists T > 0 such
that for any D, € Ds, there exists a D, € D, satisfying U(T + T, 7)Dy(T) C
Dy(t+T), for all T € R.

4 Pullback attractors for the non-autonomous
2D-Navier-Stokes model

4.1 Pullback attractors in H

The following results concerning existence and uniqueness of solution for
(1), and continuity with respect to initial datum, are well-known (e.g. cf.
[17,26,24]). We present them summarized.

Theorem 4.1 (Weak and strong solutions) Assume that f € L2 (R; V")
and u; € H. Then, problem (1) possesses a unique weak solution, which will
be denoted u(-) = u(-; 7, u,).

Moreover, if f € L .(R; H), this solution u satisfies that u € C((r,T]; V) N
L*(1 + &, T; (H*(Q))?) for every e > 0 and T > 7+ . In fact, if u, € V,

12



then w € C([r,T; V)N L*(7, T; (H* (2))?) for every T > 7, i.e. u is a strong
solution.

Therefore, when f € L2 (R; V'), we can define a process U : R3 x H — H as

loc
Ult,7)u, = u(t;m,u.) Yu, € H, V7 <t, (12)

and if f € L2 (R; H), the restriction of this process to R3 x V is a process in
V.

Proposition 4.2 (Continuity of the process) If f € L% _(R; V"), for any
pair (t,7) € R2, the map U(t,T) is continuous from H into H. Moreover, if
feLli (R H), then U(t,7) is also continuous from V into V.

The asymptotic behaviour in H is also well-known, and again we only sum-
marize the main facts (e.g. cf. [2,3]). Actually, the results in this case can be
obtained in a way analogous, but simpler, to that which we will use later for

the asymptotic behaviour in V.

We will denote \; > 0 the first eigenvalue of the Stokes operator A.

Lemma 4.3 Assume that f € L} _(R; V') and u, € H. Consider any u €

loc

(0,2v)\y) fized. Then, the solution u to (1) satisfies for allt > T :
—ut

[ e s

t 2< —M(t—T) 7—2+
D < e 5 |

Once the above estimate has been established, we define the following universe.
Definition 4.4 (Universe) We will denote by Df the class of all families
of nonempty subsets D = {D(t) : t € R} C P(H) such that

lim <e’” sup |v\2> = 0.

=00 veD(T)

Accordingly to the notation introduced in the previous section, DY will denote
the class of families D = {D(t) = D : t € R} with D a fixed nonempty
bounded subset of H.

Remark 4.5 Observe that D¥ C Dﬁ and that both are inclusion-closed.

loc

Corollary 4.6 (D//—absorbing family) Assume that f € L7,.(R; V') sat-

13



isfies that there exists some p € (0,2v\;) such that

[ e () Pds < oo (13)

Then, the family Dy = {Do(t) : t € R} defined by Do(t) = By (0, R}f(t)), the

closed ball in H of center zero and radius R}{/Q(t), where
e 1t

Ry(t) =1+ ———

[ el zas

is pullback fo—absorbing for the process U : R2x H — H given by (12) (and
therefore DE —absorbing too), and Dy € Df.

Indeed, we also have

Lemma 4.7 (Df—asymptotic compactness) Under the assumptions of
Lemma 4.8, the process U defined by (12) is pullback Df—asymptotically com-

pact, i.e. for any D = {D(t) : t e R} € Df, any t € R, and any sequences
{m} C (—o0,t] and {u.,} C H satisfying 1, - —o0 and u,, € D(r,) for all
n, the sequence {U(t,1,)u, } is relatively compact in H.

As a consequence of above, we obtain the existence of minimal pullback at-
tractors for the process U : R2 x H — H defined by (12).

Theorem 4.8 Assume that f € L (R; V') satisfies for some u € (0,2v))

loc

the condition (13). Then, there exist the minimal pullback DE -attractor
Apn ={Apn(t) : t € R}

and the minimal pullback Dﬁ[-attmctor
Api = {Apnu(t) : t € R},

for the process U defined by (12). The family AD{; belongs to D/Ij, and the
following relation holds:

Api(t) C Apn(t) C Bu(0, Ry*(t)) VteR.
4.2 Pullback attractors in V'

The goal of this section is to prove analogous results to those given above, but
concerning to the map U defined as a process in V.

First, we recall a lemma (see [24]) which we will use in the proof of some of
our results.
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Lemma 4.9 Let X,Y be Banach spaces such that X is reflexive, and the
inclusion X C 'Y is continuous. Assume that {u,} is a bounded sequence in
L*>®(ty, T; X) such that u, — u weakly in L(ty, T;X) for some q € [1,+00)
and u € C([ty, T];Y).

Then, u(t) € X and [Ju(t)]x < lér_r)liglof [wnll poo o 7.x) » Jor all t € [to, T].

From now on we assume that f € L _(R; H), and satisfies

0
/ | f(s)|*ds < +oo, for some p € (0,2v)). (14)

We have the following result, which is proved analogously to [12, Cor.2.3 and
Cor.2.5].

Lemma 4.10 Suppose that f € Li,.(R; H) satisfies the condition (14). Then,
foranyt € R and D € Df, there exists T (D,t) < t — 3, such that for any
7 <7(D,t) and any u, € D(7), it holds

lu(r; 7, u)|* < pi(t) for allr € [t — 3,1,

lu(r; 7, u)||? < pa(t) for all r € [t — 2,1,

(15)
/7:1 |Au(B; 7, u,) A8 < ps(t) for all v € [t — 1,1],
/r; (0,7, u,)2d0 < palt) for all v € [t — 1,1,
o pl) =1+ 55 [ o o) ap (16)
WA — 11 oo ’
- o (o (o) [ vora))
<exp [2000(r) () + i [ 150) a9) |},
pot) = ()42 [ 1FO)F 0+ 2000 0640)) . (19)
pal0) = vpa(t) +2 [ SO 8+ 2Cpa(0)ps(0), (19)

and CV) = 27CH (41°) 71

Proof. In order to obtain all the estimates in (15), we will proceed with the
Galerkin approximations and then passing to the limit using Lemma 4.9.
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For each integer n > 1, we denote by u,(s) = u,(s;7,u,) the Galerkin ap-
proximation of the solution wu(s; 7, u,) of (1), which is given by

um$=§;wwmp

and is the solution of

= un(s),0y) 0t (5),w3)) + D () wn5) ) = (£(5), ),
(20)
(un(1), w;) = (ur,w;) j=1,...,n,

where {w; : j > 1} C V is the Hilbert basis of H formed by the eigenfunctions
of the Stokes operator A. Observe that by the regularity of €2, all w; belong
to (H?(Q))%

Multiplying by v,;(s) in (20), and summing from j = 1 to n, we obtain

jg |t (0)° + 20 Jun (0)]1* = 2 (F(0), un(0)), ae. 6>, (21)

and therefore,

(e () + 206y (B)]F = ey (B) + 26 (7(6), ua(6) . (22

a.e. 0>

Observing that A u,(0)[* < [lua(0)]?, and

1

| < W — g 1FO)] + 20\ — 1) [un(0)]?

2[(f(0), un(0))

from (22) we deduce

et

d 9 2 2
20 (6” |un (6)] ) < m FO)° ae 0>,
and therefore

e Jun (r)]” < €7 Jur|* +

1 T
no 2 >
21/)\1_#/_006 |f(6)]" do Yr>rT. (23)

From (23) we deduce that for each t € R and D € D/T, there exists a (D, t) <
t — 3 such that for any n > 1,

lun (r; 7o u )2 < po(t) forallr €[t —3,8), 7 <7 (D,t), u, € D(7), (24)
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where p;(t) is given by (16).

Now, multiplying in (20) by Ajv,;(s), where ); is the eigenvalue associated to
the eigenfunction w;, and summing from j = 1 to n, we obtain

;j@ un(O)* + v | Aun(O) [ + b(un(B), un(6), Aun(8)) = (£(8), Aun(6)), (25)
a.e. 0 > .

Observe that
1 v
(F(O). Au,(0))] < - FOF + ¥ JAu,0)F
and by (2) and Young’s inequality,
[0t (8), 1 (8), A (8))] < Ch [ ()2 () || A (8)[*/
<A OF + O @F @ (26)

Thus, from (25) we deduce

d 2 2
g N (O + v [ Aua (0)]

2
<O + 20 un O |un @I, a0 > (27)

From this inequality, in particular we obtain

Jan I < )+ [ 1O do

#2000 [ un ()P [fun (6) | df

for all 7 <r —1 < s <r, and therefore, by Gronwall’s lemma,

Jun I < (o) 2+ 2 [ 17O db)

xexp (209 [ fun(6) P llun (6)]° 0
r—1

forall r<r-—-1<s<r.

Integrating this last inequality for s between » — 1 and r, we obtain
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T 2 rr
an?< ([ Nnl)Pds+ = [° 17@0) a)
xexp (209 [ Jun(O)ua(6)]* ) (28)
forall 7 <r—1.

Observe that by (21),

v [ @0 < =D+ [ 170)P s

v Jroa
and therefore, from (24) and (28) we deduce that for any n > 1,
tn (73 7, un) || < po(t) for all r € [t —2,t], 7 < (D, t), ur € D(7), (29)
where py(t) is given by (17).

Now, by (27),

2

v

v [ 1A @)F a9 <lunr =D+ [ 1F0) do

1200 [ g (0)2u, (6)]* db. for all 7 < 1~ 1,
1

r—

and therefore, by (24) and (29), for every n > 1,
/ | Awy, (6; 7, u,) [ dO < ps(t) (30)
r—1

for all r € [t — 1,#], 7 < (D, 1), ur € D(7), where ps(t) is given by (18).

On the other hand, multiplying by the derivative v, :(s) in (20), and summing
from j = 1 till n, we obtain

vd

[, (O)] + 5 7 [t @) + b(un(0), un(9),4,(6)) = (f(0), 1, (0)) . (31)

a.e. 0> 1.

Observing that .
[(£(0), w,(O)) | < Jlun(O)F + [ £(O)I°,
and by (3)

[ (8), 40 (68), w,(8)) < s Aua (B) [ 0) 1, 6)]
< O + O A ) u O]
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we obtain from (31)

d
[un @) + v [ O < 21O + 2C7 Aun (0)lun (O)]

Integrating this last inequality, we deduce that

[ @) do <vlunr = DIF+2 [ |F©O)do
r—1 r—1

+208 sup un(O)I* [ |Aua ()P db,
oc[r—1,r] r—1
and therefore, by (24), (29) and (30), we obtain
/r |u! (0)]2dO < pa(t) for all r € [t — 1,1], 7 < (D, ), u, € D(7), (32)
r—1

where py(t) is defined by (19).
By Lemma 4.9, and the well-known facts that w, converges to u(-; 7, u,) weakly
in L?(t — 3,t; D(A)), u, converges to u/(+; T, u,) weakly in L*(t — 3,¢; H), and
u(+;7,ur) € C([t — 3,t); V), we can pass to the limit when n — 400 in (24),
(29), (30), and (32), and it turns out that (15) holds. m
Remark 4.11 [t is clear that under the assumptions of Lemma 4.10,
: 223 _

tl}r_nooe p1(t) = 0.

In other words, the family {By(0,p,%(t)) : t € R}, where By (0, pi/*(t)) is

the closed ball in H of center zero and radius pim(t), with p1(t) given by (16),
belongs to D}l

We will denote by D" the class of all families Dy of elements of P(V) of
the form Dy = {D(t) NV : t € R}, where D = {D(t) : t € R} € DI

Again, accordingly to the notation in the previous section, we denote D} the
universe of families (parameterized in time but constant for all ¢ € R) of
nonempty fixed bounded subsets of V.

Both classes, DXV and DY, are (inclusion-closed) universes in P(V), and
evidently Dy  D/IV.

Now, the following result is immediate.
Corollary 4.12 Under the assumptions of Lemma 4.10, the family

Dov = {Bu(0,p,())NV : t € R}
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belongs to fo’V and satisfies that for any t € R and any De Df, there exists
a7(D,t) <t such that

U(t,7)D(1) C Doy (t) for all T < 7(D,t).

In particular, the family /ﬁoy 15 pullback Df’v—absorbing for the process U :
RZxV — V.

Now we apply an energy method with continuous functions (e.g. cf. [14,19,22])
in order to obtain the pullback asymptotic compactness in V' for the universe
DIV,

n

Lemma 4.13 Suppose that f € L _(R; H) satisfies the condition (14). Then,

loc

the process U : R x V.=V is pullback D[V — asymptotically compact.

Proof. Let us fix t € R, a family Dy € DIV, a sequence {7, } C (—oo,t] with
T, — —00, and a sequence {u,, } C V, with u,, € Dy(r,), for all n. We must
prove that the sequence {u(t;7,,u,,)} is relatively compact in V. For short,
let us denote u™(s) = u(s; 7, ur, ).

From Lemma 4.10 we know that there exists a 7(Dy,t) < t—3, such that the
subsequence {u" : 7, < 71(Dy,t)} C {u"} is uniformly bounded in L>(t —
2,6: V)N L*(t — 2,t; D(A)), with {(u")'} also uniformly bounded in L?(t —
2,t; H). Then, using in particular the Aubin-Lions compactness lemma (see
[1], [17] or [25]) there exists an element u € L (t —2,¢; V)N L3 (t — 2,¢; D(A))
with v’ € L%*(t — 2,t; H), such that for a subsequence (relabelled the same)
the following convergences hold:

ut 2oy weak-star in L®(t — 2,t; V),

ut = weakly in L2(t — 2,t; D(A)),

(u™) — ' weakly in L*(t — 2,t; H), (33)
Ut = u strongly in L?(t — 2,t; V),

u™(s) — u(s) strongly in V, a.e. s € (t — 2,t).

Observe that u € C([t — 2,t]; V), and due to (33), u satisfies the equation (5)
in the interval (t — 2,1t).

From (33) we also deduce that {u"} is equi-continuous in H, on [t — 2,1].
Thus, taking into account that the sequence {u"} is uniformly bounded in
C([t — 2,t];V), by the compactness of the injection of V into H, and the
Ascoli-Arzela Theorem, we obtain that

u" — u  strongly in  C([t — 2,t]; H). (34)
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Again by the uniform boundedness of {u"} in C([t —2,t]; V'), we have that for
all sequence {s,} C [t — 2,t] with s,, — s., it holds that

u"(s,) = u(sy) weakly in V| (35)
where we have used (34) to identify the weak limit.
Actually, we claim that
u" — u strongly in C([t — 1,t]; V), (36)
which in particular will imply the relative compactness.

Indeed, if (36) does not hold, there exist ¢ > 0, a sequence {t,} C [t — 1,],
without loss of generality converging to some ¢, and such that

[u"(t,) — u(t,)]| > e Vo> 1. (37)

From (35) we already have that
[u )] < Timinf {ju"(2,)]] (38)

On the other hand, using the energy equality (6) for u and all v, and reasoning
as for the obtention of (27), we have that for all t — 2 < s < 59 < ¢,

Ju ()l + v [ | Aun () Par

S

<)+ 200 [Pl e+ [T 1R (39)

51

and

utso) |12+ v [ | Au(r)dr

s

<l +20% [ fu)Put)dr+ 2 [ 150 Par (40)

In particular we can define the functions

(&) =) =200 [* Pt =2 [ |)Par

I = a1 =20 [ )Pt == [ |7,

S
t—2
It is clear from the regularity of u and all 4™ that these functions are continuous
on [t — 2,t]. Moreover, from the definition of J,, and (39), we have

21



Jn(Sg) - Jn(Sl)
S2 2 S$2
_ n 2 (v) n 2 n 4 _“ 2
= [[u"(s2)[|” = 2C / |w” (r)[[|w" () [|dr V/t 2|f(7“)\ dr

()P 4209 [ W)+ [ 5 Rdr

=HW@ﬂW—HW@0W—2C”llWWMHWWNﬁh—iLTU&Ww"
< —y/82 | Au™(r) [Pdr

<0 forallt—2<s <sy<t,

and therefore all J,, are non-increasing functions in [t — 2,¢]. Analogously,
using (40) and the definition of J, one deduces that .J is also a non-increasing
function in [t — 2,t].

Observe now that by the last convergence in (33), and (34), |[u™(s)|| — |lu(s)||
and [u™(s)|u(s)]|* — |u(s)P|u(s)||*, a.e. s € (t — 2,t). Moreover, as the
sequence {u"} is bounded in L®(t — 2,t; V) C L*>®(t — 2,t; H), we have that
the sequence {|u™(s)[*||u"(s)||*} is bounded in L*®(t — 2,t). Therefore, from
the Lebesgue’s dominated convergence theorem we deduce that

/ ™ () |2 [l ( H4dr—>/ PP u()| dr for all s € [t — 2,1].
t—2

Thus,
Jn(s) = J(s) a.e. s € (t—2,1).
Hence, there exists a sequence {t;} C (t — 2,t,) such that ¢, — t., when

k — 400, and
lim Jo(tr) = J(ty)  for all k.

Fix an arbitrary value o > 0. From the continuity of J, there exists ks such
that
|J(ty) — J(t.)| < 6/2 VEk > ks.

Now consider n(ks) such that for all n > n(ks) it holds
t, > fké and |Jn(£]€5) — J(£k5)| < 5/2

Then, since all J,, are non-increasing, we deduce that for all n > n(k;s)

Tutn) = J(t) < Ju(ti;) — J (L)
< |u(th,) = J(t)]
(

< allig) = J(Eg)| + 1T (By) = T(L)] < 6.

This yields that
lim sup J,(t,) < J(ts),

n—o0
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and therefore, by (33),

limsup [[u" (tn)[] < [[u(t)]];

which joined to (38) and (35) implies that u"(¢,) — u(t.) strongly in V| in
contradiction with (37). Thus, (36) holds and the relatively compactness of
{u(t; 7, us,)} in V is proved. =

As a consequence of the previous results, we obtain the following Theorem.

Theorem 4.14 Suppose that f € L3 .(R;H) satisfies the condition (14).
Then, there exist the minimal pullback DY-attractor

Aoy = {Apy (1) : t € R},
and the minimal pullback D{f’v-attmctor
‘A’Df’v = {A,Dﬁl,v (t) : t € R}

for the process U : RS x V. — V defined by (12), and the following relation
holds:
AD}/ (t) C AvaI (t) C Afpﬁl (t) = Apf,v(t) forallt € R, (41)

where .Apg and A'Dﬁl are respectively the minimal pullback DY -attractor and

the minimal pullback fo—attmctor for the process U : R x H — H, whose
existence is guaranteed by Theorem 4.8. In particular, the following pullback
attraction result in V' holds:

lim disty (U(t, 7)D(7), Aps(t)) =0 for allt € R and any D € DI (42)

T——00

Finally, if moreover f satisfies

sup (e‘“s | e f(9)|2d0> < oo, (43)
s<0 —00
then
AD% (t) = .AD;I (t) = AD}I;I (t) = ’ADf’V (t) forallt €R, (44)

and for any bounded subset B of H

lim disty(U(t, 7)B, Apu(t)) =0 forallt € R.

T——00

Proof. The existence of ADV and A A is a direct consequence of Theorem
3.11, Corollary 3.13, Prop051t10n 4.2, Corollary 4.12, and Lemma 4.13.
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The inclusions and equality in (41) are a consequence of Corollary 3.13, The-
orem 3.15, and Corollary 4.12. Then, (42) is evident.

If moreover f satisfies (43), then, taking into account (16), the equality Aps (¢) =
Apii(t) is a consequence of Remark 3.14, and the equality Apy (t) = Apu (¢),
is a consequence of Theorem 3.15. m

Remark 4.15 (a) Observe that if f € L} (R; H) satisfies the condition (14),
then it also satisfies

0
/ e”*1f(s)]*ds < +oo, forall o € (u,2v\).

Thus, for any o € (u,2vA;) there ezists the corresponding minimal pullback
DI -attractor, Aps.

By Theorem 3.15, since DI C DY

lo )

it is evident that, for any t € R,
Apu(t) C Apu(t) for all o € (p,2v\1).
Moreover, if f satisfies (43), then, by (44),

Api(t) = Apu(t) = Apu(t) for allt € R, and any o € (p,2vA;).

(b) In the above results, Theorem 3.15 can also be used with (ii) replaced by
(ii’) from Remark 3.16.

5 Tempered behaviour of the pullback attractors

The tempered behaviour in H of the pullback attractor ADE is given by The-

H

. L.e. one

orem 4.8. Indeed, under the assumptions of that result, A'Dﬁl €D
has that

Jim e sup  uf*| =0.
=T veADf(t)

In this section we obtain two results about the tempered behaviour of AD{; (1),
in V and (H%*(Q))?, when time goes to —oo. In fact, we will obtain the tem-

pered behaviour for any invariant family belonging to Df . For related results,
see [12].

Proposition 5.1 Suppose that f € L? (R; H) satisfies the assumption (43)

loc

i Theorem 4.14, and let D € 'D/Ij be invariant with respect to the process U
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defined by (12) (i.e. such that D(t) = U(t,7)D(7) for all T <t). Then,

lim (e“t sup ||1)H2> = 0.

t——00 veD(t)

Proof. The result is a consequence of the invariance of 5, the second estimate
in (15) in Lemma 4.10, and the tempered character of the expression (17), since
for f € L} (R; H), the condition (43) is equivalent to

sup |£(0)]?dO < +oo, forallt € R. (45)
s<t Js—1

Assummg now that f’ € L? (R; H), we can obtain the tempered behaviour
n (H?*(Q))? for any invariant family belonging to D). We first prove the
following result, which completes the estimates obtained in Lemma 4.10.

Proposition 5.2 If f € V[/'l1 2 (R; H) and satisfies (14), then for each t € R
and D € D! there exists Tl(D t) <t—3 such that

|AU (r, T)us > < pg(t) forallr e[t —1,t], 7 < m(D,t), uy € D(7),

where o
2 v
p1(t)pa(t)?, (46)

4
pult) = 5 oslt) + s 1F0)P) +
with ps(t) defined by

ot , C?
w0 = (o) + oy [ lr@F ) (o). an
VA Ji—2 v
and where the p;(t), i =1, 2, 4, are given by (16), (17) and (19).

Proof. We consider the Galerkin approximations used in the proof of Lemma
4.10.

As we are assuming that f € VVl1 2 (R; H), we can differentiate with respect to
time in (20), and then, multiplying by 7;,;(s), and summing from j =1 to n,
we obtain

1d 2 / 2 / / o / /
578 1O v un (O) + b(wr, (6), 1 (6), 1 (8)) = (f'(6), un(9))
a.e. 0> .

From this inequality, taking into account that

(PO 0)| < 5 IO + 5, P OF,
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and that by (4)

167, (60), un (6), 1, (0))] < Cr [, (O) [t (O)][]]un (O)

v / 2 C(12 ! 2 2
< ~1
<2 O + 5o () (6)]
we deduce
d ’ 2 1 / 2 012 / 2 2
— < — — .e. )
G OF < AP OF + O [ua 0)], ae.0> 7

Integrating in the last inequality,

I / 1 " / 02 "
W < ()P + = [ 17 OF o+ =L [l 0 (6 .
1 Jr—1 VvV Js

forall T <r—-1<s<r.

Thus, by Gronwall’s inequality,

2

1 cyor
/ 2<< / 2, / 2 > ~1 2
() < () o5 [ 17 OF o) exp (S [ (@) o)
forall T <r—-1<s<r.

Now, integrating this inequality with respect to s between r — 1 and r, we
obtain

w0l < ([ Jerass - [ o) o)

2
< exp (Cl / ||un<e>|r2d9) |
v Jr-1

for all 7 < r — 1 and any n > 1, and therefore, by (29) and (32) we deduce
that for any n > 1,

! (7 un)| < ps(t) forallr e[t —1,4], 7 < m(D,t), ur € D(7), (48)
where p5(t) is given by (47).

Finally, multiplying again in (20) by A;7y,(s), and summing once more from
7 =1 to n, we obtain

(5, (1), At (1)) 0 | At (1) 40 (1), 0 (), A (7)) = (f (r), Aun(r)), (49)

a.e.r > T.
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But
0,0, A1) | € 2 (1 + 2 A ()P
and 5 . )
[(f(r), Aun(r)) | < Z1F ()" + ¢ [Aun(r)["
Therefore, taking into account (26), we deduce from (49) that

2 Aun(D < 2 + P + OO () un )

for all » > 7.

Thus, since in particular f € C(R; H), from (24), (29) and (48) we deduce
that for any n > 1,

| Ay (7, u,))? < po(t) for all v e [t —1,8], 7 < 7(D,t), u, € D(7), (50)
where pg(t) is given by (46).

The result now is a consequence of Lemma 4.9 and (50), taking into account
the well known facts that u,(+; 7, u,) converges weakly to u(-;7,u,) in L*(t —

1,6 V), and u(-;7,u,) € C([t — L, t); V). =

Now, we may conclude a result about tempered behaviour in (H?(£2))2.

Proposition 5.3 Suppose that f € W22 (R; H) satisfies the assumption (43)
i Theorem /.14, and moreover

lim (e“t /;1 | f’(9)|2d9> 0, (51)

t——o0
and
. t 2\ _
i (1)) = 0. (52
Then, for every family De Dﬁ{ wnwvariant with respect to the process U defined
by (12), one has

lim (e“t sup |IUH?H2(Q))2> = 0.

t—=—00 veD(t)
Proof. Observe that
t 1/2
() < £ = 1)+ (/ |f’(9)|2d9) for all v € [t — 1,4).
t—1
Thus, taking into account (51) and (52), the result follows from the invariance

of D, Proposition 5.2, (16), (17), (19), and the fact that, as we observed in
the proof of Proposition 5.1, the condition (43) is equivalent to (45). m
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